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Abstract

This article aims to develop an optimal superconvergent numerical method for approximating the solution of the nonlinear
time-fractional generalized Fisher’s (TFGF) equation. The time-fractional derivative in the model problem is considered in
the sense of Caputo and is approximated using the L2 — 1, scheme. Spatial discretization is performed using an optimal
superconvergent quintic B-spline (OSQB) technique. To derive the method, a high-order perturbation of the semi-discretized
equation of the original problem is generated using spline alternate relations. Convergence and stability of the method are
analyzed, demonstrating that the method converges with O (A% + Ax®), where Ax and At are step sizes in space and time,
respectively. Three numerical examples are provided to demonstrate the robustness of the proposed method. Our method is
compared with an existing method in the literature and the elapsed computational time for the present scheme is provided.

Keywords Time-fractional generalized Fisher’s equation - L2 — 1, formula - Optimal quintic B-spline - Stability -

Convergence - Caputo derivative

1 Introduction Here, § > 0 is an integer and v is a viscosity parameter.
The functions f(x, t), i(x), g1(¢) and g»(¢) are sufficiently

In the present study, we consider the following nonlinear ~ smooth. We define the fractional derivative % in (1) in
TFGF equation: the sense of Caputo:
%u(x, 1) p 0%u(x, 1) 9%u(x, 1)
o u(x,t) (1 u (x,t)) UT o
— t
= Ja.n, ) - f (=g gy oo <,
ra—-w Jo a¢
where (x,t) € (X;,X,) x (0,T),a € (0,1). The above
problem subjected to the initial condition (IC) In recent years, fractional differential equations (FDEs) have
gained much attention among researchers due to their wide
u(x,0 =nkx), X; <x <X, (2)  range of applications in applied sciences and engineering.
For more details, one may refer to Podlubny (1999); Giona
and the boundary conditions (BCs) et al. (1992); Mainardi (1997); Bagley and Torvik (1984);

Roul et al. (2021, 2022); Veeresha et al. (2020); Kumar et al.
(2020); Roul (2020) and references therein. The fractional

u(Xp, 1) = g1(1), u(X,, 1) = ga2(1). 3 o .
order derivatives can model complex phenomena in a better
manner than the integer order derivatives.
B Vikas Rohil The study of the nonlinear Fisher’s equation has attracted
rohilvikas @gmail.com much attention from researchers worldwide. This equation
I Department of Mathematics, VNIT, Nagpur, Maharashtra is found in various contexts, such as modeling the spread
440010, India of a viral mutant, neutron population dynamics in atomic
2 Department of Mathematics, Amrita School of Engineering, reactors, and the proliferation of flames. Analytic solutions
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obtained explicitly, necessitating the adaptation of numerical
techniques for their solutions. Numerical techniques for solv-
ing time fractional parabolic differential equations, pertinent
to reaction-diffusion or convection-diffusion processes, are
discussed in several works (Roul and Rohil 2022; Hamou
et al. 2022; Roul and Rohil 2023; Hamou et al. 2023). Sev-
eral techniques have been developed for the time-fractional
Fisher’s (TFF) equation. For instance, Gupta et al. (2014)
presented a numerical technique based on Haar wavelets
and the Optimal Homotopy Asymptotic Method (OHAM)
for approximating the solution of Burgers’ and generalized
Fisher’s equations. The authors of Cherif et al. (2016) imple-
mented the classical Homotopy Perturbation Method (HPM)
for solving the space-fractional Fisher’s equation. Using
the Fractional Natural Decomposition Method (FNDM),
Rawashdeh (2016) obtained approximate and analytical solu-
tions for two nonlinear FDEs, namely the time-fractional
Harry Dym equation and the nonlinear TFF equation.
Qurashi et al. (2017) implemented the Residual Power Series
Method (RPSM) to find a series solution for the nonlin-
ear TFF equation. Khader and Saad (2018) introduced a
numerical scheme for solving the space-fractional Fisher’s
equation using the spectral collocation method based on
Chebyshev approximations. Majeed et al. (2020) developed
a numerical technique based on cubic B-spline (CS) basis
functions for TFF and Burgers’ equations. This method uses
the L1 formula to approximate the Caputo fractional deriva-
tive and third-degree basis spline functions based on the
Crank-Nicolson scheme for space derivatives. Additionally,
a numerical scheme based on the L1 formula and the CS
basis functions is presented for solving the TFGF equation
(Majeed et al. 2020). Wazwaz and Gorguis (2004) obtained
the series solution of the integer-order Fisher’s equation using
the Adomian Decomposition Method. Recently, Tamboli and
Tandel (2022) employed the Fractional Reduced Differential
Transform Method (FRDTM) to solve the Time-Fractional
Generalized Burger-Fisher Equation (TF-GBFE), demon-
strating high accuracy through comparison with exact solu-
tions and varying fractional orders. Choudhary et al. (2023)
presented a high-order numerical scheme for the generalized
time-fractional Fisher’s equation, utilizing Caputo fractional
derivatives, Euler backward discretization, quasilineariza-
tion, and a compact finite difference scheme, achieving con-
vergence of order four in space and (2—«) in time. Numerical
methods available in the literature for time-fractional prob-
lems are typically based on the classical L1 formula, con-
verging with an order O (A2®). Gaoetal. (2014) developed
the L1 — 2 formula for approximating the Caputo fractional
derivative. Roul and Rohil (2022) proposed a numerical
scheme for the nonlinear TFGF equation, employing the
Caputo fractional derivative of order o approximated using
the L1 —2 scheme, along with space derivative discretization
using a collocation method based on quintic B-spline (QBS)
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basis functions, establishing convergence analysis with the
method achieving convergence of order four in space and
two in time. Recently, Alikhanov (2015) introduced a new
L2 — 1, scheme for approximating the Caputo fractional
derivative. Numerical methods for one or two-dimensional
time-fractional problems based on this scheme can be found
in recent articles (Roul and Rohil 2022, 2023).

Our main objective is to develop a higher-order numeri-
cal method for solving the TFGF equation subject to initial
and boundary conditions. The proposed method is based on
the L2 — 1, scheme for discretization of the temporal frac-
tional derivative and the OSQB method for discretization
of the spatial derivative. To derive the method, a high-order
perturbation of the semi-discretized equation of the original
problem is generated using spline alternate relations. The
convergence and stability of this scheme are studied, proving
sixth-order convergence in space and second-order conver-
gence in time. The results of our method are compared with
those of a previous method proposed by Majeed et al. (2020).
To the best of our knowledge, this scheme has not been con-
sidered in the literature for the numerical approximation of
the TFGF equation.

The balance of this paper is organized as follows: In
Sect.2, the proposed method is developed for the problem
(1)—(3). Stability and convergence analysis of the proposed
scheme are presented in Sect.3. Numerical results are pre-
sented in Sect.4. Finally, the conclusions are discussed in
Sect.5.

2 Description of numerical scheme

This section is devoted to the derivation of our proposed
numerical scheme for the solution of the TFGF Eq. (1) with
IC (2) and BCs (3).

2.1 Time discretization

We first discretize the problem (1)—(3) with respect to the
time variable over [0, T']. Let N > 1 be an integer and define
t, = nAt with0 < n < N, where At = % is the step size.
Leto = 1 — 5 and denote #, 14, = (n — 1 +0)At.

By means of the L2 — 1, scheme, the Caputo time-
fractional derivative in (1) is descretized at r = f,_14, as
Alikhanov (2015)

U, tn-ivo)
ar%
At
= m[cgu(x, h) — Z (C(rxl—l—l — cfzt—[) u(x, ty)

=1

n—1

— ey _qu(x, to)] +0(AP™), n=1, 4
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where forn = 1, ¢j = af and forn > 2

a8‘+b°‘, [ =0,

cf = af‘—i—bfﬁrl—b;", 1<l<n-2, 5)
af — bf, l=n-—1,

in which

al =0 a=(+)—(U-14+0) I>1,

b7:2—o¢

[(1 +o) (-1 +0)1_“] e

[+ == 140
.

The truncation error 0(At3_o‘) in (4) can be obtained by
assuming that u(-, 1) € C3([0, T]).

Lemma 1 (Alikhanov 2015) The coefficients c;", O0<a<l,
satisfy

(D) ¢f > 540 +0)™ 20,120,
2 > 1> 1

Denote u(x, t,) = u"(x). Considering (1) at r = t,_1+¢
yields

o, n—1+o
a u ('x) _ ul’l*]‘l’o’(‘x) (1 _ (Mn1+0'(x))ﬂ)

ote
82un71+(r(x) i 6)
I R "),
X <x<X,,n=1,2,...,N.
By using Eq. (4), from (6) we have
At™¢
re—ow)
n—1
Pwm—2@+v¢JMwwmﬂﬂ
= )

— W1 () (1 _ (un—l-l-tr(x))ﬁ)

— vl ) = 1T 0+ 0(arT),
X <x<X,, n>1.

Now using the Taylor’s series expansion, we can easily obtain
the following:

W (x) = ou" (x) + (1 — )" (x) + O(AFY),
(8)

W' () = ou” (x) + (1 — o)L (x) + 0(Ar?),
)

<Mn71+a (x)>ﬂ =0 (un(x))ﬂ
+(1—o0) (u””(x))ﬁ +0(A?). (10)

Making use of (8), (9) and (10) in (7) and rearranging the
terms, we obtain

Pycfu" (x) —ou" (x) + o (u”(x))'“l — vy, (x)

!
=P ) (i1 =) u @)
I=1

+ Pyc® 1P () 4+ (1 — o)u" " (x)

—=a) (7)ol
+ T+ 0AR). Xy < x < Xz L,

Y

where P, = %.

We use the following formula to linearize the non-linear
term (Rubin and Graves 1975):

(u"(x))ﬁ
= (@) w0 () a2

Making use of (12) into (11) and rearranging the terms, we
obtain

1 B
[Pacg —o+o(B+1) (un (x)) i| u" (x) — ovu’} (x)

1
o o 1
(Cn—l—l - Cn—l) u'(x)
1

P u®@) — [1 = o (B + ] ("~ (x)
+ (1= o) (x)

+ (L=l () + 771 (x)

+ O(Atz), X <x<X,,n>1,

n

=P,

~
I

>ﬁ+1 (13)

with IC
u(x, o) = u’(x) = fi(x), X; <x <X, (14)

and BCs

u(Xy, ty) = u" (X)) = g1(ty),
u(X,, ty) = u"(X,) = g2(ty). (15)
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Table 1 The values of basis functions O (x), ®) (x) and O} (x)

Grid points Midpoints
Xk—3 Xk—2 Xk—1 Xk Xk+1 Xk+2 Xk+3 Tk-3 Tk—2 Tk—1 Tk Tk+1 Tk+2 Tk+3 Tk+4

Orx) 0 1 26 66 26 1 1 237 1682 1682 237 1

k 120 120 120 120 120 3840 3840 3840 3840 3840 3840
@.x) 0 1 10 0 —10 —1 75 154 —154 —75 —1

k 24Ax 24Ax 24Ax 24Ax 384Ax 384Ax 384Ax 384Ax 384Ax 384Ax
0/x) 0 1 2 —6 2 1 1 21 —22 —22 21 1

k 6Ax2 6Ax?2 6Ax? 6Ax? 6Ax2 48Ax2 48Ax2 48Ax2 48Ax2 48Ax2 48Ax2

2.2 Space discretization

Here, we discretize (13)—(15) with respect to space variable
using an OSQB scheme.

2.2.1 Quintic spline interpolation

In this subsection, we define quintic spline (QS) interpolant
and derive several asymptotic relations that will be used in
the formulation and the theoretical analysis of the proposed
method.

Let M > 1andI={X1=x0<x1 < e <Xy =
X ,} denotes the uniform partition of the domain [X;, X, ],
where x,, = mAx, m = 0,1, ..., M and Ax is the spatial
step size. We consider the set of midpoints as 7; = {r] <
) < ... < Ty}, where 1, = w,m =1,2,.... M. Let
Ss.1 = {g(x)|g(x) € CYX,, X1} be the quintic spline space
(QSS). The QBS basis functions, O (x), =2 <k < M + 2,
for S5 ; are given by De Boor (1978):

G(x — x¢—3) = ay, X € [xg-3, xr—2]
a; —6G(x — xx—2) = az, x € [xp—2, x¢-1]
a +15G(x — xg—1), X € [Xk—1, X¢]

Ok(x) = { b2 + 15G (X1 — X), X € [xp, Xk41]
by —6G(xp42 — x) = b2, x € [xp41, Xp42]
G(xk43 — x) = by, X € [Xk+42, Xk+3]
0, otherwise,

(16)

with G(x) = .

In order to facilitate the QBS basis functions, ten addi-
tional grid points as x_5 < x_4 < X3 < X_p <
x_1 < xo = Xyand xyy = X, < xp41 < xpy42 <
XM+3 < XM4+4 < Xp+5, are considered outside the
interval 1. Let ©® = {©_»(x), O_;(x), Og(x), ..., Op(x),
Opr41(x), Opr42(x)} be the set of QBS functions. All ®; (x)
are linearly independent. Let ©*(I) = span ®. Then, ©®*(I)
is a QSS with dimension M + 5. Observe that ©*(1) = Ss ;
(Prenter 1975). Thus, Ss ; generates a QSS on /.
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Let Z"(x) € Ss,; be the approximate solution of the exact
solution u" (x) of (13)—(15), which is given by

M+2

ZM(x) = Z MO (x), (17)

k=-2

where Z" (x) satisfies the following interpolating conditions:

Z"(xXm) = up(xXp), form =0,1,..., M, (18)
2
Z;lxxx (xm) = uﬁxxx (Xm) — Tul;xxxxx (xm)
4
+mu$xxxxxxx (m),

form=0,1,M -1, M. (19)

The values of Z"(x) and its first and second derivatives are
obtained using (16) at the nodal points x,,(0 < m < M) and

midpoints 7, (1 < m < M) as given in Table 1. With the
help of Table 1, we get:

1
Z"(xm) = 0 (Mo 2647, | + 664, + 2647 | + A o),
(20)
1
ZY@m) = S (A = 10k, + 1000 4y 420, 15)
2h
20, (om) = oAL2 (Mg + 205,y = Oy + 245,y + 0 15)
(22)
2"(m) = 355 (M3 + 23700, 5 + 168207 |
+168247, + 23700 1+ A0 15, (23)
1
7501+ M) (24)
2l (tm) = WA (Mh_z + 2100 ) — 2200

=220, + 2100+ A 0) - (25)

Theorem 1 Let Z" (x) be the quintic spline interpolant (QSI)
of u(x) € CorXy, X, Then, for x,,,0 <m < M, we have
(see Theorem 2 of (Roul 2020))
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2 (X)) = U (xm) + O(AXO), (26)
4
() = u () + ?20 U er (Gom) + O(AXS). (27)

Theorem 2 Ler Z"(x) be the OSI of u"(x) € C°[X;, X, 1.
Then for t,,, 1 <m < M, we have

2" () = u"(ty) + O(AX), (28)

7Ax*

Z;lx(fm) = u;x(fm) "

5760 xxxxxx(fm) + O(Axﬁ)- (29)

Proof This proof follows the same arguments as used in the
proof of Theorem 2 of Roul (2020). O

Theorem 3 Let Z"(x) € Ss be the QS interpolant of
u"(x) € C°[X;, X,]. Then, we have (see Theorem 3 of Roul
(2020)):

IDP (2" (x) — u"(x))lloo < MAX®*P, p=0,1,2,

P
where DP = 357

We define the difference operators 8 and 8* as follows:

88m = &m—-1—28m + gm+1, m=1,2, ..M -1, (30)
82gm =8m-—2—48m-1+68n —48m+1
+gma2, m=2,3,..., M —2. 3D

Lemma2 Let Z"(x) € Ss 1 bethe QS interpolant of u™ (x) €
CO[X;, X, that satisfies the interpolation conditions (18)
and (19). Then, we have

xxxxxx (xm)

1
= m522fx(xm) +0(Ax?), m=2.3, ...,

M 2.
(32)

Proof From (27), we have

20 ()
Ax?

l/t;x (xm) 1

Ax? * 720"

2
720 xxxxxx(xm)+ O(Ax7). (33)

Applying the operator 6> defined in (31) on both sides of
(33), we get

822\ (xm) 82U (xm)
Ax* N Ax*
1 2. n 2
+%3 W' () + O(AX?). (34)

Using Taylor’s expansion on the right side of (34) and then
simplifying we can obtain that

: 26720 ()
Ax m
= (xm) + O(AX?), m=2,3, ..., M —2.

XXXXXX

Corollary 1 If u*(x) € CO°[X;, X,, then the following
approximations hold at the grid points X,

U (X)) = Z"(xm) + 0(Ax®), m=0,1, ..., M, (35)
822" (xm)
ul, () = 20 (X)) — T
+0(Ax®), m=2,3,.... M —2. (36)

Proof We can easily obtain the relation (35) from (26).
To prove the relation (36), we substitute the value of
(x;,) from (32) in (27). Thus, we have

XXXXXX

8221 (xXm)
720
+0(Ax®), m=2,3,... M —2.

Zn (xm) = Mxx( Xm) +

O

Lemma3 Let Z"(x) € Ss 1 be the QS interpolant of u™ (x) €
CO[X;, X,) and it satisfies the interpolation conditions (18)
and (19). Then the following relations hold near the left
boundary points (xg, x1) and the right boundary points
XpM—1,xm):

(B —m)82 2" (x3) — (2 —m)82 2!, (x3)

Wy xxxxx (Xm) = Axt
+0(Ax?), m=0,1, (37)
n BN mn) — 2= W82 (xy-3)
Uxxxxxx (Xm) = Ax4
+0(AX2), (m,0) =M —1,1), (M, 0).
(38)

Proof First we prove (37) form = 1. We consider the approx-

imation for u%, ... (x1) as follows

ul;xxxxx (x1) = zul;xxxxx (x2) — u;xxxxx (x3). (39)
Using (32) for m = 2, 3 in above equation, we get

28221 (x2) — 822" (x3)
Ul (X1) = X xx + O(Ax?). (40)

Ax*

Hence, the relation (37) is obtained for m = 1.
To prove (37) for m = 0, we consider an approximation
for u’l, .., (x0) as follows

ugxxxxx (XO) = zuixxxxx ()C]) - uZxxxxx (xz). (41)
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By using (40) and (32) for m = 2 in (41), we obtain

38221 (x2) —
Ax?

2522}, (x3)

uﬁxxxxx (x0) = + O(sz).

Hence, relation (37) for m = 0 is obtained. In a similar way,
we can prove relation (38). O

Lemma4 Let Z"(x) € Ss 1 be the QS interpolant of u™ (x) €
CO[X;, X, ] and it satisfies the interpolation conditions (18)
and (19). Then the following relations hold near the left
boundary midpoint T\ and the right boundary midpoint tyy:

58220 (x2) — 3822 (x3)

Wypxrex (T1) = DA + 0(Ax?)(42)
0 58221 (xp—2) — 3822" (xp—3)
Uy xxxxx (tm) =
2Ax4
+0(Ax?).

(43)

Proof First we prove (42). For the purpose, we consider an

approximation for u”, ... (71) as follows

3u;lxxxxx (X1) xxxxxx ()C2)

2

n
uxxxxxx (Tl) =

Using (37) for m = 1 and (32) for m =
equation produces

2 in the above

58221 (x2) — 3822 (x3)

O(Ax?).
AL + O(Ax~)

n j—
uX)C)CX)C)C (Tl )

Hence, relation (42) is obtained. In a similar way, we can
prove (43). m]

2.2.2 Fully discrete scheme based on an 0SQB method

Here, by means of the optimal quintic B-spline collocation
method, we discretize Eqgs. (13)—(15) with respect to space
variable.

At the grid points x,,, (13) is discretized as

ng (xXm)

[Pacg —otoB+1) (u"—l(xm>)’3] W (i) — 0

n—1

=Py (e =) ul Com)
=1

+ Pyc®_u0Con) — [1 — 0(B + )] (u"*l(xm)
+ 1 =o)L

+ 1 —o)u T om)

+ 7 ) + 0(ar?),

)ﬁ—H 44)

m=0,1,....,. M, n>1.
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The discretized BCs (3) are

u" (x0) = g1 (tw), u" (xpr) = g2(tn). (45)

By using (18) and (26)—(27) in (44), we obtain

o n—1 p n
[Po,c0 —o+o(B+1) (Z () }z ()

4
6 (46)
- < (xm) 720 xxxxxx(XWl) + O(Ax ))
:¢:;1171+0(A[2)’ m=0119-~-,M,f’l21,
where
n—1
ot =Py Y (e = d) 2N Gom) + Pacl_ 20 (xm)

+1

~l—o g+ 01 (2 )

+ (1 =) Z" ')+ (1 —0o)v
4
<Z)rclx_l(xm) - ?;0 xxxxxx(xm) + O(Ax6)>

+ fn_H_a (Xm)-

In views of Lemma 2, Lemma 3 and ignoring the O (Ar?)
terms, from Eq. (46) we have

|:Pacg —oto(B+1) (Z”l(xo))ﬂ:|

n ov n n n
2"(x0) = 3 (TMTZ}, (x0) + 42}, (1) = 2621, ()
42427 (x3) — 1127 (x4) + 22", (x5))

=gy +0(ax), n=12....N,
(47)
g
[Pacs‘ —o+oB+D (2" () }
2"(n) = 255 (=220, (0) + 792, (x1) — 162, (x2)
+ 142, (x3) — 62}, (x4) + 2, (x5))
=¢i'+0(ax), n=12....N,
(48)

B
[Pacs —otoB+ (2 ) }
(—Zﬁx (Xp—2) + 4Z;zx (Xm—1)
+ 71427 (xp) + 427,
=¢i '+ 0 (Ax6) ,
n=1,2,....N, m=2,3,... M —2,

2" () —
720

(49)

Xmt1) — 2 (Xmg2))
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|:Pacg —o+o(B+1) (Zn_l(xM—1)>ﬁi|

Z"(xp— 1)—ﬁ(3 (xpm—5)

— 62! (xp—a) + 142} (xp-3)
— 1627 (xpy—2) + 72927 (xp—1) — 22, (xpm))

=9y +0(M), n=12,. N,

(50)

|:Pacg —o+o(B+1) (Z”_l(xM))ﬂ:|

ZM(xp) — o (22" (x1—3)
720 xx
— 112" (xp_4) + 242",

— 2627 (xpm—2) + 1427,

(xm—3) ©D

(xm—1) + 71727,
=gl +0 (M%), n=12....N

(xm))

Taking into account (18), (26) and Lemma 3, it follows from
(45) that

2" (x0) = g1(tn), (52)
2" (xm) = g2(tn). (53)

Equations (47)-(53) produce a linear system of M +
3 equations having M + 5 unknowns: A" ,, A" |, Af, ...,
Myrs Myp 15 Myg40- To close this system, we require two more
equations. For this purpose, we consider two auxiliary equa-
tions at the midpoints x = t1, tjy. By using Eqgs. (18), (28)
and (29) in (44), we obtain

a n—1 p n
Pacf = +0(B+1) (2" @) | 2" ()

4

TAx
—ov ( (Tm) + =~

3760 xxxxxx (tm) + O(Ax6)>

=g, m=1,M n=>1,
(54
where
n—1
;1”_1 = PO[ (Cz—l—l - C;.:_l) Zl(fm) + Potcz_lzo(‘[m)

=1

“l—og+ 01 (2 )

+1

+(1=0)Z" (@) + (1 =)

n—1 _ A_x4 6
(Zxx ( m) 720 uxxxxxx(tm) + O(Ax ))
+fn71+(7(1,m).

In view of Lemma 4, from equation (54) we have

« n—1 B n
Pycy —G+0(,3+1)(Z (Tl)> 2 ()

7 n n
11520 O 2 (¥0) = 2325, (x1) (55)

+ 422" (x3) — 382" (x3) + 172" (x4) — 320, (xs))>

— av(ZJ’C'x(rl) + —

=gt +O(Ax6), n=12..N,
[Pacg‘ —o+oB+1) (Z”_I(IM)>ﬂi| 2" (tyr)

—ov( 2 aun) + s (SBE (eas) + 1T (e a)

11520
— 382}, (vu-3) + 422}, (var—2) — 23Z}, (xar—1) + 521, (xan)))

=<5§([‘+0(Ax6), n=1,2....N
(56)

Let 2 (x) denote the collocation approximation for the solu-
tion of (13)-(15) given by

M+2

> AOr(). (57)

k=-2

Z"(x) =

We compute this approximation by satisfying the collocation
equations defined by (47)-(53) and (55)-(56), after dropping
the O (Ax®) terms. Thus, we obtain the following system of
(M + 5) linear algebraic equations in (M + 5) unknowns:

(=7170v +36Ax%ppHa",
+ (—14480v +936Ax2 n=hin,
+ (43000v + 2376 Ax? pi Y
+ (—13220v + 936Ax pi " HAT + (—9380v
+36Ax%ppHAE — ov(—20234
+ 920 — 1042 — T2 4+ 23%) = 4320Ax%¢0 ", n
=1,2,...,N,

(58)
200", 4 (=7250v + 36Ax*pIHA",
+ (— 145400 4 936 Ax*pI AL + (439601
+ 2376 Ax? iR 4 (— 15740v+936Ax2 n=ha
+ (—6020v+36Ax2 n=hia
— o V(500 — 4RT — 438 4+ 38) = 4320Ax¢) !,
=1,2,...,N,

(59)
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—ov(=A" 420" )+ (=7280v + 36Ax7phHin
+ (—14060 v + 936Ax2 p= A"
+ (42700 v + 2376 Ax? p=HAn
+ (—14060v + 936Ax? pi AL

+ (7280 v + 36 Ax? pl, I)Am o
— OV 4 — A s) = 4320Ax7¢0 !

=1,2,....,.N, m=23,...M-2,

m—1

(60)
—4X s+ 500y
_3+ (=15740v

— 011(5»’11‘477 - 45»';‘,176
+ (—6020v + 36 Ax2 it At
+936Ax% Pl DM,y
+ (43960 v + 2376 Ax%p T A%,

+ (—14540v + 936 Ax2 pi ! )i,
+ (=7250v + 36Ax2p'1(,[ 11))»’;‘,”1 + 20\1):'1{,1”
= 4320Ax%¢%", n=1,2,...,N,
(61)
—ov@M,_, = TA o — 1007, 4+ 92",
— 2024, _3) + (—938av + 36 Ax2pi AN,
+ (—13220v + 936Ax> pi HA%,
+ (43000 v + 2376 Ax? R 4 (— 14480 v
+936Ax2 i AL
+ (—717av+36Ax2 [ VYN
=4320Ax%¢% ", n=1,2,...,N,
Ay + 260" + 6617 + 2617 + A5 = 120g1 (1), (63)
Mo + 2610, + 66X, + 2617, + Ay = 12082 (1),
(64)

(62)

(—14750v + 18AX% 511",
+ (= 30149ov+4266Ax 5D, + (319180 v
+ 30276 Ax? 5 RS + (303220\) + 30276 Ax% 5!
+(—27776ov+4266Ax VY
+ (—36800v + 18Ax?p}~ 1)1" — ov(—99421 + 98!
+TTAE = 2138) = 69120Ax%¢" !, n > 1,
(65)
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— ov(=211}_; + TTh}_e + 981},
+ (—36800v + 18Ax2 ph A%,
+ (=277760v + 4266 Ax>p"; l)x
+ (303220 v + 30276 Ax> Bl AR,
+ (319180 v + 30276 Ax>p" 1),\"
+ (301490 v + 4266 Ax2 A, |
+ (—14750v + 18AX? DA, L,
=69120Ax%¢% ", n=1,2,...,N,

— 9943 )

(66)

where

B
pi = Pac — o + 0B+ 1) (2 )
m=0,1,.... M

B
il = Pach — o+ (B 1) (27 @)
m=1,M.

The following algorithm illustrates the method described above.

Step 1: Provide inputs including the number of mesh points in
space (M) and time (N), the mesh size in space (Ax) and
time (At), as well as the coefficients af*, b}, and ¢} for
0 <1 < N, along with the initial condition (IC) (2) and
boundary conditions (BCs) (3).

Step 2: Formulate the system of equations given by equations
(58)-(66).

Step 3: Employ the Gaussian elimination method to solve the
system (58)-(66) at each time level, obtaining the unknown
parameters A, where =2 <m <M +2and1 <n < N.

Step 4: Output: The approximate value of the solution u(x, ¢) at
the grid points by utilizing the obtained values of the
unknown parameters X"m in equation (57).

3 Stability and convergence analysis

Here, we establish stability and convergence results of the
present numerical scheme for the problem (1)—(3).

3.1 Stability

In this subsection, we study the stability analysis of the
present numerical scheme.
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Theorem 4 The present method (58)—(66) for the problem
considered is unconditionally stable.

Proof For simplicity, the non-linear term u”"~!'1%(x)
(l — ("o (x))ﬂ) in the homogeneous form of (7) is lin-
earized by setting (u"~ 119 (x))# — 1 as a constant . Then,
we obtain

At™¢
T2 —a)
n—1
[Cg“n(x) - Z (co )=t )u' ) - Cﬁ—luo(x)}
I=1
+ " () — vl T () = 0,
X;<x<X,, n>1. (67)

Making use of the approximations (8) and (9) in (67), we
obtain

Ocqu (x) + opu" (x) — ovulf, (x)

n—1
— (R o
=0 Z (Cn—l—l
=1

+ 0 u(x) — (1 — o) (x)
+ (1 = o (x),
Xi<x<X,,n>1. (68)

—c —l) ul(x)

Using the OSQB, as explained in Sect.?2, in Eq. (68) yields
the following equations for the mesh points x = x,,, m =
2,3,...,M -2

(1 +n2) (A + 26100 + 667, + 2607 | + A% 5)
—m3( = M _y + 2A0 3+ 7281, + 140617, _,
— 427017, + 14061" | + 72832 5 + 22" 5 — A% 4)

n—1

10Z €i-1)

2 =1
( m—2 + 26)‘m 1 + 66)‘1 + 26)Ll m+1 + )‘m+2)

~

Pa31 0 70
+ —= (39 _, + 264,

20 L+ 6630 42610, (69)

(I-o)u 1
+ )‘m-‘r2) T()‘n -2 + 26)”m 1
(1—-o0o)v ( _snel
4320Ax2 m—4

L+ 1406371 — 4270507

Tn—1 Tn—1
+ 660 2620 A0 h) +

+ 2R L 4 728

1 1 1 1
+ 140620 + 72800 + 23— =),
n=1,2,..., N,
where n; = Fe0 =28 and 3 = 24— O
M= 712012~ 120 = 1320822

Define the error ¢, by
e (70)

where A*! be the solution of the perturbed system of (69).
By (70), we obtain the error equations for (69):

(1 +m2) Gy + 2600 | + 6645 42600 + L)

—m3( =g+ 260 3+ 7280
+ 140687, — 4270¢" + 14065, + 728",
P n—1
2013 — Cmia) = ﬁ I )
I=1

X (§hy_p 265} | +66¢0 +26¢) 1 +¢h o)

Pyc?
e (g + 2650 + 6605 + 260, (7D

M({" + 66;::[—1

-1 —1
+ §r2+2) - 120 -2 + 264}2—1
—-o) ( a1

1
+ 260071+ Lnih) + T320A 2\ Sm—s

+ 28" 47287 + 14061 — 427080
+ 14068, + 7286, + 26,75 — 674),
n=12,....N,m=2,3,...,. M —2.
The error ¢} can be chosen as
gl’l 1m,0Ax (72)

where i = 4/—1. Inserting (72) into (71) yields

E"[(m + m2)(2cos(2pAx) 4 52cos(pAx) + 66)
+ n3(2cos(4pAx) — 4cos(3pAx) — 1456c0s(2pAx)
— 2812cos(pAx) + 4270)]

P n—1
- PICERERE

=1

+ Cﬁ_léo] (2cos(2pAx) + 52cos(pAx) + 66) (73)

1 —
- (—G> 1" (2c0s(2pAx) + 52c0s(pAx) + 66)
(o2

_ (1_—0) 13E" 1 (2cos(4p Ax) — 4cos(3pAx)
o

— 1456¢c0s(2pAx) — 2812cos(pAx) + 4270).
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From (73), we have

n—1

%_n _ =1

1—0
Py _
50 [Z (e —cy )¢ +Cg—150} - < . )712)/15" I

Using Lemma 1, (78) and (81), we can obtain that

1—0o B
<—) nayaE"!
o

myr +myi +n3»2

. (74)

where y; = cos(pAx) + 26cos(pAx) + 33 and y» =
2cos(4pAx) — 4dcos(3pAx) —  1456cos(2pAx)
— 2812cos(pAx) + 4270.

We use the principle of mathematical induction to prove
that

1E" < &%, n > 1. (75)

Forn =1, (74) leads to

Lo — (D) = (52)me
& = & (76)
myr+mnmyr+n3y2
Since o € (%, 1), we have
1—0o
0< <1. (77)
o

Also since Ax > 0, At > 0,v >0and 0 < o < 1,
it follows that I'(2 — @) > 0 and 5y, 12, n3 are positive.
Therefore, taking into account (77), for sufficiently small
Ax, we have

my + (52) oy + (52) n3ys

myr+nyr +n3y2

<. (78)
Therefore, (76) and (78) lead to

1€ < €0, (79

Thus, (75) is valid for n = 1. Suppose that (75) is valid for
n<j-—1,ie,
E" < €% n=1,2,...j— 1. (80)

Forn = j, (74) leads to

j—1
Payi
0

= —

1£7] < 1£°).

Hence, (75) is valid for n = j. Consequently, (75) is valid
for every n, i.e.,
€" < €%, n = 1. (82)

Proceeding in the same manner for the grid points x = x,,,
m=20,1, M —1, M, we can obtain

Alm) _ ; pim)

= Coipm "2 1 (83)

CJ—Z) %.l + 07_1%-01| _

)nmf L= ()

and D =

j—1
where A = P”"'l |: (
=1

<1_G)H2V1§j ! (
o

77317(m)$/_1, C™ = my +my — 773172(m)
-3 y3(m)’

with

~(0 ~(M
5O — 50

= 2770cos(pAx) + 1655cos(2pAx)
—202cos(3pAx) + 92cos(dpAx) — 10cos(SpAx)
— Tcos(6pAx) 4 2cos(7pAx) — 4300,
)72(1) _ )72(M71)
= 1454 — 3671cos(pAx) + 1572cos(2pAx)
+ 602cos(3pAx) + 50cos(4pAx)

—4cos(SpAx) — 4cos(6pAx) + cos(7TpAx),
~(0 ~(M
5O = _p0
= 2sin(7pAx) — 7sin(6pAx) — 10sin(5pAx)
4+ 94sin(4pAx) — 202sin(3pAx)

+ 221sin(2pAx) — 126sin(pAx)

1—0 . l1—0o .
- 07—1) gl +C?_1§0] - (?> myi& ! — <T> 3728/ 7!
=1

my +my1 +n32

81
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and

~(1 ~(M—-1
F = _pM=D

= sin(7pAx) — 4sin(6pAx) — 4sin(5pAx)
+ 50sin(4pAx) + 602sin(3p Ax)
+ 1576sin(2pAx) — 5121sin(pAx).

Using the principle of mathematical induction, we prove that
" < 16%.n = 1. (84)
Forn =1, (83) leads to

my — (S2)mwn + (52) ns ()72('") + i773('")) .

1

nyr +myr —n3 (372(’") + i)73(m))
(85)

Making use of (77), for sufficiently small Ax, it is clearly
observed that

myi = (159) myi + (55%) ns (7 +i74")

myr+myi —m ()72('") + i)73(m))
(86)

Therefore, (85) and (86) lead to
&' < 1€°).

Thus, (84) is valid for n = 1. Suppose that (84) is valid for
n<j-—l1,ie,

£ < |§O|, n=1,2..j—1. (87)
Using Lemma 1 and (87), we can obtain that
4] < |c™ (6% and |B™] < [D™] 1% (88)

Finally, making use of (88) and (83), we get

(A™) + (B’

i2— 02
€] o1 () 02,

which gives
1£7] < 1£°).

Thus, (84) is valid for n = j. Consequently, (84) is valid for
every n, i.e.,

1€ < €°), n > 1. (89)

By (82) and (89), we conclude that the present numerical
method (58)—(66) is unconditionally stable.

3.2 Convergence

A detailed analysis of convergence for proposed numerical
method (58)-(66) for (1)—(3) is given here.

Theorem 5 Assume that Z"(x) defined in (57) is the QBS
approximation for the exact solution u” (x) € C°[X;, X,] of
(1)-(3). Then, we have

[2"(x) — u"(x)]lo < LAXS, V1 >0,

Sfor small enough Ax and constant L, independent of Ax.

Proof First (7) is linearized by setting (1"~ '+ (x))# — 1
as a constant u then the terms in the resulting equation are
rearranged to obtain

Pyciu" (x) + opu" (x) — ovu’y, (x)

n—1
= Py (Cg_l_l — cz_l) ul (x) + Pacz_luo(x)
= (90)
— (I —o)wu" " (x) + (1 — o)l (), X
<x<X,,n>1.
The BCs are
u" (X)) = gitn), u"(X;) = g2(tn). oD

Equations (90) and (91) can be rewritten in operator form as
follows:

Lu"(x) = Pycyu" (x) + opu" (x) — ovi'y . (x)
— Gn_l(.x) + f‘l’l—l-‘r()'(x)7
Bu"(x) = {u" (X)) = g1(tn), u"(X,) = g2(ta)},

where

n—1
G" () = Py Z (enoim1 =) u () + Puct_u’(x)
=1

—(1 = o)) + (1 — o)u T (x). (92)

Let Z"(x) € Ss.; defined by equation (17) be the QS inter-
polant to the exact solution of (90)—(91). Then, by using
Theorems 1 and 2 we have

LZ"(xp) = Lu" (x;n) + 0(Ax6), m=0,1,...,M, (93)
2" (x0) = g1(ty) + O(Ax®),

2" (xm) = g2(ty) + O(AxO), (94)
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LZ"(ty) = Lu"(t) + O(AX®), m =1, M. (95)

Since u" (xp) = Z"(xm), m = 0,1, ..., M and u" (z,) =
Z"(ty), m = 1, M, therefore, we write the system (93) and
(95) in the matrix form, as follows

= E,

n g7 &n —
[LZ (X) Lz (X)]x=xm, m=0,1,....M, x=1t,, m=1,M
(96)

where E = [0(Ax®), 0(Ax9), ..., 0(Ax®), 0(Ax®)]T.
From (96), forx = xq, x1, xp—1, Xy, T1and Ty, respec-
tively, we have
(M1 — T1Tn3)A%, + (267 — 1448n3)A"
+ (6671 + 4300n3)A7
+ (26771 — 132203)A" + (i1
— 93813)A5 + (2023)2% — (92n3)A% + (1073) A"
+ (Tn3)rg — @n3)As — (G — T1Tn3)A", 97)
+ (2677 — 1448n3)A" | + (6677 + 4300m3) A0
+ (2671 — 132203) A" + (71 — 93813) A4
+ (202n3)A4 — (92n3)A] + (10m3)A2
+ (T)ig — 2n3)Ay) = 0(Ax®),
@n3)A", + (1 — 725n3)A" | + (2601 — 1454n3)A
+ (66771 + 4396m3) A} + (2671 — 1574n3) 1)
+ (71 — 602n3)A5 — (50m3) Ay + (4n3)A5 + (4n3)Ag
— ()M — (@n3)A", + (i1 — 72513)A",
+ (2677 — 1454n3)A8 + (6671 + 439613) 4]
+ (267 — 1574n3)Ms + (71 — 60213)14
— (50n3)3} + (4n3)3% + (4n3)ig — (13)35) = O(AxO),
(98)
(=n3)My_7 + @n3) My _g + @n3)h,, _s — (S0m3)A},_y4
+ (i1 — 602n3) Ay, 3 + (261
— 1574n3)A", 5 + (6671 + 4396n3)A%,
+ (2611 — 1454n3) My, + (1 — 72503) A4y
+ 203Ny — ((=13)M_7 + Gn3)M, 6
+ (4n3)Ny_s — (50m3) A3y + (11 — 6023)4} 3
+ (267, — 1574n3)A%,_, + (66771 + 4396m3)7%,
+ (267 — 1454n3)1}, + (i1 — T2503)03 4

+ 23y ,) = 0(Ax),
(99)
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(=2m3) A7 + (Tn3) Ay _g + (10m3) A7, s
— (92m3) Mg + (20203)A%, 3 + (71 — 938n3)A s
+ (2671 — 132203)A%, | + (6671 + 4300m3)17,
+ (2671 — 1448n3)AYy 4y + (1 — T1Tn3) M40
— ((=203)Xyy_7 + (Tn3)X3y_g + (10n3) 2]}, _s
— (9203)M3y_g + (20203) X3 _5 + (i
— 938n3)A%,_, + (2671 — 1322n3)A%, | + (667
+430013)X, + (267 — 1448n3)1},, |

+ (<7173 + fi)Ay,) = O(AXS),
(100)

(7} — 14755\, 4+ (2370} — 30149950,
+ (1682177 + 319187)A% + (1682777 + 30322n5) A7
+ (2370} = 277760n5)A + (7} — 36807314
+ (99405) AL — (98HAL — (TT5)Ak + Q1pH)AL
— ((f — 147505)A", + (237n} — 3014995)2" |
+ (16820} 4 3191813)A% + (1682nF + 3032275) A"
+ (2370} — 277760353
+ (i} — 3680m3)A% + (994n3) X}
— 9803 — (TTy)ie + QInpiL) = 0(Ax®)
(101)

and

CIn)Ay_7 — T3y _e — (9803) A s
+ (994n3)A%, 4 + (nF — 3680n5)A%, 5 + (237n}
— 2777605)A%, 5 + (16820} +30322n5)A%,
+ (16820} + 31918n3)A%, + (237n} — 3014995)A%},,,
+ (0} — 14T50) A} 40 — (QIDAY, 7 — (TT3)A,
— (980X _s + (994n5)Ah, 4 + (o}
— 3680n5)A%, 5 + (2370} — 27776054, _,
+ (16821} + 30322n3)2%,_,
+ (16820} + 31918131},
+ (2370} — 3014995,y + (0} — 147505 M 45)
= 0(Ax%),
(102)
~ Pycl+ou
where n=n + n2, UT = 3%4() 6912001)Ax~2.
We eliminate the unknowns A" ,, 1%}, 42 A", and ), 4
from (97)—(102) by using (63) and (64). Thus, at the grid
point x = x(, we obtain

and n; =
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(17194n3)A™ | + (51622n3)A8 + (17320m3)A}
+ (—221n3)A5 + (202n3)A5 — (92n3)A]
+ (103)5 + (Tn3)Ag — 2u3)AG — ((17194m3)3"
+ (51622n3)i8 + (17320m3) A}
+ (=22193) A5 + (20203) 45 — (9203)Af + (1073)3%

+ (Tl — 2n3)A%) = 0(AxS).
(103)

At the grid point x = x1, we obtain

(1 — T7T3)A" | + (26771 — 1586m3) A
+ (6671 + 4344n3)k’} + (261 — 1576n3)kg
+ (i1 — 602n3)A% — (50m3)A; + (4n3)A%
+ (@An3)hg — 3G — (Gin — T7Tn3)A"
+ (2677; — 1586m3)A + (66771 + 4344n3)A + (267 +
— 1576m3)25 + (711 — 60213)14
— (50m3)X; + (4n3)A% + (4n3)hg — (13)A5)

= 0(Ax%).
(104)

At the grid point x = x;, we obtain

(=28n3)A™ | + (1 — T94n3)A4 + (26711 — 1432n3)1]
+ (6671 + 4269n3)15 + (267 — 1406n3)15
+ (71 — 728n3) Ay — (2n3)A% + (13)Ag
— ((—28n3)A™ | + (i1 — 794n3)Af + (267 — 1432n3) 4]
+ (66ij1 + 426903)15 + (2671 — 140673)1s

+ (711 — 728m3) A — n3)AL + (13)AL) = O(AxS).
(105)

At the grid point x = x,,, (m = 3, ..., M — 1), we obtain

(M3)A_g — 03) Ay, 3 + (71 — 728n3)A), o
+ (267 — 1406n3)A" | + (6671 + 4270n3)A),
+ (26711 — 140603)A% .| + (1 — T2813)A% 4,
— 203)Mh 3 + A4 — ()M
— 2m3)Ap 3+ (71 — 728n3)A_, + (264
— 1406n3)A" | + (6671 + 4270m3)A",
+ (26711 — 140613)A), 41 + (i1 — 72813) A0, 4
— 203)A s + (13 4) = O(AXO).

(106)

At the grid point x = x,7_>, we obtain

(13)Ay_e — 2n3)A Yy _s + (71 — T28n3) Ay
+ (2671 — 1406m3) 1Y, _5 + (66771 + 426993)1), 5
+ (2671 — 1432n3) A,y + (11 — 794n3) 1),
— 2873)2 41 — ((13)A 6 — 03X s
+ (1 — 728n3)A%, 4 + (2671 — 1406m3)A7, 5
+ (6671 + 4269n3)A%, 5 + (267 — 1432n3)A,
+ (i1 — 794n3)A% — (28n3)Ay ;) = O(AxD).

(107)

At the grid point x = x)7_1, we obtain

(=m3)A_7 + (An3)A_g + (4n3)A,_s — (50m3)A%,_y
+ (7 — 602;73)%,}473 + (2671 — 157613)
X )\’1{4_2 + (6671 + 4344n3)k’1{4_1 + (261, — 1586n3)k’;4
+ (it = T7Tn3) My — ((=n3)A,
+ (4n3)Ay_g + (Gna)Al,_s — (50m3) X4,y
+ (i1 — 602n3)X3;_5 + (26711 — 157603)A%,_,
+ (6677 + 4344n3)A%, | + (267 — 1586m3)A",

+ (i1 — T3y, ) = O(AXO).
(108)

Similarly, at the grid point x = xj;, we obtain

(=2m3)A%y 7 + (Tn3)Ay g + (10m3)A}, 5 — (92n3) A}, 4
+ (202n3)A 5 + (=221n3)A%, 5
+ (17320m3) M, + (51622n3)1%, + (17194n3)A%,
— ((=2m) Ay + (T13)A} ¢
+ (10m3)K,_5 — (92n3)A}, 4 + (20203)2y_5
+ (=221n3)M,_y + (17320m3)A%,_,

+ (51622n3)A%, + (1719413)3%,, 1) = O(Ax®).
(109)

At the mid point x = 71, we obtain

(2110} + 8201n3)A" | + (161607 + 12926813)A¢
+ (165607 + 6867205\ + (2361}
—26301n3)A5 + (nf — 368003)M + (994n3)A]
— (9813)A5 — (TT3)AE + (21n5)5
— (Q11n} + 8201532 | + (16160} + 12926813)A]
+ (1656m7 + 68672n3) 1} + (2361}
—26301n3)A4 + (n} — 3680n%)15 + (994n%)]
— (98)AL — (TT3)Ag + (21nHAs) = 0(Ax®).
(110)
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At the mid point x = )7, we obtain

QUn)Ay_7 — (TTn3) Ay g — (9813) A, _s
+ (994n3)Ns,_y + (nf — 3680m3)A_5 + (2361}
—2630193)A%,_, + (165617 + 68672n5)1%,
+ (161607 + 12926873)A; + (21117 + 820173)

x My — (@InHXy_; — TN _e
— (9803)A, s + (99405, 4 + (nF — 3680m3)A%,_5
+ (236} —26301n5)A",

+ (1656nF + 68672n5)i%, _,
+ (16167% 4 129268n3) 1,

+ (2115} + 820193)i%,. ) = O(Ax®).
(111)
In matrix form, Eqs. (103)—(111) can be written as
RO =AY =E (112)

Here R is a square matrix of dlmensmn M + 3, given as
df dy df dy df dy dy didy 0 - 0 0
dy dy dy dy ds ds d7 dg dy O -
dy dy d3 dy ds dg d7 d7 dg O ---
de d7 dg dg dy d3 dr di 0 O
dy dy d3 dy ds dy d3 dy di O

R=l - - and)»"—i”:

(=Nl
S oo O

0 0 --- 0 dy dy d3 dy ds dy d3 dy d
0 0 - 00d1d21{3t{4d9dgd7d6
0 0 -+ 0 dg dy dy ds ds dy d3 dp d
0 0 -+ 0 dy dg d7 dg ds dy d3 dp dy
(30- 0 dg dg dj di di dy dy dy df
)‘11 _);'L]
i
M= A
A -
A5 =53
. ’
M3~ Myos
Myu—2 = M2
TR
n in
M
M+1 M+1 »
where di = n3, do = =213, d3 = 11 — 72813, ds =
26ﬁ1 1406n3, ds = 6611 + 4270n3, d¢ = —28n3, d7 =

—794n3, dy = 267114323, dy = 6671+42693, di =
n1—777r)3, dg = 2617]—1586)73, d3 = 66771+43447)3, d4 =
2671 — 157603, ds = i1 — 602n3, dg = —50n3, d7 =
4z, dyg = —n3, di = 171943, dr = 5162213, d3 =
17320m3, dy = —221n3, ds = 2023, dg = —92n3, d7 =
10n3, ds = Tn3, do = —2n3, df =211y} + 820173, di =
161607 + 12926875, di = 1656 + 6867213, df =
236n% — 2630173, d¥ = nt — 3680n3, df = 994n}, di =
—98n3, di = —77n5 and df = 21n3.
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Lets;, i =—1,0,1,...., M + 1 be the summation of the
i—th row of R. Then, we have

1770000 v 4 133920( Pyc + o 1) Ax>
s71 = 9

69120Ax2
860400 v
S0 = SAa~ A
4320Ax?2
2400 4 4320(Pycf + o) Ax?
= 4320Ax2 ’
_ —1200v 4 4320(Pycf + o) Ax?
2= 4320Ax2 ’

Sk = Pycg +op, k=3,4,.., M -3,

—1200v + 4320(Pycd + o) Ax?
SM—2 = >

4320Ax2
—2400v + 4320(Pycd + o) Ax?
M1 = 4320Ax2 ’
860400 v
M= 1300Ax2"
1770000 v + 133920( Pycg + O’,LL)AX
SME1 = 69120Ax2

For small enough Ax, it follows that s_; > 0, 5o > 0, s >
0,k=1,.... M —1,sy > 0 and sy+1 > 0. Therefore, R
is monotone and hence R~! exists. Let T ~! be the (k, j)-th

element of R~!. From the theory of matrices we have

M+1
Z rk_,jl's.i =1, for k=-1,0,1,... M+ 1.
j:_

(113)

Equation (113) yields

By Taylor’s expansion, we get

il < L
k,—1 — S_1
69120 Ax> 133920(Pycd + o) Ax?
~ 1770000 v < 1770000 v )
- 69120Ax> + 0(axY
~ 1770000 v ’
rod < i
K0 =g
4320A x>
~ 8604001
b < i
k,1 — s1
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~1
Tk,2

Tk, M—1

Tk M41

IA

2400 v

4320Ax2 <

4320Ax

2400 v

52

2400 v

4320(Poc + o) Ax? ) -

+ 0(Ax"h),

4320Ax2 |
1200 v

4320Ax2

1200 v

Sj

wCl +ou’

- o
Pocy

IA

IA

IA

1
SM-2

1

4320(Pycl + o 1) Ax? ) -

1200 v

+ 0(Ax™Y),

=34, ... M—3,

1200 v

4320Ax2 <

4320Ax2

1200 v

1

SM—1

1200 v

4320(Pycl + o 1) Ax? ) -

+ 0(AxY),

4320Ax2
2400 v

4320Ax

2400 v

1
Teom =

1

SMm

_ 4320Ax?
8604001’

1

SM+1

4320(Pycl + o 1) Ax? ) B

2400 v

+ 0(Ax"h),,

69120 Ax?2
1770000 v

_ 69120Ax
~ 1770000 v

133920( Pyc§ + o) Ax?\
1770000 v

+ O(AxY).

By employing infinity norm, (112) reduces to

A"

IA

IA

IA

—llos = IR Ellso

IR ool Elloo

max
—1<k=M+1

max
—1<k<M+1

M+1

<| > rkl|>0(Ax6)
j

=—1

- —1
<|rk_1|+|r |+|rk’1|+|rk12|

M-3
+ D Il + Il
j=3
—1 —1 -1 6
+|rk’M71| + |rk,M| + Irk’M+1|>0(Ax )
= 0(Ax%).

Alternatively, we may write

C max | A% — A < KAX®, (114)

where K is a constant.
Moreover, by using (63), (64) and (114), we have

| A%, =R, [= 0(AX®), | My, — Miyys |= O(AXO).

(115)
From (17) and (57), it follows that
~ M+2
Z'(x) — Z"(x) = Z O = DO (x). (116)
k=—2
The definition of the basis functions ®y, leads to
M+2
> Iek)l < (117)
= 120°

Operating the L, norm on (116) and making the use of (114),
(115) and (117) leads to

12" () = 2" () lloo
M+2

S =R Y IOl S NAXS, no= 1, (118)
k=-2

where N = igglC Theorem 3 yields

[2"(x) — u" (x)]lo < MAXE. (119)

The triangle inequality gives

I12"(x) — u" () loo < 12" (x) — 2" (%) loo
HIZ"(x) = u" () |l oo (120)

Now, substituting (118) and (119) into (120), we obtain
12"(x) — u" (X)loo < LAX® V1 > 0.

This completes the proof of Theorem 5. O
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Theorem 6 Assume that Z:,'(x, t) and u(x,t), respectively,
represents the B-spline approximation and the exact solution
of nonlinear TFGE equation. Then, the method (58)—(66)
converges with the following estimate

luCx, 1) = Z(x, Dl = O(AX® + AF). (121)

Proof By using Theorem 5 and Eq. (46), we can obtain the
result in (121). O

4 Numerical illustrations

In this section, we consider three nonlinear examples and
solve them using the present method (58)—(66) in order to
illustrate the efficacy and accuracy of the method. We com-
pute the Lo, norm error (Efu ’N) of the present scheme. The
L o norm error is defined as

M,N =
ENY = max |2 — ulxm, t)l,
1 0§m§M| m Xm, t)|
0<n<N

where u(x,,,t,) is the exact solution and 2;;,11 denote the
approximate solution at (x,,, t,). We calculate the ROC (rate
of convergence) of presented numerical method in space
using the following formula:

J— log(é’lM’N) — log(EIZM’N)
B log(2) '

Numerical results are computed with MATLAB R2020a on
AMD Ryzen 5 2500U and 2.00 GHz processor.

Example 1 We consider (1) with 8 = 3, the IC:
ulx,00=0,0<x<1

and BCs

u(©,1) = 1>, u(l,t) =0, t > 0.

The exact solution is given by u(x, ) = 2% (1 — x?) e?*.
The source function f(x, ¢) can be obtained using the exact
solution. Weset T =1 and v = 1.

Table 2 presents the ROC in time based on L, norm errors
for Ax = 1/1000 and different N when o = 0.5, 0.8, 0.95.
It is observed in Table 2 that the proposed method converges
with order two in time direction. Table 3 presents the ROC in
space for At = 1/70, 000 and different M when o = 0.95.
It can be observed from Table 3 that the proposed method
is sixth order accurate in space. Further, we can observe
from Tables 2 and 3 that the experimental ROC is consistent
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Table2 Numerical error results (in time) with Ax = 1/1000 for Exam-
ple 1

o N Error ROC CPU
(second)
0.5 20 0.0034 0.965
40 8.6499¢—04 1.9748 1.558
80 2.1920E-04 1.9804 2.908
0.8 20 0.0047 0.957
40 0.0012 1.9378 1.609
80 3.1241E-04 1.9415 3.046
0.95 20 0.0046 0.884
40 0.0012 1.9401 1.602
80 3.0555E-04 1.9736 3.295

Table 3 Numerical error results (in space) with Az = 1/70, 000 and
a = 0.95 for Example 1

M Error ROC
10 2.6799E-07

20 4.4013E-09 5.9281
40 6.8433E-11 6.0071

Table 4 Comparison of numerical error results for Example 1 with
a =0.95

t — 0.5 0.75 1

Our Scheme 3.4775E-08 5.2499E-08 1.7961E-07

Scheme in Majeed et al. (2020) 3.470E-05 3.638E-05 8.900E-06

with the theoretical ROC given in Theorem 6. The compar-
ison of the L error of our scheme for At = 0.0003 and
Ax = 0.01 with the method in Majeed et al. (2020) is given
in Table 4. It can be observed from Table 4 that our method
is more accurate than the method in Majeed et al. (2020).
Figure 1 presents the two-dimensional graph of the approxi-
mate solutions for several T. In order to observe the effect of
o, we plot the approximate solution for various values of «
when 7' = 0.5 in Fig. 2. The surface plots of numerical and
exact solutions when o = 0.95 and N = M = 50 are dis-
played in Figs.3 and 4, respectively. These figures confirm
that the proposed method approximates the exact solution
very well. The elapsed computational time (in seconds) for
the OSQB scheme is presented in Table 2. From the table
one can observe that the present numerical scheme is com-
putationally efficient.

Example 2 We consider (1) with 8 = 3, the IC:

u(x,0)=x2** 0<x <1
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Fig. 1 Approximate solutions for Example 1 with various values of T
and @ = 0.95
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Fig. 2 Approximate solutions for Example 1 with various values of «
atT=0.5
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Fig.3 3D plots of approximate solution for Example 1 with N=M = 50
and o = 0.95
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Fig. 4 3D plot of exact solution for Example 1 with M = N = 50 and

a =0.95

Table 5 Numerical error results (in time) with Ax = 1/500 and @ =
0.5 for Example 2

N Error order CPU
(second)

20 0.0215 0.311

40 0.0056 1.9439 0.471

80 0.0014 1.9744 0.707

160 3.5993E-04 1.9596 1.339

and BCs

w(©0.0) =0, u(l, 1) = (1 +z2), t>0.

The analytical solution is given by u(x, 1) = (1 + 1) x%e?*.
The source function f(x, t) can be obtained using the exact
solution. Weset T =l and v = 1.

In Table 5, we give the ROC in time for Ax = 1/500
and different N when o = 0.5. As expected, it is observed
in Table 5 that the proposed method converges with order
two in time direction. Next, Table 6 gives the ROC in space
for At = 1/70,000 and different M when o« = 0.95. It
can be seen in this table that the proposed method is sixth
order accurate in space. Further, Tables 5 and 6 confirm that
the experimental ROC is consistent with the theoretical one
given in Theorem 6. The comparison of the L, error of our
scheme for At = 0.0003 and Ax = 0.01 with the scheme in
Majeed et al. (2020) is given in Table 7 which suggests that
our method is more accurate than the method in Majeed et al.
(2020). Figure5 presents the two-dimensional graph of the
numerical solution for several T. Figs.6 and 7 show the 3D
plots of approximate and exact solutions, respectively, when
o = 0.95and M = N = 50. These figures show that the
numerical solution agrees very well with the exact solution.
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Fig.5 Approximate solutions for Example 2 with various values of T
and o = 0.95
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Fig. 6 3D plot of approximate solution for Example 2 with M = N =
50and ¢ = 0.95
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Fig. 7 3D plot of exact solution of Example 2 with M= N = 50 and
a =095
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Table 6 Numerical error results (in space) with At = 1/70, 000 and
a = 0.95 for Example 2

M Error ROC
10 4.7796E-07

20 7.9623E-09 5.9076
40 1.2286E-10 6.0181

Table 7 Comparison of numerical error results with « = 0.95 for
Example 2

t — 0.5 0.75 1

1.0277E-07 1.8083E-07 3.2241E-07
2.13E-05  3.3E-06

Our Scheme
Scheme in Majeed et al. (2020) 2.12E-05

Table 8 Numerical error results (in time) with Ax = 1/500 and @ =
0.5 for Example 3

N Error ROC CPU
(second)
20 0.0018 0.309
40 4.4846E-04 2.0050 0.470
80 1.1125E-04 2.0112 0.717
160 2.7690E-05 2.0064 1.310

Table 9 Numerical error results (in space) with At = 1/70, 000 and
a = 0.95 for Example 3

M Error ROC
10 1.9219E-05

20 4.2496E-07 5.4990
40 7.2892E-09 5.8654

Example 3 We consider (1) with 8 = 2, the IC:
ux,00=0,0<x<1

and BCs

u(,t) =0, u(l,r) =0, t > 0.

The exact solution is given by u(x, 1) = 2 sin(27x). The
source function f(x, ¢) can be obtained using the exact solu-
tion. Weset 7' = 1land v = 1.

In Table 8, we give the ROC in time for Ax = 1/500
and different N when o = 0.5. As expected, it is observed
in Table 8 that the proposed method converges with order
two in time direction. Table 9 presents the ROC in space
for At = 1/70,000 and different M when o« = 0.95. It
can be seen in this table that the proposed method is sixth
order accurate in space. Further, Tables 8 and 9 confirm that
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Table 10 Comparison of numerical error results with « = 0.96 for
Example 1

t— 0.6 0.8 1

Our Scheme 5.0580E-09 8.9372E-09 1.2424E-08

Scheme in Majeed et al. (2020) 1.97E-04  6.366E-03 3.9E-04
1 T T T T
......... T=
- ='T=0.75
......... T=05
05 7
c
S .
3 i
[} S
) R —
© 0" I
2 . s
P 7 0
o ' s
£ -
=]
4
0.5 7
A , . , i
0 0.2 0.4 0.6 0.8 1

X

Fig. 8 Approximate solutions for Example 3 with various values of T
and o = 0.95

the experimental ROC is consistent with the theoretical one
given in Theorem 6. The comparison of the L, error of our
scheme for At = 0.0001 and Ax = 0.01 with the method in
Majeed et al. (2020) is given in Table 10. It can be observed
from Table 10 that our scheme is more accurate than the
scheme in Majeed et al. (2020). Figure 8 presents the two-
dimensional graph of the numerical solution for several T. In
Figs.9 and 10, we present the 3D plots of numerical and exact
solutions, respectively, when « = 0.95 and M = N = 50.
Figures 9 and 10 suggest that the approximate solution agrees
very well with the exact solution.

5 Conclusions

The present paper described an accurate computational
method for numerical solution of nonlinear TFGF equation.
In this technique, the L2 — 1, formula is used for the approx-
imation of the Caputo fractional derivative which appears
in the model problem considered. The space derivatives are
approximated using the collocation technique based on an
OSQB. The developed method is proved to be uncondition-
ally stable. The convergence results indicate that the method
is sixth order convergent in space direction and second order
convergent in temporal direction. The experimental results
indicate that the present method is very accurate and effective
in solving the nonlinear TFGF equation and the experimental

Numerical solution

L 0.8 0.6 0.4 0.2 0

Fig. 9 3D plot of approximate solution for Example 3 with M =N =
50 and o = 0.95

14

Exact solution

t 1 0.8

Fig. 10 3D plot of exact solution for Example 3 with M=N = 50 and
a =0.95

ROC is consistent with the theoretical one. The compari-
son results show that our scheme provides more accurate
results than the method in Majeed et al. (2020). Moreover,
the authors in Majeed et al. (2020) has not established the con-
vergence results for their method while we proved that our
method has convergence order of six in space and of order
two in time. It is also observed that the order of the fractional
derivative has profound effects on the solution profile of the
nonlinear TFGF equation. The CPU time of the method,
provided in the Tables, confirms that the method is com-
putationally efficient. Indeed, a potential direction for future
research or extension of this work could involve develop-
ing a high-order numerical method for solving the nonlinear
TFGF equation with non-smooth exact solution. While the
present study focuses on problems with smooth exact solu-
tions with respect to the time variable, addressing scenarios
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with non-smooth solutions could enhance the applicability
and robustness of the numerical method.
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