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Abstract

This paper is toward the establishment of relationships between L-fuzzy filters, L-fuzzy topological spaces and L-fuzzy
pre-proximity spaces in complete residuated lattices. We have demonstrated the existence of functors between the categories
of L-fuzzy filter spaces, L-fuzzy topological spaces and L-fuzzy pre-proximity spaces.
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1 Introduction

Ward and Dilworth (1939) introduced the notion of com-
plete residuated lattice as a primitive concept which is highly
useful for structure of truth value in many valued logic.
Bélohlavek (2002) proved that fuzzy relations with truth
values in complete residuated lattice are capable of mod-
eling intelligent systems with insufficient and incomplete
information. Hohle and Sostak (1999) used different alge-
braic structures (cqm, quantales, MV -algebra) of truth value
to introduce concepts of L-fuzzy topologies. Further, these
algebraic structures provided several directions of study in
mathematics as well as in logic and L-fuzzy topologies (cf.,
Fang 2010; Fang and Yue 2010; Koguep et al. 2008; Kubiak
1985; Kubiak and Sostak 1997: Chen and Zhang 2010;
Ramadan et al. 2015; Ramadan and Kim 2018; Ramadan
et al. 2022; Rodabaugh and Klement 2003; Sostak 1985,
1989; Tiwari et al. 2018; Yue 2007; Zhang 2007; Ramadan
1992; Liang and Shi 2014).

Many authors studied the relationship between fuzzy
topologies and L-filters. In 1977, Lowen (1979) developed
the idea of filters in /X where I = [0, 1] is the unit interval
of real numbers, called prefilters to discuss convergence in
fuzzy topological spaces. In 1999, Burton et al. (1999) intro-
duced the concept of generalized filters as a mapping from
2% to I. Subsequently, Hohle and Sostak (1999) developed
the notion of L-filters and stratified L-filters on a complete
quasi-monoidal lattice. Later, in Jiger (2013) developed the
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theory of stratified L M-filters which generalizes the theory
of stratified L-filters by introducing stratification mapping,
where L and M are frames (cf., Ko 2018; Koguep et al. 2008;
Ramadan 1997; Liu et al. 2017; Tonga 2011). In Ramadan
(2003), the authors introduced the concept of smooth ideal
as a mapping from IX to I which is the dual of a smooth
filter (Ramadan 1997).

In this paper, we identify L-fuzzy topologies and L-
fuzzy pre-proximities induced by L-fuzzy (prime) filters
and study categorical relations between L-fuzzy (prime)
filter spaces, L-fuzzy topological spaces and L-fuzzy pre-
proximity spaces. The study obtains functors from the
categories of L-fuzzy (prime) filter spaces, L-fuzzy topo-
logical spaces and L-fuzzy pre-proximity spaces.

2 Preliminaries

Definition 1 (Bé&lohldvek 2002; Hajek 1998; Hohle and
Sostak 1999; Rodabaugh and Klement 2003; Turunen 1999)
A complete residuated lattice is a pair (L, ©) which satisfies
the following conditions:

(CD (L, <, Vv, A, L, T)isacomplete lattice with the great-
est element T and the least element 1 ;
(C2) (L, ®, T) is a commutative monoid;

CHxO(Vy = V&Oy), forall x € L and
iel’ iel’
{vilier € L. The binary relation ® induces another
binary operation — on L which satisfies:

C4) xOy<ziffx <y— zforx,y,z€ L.

In this paper, we always assume that L = (L, <, ®) is a
complete residuated lattice unless otherwise specified.

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00500-023-09057-0&domain=pdf
http://orcid.org/0000-0002-6584-9238

15498

A. A.Ramadan

L is called idempotent if x © x = x, forx € L.

Remark 1 The following lattices (L, <, ®) are complete
residuated lattices.

(1) Complete locally finite B L-algebra.

(2) Any complete Boolean algebra where the operations ©
and A coincide,

(3) Every left-continuous #-norm 7 on ([0, 1], <, ¢) with
O=t.

(4) Every G L-monoid.

Some basic properties of the binary operation ® and resid-
uated operation — are collected in the following lemma, and
they can be found in many works, for instance, (B€lohlavek
2002; Héjek 1998; Hohle and Sostak 1999; Rodabaugh and
Klement 2003; Turunen 1999).

Lemma 1 Let L be a complete residuated lattice. For each
X,¥,2,Xi,Vi,w € L,i € I', we have the following proper-
ties:

M x—=>y=V{z:2z0x <y},

2 Tox=x,Lox=1L,andx <yiffx > y=T,

B) Ify<zthenxOQy<xQz,x®y <x®z,x > y =<
x—>zandz - x <y — X,

@D xo0(Vy=Vxoy)x—=(Ay=N&x—>

iel’ iel’ iel’ iel’
Yi)s
%) (Vx)—=y=N\&—y),
iel’ iell
©® Vxi—> Vyiz=AN&-—=>y) Nxi—> Ayi=
iel’ iel’ iel’ iel’ iel’
N i = yi),
iel’
Mx = (Vy) =2 V& =y (ANxi) =y =
iel’ iel’ iel’
V (xi = y),
iel’

B x—>y=<=(y—>2>&—>adx -y < (z—>
x) = (z—>y),
O E—=>»Ooz->w=x0z) — (YOw).

L is said to satisfy the double negation law if for any
x € L,(x > 1) > L = x. In the following, we use x*
to denote x — L. Furthermore, for any x, y € L, we define
x@y=@"OyH"

Lemma 2 If L satisfies the double negation law, then it sat-
isfies moreover:

() Ify <z, thenx®y<x®z,

2 x=>»OoG—=>w)=x®2)— (ydw).

B xONOEOW) = (xO)DB (YO w),

4 xBDO0(YDOW) (DY) B (ZOwW),

5) (A )= ‘\/Fyi* and (\/ y)* = N\ yi,
e

iel’ iel’ iel’
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6) x > y=y* > x*andx — y = (x © y*)*,
D Axid N\ yi= N\ N\&@y)p.

iel’ jel’ iel jeI
Definition 2 (Bélohlavek 2002; Rodabaugh and Klement

2003) Let X be a set. A mapping Ry : X x X — L is
called L-fuzzy relation on X. Then, R is said to be

(1) reflexive if Rx(x,x) = T forall x € X,
(2) transitive if Rx(x,y) ©® Rx(y,z) < Rx(x,z) for all
x,y,z € X.

An L-fuzzy relation on X is called an L-fuzzy pre-order if it
is reflexive and transitive.

All algebraic operation on L can be extended pointwise
to LX Goguen (1967). For f,g € LX, we denote (f —
2, (fog eLXas (f = o) = f(x) = g(x), (f O
) = fx) O gx),

T, ify=x,
1, otherwise,

1, ify=x,
T, otherwise.

Tx(y) = { T = {
Lemma 3 (Bélohldvek 2002; Fang 2010; Fang and Yue 2010)

Let X be a nonempty set, define a binary mapping S : L* x
LX = Lof f,gby

S(f9) =\ (f(x) > g(x)).

xeX

Then, for each f, g, fi, gi,h,1 € LX, i € I', the follow-
ing properties hold:

M S(f.e)=Tsf=zg

2 f<g=S(f.h)=S8(g h)yand Sh, f) < S(h, g),
3) S(f,e)OSh, ) <S(fOh gOD),

@ N S(fi.g) < SV fi, V &) and N\ S(fi,8) <

iel’ iel’ iel’ iel’
S(/\ fi’ /\ gi),
iel’ iel’
(5) S(f. ) ©Sh,l) =S(f ®h. gD,
(6) If L satisfies the double negation law, then S(f, g) =

S&* f-

Definition 3 (Adamek et al. 1990) A pair (C, U) is said to
be a concrete category if C is a category and U : C —
Set is a faithful functor (or a forgetful functor). For each C-
object X, U (X) is the underlying set of X. Thus, all objects
in a concrete category can be taken as structured set. We
write C for (C, U), if the concrete functor is clear. Categories
presented in this paper are concrete categories. A concrete
functor between two concrete categories (C, U) and (D, V)
is a functor G : C — D with U = V o G, which means that
G only changes the structures on the underlying sets. Hence,
in order to define a concrete functor G : C — D, we only
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consider the following two requirements. First, we assign to
each C-object X, a D-object G(X) such that V(G(X)) =
U(X). Second, we verify that if a function f : U(X) —
U (Y)isaC-morphism X — Y, thenitis also a D-morphism
GX)— G).

Definition 4 (Ho6hle and Sostak 1999: Rodabaugh and Kle-
ment 2003) A mapping 7 : LX — L is called L-fuzzy
topology on X if it satisfies the following conditions:

(TH T(Lx)=T(Tx)=T,
(T2) T(fOe) =T(/HOT( ¥ f,gel”,

(T3) T(V fi)= NT(f;) forall{f; :i e I'} € L.
iell iel’
The pair (X, 7) is called an L-fuzzy topological space.
An L-fuzzy topological space is called

(AL) Alexandrov if T(A\ fi) > ANT(fi) Y {fi i €
iel’ iel’
rycr,
(SE) discrete if 7(T,) = T forall x € X.

Definition 5 (Chen and Zhang 2010; Xiu and Li 2019) Let
(X, Tx) and (Y, Ty) be two L-fuzzy topological spaces and
¢ : X — Y be a mapping. Then, D7 (¢) defined by

Dr(p) = N (Tr(f) = Tx (@™ ()

felLY

is the degree to which the map ¢ is an L F'-continuous map.

If D7(p) = T, then Ty(f) < Tx(¢™ (f)) forall f €
LY, which is exactly the definition of L F-continuous map
between L-fuzzy topological spaces.

The category of L-fuzzy topological spaces with LF-
continuous mappings as morphisms is denoted by L-FTOP.
Write AL-FTOP for the full subcategory of L-FTOP com-
posed of objects of all Alexandrov L-fuzzy topological
spaces.

Definition 6 (Ko 2018; Rodabaugh and Klement 2003) An
L-fuzzy pre-filter on a set X is defined to be a mapping F :
LX — L satisfying:

(LF1) F(Lx) =1,

(LF2) S(f,8) < F(f) = F(g), V f,g € LX, The pair
(X, F) is called an L-fuzzy pre-filter space. An L-
fuzzy pre-filter is L-fuzzy filter if it satisfies

(LF3) F(f O g = F(f)©F(g), VY f,g e LX. The pair
(X, F) is called an L-fuzzy filter space. An L-fuzzy
pre-filter space is called

(AL) Alexandrov if F(A fi) > NF(fi) ¥V {fi:i €

iel’ iel’
ryc?2X,
(SE) discrete if 7(T,) =T forall x € X.

Definition 7 Let (X, Fx) and (Y, Fy) be two L-fuzzy filter
spaces and ¢ : X — Y be a mapping. Then, D r(¢) defined
by

Dr(p)= N (Fr(f) > Fx(@~())

feLY

is the degree to which the map ¢ is an L F-filter map.

If Dr(p) = T,then Fy(f) < Fx(p~(f)) forall f €
LY, which is exactly the definition of L F-filter map between
L-fuzzy filter spaces.

Remark 2 Inaddition to the above axioms, if (LF4) F (T x) =
T, then (X, F) is called L-fuzzy prime filter space.

The category of L-fuzzy (prime) filter spaces with L F-
filter mappings as morphisms is denoted by LF(P-LF). Write
A-LF (AP-LF) for the full subcategory of LF(P-LF) com-
posed of objects of all Alexandrov L-fuzzy (prime) filter
spaces.

3 The relationships between L-fuzzy (prime)
filter spaces and topological spaces

From the following theorems, we obtain the L-fuzzy topo-
logical spaces induced by an L-fuzzy prime filter spaces

Theorem 1 Let F be an L-fuzzy (prime) filter on X and L
satisfies the double negation law. Define T }(-1) :LX - Las
follows:

V(= A (@ e (f®oF().

xeX

Then,

1 X, ’1'}(-1)) is an L-fuzzy topological space.
(2) If F is discrete, then so is ’T](:l) .

(3) Let \ (xi ©y)) = \ xi ® A yiforeach x;,y; € L.
iel’ iel’ iel’
If F is Alexandrov, then so is T}(-]).

Proof (1) (1)

(T Since 77 (Lx) = A (Tx(x) ® (Lx(x) ©
xeX
Fuo) = T, T = A (Lxw @
xeX

(Tx(x) © F(Tx)) =T.
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(T2) For f,g € LX,

7 (H o T (9
= A (Froecmory)

xeX

o A (£°® @ @) 0 Fg))

xeX

<A [(f*(X)

xeX

B/ () O F(N) O (87 & (x) © F(2))) |
= A(rwesw)
xXe

&(f0OF(NH om0 F(@)]
(by Lemma 2 (3))
= \|fopr@efonmoF(f o))

xeX

=7 (f O 9.

(T3) For each family {f; : i € I'}

T}”(A\/Fﬁ)
= A (V. r@eV imoFV i)

xeX “iel iel’

= A (/\ f (x)@(/\ [ﬁ-(x)@f(ﬁ ]))

xeX \iel’ iel’

= A A (FoeficoF)

xeXiell

= A A (FoedmoFd)

iel’ xeX

= A\ T2 (f)

iel’

Hence, 7. j(rl) is an L-fuzzy topology on X.
(2)

T = A (Ti0) & (T2() 0 F(T)
yeX

= (T10 ® (T © F(T1)
A A (TimeTmoerTy)

yeX,y#x

J.GB(T@T))/\ A (T@(L@T))

YEX,yF#x
=T.
(3) For each family {f; :i € I'}
N ()
iel’
=A N (FwedwoF(n)
iel’ xeX
= AN (FFwedwoF¢n)
xeXiel
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(A e A\ o F()
iel’ iel’
(A e A fime \FU)
xeX iel iel’ iel’
(
(

N\ Hwe N fime \F)

A\
xeX iel’ iel’ iel’
= A (Ar@e A HwoF\ M)
xeX iel’ iel’ iel’
=T\ )
iel’

O

Theorem 2 Let (X, Fx) and (Y, Fy) be L-fuzzy (prime)
filter spaces and L satisfies the double negation law. Let
¢ : X = Y be a mapping, then D r(¢p) < DT(l)((p).

F

Proof Forany f € LY,

Drow = A (T8 > TH e ()

[,
- A (w“(f*)(X) & W (HW © Fxg™ ()]
(roecmoeF )

yeY

[
= A (£ ® () 0 Fre()]
- A A(roevmesm)

feLY yey
~ (Frme¢moFxe=()]
= A A[(ror— o)
feLY yeY
(MO Fr (N = (FM O Fxe= (/)]
(by Lemma 1 (9))
= A (F() = Fx@= () = Dr(e)

feLY

From the above theorem, if Dr(p) = T, then ¢ :
(X, T](__?) — (Y, T](__i)) is L F-continuous mapping.
By Theorems 1 and 2, we obtain the following corollary:

Corollary 1 T : P-LF — L-FTOP is a functor defined by

1
TX.F)=XT"), T =g
If we still write for the restriction of the functor 7" :
P-LF — L-FTOP to the full subcategory AP-LF, then by

Theorem 1, T : AP-LF — AL-FTOP forms a functor.
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Th(zaorem 3 Let F be an L-fuzzy (prime) filter on X. Define = 'T](_-Z)(/\ fi).
’T](_-) : LY — L as follows: iel O
T2(f) = S(f L fOF(f )). Theorem 4 Let (X, F) and (Y, Fy) be L-fuzzy (prime) fil-
ter spaces and ¢ : X — Y be a mapping, then Dr(p) <
Then, D P (@)
1 (X, T}(-z)) is an L-fuzzy topof;))gical space. Proof Forany f € LY,
(2) If F is discrete, then so is Tr". @ -
@2 = T. — 7. -
G Lot A Oy = A i G A v foreach i,y L. P72 ® ,/}( 20— TE ()
iel’ iel’ zel(“z) = A [s(f, f@]-'y(f))
If F is Alexandrov, then so is T]_- . feLr

= S(e= (e (N o Fxe= ()]

Proof (IYT1) T2 (Ly) = S<J—X,J-x o ;E(LX)) _ =fé>y[}é\y(f(y)—>(f(y)@fy(f)))
Sy ly) = T. T2(Tx) = S<TX’TX o = A (F6) > G o P ()]
= A A (o= cmerg)
F(Tx) =S(Tx. T =T. sar L
(T2) For f.g e L, - A (F&) = F» 0 Fx@= ()]
= A Ao = cmoer )
72(H 0T (@) o
F F 8 = (fo = oo Fe= ()]
=S(f’f®-7:(f)>®5<g,g®f(g)) (by Lemma 1 (8))
> A (F() > Fx@= () = Drp).
5S(f®g,f(f)®f(g)®(f®g)) Ay (B0 = #em ) = Do

(by Lemma 3 (3))

O

=S(fesFropo o)
=T ](__2)( fog. From the above theorem, we deduce thatif ¢ : (X, .725) —
(Y, Fy) is an L-fuzzy filter mapping, then ¢ : (X, fo) —

(T3) For each family {f; : i € I'}, we have (, Tf(Zy)) is L F-continuous mapping.
By Theorems 3 and 4, we obtain the following corollary:

TN =5V fi. V. FOFV )

el el iel iel’ Corollary2 2 : P-LF — L-FTOP is a functor defined by
=S(V £ V (f0oFm))
iel’ iel’ Q(X f) _ (X T(z)) Q2 )_
= A\ S(fi fioF() =SS, S =
iel’
= AT }(.2)( ). If we still write for the restriction of the functor §2 :
iel’ P-LF — L-FTOP to the full subcategory AP-LF, then by

5 Theorem 3, £2 : AP-LF — AL-FTOP forms a functor.
Hence, 7. j(:) is an L-fuzzy topology on X.
) T](_-z)(—l—x) _ S(Tx, T,0 ]:(Tx))) — S(Tx, T,0 Theorem 5 é,)et .7:Xbe an L-fuzzy prime filter on X. Define a
mapping T2 . L* — L by

T))) =T
(3) For each family {f; : i € I'}, we have 3) C[F), i f# Ly
T9(f) = 17
@ T, if f =1lx.
NFL = NS(fi 0 F (1)
iel’ iel’ Then’
=S fis fi @ F(fi)
(,Q" ,Q ( >) M (X, 7}3)) is an L-fuzzy topological space.
— S( /\ fi, /\ fio /\ f(fi)) (2) If F is discrete(resp. Alexandrov ), then so is ’T](_-S).
iel’ iel’ iel’
s 3) (3)
<S i, £ © F( ) Proof (1¥T1) By dentition T}- (Lx) =T and T]_- (Tx) =
(A o A ) FTO =T
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(T2) Forany f,g e LX.
Casel it fOg= J_x,thenT](_-3)(f@g) =T>

72 (HoT e

Case2 if fOg# Lx,then f # Lxandg # lyx.

So,

T2(f 08 =F(f 0 g) = F(f) © F(g)
=T2() 0T (9).

(T3) For each family {f; : i € I'}.

Case 1 if \/ f; = Lx, then
iel’

FRN =T = A FLf).

iel’ iel’
Case 2 if \/ fi # Lx, then f; # Lx for each
i eI.So, <r
N f)=FN fo= \NFf)= N\ FL.
iel’ iel’ iel’ iel’

Hence, ’TJS) is an L-fuzzy topology on X.

() (SE) T2 (Ty) = F(To) =T.
(AL) Case 1 if A\ fi = Ly, then f; = Ly for each

iel’
i eI So,

TN =T2 NP U

iel’ iel’

Case 2 if N\ fi # Lx, then f; # Lx for some

iel’
i erl.So,
./\FTﬁ)(ﬁ)
= ANF(f) =FN =T .
iel’ iel’ iel’

O

Theorem 6 Let (X, Fx)and (Y, Fy) be L-fuzzy filter spaces
such that ¢ : (X, Fx) — (Y, Fy) be an L-fuzzy filter map-
ping. Then, ¢ : (X,T](_-i)) — (Y,T](_-i)) is a continuous
mapping.

Proof Forany f € LY.

Case 1 if = (f) = Ly, then T](_-i)(tp‘_(f)) =T >
75 (f):

Case2 if o= (f) # Lx, then f # Ly. So,

T (@ () = Fx (9= (f))
> Fy(f) =T (f).

@ Springer

By Theorems 5 and 6, we obtain the following corollary:

Corollary3 A : P-LF — L-FTOP is a functor defined by

3
AX,F) =X, T,  Alp) =¢.
If we still write for the restriction of the functor A :
P-LF — L-FTOP to the full subcategory AP-LF, then by
Theorem 5, A : AP-LF — AL-FTOP forms a functor.

4 The relationships between L-fuzzy
pre-proximities and L-fuzzy filters

In this section, we introduce the relationship between L-
fuzzy pre-proximity spaces and L-fuzzy filter spaces.

Definition 8 An L-fuzzy pre-proximity on X is a mapping
8 : LX x LX — L such that for all f.8.h, f1, 2,81, 8 €
LX:

(P1) 8(/, Lx) = L.
(P2) 8(f,9) > V f(x) O g).

xeX
(P3) S(f.8) = 8(f.h) — 6&(g. h) and S(f,8) =
§Ch, f) — é(h, g),
(P4) 6(f1 O f2.81 @ g2) < 8(f1,81) ®(f2, 82).
The pair (X, §) is called L-fuzzy pre-proximity space.
An L-fuzzy pre-proximity § on X is called
(SE) discrete if §(T,, T) =1,

(AL) Alexandrov if &(f, \/ &) < V 38(f,g) for all
iel’ iel’
{fi,gi:ie} CLX.

Definition9 Let (X, §x) and (Y, §y) be two L-fuzzy pre-
proximities and ¢ : X — Y be a mapping. Then, D;(¢)
defined by

Ds(p) = N\

f.geLY¥

(Bx (@ (N). 9T () = dv(f. 8)

is the degree to which the map ¢ is an L F-proximity map.

If Ds(p) = T, then dx(¢™ (), 9™ (8) = év(f.8)
for all f,g € LY which is exactly the definition of LF-
proximity map between L-fuzzy pre-proximities.

The category of L-fuzzy pre-proximity spaces with L F-
proximity mappings as morphisms is denoted by L-PROX.
Write AL-PROX for the full subcategory of L-PROX com-
posed of objects of all Alexandrov L-fuzzy pre-proximity
spaces.

In the sequel, we assume that L satisfies the double nega-
tion law.
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Theorem7 Let L be idempotent, § be an L-fuzzy pre- (LF2) Let f, g € L%, then
roximity. Define a mapping F¥ : LX —s L as follows:
proximity. Define & mapping 7; 4 HEG. F)(f) = HE, F)(g)
. = 8*(h, fHYOF
(8 i A Ly h\{( h [HOF()
FE(f) = f1#
1, iff = Lx. = V(5" g 0 F()
keLX
Then, fé‘ is L-fuzzy prime filter on X. Moreover, if § is - he/l\)( (8*(}1’ frorH -~ ke\{’( (8*(k’ g0 J’-'(g))
helLX
Proof = A (6 £ > 8 g7 © (F(f) = F(g)
helLX
(LF1) F¥(Lx) = L and F&(Tx) = 8k, Lx) = T. =V (6159 = 801 79 © (F () > F(e)

(LF2) Let f, g € LX, then
FE) = FRg) = 8k, f*) — 8*(k, g%)
=08k, g*) — 8k, f)

(LF3) Let f,g € LX suchthat f © g # Ly, we have

FHfOg =8k (f )" =8k f*®g"
= 8*(k, [*) @ 8*(k, g%) = FX(f) © Fi(g).

(AL) fg‘(‘/\r fr =8k Vi = \SE S =
N F5(f)-
iel’
O

Now, let F(X) be the family of all L-fuzzy prime filter
and P (X) be the family of all L-fuzzy pre-proximities on X.

Theorem 8 Let L be idempotent, H : P(X) x F(X) —
F(X) be a mapping defined as follows:

HE, PN =\ (°@ o FP).

gelX

Then, we have the following properties:

(1) H@, F) € F(X),
(2) H(S, Ff) = FF.

Proof

(1) WFDHE, P = V(5% Tx) © F(Lx)
gelLX

= LHG. (T =V (5 L0OF(To) =
gelX
T.

> S fHOS(f.e)=S(f,9)O0S(f.e)=5(f.9.
(LF3) Let f,h € LX, then

HOP(f o=V (56 ermoFyon)

gelX
= V (6" M osEm o F(horm)
gelX
= V (5@ moeFpn)
gelX
© V (5@ o Fh))
gelX

=HE, F)(f) O HE, F)(h).
(2) Let f € LX such that f # Ly, then

HEFHS = V(8% 0 F()
gelX
< TOFHS) = FE .

Conversely,

HE.FHH) = V(5% ) 0 F ()

gelX

=V (5@ Mok M)
gelLX

> 8%k, f*) © 8% (k. f*) = 8" (K, )

= F5 ().

Hence, H (S, fé‘) = fé‘.

O

Theorem 9 Let F be an L-fuzzy prime filter on X such that
F(g) < gx)foreachx € X and g € L*. Define a mapping
Sr:LX x LX — L by

sr(f.0) =\ (f&) 0 F(g9).
xeX

Then, §r is an L-fuzzy pre-proximity on X. Moreover, if F
is discrete (resp., Alexandrov ), then so is § r.

Proof
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(P1) Since F(Tx) =T, we have

Sr(fLx) =\ F@OF (Tx) = L.

xeX

(P2) Since F(g) < g(x), we have

sr(9= V (f0 o))z V f0osw.

xeX

(P3) Let f, g, h € LX, we have

55, 1) = 85 8) =\ (h(x) © F* (/)

xeX

— V (h 0 F ")

yeX

>V [(h0) = ho)

xeX

o(F ()~ F(*)]
= FH(f") = FH(g") = F(g") > F(f*)
= S8, [ =5(f. ).

Other case is similar.
(P4) Forevery f1, f2, 81,82 € LX, wehave by Lemma 2(3),

SF(f10 f2,81 @ &2)
=V (i 0 L) 0 F @ og))

=V (Ao pw) o (Feh e F @)
xeX

= V (hworeh) e (Lm0 @)

=V (hworeh)e V (0o F )

=57(f1,81) @ 3F(f2, &2)-

Other cases are easily proven.

Theorem 10 Let (X, Fx) and (Y, Fy) be L-fuzzy filter
spaces and ¢ : X — Y be a mapping. Then, Dr(p) <

D5_7: (‘P)

@ Springer

Proof Forevery f,g € LY, we have

D= A (370 (N 07 (@) > 857,(f.9))

f.gel”

= A [V (s ore @)
f.gelY ~xeX

-V (rmesen)]
= A, [V (FemoFe©)

-V (rmoFe)]

= A [V (roeree)
f.gely ~yeX

~ V (rmero)]

yey

> A Al(fooeree)
f.geLY yeX

~ (fmeFE))]
(by Lemma 1 (9))

= A (Fom@) = Fen)
geLY

= A (Fre) = Fle=(g)
gelY

= Dr(¢p).

Itis clear thatif ¢ : (X, Fx) — (Y, Fy) is L-fuzzy filter
mapping, theng : (X, 8x,) — (Y, §£,)is an L F-proximity
mapping. O

By Theorems 9 and 10, we obtain the following corollary:

Corollary4 @ : P-LF — L-PROX is a functor defined by
DX, F)=(X,ér), ®(p) =g¢.

If we still write for the restriction of the functor @ :
P-LF — L-PROX to the full subcategory AP-LF, then by
Theorem 9, A : AP-LF — AL-PROX forms a functor.

LetL-FRR be a category with object (X, Rx), where Ry is
areflexive L-fuzzy relation with an order preserving map ¢ :
(X, Rx) = (Y, Ry) such that Rx (x, y) < Ry(e(x), ¢(y))
forallx,y € X.

Theorem 11 Let Ry be a reflexive L-fuzzy relation. Define a
mapping Fy : LX — L as follows:

Fah =N\ (Re.») = f»), Vxex, feL”.

yeX
Then,

(1) Fy is an Alexandrov L-fuzzy filter on X,
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2) If o : (X, Rx) — (Y, Ry) is an order preserving map-
ping, then ¢ : (X,f;gx) — (Y,.’Fl’gy) is L-fuzzy filter
map.

Proof (1)
(LF1)

Fi o = A (Rx@.») > Lx0))
yeX

<Rx(x,x) = Lxy(x)=T— L =_1.

(LF2)

Fi (D = Fr@ = A\ (Rx (.3 = 7))
ye
- A (Rx(x,Z) - g(z))
zeX
= A ((Rxry) = FO) = (Rx(x,3) > ()
yeX

> AN = g =S(f. 9.

yeX

(AL)

Fr (N f) = (RX(X »= (A )
iel’
)ex (Rx(x,y) — ﬁ(Y)))

= A (yeX (Rx(e.) = i)
= N Fry (o)-

iel’

/\

iel’

(@)

P = A (Rxtro) = I0)
/\

-
>

(

(Rx(x,3) = fe)

(Rr (e, o) > ()
(Rrie(. 9 = 1) = 74 ()

)

€

<

~

€

I

By Theorem 11, we obtain the following corollary:

Corollary5 ¥ : L-FRR — A-LF is a functor defined by
VX, FY) =(X,07), W(p) =

As an information system and an extension of Pawlak’s
rough set (Pawlak 1982, 1991), we give the following exam-
ple for L-fuzzy pre-proximities and L-fuzzy filters.

A o).
xeX
Hence, F7 is Alexandrov L-fuzzy filter on X. Since

Example 1 (1) Define | : LX — Las Fi(f) =

Fi(Ty) = /\ Tx(y) = Ty(x) A /\ Tx(y) =1,
yex yF#EX
JF is not discrete. By Theorem 9, we have

8.7:|(f’g)=\/x€Xf(x)®]:1(g )
=V f®o V.

xeX yeX

(2) Define F> : LX — L as Fo(f) = f(x). Hence, Fiisa
discrete and Alexandrov L-fuzzy filter on X. By Theorem
9, we have

Sr(f.e)=V fOOFEH =V fx)Ogk).

xeX xeX

Example2 (1) Let X = {h; | i = {1,2,3}} with h;=house
and Y = {e, b, w, c, i} with e=expensive, b= beautiful,
w=wooden, c= creative, i=in the green surroundings. Let
([0, 1], ®, —,*, 0, 1) be a complete residuated lattice as

x ©y=max{0,x +y — 1},
x— y=min{l —x+y, 1}, x*=1—x.

Let R € [0, 11¥*Y be a fuzzy information as follows:

R e b w ¢ i

h10.70.6050.90.2
h> 0.60.80.40.30.5
h30.40.90.80.60.6

Define a mapping Fp, : LY — L as follows:

Feh =N\ (R = ).

yeY

for each x € X and f € LY. From Theorem
11, Fr is an Alexandrov L-fuzzy filter on X. For
f =1(0.3,0.5,0.6,0.1,0.1), we obtain ]—'ﬁ' (f) =0.2,
Flhf(f) = 0.6, and ]—'?(f) = 0.5. From Theorem 9, we
obtain

s 9) = V (£ 0 FpeM)

xeX

=V (f(X)CD V R(x7y)®g(y))

xeX yeX

= V_(Rex.n o r080)).

x,yeX

(i) Let R = Txxx be given, then §x,(f,g) =

\Vi (f(x) O] g(y)). Hence, 8.7, is an L-fuzzy pre-
x,yeX

proximity on X. Moreover, 6z, is Alexandrov. Since
87 (T, TE) =T, 85, is not discrete.
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(i1) Let R = Axxx be given, where

T, ify =x,

Axxx(x,y) = {J_, otherwise.

Then, 87,(f.8) = V (f(x)@g(x)).Hence, 87y

xeX
is an L-fuzzy pre-proximity on X. Moreover,§ £, is

Alexandrov. Since ngR (Tx, T3) = L, 85, is adis-

crete.
(2) Define [0, 1]-fuzzy pre-orders RY, RE?’W}E[O, 1]XxX
by

RY(hishj) = A,y (R(hi’y) — R(hj, y))),
R;?’w}(hi, hj) = Nyepw (R(hi’ y) = R(hj, y)>'

10407 1091
RY=(07108], RV =08 11
0.60.6 1 0.70.6 1

(i) For each R € {RY, Ri?’w}}, we obtain Alexandrov

L-fuzzy filter Fp : [0, 11%¥ — [0, 1] as
Frhr= N (Rxthi.hp = fhp).

thX

By Theorem 9, we obtain Alexandrov [0, 1]-fuzzy
pre-proximity 8, : [0, 11¥ x [0, 11X = [0, 1] as

S7x(f g)z\/hi.hjeX(R)’?(his hj) © f(hi) © g(hj)).

(ii) For each R € {RY, R%”W}}, we obtain Alexandrov
[0, 1]-fuzzy filter Fg : [0, 11X — [0, 1] as

FR() = Niyex (RO i) = £(h)).

By Theorem 9, we obtain Alexandrov [0, 1]-fuzzy
quasi-proximity 8, : [0, 11% x [0, 11X — [0, 1] as

afR(fv g) = \/h,‘EX f(hl)
O Viyex RO 1) © g(h)))
= Visyex (RO 1) © f () © g(hy).

5 Conclusion

In complete residuated lattices, this study identified some
functors from the category of L-fuzzy (prime) filter spaces
to the category of L-fuzzy topological spaces and the cate-
gory of L-fuzzy pre-proximity spaces. As a unified structure
of extension of Pawlak’s rough set (Pawlak 1982, 1991),

@ Springer

we presented example 2 through fuzzy information sys-
tem which confirmed the feasibility of using the proposed
approaches to solve real-world problems.

Acknowledgements The author wants to express his sincere thanks to
the reviewers for their useful suggestions.

Funding Open access funding provided by The Science, Technology &
Innovation Funding Authority (STDF) in cooperation with The Egyp-
tian Knowledge Bank (EKB). The author has not disclosed any funding.

Data availability Enquiries about data availability should be directed to
the author.

Declarations

Competing interests The author has not disclosed any competing inter-
ests.

Open Access This article is licensed under a Creative Commons
Attribution 4.0 International License, which permits use, sharing, adap-
tation, distribution and reproduction in any medium or format, as
long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons licence, and indi-
cate if changes were made. The images or other third party material
in this article are included in the article’s Creative Commons licence,
unless indicated otherwise in a credit line to the material. If material
is not included in the article’s Creative Commons licence and your
intended use is not permitted by statutory regulation or exceeds the
permitted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

References

Adéamek J, Herrlich H, Strecker GE (1990) Abstract and concrete cat-
egories. Wiley, New York

Beélohldvek R (2002) Fuzzy relational systems. Kluwer Academic Pub-
lishers, New York

Burton MH, Muraleetharan M, Gutierrez Garcia J (1999) Generalised
filters 2. Fuzzy Sets Syst 106:393-400

Fang J (2010) The relationship between L-ordered convergence struc-
tures and strong L-topologies. Fuzzy Sets Syst 161:2923-2944

Fang J, Yue Y (2010) L-fuzzy closure systems. Fuzzy Sets Syst
161:1242-1252

Goguen JA (1967) L-fuzzy sets. J Math Anal Appl 145-174

Hajek P (1998) Metamathematices of fuzzy logic. Kluwer Academic
Publishers, Dordrecht

Hohle U, Sostak A (1999) Axiomatic foundations of fixed-basis
fuzzy topology. In: Hohle U, Rodabaugh SE (eds) Mathemat-
ics of fuzzy sets. Logic, Topology and Measure Theory, Kluwer,
Boston/Dordrecht/London, pp 123-272

Jager G (2013) A note on stratified L M -filters. Iran J Fuzzy Syst 10:135—
142

Ko JM, Kim YC (2018) Alexandrov L-filters and Alexandrov L-
convergence spaces. J Intell Fuzzy Syst 33(3):3255-3266

Koguep BBN, Nkuimi C, Lele C (2008) On fuzzy ideals of hyperlattice.
Int J Algebra 2:739-750

Kubiak T (1985) On fuzzy topologies, Ph.D. Thesis, Adam Mickiewicz,
Poznan, Poland

Kubiak T, Sostak A (1997) Lower set-valued fuzzy topologies. Quaes-
tiones Mathematicae 20(3):423-430


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

L-fuzzy filters on complete residuated lattices

15507

Liang CY, Shi FG (2014) Degree of continuity for mappings of (L, M)-
fuzzy topological spaces. J Intell Fuzzy Syst 27:2665-2677

Pawlak Z (1982) Rough set. Int J Comput Inf Sci 11:341-356

Pawlak Z (1991) Rough set: theoretical aspects of reasoning about data.
Kluwer Academic Publishers, Boston

Chen Piwei, Zhang Dexue (2010) Alexandroff L-co-topological spaces.
Fuzzy Sets Syst 161:2505-2514

Ramadan AA (1992) Smooth topological spaces. Fuzzy Sets Syst
48:371-375

Ramadan AA (1997) Smooth filter structures. J Fuzzy Math 5(2):297-
308

Ramadan AA, Abdel-Sattar MA, Kim YC (2003) Some properties of
smooth ideals. Indian J Pure Appl Math 34:247-264

Ramadan AA, Kim YC (2018) Alexandroff L-fuzzy topological spaces
and reflexive L-fuzzy relations. J] Math Comput Sci 8(3):437-453

Ramadan AA, Elkordy EH, Kim YC (2015) Perfect L-fuzzy topogenous
spaces, L-fuzzy quasi-proximities and L-fuzzy quasi-uniform
spaces. J Intell Fuzzy Syst 28:2591-2604

Ramadan AA, Elkordy E, Ahmed RM (2022) On Alexandrov L-fuzzy
nearness (II). Soft Comput. https://doi.org/10.1007/s00500-022-
07548-0

Rodabaugh SE, Klement EP (2003) Topological and algebraic struc-
tures in fuzzy sets. In: The handbook of recent developments in the
mathematics of fuzzy sets. Kluwer Academic Publishers, Boston

LiuY, Qin Y, Qin X, Xu Y (2017) Ideals and fuzzy ideals on residuated
lattices. Int J Mach Learn Cybern 8:239-253

Lowen R (1979) Convergence in fuzzy topological spaces. Gen Topol
Appl 10(2):147-160

Sostak A (1985) On a fuzzy topological structure. Suppl Rend Circ Mat
Palermo Ser II(11):89-103

Sostak A (1989) Two decades of fuzzy topology: basic ideas, notions
and results. Russ Math Surv 44:125-186

Tiwari SP, Yadav VK, Davvaz B (2018) A categorical approach to mini-
mal realization for a fuzzy language. Fuzzy Sets Syst 351:122-137

Turunen E (1999) Mathematics behind fuzzy logic. Springer, Heidel-
berg

Tonga M (2011) Maximality on fuzzy filters of lattice. Afrika Math
22:105-114

Ward M, Dilworth RP (1939) Residuated lattices. Trans Am Math Soc
45:335-354

Xiu ZY, Li QG (2019) Degrees of L-continuity for mappings between
L-topological spaces. Mathematics 7:10-13

Yue Y (2007) Lattice-valued induced fuzzy topological spaces. Fuzzy
Sets Syst 158:1461-1471

Zhang D (2007) An enriched category approach to many valued topol-
ogy. Fuzzy Sets Syst 158:349-366

Publisher’s Note Springer Nature remains neutral with regard to juris-
dictional claims in published maps and institutional affiliations.

@ Springer


https://doi.org/10.1007/s00500-022-07548-0
https://doi.org/10.1007/s00500-022-07548-0

	L-fuzzy filters on complete residuated lattices
	Abstract
	1 Introduction
	2 Preliminaries
	3 The relationships between L-fuzzy (prime) filter spaces and topological spaces
	4 The relationships between L-fuzzy pre-proximities and L-fuzzy filters
	5 Conclusion
	Acknowledgements
	References




