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Abstract

This paper focuses on the influence of support degree and weight between different attributes on the decision-making
process. First, we analyze the Fermatean fuzzy power Bonferroni mean (FFPBM) and Fermatean fuzzy weighted power
Bonferroni mean (FFWPBM) operators, which combine the properties of the Bonferroni mean and the power average
operators. The proposal for a new operators can not only force decision-makers to consider the possible interaction between
each attribute in the decision-making process, but also embrace the balance of data by calculating the support degree and
aggregating the attribute values, thereby improving generalization ability overall. Then various qualities, such as idem-
potency, permutation, and boundedness, are demonstrated. After that, the MADM method is proposed with the developed
operators. Finally, an example is provided to demonstrate the new approach’s validity and viability.

Keywords Bonferroni mean operator - Fermatean fuzzy set - Multi-attribute decision-making - Power average operator

1 Introduction

Zadeh (1965), the first academic to propose the notion of
fuzzy set, proposed applying fuzzy numbers to the process
of multi-attribute decision-making, and provided a range of
fuzzy multi-attribute decision-making (MADM) approa-
ches. Recognizing that the components of a classical fuzzy
set are proved using membership degree, Atanassov (1986)
extended Zadeh’s fuzzy set theory and developed intu-
itionistic fuzzy set, adding non-membership degree to
represent the negation degree of a certain attribute. As
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shown by Atanassov (1986), he developed interval intu-
itionistic fuzzy set and adopted it to represent the mem-
bership and non-membership degree. However, as
mentioned earlier (Atanassov and Gargov 1989; Yager
2013; Yager and Abbasov 2013; Reformat and Yager 2014,
Peng and Yang 2016; Gou et al. 2016; Zeng et al. 2018), in
many MADM problems, the condition that the sum of
membership and non-membership degree given by intu-
itionistic fuzzy set is less than 1 is always limited, which
may lead to the deviation of analysis. As a result, Yager
(Atanassov and Gargov 1989) suggested Pythagorean
fuzzy sets (PFSs), which widen the criterion that the total
of membership and non-membership degree is less than 1
to be larger than 1 while the sum of squares is less than 1.
Yager and Abbasov (Yager 2013) defined Pythagorean
membership grades (PMGs) and demonstrated the rela-
tionship between the PMGs and complex numbers.
Reformat and Yager (Yager and Abbasov 2013) were the
first to use PFSs to the collaborative-based recommender
system. Peng and Yang (Reformat and Yager 2014) studied
and defined the operational rules, score function, and
accuracy function of many interval-valued Pythagorean
fuzzy aggregation operators for solving MADM issues.
Using the basic operations of Pythagorean fuzzy numbers,
Gou et al. (Peng and Yang 2016) split all the change values
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into eight areas, built numerous functions, and analyzed
their basic features. Zeng et al. (Gou et al. 2016) developed
a PFS aggregation algorithm and used it to tackle the
MADM problem. Six families of Pythagorean fuzzy Yager
weighted operators based on t-norms and t-conorms were
introduced by Shahzadi et al. (Zeng et al. 2018). Clearly,
the capacity of the Pythagorean fuzzy set to describe fuzzy
issues is superior to that of the intuitionistic fuzzy set.
Although Pythagorean fuzzy set expands the conditions
of membership and non-membership, with the increasing
uncertainty in the decision- making environment, Senapati
and Yager (Shahzadi et al. 2020) put forward the concept
of Fermatean fuzzy set, and further broadened the condi-
tions to the extent that the sum of squares of membership
and non-membership degree is greater than 1 but the sum
of the 3rd power is less than 1, and many numerical
examples are provided to help people understand the con-
cept of Fermatean fuzzy set. Compared with intuitionistic
fuzzy set and Pythagorean fuzzy set, Fermatean fuzzy set
(FFS) is more capable of capturing uncertainty and dealing
with stronger fuzziness, so it has gradually attracted the
attention of many researchers. Then according to Senapati
and Yager (2020), four new weighted aggregation opera-
tions for FFS were introduced: Fermatean fuzzy weighted
average (FFWA), Fermatean fuzzy weighted geometric
(FFWG), Fermatean fuzzy weighted power average
(FFWPA), and Fermatean fuzzy weighted power geometric
(FFWPG). In addition, Zhou et al. (Senapati and Yager
2019) extended FFS to the Hamacher operation and
investigated its fundamental features. Senapati and Yager
(Zhou et al. 2014) then described the fundamental opera-
tion of FFS, presented the score function and accuracy
function, and extended the sequential preference technol-
ogy to the TOPSIS approach for dealing with multi-at-
tribute decision-making issues using Fermatean fuzzy
information. In addition, they incorporated new operations
to FFS, such as subtraction, division, and arithmetic mean
operations, and addressed pertinent concerns using the
Fermatean fuzzy weighted model. Merigo and Casanovas
(Senapati and Yager 2019) proposed fuzzy generalized
hybrid aggregation operators, which are used to solve the
decision-making issue. Based on linguistic term sets and
Fermatean fuzzy sets, Liu et al. (Merigd and Casanovas
2010) established the idea of Fermatean fuzzy linguistic
term sets and offered the main operating rules, scoring
function, and accuracy function of Fermatean fuzzy lin-
guistic numbers. Aydemir and Gunduz (Liu et al. 2019)
established certain forms of Fermatean fuzzy Dombi
aggregation operators and analyzed TOPSIS approach from
the standpoint of these Fermatean fuzzy set-based opera-
tors. Yang et al. (Aydemir and Yilma Gunduz 2020)
investigated the differential calculus of Fermatean fuzzy
functions, including continuity, derivative, and differential,
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in light of previous research that only examined discrete
information and overlooked the continuous state of FFS.
Hadi et al. (Yang et al. 2021) introduced and implemented
the Fermatean fuzzy Hamacher arithmetic operator and
geometric operator to Fermatean fuzzy multi-attribute
decision-making. Shit and Ghorai (Hadi et al. 2021)
developed four new operators based on the Dombi opera-
tion to aggregate Fermatean fuzzy numbers, including the
Fermatean fuzzy Dombi weighted average operator and the
weighted geometric average operator. It is difficult for
decision-makers to precisely identify the attribution level
and non-attribution level by unambiguous values due to a
lack of available data. As a result, Rani et al. (Shit and
Ghorai 2021) suggested the interval-valued Fermatean
fuzzy set (IVFFS) and its core operations, as well as two
operators for aggregating IVFFS information to cope with
multi-criteria decision-making situations. Garg et al. (Rani
and Mishra 2022) provided a MADM technique as well as
an application for identifying a genuine lab for the COVID-
19 test, based on Yager’s t-norm and t-conorm. Gul (Garg
et al. 2020) examined the developing idea of Fermatean
fuzzy set in depth from a geometric standpoint, and three
well-known multi-attribute evaluation techniques, namely
SAW, ARAS, and VIKOR, are expanded under Fermatean
fuzzy environment.

In real decision-making, it should be noticed that there is
a certain interactive relationship between each attribute,
which is not always independent of each other. Power
average (PA) operator can take into account the important
influence of the support degree between data and infor-
mation on attribute weights, improve the accuracy and
objectivity of information processing, and ensure that the
decision-making results are more accurate and credible.
Zhou and Chen (Giil 2021) introduced a variety of lin-
guistic generalized power aggregation operators, including
the generalized power average (GPA) operator and the
linguistic generalized power average (LGPA), and devel-
oped an application of the new approach to the evaluation
of university faculty for tenure and promotion. Li et al.
(Zhou and Chen 2012) studied a weighted power average
operator-based group decision-making model for integrat-
ing heterogeneous information. Liu and Qin (Li et al. 2018)
generalized the PA operator to the linguistic intuitionistic
fuzzy number and provided three techniques based on the
LIFWPA, LIFWPG, and LIFGWPA operators. Subse-
quently, Wei and Lu (Liu and Qin 2017) used power
aggregation operators to create certain Pythagorean fuzzy
power aggregation operators as well as some ways for
solving Pythagorean fuzzy multi-attribute decision-making
issues. One of the aggregation approaches is the Bonferroni
mean (BM), which was first proposed by Bonferroni (Wei
and Lu 2018). BM is very useful in various application
fields due to its ability to capture the interrelationship
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between input arguments and reflect the mutual influence
of each attribute. It has attracted the attention of many
researchers and has gradually been extended to different
multi-attribute decision-making environments. Yager et al.
(Bonferroni 1950) proposed various BM modifications that
improve its modeling capacity. Another generalized form
of BM was presented by Yager (2009) and Yager et al.
(2009), and Beliakov et al. (2010). Xu and Yager (2011)
proposed the intuitionistic fuzzy Bonferroni mean operator,
which Xu and Xia (2011) later expanded to include the
generalized intuitionistic fuzzy Bonferroni mean operator.
Xu (2011) extended the use of the Bonferroni mean to
Atanassov’s intuitionistic fuzzy environment, introducing
the intuitionistic fuzzy Bonferroni mean (IFBM) and
weighted Bonferroni mean (WIFBM) operators. Liu et al.
(Liu et al. 2017) proposed various intuitionistic fuzzy
Dombi Bonferroni mean operators for dealing with the
aggregation of intuitionistic fuzzy numbers by extending
the BM operator based on the Dombi operations. He et al.
(2015) suggested the power Bonferroni mean (PBM)
operator, which combines the PA and the BM operators
and may alleviate the impact of inappropriate aggregate
values while simultaneously capturing the interaction
among the input arguments. Following that, He et al.
(2015) proposed intuitionistic fuzzy power geometric
Bonferroni average operator and weighted intuitionistic
fuzzy power geometric Bonferroni average operator in an
intuitionistic fuzzy environment, as well as detailed steps
for using this type of operator for multi-attribute decision-
making. Khan et al. (2018) employed the PBM operator to
tackle important issues of interval neutrosophic informa-
tion from the standpoint of the Dombi operator. Liu and
Liu (2017) introduced the concept of linguistic intuition-
istic fuzzy numbers and proposed some new aggregation
operators based on power Bonferroni mean operator, such
as linguistic intuitionistic fuzzy power Bonferroni mean
(LIFPBM) operator, to take advantage of the respective
advantages of BM operator and PA operator. Wang and Li
(2020) extended PBM operator to integrate Pythagorean
fuzzy numbers based on the interaction operational laws of
PFNs, and Zhu et al. (2019) proposed a series of Pytha-
gorean fuzzy aggregation operators, which can not only
reduce the negative impact of unreasonable evaluation by
decision-makers on decision results, but also consider the
interaction between membership and non- membership
degree. Several concepts-related fuzzy aggregation opera-
tors are discussed (Luo and Zeng 2020; Jiang and Duan
2021; Ding and Li 2018; Zhang et al. 2020; Wu et al. 2019;
He et al. 2016; Yager 2001; Wei et al. 2013; Yang and Pan
2022; Weihua et al. 2022; Zeng et al. 2022).
Multi-attribute decision-making (MADM) is a method of
choosing the best option from a group of options based on a
number of different criteria or qualities. Decisions in many real-

world circumstances are not based on a single criterion but
rather on a number of aspects that must be considered con-
currently. This process is facilitated by MADM approaches,
which offer a methodical way to come to well-informed con-
clusions. In this regard, many applications related to MADM
have been discussed with different kinds of problems like the
Karush—Kuhn-Tucker (KKT) optimality conditions for fuzzy-
valued fractional optimization problems, a modified TOPSIS
approach for solving stochastic fuzzy multi-level multi-objec-
tive fractional decision-making problem, rehabilitation prob-
lem of valuable buildings in Egypt, fractional transportation
problem, evaluation of online learning platforms, low-carbon
cities comprehensive evaluation problems (Agarwal et al.
2023; Sayed et al. 2020; Elsisy et al. 2020; Sayed and Abo-
Sinna 2021; Su et al. 2022; Zhang et al. 2022; Zeng et al. 2023).

The remainder of this work is arranged as follows to
further explore the use of the PBM operator in new fuzzy
environments. Section 2 goes over some fundamental prin-
ciples and operational rules of the Fermatean fuzzy set.
Section 3 applies the PBM operator to Fermatean fuzzy
numbers and presents the Fermatean fuzzy power Bonfer-
roni mean (FFPBM) and Fermatean fuzzy weighted power
Bonferroni mean (FFWPBM) operators, which are further
followed by related characteristics. In Sect. 4, we will pro-
vide a MADM technique based on the new PBM operator
extensions and provide full methodology. In Sect. 5, we use
a relevant case to validate the technique described in this
study. Section. 6 finishes the study with a few observations.

2 Basic knowledge

In this section, we will give some basic preliminaries
concepts which are very useful to understand proposed
work.

Definition 2.1 Yager (2013) Let X be a non-empty set,
then a Pythagorean fuzzy set P defined on X is an object
hosting the structure:

P= {(x,ocp(x),ﬁ[,(x)) :xEX}7 (1)

where o,(x) :x — [0,1] and f,(x):x—[0,1] are the

degree of membership and non-membership of each ele-

ment x € X to the set P, respectively, and Ogocf,(x) +

ﬁlz, (x) <1 for all x € X. The indeterminacy degree of x is,
)"

myl) = (1= 2() = Bix) )
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Definition 2.2 Senapati and Yager (2020) Assume X be a
non-empty set. A Fermatean fuzzy set F on the universal X
is an expression of the form:

F = {(x.ep(x). f(x)) : x € X}, (3)

where op(x):x — [0,1] and fg(x):x — [0,1], respec-
tively, indicate membership degree and non-membership
degree of every element x € X for the set F, and satisfy the

condition: 0 < o3.(x) + f(x) <1, for all x € X,
13

mr(x) = (1= ap(x) = Bp(x)) (4)
is named as the indeterminacy degree of each x to F.
Definition 2.3 Senapati and Yager (2020) Let F = (y, v),

Fi1 = (u;,v) and F, = (i, v2) be three Fermatean fuzzy
sets (FFSs), then their operations are defined as follows:

1. FiUF, = (max{u, it },min{vy, v>}).
2. FiNF, = (min{p, py }, max{vy, v, }).
3. F° = (vp).

4. Fy C Fy,if and only p; <y, v > vs.

Definition 2.4 Senapati and Yager (2020) Let F = (y, v),
Fy = (44, v1) and F, = (uy,v2) be three FFSs and 4 > 0,
the following operations are valid:

1
l. Fi®F, = ((,u?Jr,ug—,u?ug) A vlvz).

2 FreF = (um (739 ?),
3. IF = <(1—(1—u3)’1)m,v3).
4. F = <M3,(1—(1—v3)‘)1/3).

Theorem 2.5 Senapati and Yager (2020) Let F = (u,v),
Fi1 = (u;,n) and Fy = (uy, v2) be three FFSs and 4; > 0,
the following ones are valid:

FioF, =F®F.
FI@F,=FQF.
MF, @ Fp) = AF| @ AF,.
(24 + 22)F = J4F + J5F.
(F\ ® F,)'= F} @ FZ.
F/ll EBFAZ _ F/11+)LZ.

SANEANF Sl S

Definition 2.6 Senapati and Yager (2020) Let F; =
(u1,v1) and F» = (pp,v2) be two FFSs, and the support
degree between them is expressed as:
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Sup(Fth) = 1 — d(Fth), (5)

where d(F, F,) which represents the distance between two
FFSs F| and F», takes the following form:

1
d(Fi,F2) _g(’ﬂl p%|+’v%—v§‘+‘n?—ng|). (6)
m;(i =1,2) is called as the indeterminacy degree of
Fi(i = 1,2).

Definition 2.7 Liu and Qin (2017) Let x;(i = 1,2, ...,n) be
a set of real numbers, power average (PA) operator is an
object holding the following structure:

PA = (x1,X2, .. X)

=2 (1 +T(x) / > ( +T(xz))>xi, (7)
=1

T(x;) = Z Sup(x,,x,)

=y
Sup(x;,x;) is known as the support degree between x; and

where i=1,2,. and

Xj.

Definition 2.8 Yager (2009) Suppose p >0, ¢ >0, p and ¢
are not both zero at the same time. x;(i = 1,2, ...,n) is a set

of real numbers and x; > 0, then the Bonferroni mean (BM)
operator is a structure of the following form:

Ip+gq
Z xpx) @)

l] 1,i#j

BP(x1, %2, .., %) = (

Definition 2.9 He et al. (2015) Let p>0, ¢>0,
x;(i =1,2,...,n) be a set of real numbers which includes
the circumstance x; > 0. A power Bonferroni mean (PBM)
operator is an object of the form:

PBMP9(x1,x2, ..., Xy)
P

n(n — 1) ij=1,iz u 1+ T(x, '
Zﬁl( (x:)) 9)
q Ip+gq

n(1+T(x))
2 (14 T(x))

Xj
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3 Fermatean fuzzy power Bonferroni
aggregation operator

In this section, we will discuss Fermatean fuzzy power
Bonferroni aggregation operator and their properties.

Definition 3.1 Assume that p>0, ¢ >0, p and ¢ cannot
both be zero simultaneously, and F;(y;, v;), i = 1,2,...,n. is
a set of Fermatean fuzzy numbers. The Fermatean fuzzy
power Bonferroni mean (FFPBM) operator is a mapping

1
FFPBMP4(F\,F>, ..., F,) = <( 1
nn

— 1) ij=1,iz
7Fn) - <

ij=1,i#j
FFPBMP4(Fy, F>, ...

- ( ﬁ (l B (l B (1 - H?)W:)p(l — (1 _ M})nwjr>q>>”<”‘) |

Proof Let
s (L4 T(F)
S TE)
(L +T(R)
> (14 T(F)

t=1

Then the original formula can be simplified as:

1
rtq
& (nwiFi) ® (nw}F;)‘f)

| 131p+q

®

o e

ij=Liz

FFPWA: F,, — F such that
FFPBMP4(Fy,Fy,...,Fy)

i | . n(l+T(F))
> t (10)
q Ip+gq

n(L+T(F)
> (1+T(F))

=1

where T(F;)= > Sup(Fi,F;), i=1,2,..,n. and
J=Lj

Sup(Fi,Fj) represents the support degree between Fer-

matean fuzzy sets F; and F;.

Theorem 3.2 Let p>0, g >0(p and g cannot both be 0),
and F; = (;,vi), i = 1,2, ...,n. be a set of Fermatean fuzzy
numbers. The result obtained after the aggregation of
FFPBM operator is still Fermatean fuzzy number.

According to the algorithm between Fermatean fuzzy
numbers, it is easy to obtain:

N ,
nw?F,- = <(1 — (1 _ M?)”Wi) /j’v:ml>

! 3 ' 1/3 nwj’ ’
nw;Fj = (1<1H}) ) i

and
e ={((1= 0= (- (1-27))")
o ={((-0-)) -0
(miF)'s (i)’
( (0= (- - u%)””;)”)”,>
(1= (=) (1))
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Therefore,

! (-B ((nw F)”®(nw "F)Y)

FFPBM”(F,, F,
( 1° 2900 /1) |: (n 1)1, l

1

3\/1_( TTa=a=(= gy A==y ey

i j=Li%j

n } , ! L
3\/1 _ (1 _( H] _ (1 _Vi3r1w1 )p(l —V/3nwj )q))n(n—l))pﬂi

i,j=Li#j

Given that 0<y; <1,0<v; <1 and 0< g + v} <1, so

0< 1—( ﬁ

ij=1i#j

_ (1— ( I1 1- (1—vf"w§)p(1—
=1

(1 _ (1 ~-(1- u?)"w'{)po - (1 - ﬂ;)wﬁ)q))
vw)q)) Im(n—1) -

J

11 »(1 -1 M?)"W;)p(l -(1- H;)"W})q)) Im(n—1)
o\ (= 1)
(= )

FFPBMP4(F\,Fy, ...,F,) = FFPBMP(F|,F5, ..., F}).

(13)

The above FFPBM operator does not take the weight of
each indicator into consideration, but when making deci-
sions in real life, it should be noticed that each indicator is
not equally important. Therefore, this article further con-
siders the weight of indicators and proposes the Fermatean

Lp +
tn(n—1y B3\ 1

<1

Ip+q 13

lp+gq

Ip+gq
<1

Therefore, FFPBM?* is still a Fermatean fuzzy number;
thus, Theorem 3.2 is proved.

In addition, the operator also has idempotency, bound-

edness, invariance, and other excellent properties, as

follows:

Property 1 Idempotency: Assume F;(u;,vi),i =1,2,...,n

be a Fermatean fuzzy set. If

Fi=F,=F;=..=F,=F, then (11)
FFPBMP4(F\,Fs,....F,) = F

Property 2 Boundedness: Let F;(y;, v;), i = 1,2,...,n.be a

Fermatean fuzzy set. Then

min{F;} < FFPBM"9(F\,F,,...,F,) < max{F;} (12)

Property 3 Invariance: Let Fi(y;,v;), i=1,2,...,n. be a

Fermatean fuzzy set, and F;(F,F,,...,F,) can be arbi-

trarily replaced by F/(F},F}5, ..., F,), then

@ Springer

fuzzy weighted power Bonferroni mean (FFWPBM)
operator.

Definition 3.3 Let p>0, ¢>0, p and ¢ cannot be both
zero simultaneously. F;(p;,vi), i=1,2,...,n. is a set of
Fermatean fuzzy numbers and its weight vector is

T Lo .
w = (wy,wa,...,w,) , which includes the circumstance:

> w; = 1. Then Fermatean fuzzy weighted power Bon-
i=1

ferroni mean (FFWPBM) operator is an expression of the
form:

FFWPBMPA(Fy, Fy, ..., F,)
p
B nw;(1 4+ T(F, ))F
B ”"—1 ) ij= 117@ - l
; (F)) (14)
Ip+q
nwj
> (1
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where T(F;) = Y. wiSup(F;,F;), i=1,2,...,n., and
J=14#i
Sup(F;, F;) is called the support degree between FFS F;

and Fj.

Theorem 3.4 Let p>0, g>0(p and g cannot both be
zero), and F;i(u;,v;), i =1,2,....n. be a Fermatean fuzzy
set. The result obtained after FFWPBM operator aggre-
gation is still a FFS.

w = {wi,wa, ..o W}, ¥Yw, €[0,1]. Experts are now
invited to evaluate and give the Fermatean fuzzy decision-
making matrix M = (Fj),  F; = (u;,v;), where y;; and
v;; indicate, respectively, the membership degree and non-
membership degree of scheme A; for attribute C;. Next, we
will propose how to apply FFWPBM operator to multi-
attribute decision-making problems.

Step 1 According to the actual situation, experts are
invited to evaluate the Fermatean fuzzy information and

FFWPBMP(F\,F,, ..., F,)
lp+q
1
(4T \ P i) \ 4y y m(m—1) A
n wi(14T(Fr)) wi(14T(F1))
N I 5 O O P TR ,
ij=1 i
< > (15)
= 13
1
3nw; (147 (Fy)) 3w (147(F))) 1/n(n — 1) Pp+a
n ZWA(H'I(F/)) Zm(lu‘(m))

1—(1—v,

)"(

=1
—v.
1 }J

)q

The proving process of this theorem can refer to the
proof of Theorem 3.2 above, and FFWPBM operator also
has the excellent properties of boundedness and invariance.

4 Application of FFWPBM operator in multi-
attribute decision-making

FFWPBM operator effectively combines PA operator and
BM operator, fully absorbing the advantages of the two
kinds of aggregation operators. On the one hand, PA
operator can fully consider the correlation between indi-
cators, and calculate the relevant attribute weights through
the support relationship between data. On the other hand,
as an aggregation operator of mean type, BM operator can
take the correlation between various variables into account.
Therefore, this article further discusses the application of
FFWPBM operator in multi-attribute decision-making
method.

Suppose that for a Fermatean fuzzy multi-attribute
decision-making problem, there are currently n alternative
schemes to choose from A = {A;,A3,...,A,} and m deci-
sion attributes named as C = {Cy,C,...,C,}, and the
weight vector corresponding to each decision attribute is

establish a Fermatean fuzzy decision matrix M = (Fj),,,,-
Then judge whether the matrix is normalized or not. If it is
not normalized, transform it into a normalized matrix M’
by referring to the method provided in relevant literature.

Fj;, when Cjis benefit-type attribute,
Fj= Nijf(v- . ),when Cjis cost-type attribute.
= Vij >l

The matrix remains the same when C; is a benefit-type
attribute, while the membership degree and non-member-
ship degree of the corresponding Fermatean fuzzy set
change positions when C; a cost-type attribute is.

(16)

Step 2 Calculate the support degree Sup(_{]«:_, _57_)
lj

between variables.

Sup(Fy, Fi) = 1 — d(Fy, Fyy),

k=1,2,...ml=1,2,...n, (17)

Step 3 According to the weight corresponding to each
attribute, the support degree T('F ) linked with Fermatean
Ik
fuzzy number F is calculated, and the support degree
ij
index of variable &, is obtained on this basis:
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wfir(z)
<=, x , k=1,2,..

£u(ir(7))

=1 t

1=1,2,...n.

7m7

(18)

Step 4 Using the definition of FFWPBM operator to
aggregate the attribute value Fy;(j =1,2,...,m) corre-
sponding to each alternative scheme A;(i = 1,2,...,n), so
as to obtain the comprehensive attribute value F;(i =
1,2,...,n) of scheme A;.

Step 5 Further calculate the score of each comprehen-
sive attribute value. If the scores of two attributes are the
same, then calculate the accuracy value of each attribute.
Finally, all alternatives A;(i =1,2,...,n) are sorted
according to the priority relationship of F;(i = 1,2,...,n),
and then the best plan is selected.

All steps of proposed algorithm are discussed below in
given flow chart.

Flow chart: How to work given the above algorithm
discussed step by step in this flow chart.

Step 3: Calculate
the support
degree index of

variable

Step 4: Calculate
the comprehensive
attribute value

glk )

Step 5: Calculate

the final score of
each

comprehensive

F(i=12,.,n)

attribute value..

of scheme 4;.

Table 1 The Fermatean fuzzy decision-making matrix

Table 2 Normalized Fermatean fuzzy decision-making matrix

Cl C2 C3 C4
Ay <0.5,09 > < 0.8,0.7 > <0.6,0.3 > <04,0.7 >
Ay < 0.7,0.7 > < 0.9,0.6 > < 0.8,0.4 > <0.5,03 >
Az <0.7,0.8 > <0.7,02 > <0.3,0.6 > <05,04 >
Ay <0.6,0.8 > < 09,05 > <04,0.6 > <0.7,02 >

Cl C2 C3 C4
Ay <09,0.5 > < 0.8,0.7 > <0.6,0.3 > <04,0.7 >
Ay < 0.7,0.7 > < 0.9,0.6 > < 0.8,04 > <0.5,03 >
Az <0.8,0.7 > <0.7,02 > <0.3,0.6 > <05,04 >
Ay < 0.8,0.6 > < 09,05 > <04,0.6 > <0.7,02 >
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5 Numerical example

Now a large enterprise plans to build a new manufacturing
plant to meet the growing demand for products, and is
making a decision on the location of the new plant. At
present, the company has preliminarily selected four new
sites A{A,A2,A3,A4} nationwide, and intends to evaluate
them from four attributes, specifically: total cost (cy),
infrastructure (c;), labor quality (c3), business atmosphere
(cs), and the corresponding weight of each attribute is
w = (0.35,0.3,0.15,0.2)". The company now invites some
experts from a famous university to evaluate each site and
attribute. After discussion, the experts, respectively, eval-
vate the four alternatives A;(i = 1,2,3,4) and give the
evaluation information as a Fermatean fuzzy decision-
making matrix M = (Fj;), ,. Fj = (1, vyj). The specific
data of it is shown in the following table, and the best site is
selected for this enterprise according to this matrix
(Table 1).

Each of new sites is evaluated according to the specific
steps given in Sect. 4.

Step 1 Judge whether the decision matrix needs to be
normalized or not. In this case, total cost (c¢;) belongs to
the cost-type attribute, while infrastructure (c;), labor
quality (c3), and business atmosphere (c4) belong to ben-
efit-type attribute (Table 2). Therefore, it is only necessary
to normalize ¢y, and the normalized matrix is as follows:

Step 2 Calculate support degree among the four attri-
butes, so as to obtain the related support matrix:

1 066 0.59
066 1 079 0.85
059 079 1 090
0.56 085 090 1

0.56
Sups =

1 086 0.70 0.75
08 1 0.57 0.66
070 057 1 081
0.75 0.66 0.81 1

Sups =

Step 3 On this basis, calculate the support degree T( F')
between overall variables, and further obtain the supp”ért
degree matrix & of the variables:

0.700 0.642 0.296 0.410
0.767 0.588 0.342 0.366
0.634 0.690 0.342 0.462
0.809 0.627 0.312 0.444

1.5217
_ | 1.5763
$= | 14547
1.5761

1.2598 0.4972 0.7212
1.2143 0.5131 0.6963
1.2896 0.5120 0.7437
1.2150 0.4899 0.7189

Step 4 Use the definition of FFWPBM operator to
aggregate the corresponding comprehensive attribute val-
ues of each alternative. Particularly, to simplify the cal-
culation in this example, let the parameter p = 1,g = 1, and
the result is as follows:

Fy = (0.7282,0.6037)
Fy = (0.7397,0.5472)
F3 = (0.6421,0.5636)
Fy = (0.7575,0.5018)

Step 5 Calculate the score of comprehensive attribute
value F;(i = 1,2,...,n). If the scores of two attributes are
the same, then further calculate their accuracy value,
respectively:

S(Fy) = 0.1661

S(F») = 0.2409

S(F3) = 0.0857
S(Fy) = 0.3083.

Ay As Ay

1 0.85 0.59 0.56

Supy = 0.85 1 0.59 0.70

0.59 0.59 1 0.79
0.56 0.70 0.79 1
1 0.74 0.81 0.64
Supy = 0.74 1 0.75 0.47
0.81 075 1 0.72
0.64 047 0.72 1

Table 3 Aggregation results of A

FFWPBM operators (when p, !

q are equal) p=g=05 <0.6924,0.6066 >
p=qg=1 < 0.7282,0.6037 >
p=q=2 < 0.7821,0.5974 >
p=q=3 < 0.8132,0.5907 >
p=q=5 < 0.8434,0.5777 >
p=q=10 <0.8685,0.5516 >

< 0.7239,0.5477 >
< 0.7397,0.5472 >
< 0.7666,0.5464 >
< 0.7850,0.5454 >
< 0.8064,0.5432 >
< 0.8280,0.5373 >

< 0.5996,0.5673 >
< 0.6421,0.5636 >
< 0.6986,0.5558 >
< 0.7291,0.5478 >
< 0.7578,0.5326 >
< 0.7808,0.5035 >

< 0.7267,0.5058 >
< 0.7575,0.5018 >
< 0.7988,0.4939 >
< 0.8234,0.4863 >
< 0.8506,0.4726 >
< 0.8755,0.4504 >
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Table 4 Sorting results of each
scheme of FFWPBM operator

Final score

Ranking

(when p, g are equal)

.5 S =(0.1087,0.2150,0.0298,0.2544)
S =(0.1661,0.2409,0.0857,0.3083)
S =(0.2652,0.2874,0.1693,0.3892)
S =(0.3317,0.3215,0.2232,0.4433)
S = (0.4071,0.3641,0.2841,0.5099)
0 S = (0.4873,0.4125,0.3484,0.5797)

Ay > A, > A > A
Ay >A > A > A
Ay >A,>A > Ay
Ay> A > Ay > A
Ay > A > Ay > A
Ay >A > A > A

Table 5 Aggregation results of FFWPBM operators (when p and q are not equal)

Az Ay

Ay Ay
P=05q=1 < 0.7214,0.6008 >
p=26q=42 < 0.8239,0.5849 >
p=37q=54 < 0.8403,0.5783 >
p=68q=9 < 0.8632,0.5598 >
p=10q=8 < 0.8667,0.5550 >

< 0.7387,0.5463 >
< 0.7952,0.5441 >
< 0.8061,0.5431 >
< 0.8244,0.5393 >
< 0.8273,0.5381 >

< 0.6315,0.5587 >
< 0.7398,0.5402 >
< 0.7553,0.5329 >
< 0.7764,0.5123 >
< 0.7795,0.5071 >

< 0.7500,0.4984 >
< 0.8318,0.4815 >
< 0.8466,0.4748 >
< 0.8689,0.4580 >
< 0.8728,0.4535 >

Table 6 Sorting results of each
scheme of FFWPBM operator

Final score

Ranking

(when p, q are not equal) p=05q=1

p=26,q=42
p=37q=54
p=68qg=9
p=10,g=8

S = (0.1586,0.2400,0.0774,0.2980)
S =0.3592,0.3418,0.2473,0.4639)
S =(0.3999,0.3636,0.2795,0.4997)
S =(0.4678,0.4034,0.3336,0.5599)
S =(0.4801,0.4104,0.3432,0.5716)

Ay > A, > A > A
Ay >A > A > A
Ay >A > A > A
Ay >A > A > A
Ay >A > A > Ay

0.7
0.6
0.5
0.4
0.3 - N
0.2 - . I
0.1
.
1 2
I Seriesl 0.1586 0.3592
[ Series2 0.24 0.3418
Series3 0.0774 0.2473
Series4 0.298 0.4639
[ Seriesl  mmmm Series2

Fig. 1 Comparison of final score values

According to the above comprehensive scores, it can be
concluded that the priority order of the four new sites is:

Fy>F, >F > F;.

Therefore, when choosing a new site for construction,
the site with the highest overall score is A4, so it is given
priority to build a new manufacturing plant in this location.

@ Springer

3 4 5

0.3999 0.4678 0.4801

0.3636 0.4034 0.4104

0.2795 0.3336 0.3432

0.4997 0.5599 0.5716
Series3 Series4

The results above are obtained based on the assumption
that p = g = 1, which lacks some generality. Next, we will
continue to discuss the variation of the best alternative
scheme with different values of parameters. The specific
calculation results are shown in Table 3, and Table 4 is the
corresponding score and ranking.
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As can be seen from Tables 3 and 4, the comprehensive
score and ranking of each alternative will change with
different values of parameter p and g. Although the priority
of remaining options may change slightly, the best option
remains the same and is still A4 in any case. Obviously, the
decision result obtained by this method is scientific and
stable. Therefore, decision-makers can choose appropriate
parameter values according to their preferences in multi-
attribute decision-making problems. In addition, the above
results are calculated when p and g take the same value.
Next, we will further analyze the sorting results of each
alternative when p and q are not equal, as shown in the
following table:

As can be seen from Tables 5 and 6, the subjective
selection of p and g will affect the priority of each alter-
native. Overall, the best scheme is basically A4, and the
ranking results of A; and A, change only when p = 0.5,
g=1. On the whole, the rankings of all alternatives
gradually become stable with the increase of p and g.
Therefore, in the decision-making process of multi-at-
tribute problems, decision-makers can consider taking p
and g as values greater than 1 to ensure the stability of
decision results. Throughout the entire information aggre-
gation process, FFWPBM operator constructed in this
paper not only fully considers the possible correlation
between attributes and the inherent connection between
support degrees, but also improves the accuracy of the
decision-making results on the whole, effectively avoiding
decision risks and errors.

In conclusion, decision-makers can use FFWPBM
operator in multi-attribute decision-making process and
adjust the values of parameter p and ¢ according to pref-
erences, so as to improve the objectivity, fairness, and
accuracy of decision results. The comparison of final score
value is shown in Fig. 1.

6 Conclusion

Multi-attribute decision-making (MADM) is a method of
choosing the best option from a group of options based on a
number of different criteria or qualities. Decisions in many
real-world circumstances are not based on a single criterion
but rather on a number of aspects that must be considered
concurrently. This process is facilitated by MADM
approaches, which offer a methodical way to come to well-
informed conclusions. In this paper, we have developed the
Fermatean fuzzy sets (FFSs) on the basis of the combina-
tion of PA operators and BM operator to deal with
imprecise and uncertain information in decision-making.
Then we introduce some basic concepts and operational
rules of FFSs. In addition, motivated by the ideal of the
PBM operator, we propose two kinds of Fermatean fuzzy

aggregation operators, namely Fermatean fuzzy power
Bonferroni mean (FFPBM) operator and Fermatean fuzzy
weighted power Bonferroni mean (FFWPBM) operator,
and investigate their properties such as idempotency, per-
mutation, and boundedness. They can not only enable
decision-makers to consider the possible interaction
between different attributes when making multi-attribute
group decisions, but also grasp the balance of data by
calculating the support degree, thus improving the accuracy
of prediction as a whole. Then we utilize these operators to
develop an approach to solve MADM problems under FFS
environment. Also, we proposed an algorithm to solve the
MADM problems by means of FFWPBM operators.
Finally, a numerical example is given to verify the devel-
oped approach and to demonstrate whether it is feasible
and practical. The results corresponding to the method have
been compared with different values of parameter and
found that the proposed approach is stable in nature.

In further research, we may apply these operators in the
field of other domains and try to combine FFSs with other
types of aggregation operators such as the Dombi operator
and Hamacher operator.
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