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Abstract

Interval-valued systems with the general fractional derivative are defined on closed intervals on the real line R. Func-
tion spaces of the fractional integrals and derivatives are discussed. Then some fundamental theorems of the Caputo and
Riemann-Liouville derivatives are provided, respectively. Finally, the interval-valued Gronwall inequalities are presented as

one application.
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1 Introduction

Recently, a general fractional integral of real-valued func-
tions (Osler 1970; Kilbas et al. 2006; Samko et al. 1993;
Almeida 2017) was proposed as

t
Lo = / (g() — g(s)* ™" g'(s) f (5)ds.

1
I (er)
For some specific g, it can be reduced to various well-known
fractional integrals:

e The classical Riemann-Liouville (R-L) integral (Kilbas
et al. 2006) for g(¢) = t;

e The fractional integral of Hadamard type (Kilbas et al.
2006) for g(¢) = Int;

e The fractional integral of Katugampola type (Katugam-

o+1
pola 2011) for g (1) = £
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e The fractional integral of exponential type (Fu et al.
2021a,b) for g(r) = €.

In addition, new fractional integrals can be obtained if they
satisfy the boundedness (Fan et al. 2022). Numerical methods
of general fractional differential equations (Wu et al. 2022),
the physical meaning (Fu et al. 2021a,b) and their applica-
tions on time scales (Song et al. 2022; Wu et al. 2022) were
then discussed. It can be concluded that the general fractional
calculus is well-defined.

Fractional fuzzy and interval-valued equations can be
used to describe nonlinear phenomena with uncertainties
and memory effects. Much effort has been made and rich
results are available now, for example, basic theory (Kara
et al. 2022; Vu et al. 2018; Liu et al. 2017; Ho and Ngo
2021; Lupulescu 2015; Hoa et al. 2017; Shen 2016), numer-
ical methods (Shiri et al. 2021; Alijani and Kangro 2022),
discrete-time systems (Huang et al. 2021) et al. However,
one important problem was still not addressed yet: Many
interval-valued systems were proposed within different frac-
tional derivatives in recent years. Which one is the best for the
specific real-world application? So it is important to define a
general fractional interval-valued system. But first and fore-
most, we need to consider the basics including definitions
with function space and propositions.

We organize the paper as the following: Sect.2 revis-
its calculus of interval-valued functions. Section3 defines
general fractional integral for interval-valued functions in
L([a, b], K) space. Section4 gives definitions and proper-
ties of the general fractional derivatives in ACs([a, b], K)
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space. Section 5 uses these properties to give a general frac-
tional Gronwall inequality for interval-valued functions. A
conclusion is drawn at the end.

2 Preliminaries

In this section, we mainly introduce concepts of interval
numbers and interval-valued functions (see Lupulescu 2015;
Markov 1979 for more detail).

2.1 Definitions of interval numbers

First consider the set X, which consists of all nonempty
compact intervals on the real line R. For interval numbers
A =lai,az2]and B = [b1, by] € K (a1 < a2, b1 < by), the

operators are defined by

A+ B :=[a) + by, az + b2]

and
[Aai, raz] if A > 0
AA = 1 {0} ifA=0
[Aaz, ha;]if A <O
respectively.

Definition 1 (Hukuhara 1967) Let A and B € K. If there
exists an interval number C € K such that

A=B+C,

then C is called the Hukuhara difference (or H-difference)
of A and B and it will be denoted by A © B.

Although H-difference can satisfy A & A = 0, it does not
always exists for any two interval numbers. Thereafter, Ste-
fanini (2010) introduced the following general Hukuhara
difference.

Definition 2 (Stefanini 2010) The general Hukuhara differ-
ence (or gH-difference) of A = [a1, a;] and B = [by, b2] €
K is defined as

A ©g B = [min{a; — by, az — b2},
max{a; — by, az — ba}]. (1)

See (Stefanini 2008, 2010; Tao and Zhang 2015) for more
basic properties of the g H-difference. If we define the width
of an interval A as w(A) = ap — a; (Markov 1979). For all
Aand B € IC, and A € R, we have

w(A) = 0; wrA) = [Alw(A); w(A + B)
= w(A) + w(B); w(ASg B) =|w(A) —w(B)|.

@ Springer

Thus, it is obvious that

if w(A) > w(B),
if w(A) < w(B).

[Cll _blaaz —b2]7

2
[az — by, a1 — b1], @

A6 B = {
It can be seen that the H-difference must be the gH-
difference, and reverse is not true. But in the case of w(A) >

w(B), thereis A©;, B=AOB.
If A, Band C € K, then

A=B+C, ifw(A) > w(B),

B=A+(-C). ifw(A)<uw®). >

A@B:C@{

The Hausdorff-Pompeiu (Moore et al. 2009) metric H in
quasi-linear space C is defined by

H(A, B) = max{la; — b1], |az — b2} “4)

Then (K, H) is a complete, separable and locally compact
metric space (Li et al. 2013).

Now we define a functional || - || : £ — [0, c0) to be
a norm on quasi-linear space C by ||A| = max{|a], |az|}
for every A = [ay, az] € K, and thus (K, || - ||) is a com-

pete normed quasilinear space (Markov 2000; Tao 2016).
Furthermore, the following relationships exist between the
Hausdorff-Pompeiu metric H and the norm || - ||,

Al = H(A, {0}), H(A, B) = ||A S B. 5)
2.2 Basics of interval-valued functions

Let F(t) = [fi(t), f2(t)] be an interval-valued function,
where fi and f; are real-valued functions defined on [a, b],
and for any t € [a,b], fi(t) < f2(¢t) holds. Addition-
ally, it is readily seen that the usual metric: H(F,G) =
SUp, <, <p max {| f1(r) — g1(®)1, | f2(t) — g2(7) |} is associated
with the norm by H(F,{0}) = sup,.,, [[F(#)]l and
H(F,G) = sup,<,<p | F(t) © G()|, which [|[F(1)] =
max{| f1(t)|, | f2(t)|} is a function on [a, b]. We now can
consider the concepts of limit, continuity, differentiability
and integrability of interval-value functions by use of the
metric H(-, -) as follows.

(i) (Lupulescu 2015) We recall that lim,,,, F'(¢) exists
if and only if lim;_.,, f1(¢) and lim;—,, f2(¢) exist as finite
numbers. In this case, we have

,]il?o F(1) = [tlirlt}) H@), lim fz(l)] . (6)

In particular, F is continuous if and only if f; and f> are
continuous.

It is easy to know that continuity of " and G imply con-
tinuity of /' + G, AF, and also holds true for F ©¢ G from
(Markov 1979).
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(i1) (Definition 6 of Markov (1979)) If the functions f}
and f> are Lebesgue integrable on [a, b], then F is Lebesgue
integrable on [a, b]. In this case we have

b b b
/F(t)dt:[/ fl(z)dt,/ fz(t)dz] @)

(iii) (Proposition 4 of Lupulescu (2015)) F (¢) is absolutely
continuous if and only if f](z) and f>(¢) are both absolutely
continuous.

Definition 3 (Lupulescu 2015) The derivative of interval-
valued function F on ¢t € [a, b] (provided it exists) is

F(t+h)og F(t)
; .

d
—F@) =1
dt @) hl—%

Remark 1 % F (1) is the general Hukuhara derivative (or g H -
derivative) of F att € [a, b], and at the end points of [a, b],
we consider only the one sided g H-derivatives. F is called
general Hukuhara differentiable (or g H-differentiable) on
[a, b] if [%F(t) € K exists at each point ¢ € [a, b].

Next, we introduce § derivative of interval-valued func-
tions.

Definition 4 (Borges 2004; Cankaya 2021) (Interval-valued
g Hs-derivative) Suppose ¢ € C!([a,b],R) is a strictly
increasing real-valued function with g(a) > 0 and g’(r) >
0 throughout this paper, and F [a,b] — K is an
interval-valued function. The § general Hukuhara derivative
(g Hs-derivative for short) of F on t € [a, b] is defined as
follows:

SF(t) := lim Fi+h e, F)

) (8)
h—0 g(t+h)—g(t)

Remark2 We say that F is gHjs-differentiable on [a, b] if
3F (t) € K exists at each point 7 € [a, b]. It is easy to verify
that if the interval-valued function F is g H-differentiable,
then F is also g Hs-differentiable, and we have

d
SF(t) = mEF(I)’ )
which %F (1) refers to the derivative of the interval-valued
function F based on the general Hukuhara difference, i.e.
%F (t) = limy,_¢ w. For a real-valued function
f, if it is differentiable, then its § derivative exists and f is
said to be §-differentiable.

Concerning the definition (8), there are the same way to
define the g-derivative on time scales (Borges 2004; Cankaya
2021). So it is reasonable to define the § derivative operator
here.

Notice that if the real-valued function w(F'(¢)) is increas-
ing (decreasing), thatis Sw (F (z)) > 0 (Sw(F(t)) < 0), then
the interval-valued function F is simply referred to as ws-
increasing (ws-decreasing) and it is called as ws-monotone.

Theorem 1 Let F : [a, b] — K be an interval-valued func-
tionas F(t) = [ f1(t), f2(t)]. If real-valued functions f| and
f> are §-differentiable for almost everywhere (a.e.)t € [a, b],
then F is g Hs-differentiable for a.e. t € [a, b] and

§F (1) = [min{8 f1(2), § f2(0)}, max{s f1(2), 6 f2(1)}]. (10)

Moreover, this also has that

1) SF(@) = [6/1(2),8 f2(t)] for a.e. t € [a,b], if F is
ws-increasing;

(i) F () = [8§f2(t), 8 f1(t)] for a.e. t € [a,b], if F is
ws-decreasing.

Proof By the definition of g Hs-derivative, we have

SF (1)
F@+h) o, F(t)
= lim
h—0 g(t+h)—g(t)

i |: . {fl(t+h)—f1(t) fz(t+h)—f2(t)}
= l1m | min . B}
h—0 gt+h)—g@) gtt+h)—g)
ax { fit+h) — fi@®) fat+h) — f2@) ”
gt +h)—g) " gt+h)—g@)

= [min{$ f1(?), 8 f2(t)},
max{$ f1(t), 6 f>(¢)}] forae.t € [a, b].

If F is ws-increasing, then Sw(F(t)) = d8(fo(t) —
f1(®)) = 0, that is 8§ fo(t) > & f1(t). Therefore §F(t) =
[6f1(), 8 f>(¢)]. Otherwise, if F is ws-decreasing, then
SF(t) = [8f2(t),8f1(1)] for a.e. t € [a, b]. The proof is
completed. O

Usually one only can obtain 6 (F+G) € § F+36G when F
and G are g H;-differentiable from (10). However, conditions
are needed to guarantee that §(F + G) = 6F + §G. For
convenience, suppose Vi(t,h) = F(t + h) ©g F(t) and
Valt,h) =Gt +h) ©4 G(1).

Theorem 2 The following properties hold:
(1) If F and G are equally ws-monotonic, then

S(F+G)=0F+4G (11)
and
8(Fo,G) =0F ©446G. (12)

(1) If F and G are differently ws-monotonic, then

S(F+G)=46F g (—1)6G (13)

@ Springer
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and
S(F O, G) =46F + (-1)4G. (14)

Proof (i) Suppose that F' and G are ws-increasing. Hence,
forh > 0, since w(F (t+h)) > w(F(t))and w(G(t+h)) >
w(G(t)). From (3) we get F(t + h) = F(t) + Vi(¢t, h) and
G(t+h) = G() + Va(t, h), and thus

Ft+h+Gt+h)=Ft)+G@)+ Vi, h)+ Vat, h).

Since w(F(t +h) + Gt + h)) > w(F(t) + G()), we
have

(F(t+h)+ G+ h)og (F@) +G(@))
= Vit, h) + Va(t, h).

For h < 0, since w(F(t + h)) < w(F(t)) and w(G(t +
h)) < w(G(t)), we obtain F(t) = F(t +h) + (—1)Vi(t, h)
and G(t) = G(t + h) + (=1)Va(¢, h), and thus

FO)+G@)=F(t+h)+G(t+h)
+(=D(Vi(t, h) + Va(z, h)).

Due to w(F({t + h) + Gt + h)) < w(F @)+ G(1)), it
follows that

(Ft+h)+G@+h)og (F@)+G(1))
= Vi(t, h) + Va(t, h).

As aresult, for > 0 and & < 0, the following formula
holds

(F(t+h)+ Gt +h) ©g (F(t) + G(1))
g(t+h)—g()
Vi(t, h) 4+ Va(t, h)
h—0t— gt +h)—g(t)
=38F +6G.

lim

h—0t—

Thus, F + G is g Hs-differentiable and Eq. (11) is true.
Similarly, if F and G are ws-decreasing, F + G is gHs-
differentiable and Eq. (11) also holds.

Let

M = w(F (@ +h) —w(G@e+h)(wF (@) —w(G())).

We can obtain M > 0. In fact, the condition M < 0 means
that w(F (t+h) —w(G(t +h)) and w(F (t) — w(G(t)) have
different signs, which is impossible for sufficiently small &
and from the continuous function w(F () — w(G(1))).
Since M > 0, we consider w(F (t+h))—w(G(t+h)) >0
and w(F (1)) — w(G(t)) > 0. In the case of & > 0. Because

@ Springer

w(F(t+h)) > w(G(t + h)), from (i) of Lemma 2.3 of Tao
(2016) we have

[F(t4+h) Sy Gt +h)] 4 [F(1) 64 G(1))
=F@+h) S, [Gt+h)+ (F@t) ©; G{))I. (15)

Since F(t+h) = F(t)+Vi(t,h) and G(t+h) = G(t) +
Va(t, h), and thus (15) is changed to

(F@) + Vi(t, h)) ©4 [(G (1) + Valt, h))
+(F(1) ©, G())]. (16)

Since w(F(¢)) > w(G(t)). By means of the properties (AO
B)+ B = Aif w(A) > w(B) (Stefanini 2010), and (A +
B) ©4 (A+ C) = B ©4 C (see (ii) of Lemma 2.2 of Tao
(2016)). Thus (16) can be rewritten as

(F@) + Vi(t, h)) ©g (F(t) + Va(t, h))
= Vi(t, h) ©g Va(2, h).

In the case of i < 0, considering w(F (t)) > w(G(t)),
from (ii) of Lemma 2.3 of Tao (2016) we have

[F(t4+h) Oy, Gt +h)] g [F(1) 64 G(1)]
=[(F(t+h) 6, Gt +h) + G(1)] &g F(1), (17)

and since F(t) = F(t + h) + (=D Vi(t,h) and G(t) =
G(t + h) + (—=1)Va(¢, h), substituting them into (17), we
give

[(F(t+h)©g Gt +h) + Gt +h)+ (=D)Valz, h)]
S (F(t+h) + (=1)Vi(t, h)). (18)

Since w(F (t + h)) = w(G(t + h)), from (vi) on pp. 5 of
Tao (2016), (18) is improved as

(F@t+h)+ (—DValt, h)) ©g (F(t +h) + (—=1)Vi(t, h))
= [(=DVa(t, H] S, [(=D)Vi(z, h)]
= Vi(t, h) ©g Va(t, h).

As aresult, whether 4 > 0 or & < 0, there are

(F(t+h)©g Gt +h) &, (F(r) ©4 G(1))
g(t+h)—g@)
Vi(t, h) ©g Va(t, h)
h—0t- gt +h)—g()
= 8F ©,4 8G.

lim

h—0t—

Thus, F ©, G is g Hs-differentiable and Eq. (12) is true.
Similarly, when F and G are w;-decreasing, one can prove
that F' ©, G is g Hs-differentiable and Eq. (12) is also true.
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(i) For the case of F and G are differently ws-monotonic,
the proof can be completed in the same way as that in (i). O

3 Interval-valued functions’ fractional
integral

First, let us revisit the space L?([a, b], K).

Definition 5 (Lupulescu 2015) The space L?([a, b]), K) is
defined to consist of those interval-valued functions F =
[f1, f2] : [a, b] = K for which || F||, < oo, with

1

b P
IIF||p=(/ IIF(t)Ilpdt> (I <p<o0)
and

[Fllo = ess sup [[F(@)],

a<t<b

where the real-valued function || F(?)|| = max{|f1 ()|, | f2
("1}

Remark 3 An interval-valued function F : [a, b] — K is
said to be L” integrable on [a, b] if and only if f} and f, are
L? integrable on [a, b].

In fact, for necessity, since

) T .
(f Ifl(t)lpdt> 5(/ max{lfl(t)l,lfz(t)l}”dt>

and

b H b H
(/ |f2(f)|pdf>[ S(/ max{|f1(t)|,|f2(t)|}”dt> ,

thus from Definition 5 we know that

b 7
IF], = (/ ||F(t)||1’dt>

b »
=(/ max{|f1<z>|,|fz<t>|}"dr> < 0.

Therefore, f1 and f, are L? integrable on [a, b].
Conversely, if fi and f, are L? integrable on [a, b], then

1 1
by (/j’ i (z)|1’dt)” < oo and (fa” |f2(z)|1’dt)” < 00, we

have

b 7
( / max{|f1 ()], Ifz(t)l}pdt)

1
= <f |f1(t)|pdt+/ |f2(t)|pdt>p < 00,
Ly Lo

where L and Ly C [a, b].

In particular, when p = 1, there is L?([a, b]),K) =
L([a, b], K). It is a normed quasilinear space with respect
to the norm || - ||, (1 < p < 00).

Suppose F € L([a, b], K). Then the n-fold integral of F
is given as

t Ial h—1
") = / ¢(m)dn f ¢ (s - - f ¢/ (s)F (s)ds
. a [ a | a
- f ¢/ () F(s)ds / ¢ ()d / ¢ ()dtr -
t,,i s s
/ g/(tn—l)dtn—l

= ! t n—1 _r
= m/a (g() —g(s)" ™ g'(s)F(s)ds. (19)

Let n be a positive real number «, then an interval-valued
general fractional integral is defined as follows.

Definition 6 Suppose F € L([a, b], K),and g € C'[a, b]is
a strictly increasing real-valued function with g(a) > 0 and
g'(t) > 0. The interval-valued general fractional integral of
order « > 0 is defined by

1

I;x:’_gF(l‘) = m

t
f ((t) — g(s)* ' g/(s)F(s)ds. (20)
If F=1[f1, f2]1 € L([a, b], K) and o > 0, then

LS F () = 18 fi@), 158 fa ()]

Lemma 1 (Corollary 2.5 of Fan et al. (2022)) Ler f €

Lp[a,b]andu:%,afsft,lfpfoo.lfthereisa

function J € C[1, gE—Z;] such that g_l(ug(s)) < J(u)s and

—1
W < J(u), respectively, then

I8 FOllp, < KU (21)
where
g(b)
@ g(b)® (u— 12! 1
2/1 @ 51:((02) (uua—Jr)lJ(u);du. 22)

Theorem 3 (Boundedness theorem) Let F € L([a, b], K).
Then the interval-valued general fractional integral I;f is
bounded in the space L([a, b], K):

125 Fllp=1 < KNI Fllp=1,

s o a—1
where K = [ %(“EL J(Ww)du and J is a control

function defined by Lemma 1.

@ Springer
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Proof Since g is strictly increasing on [a, b], we have

M F
= max {1, i1 1155 LO1)

1 t
F(a)/a (g(t) — 8()* ' g' ()| fi(s)Ids.

t
f (g() — g()* "¢/ ()| fa(s)lds)

< max{

1
I'(a)
1 t
<o / (1) — g(s)* " ¢'(s) max{Lfi ()], | fo(s)]}dls
@ /.

= 198 FII.

Since || F|| is areal Lebesgue integrable function on [a, b],
by Lemma 1, we get

IS NF N p=1 < KNI F I p=1,

&(

b)
o _1ya—1 . ..
where K = [ % (“M D J(u)du is a positive constant

(here J(u) see Lemma 1). Therefore, we obtain

b
Jr = [ el a

a

b
< / 1981 F |t
a

b
< Kf |Flds
a

= K| Fllp=1-

As a result, the proof is completed. O

Theorem 4 (Semigroup property) Let o and 8 > 0. For F €
L([a, b], ), the semigroup property holds

198158 F () = 19P2 F (o). (23)

Proof Since 178 F(1) = [lff A, 158 fz(t)] for 1
[a, b], by the semigroup property of real-valued functions
(Fu et al. 2021a,b), we get

LI PO = 158 1 0. 15 0]
= [ pio. 188105 10
=[P no. 17 o]
=157 F @),
which completes the proof. O
Similar as Remark 5 and Theorem 1 of Lupulescu (2015),

we give the following theorem without proof.

@ Springer

Theorem5 If F and G € L([a, b], K), @ > 0, then

(@) I5(F(1) + G@) = IFF@) + 125G (1) for all
t € la,b].

() I;5(F(t) ©4 G(1) 2 17 F(t) ©g 1,8 G(t) for all
t € la, b]. Moreover, if w(F(t)) — w(G(t)) has a constant
sign, that is w(F(t)) > w(G(t)) or w(F(t)) < w(G(¢)) on
la, b], then 1% (F(1) ©, G(1)) = I 5 F (1) ©, 115 G (1).

4 Interval-valued functions’ fractional
derivatives

Definition 7 (Function space) In the § derivative’s sense, a
function space is defined by

AC}([a,b),K) = {F : [a,b] > K : 8" 'F € ACla, b]}.

Weuse ACs([a, b], K) = AC(SI([a, b], K). Wenote that F €
ACs([a, b], K) if and only if f; and f» € ACs([a, b], R),
where F(t) = [f1(?), f2(t)], t € [a, b] (similar as that
of Lupulescu (2015)). It is easy to show that if F €
ACs([a, b], K),then § F exists almost everywhere, and § F €
L([a, b], K) (see pp. 2 of Kilbas et al. (2006)).

4.1 General Riemann-Liouville derivative

Definition 8 Suppose F = [ fi, f»] € ACs([a, b], K). The
general fractional R-L derivative of F of 0 < o < 1 order
is given by

Dy fF () :=81al;°"gF(,)
5 ‘o »
ZM/Q 8 (9)(g(1) — g(s) " F(s)ds
(24)
forae.r € [a,b]. Fora =1, D;fF(t) —SF ().

Lemma 2 (Samko et al. 1993) If the real-valued function f €
ACs([a, b], R), then 17* f € ACs(la, b], R).

For the proof of this lemma, the reader can refer to Lemma
2.1 in Samko et al. (1993).

Remark 4 FromLemma?2,if F = [ f], f»] € ACs([a, b], K),
then Ial:x’g F € ACs([a, b], K) and the general R-L deriva-
tive exists almost everywhere on [a, b]. So it is well-defined.

Theorem 6 Let F = [ f1, f2] € ACs([a, b], K), then

(@ DyfF@) = [min{Dgf fi(t), Dy (1)}, max
(D fi(0), DYE ()} ] for ace. t € [a, b].

(b) IflalJ:a’gF is ws-increasing on [a, b), then

DyEF(t) = [Dyf /1), Dy fo(1)] forace.t € [a, b].
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(c) Iflal_:a’gF is ws-decreasing on [a, b], then
DyEF (1) = [Dyf (1), DG fi(1)] fora.e. t € [a,b].

Proof (a) Since I,,“*F € ACs(la,b],K), SI.;*F(1)
exists fora.e. t € [a, b], then Dij exists fora.e.t € [a, b].
From (10), we obtain

DEEF(1) = 81, F (1)
= [min {81, 2¢ 10, 81,57 o0 ]

max [51;;“’5’ fi(0), 81,.%F fz(t)}]

= [min { D’ f1(1). DYE fr(0)}
max { D :f f1(1), DyE f(1)}] forae.t € [a, b].

(b) Suppose Ial_;a’g F is ws-increasing on [a, b]. Then
from Theorem 1 it follows that

DXEF(t) = 81, F(1)
= [$12% f1 0, 81,54 120
= [Dgf fi(0), DS f2(1)] forace. t € [a, b].

(c) The proof is similar to as that of (b). We do not give
detail here. O

Next, we consider the following composite properties.
Theorem7 Let0 <o < 1. If F = [f1, f2] € L([a, b], K),
then

DYEIVSF(t) = F(t) fort € [a, b]. (25)

Proof Fora = 1.1tisobviousthat I, F(1) = [[* g'(s) fi(s)
ds, [1 ¢'(s) fo(s)ds], thendw (IS F (1) = 8/ ¢/ (s)(fa(s)—

fisNIs = H@) — fi) = 0. Thus I F() is ws-
increasing.
For0 < a < 1. From Theorem 4 and Theorem 1, we have

DEEISEF (1) = 81, VS ISEF (1) = 818 F (1)
= 5[/; g'($) fi(s)ds, /: g'(s) f2(s)ds]
= [/1(0), f2(1)]
= F(t)
for ¢t € [a, b]. This completes the proof. O

Remark5 More generally, let 8 > « and 0 < o < 1. By
Theorem 4 and Theorem 7, then

DYFLEF () = DY IfE 1" F (o)
=178 F @)

fort € [a, b].
Theorem8 Let F € ACs([a,b],K) and 0 < o < 1. If

Ial:x’gF(t) is wg-monotone on [a, b), then

1798 F(a)

I7EDGEF (1) = F(1) g ”*F(a) (g(t) — g(a)*~!

(26)
fora.e.t € |a,b].

Proof Suppose f € ACs(la,b], R). By Theorem 2.6 of
Jarad and Abdeljawad (2020), we have I, °Dyf f(t) =

l—a,g
F@) = LD o) — gl@)e ! for ae. 1 € [a.b]. I
Iata’g F is ws-increasing, from (b) of Theorem 6, then

178D F (1)
= I;¥ [DXE L), DYE ()]
= [155DE i), 15EDEE )]

Ilfoz,g
= [fl ) — HTS@(“’) —gl@)* !,

Il—a,g
£ — “*T(f(“)(g(r) - g(a))“—l]
[T p
= F(1) S ‘”Ta)(“)(g(t)

—g@)* ! fora.e.t € [a,b].

A similar proof can be given if 7, % F is ws-decreasing.
So Eq. (26) holds. m]

4.2 General Caputo derivative

Definition 9 Suppose F = [f1, f»] € ACs([a, b], K). The
general Caputo fractional derivative of F of order0 < o < 1
is given by

CDYEF@) =1, 5 F (1)
1 r B
:m/a g ($)(g(r) — g(s)) "dF (s)ds

27

forae.t € [a,b]. Fora = 1,CDyEF (1) = 8F (1) for ae.
t €la,b].

Remark 6 Suppose F € ACs([a, b], K). §F exists for a.e.
t € [a, bl and §F € L([a, b], ). Thus [, *$8F < oo and
the Caputo derivative of F exists a.e. ¢ € [a, b].

Theorem 9 (Hoa et al. 2017) The following properties holds.
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() IfF € ACs(la,b],K) and 0 < a < 1, then

CDgEF() 2 [min{ DL A0, DL O}

max {Cszfl (1), CDfoz(t)”

fora.e.t € la,b].
(2) If F is ws-increasing, then CDZf F@t) =
[€DyE f1(1), CDYE fo(1)] forace. t € [a, b].
3) If F is ws-decreasing, then CDsfF(t) =
[€Dg:E f(1), CDYE f1(1)] for ace. t € [a, b]
a+ v Pat -6 » Ol

Theorem 10 Let F and G € ACs([a, b], K) be ws-monotone,

and 0 < a < 1. Then the following properties hold.
(a) If F and G are equally ws-monotonic on |a, b], then

CDYE(F() +G)
=DYSF() +CDyEG()

and
CDYE(F(1)©, G(1) 2 DYEF (1) ©, Dy EG(1)

fora.e.t € [a, b]. Moreover, if w(8F(t)) — w(5G(t)) has a
constant sign, then

CDYE(F(1) 04 G(1)) = CDEEF ()
GgCDZfG(t) fora.e.t € la,b].

(28)
(b) If F and G are differently ws-monotonic on [a, b], then
“DyE(F(t) 0, G1) = Dy F(t) + (=C DG (1))

and

CDYE(F() +G@t) 2 “DYEF (1) ©4 (—CDLEG()

fora.e. t € [a, b]. Moreover, if w(§F(t)) —w(5G(t)) has a
constant sign, then
CDYE(F() +G(1) = “DYEF (1)
O,(=DyEG)) fora.e.t € la,b).
Proof (a) If F and G are equally ws-monotonic on [a, b].

By Theorem 2, it follows that §(F + G) = 6F + G and
3(F ©4 G) = 8§F ©4 §G, and from Theorem 5, we obtain

CDGEF®) +GW®) = L7 8(F () + G (1)
= 1,;"S(SF (1) + 8G(1))
=DYSF() + DG

@ Springer

and

Df(F(1) 04 G(1) = 1,7 *8(F (1) 64 G(1))
= 1, “S(SF (1) ©4 8G (1))
2 1, " FSF (1) 0 1,7 "8G (1)

=CDYEF(1) ©, CDYEG()

for a.e. t € [a, b]. Moreover, if w(§F(t)) > w(5G(t)) or
w(SF(t)) < w(8G(t)), by Theorem 5, we have

CDYE(F(1) ©, G(1) = “DYEF (1) ©, CDyEG(1).

(b) For the case, F and G are different ws-monotonic on
[a, b], the proof can be completed similarly. O

Next, we give the following composite properties.
Theorem 11 Let0 <o < land F € L([a,b], K). If I.;° F

is ws-increasing, then

CDYSITEF(t) = F(1) forae.t € la, bl. (29)

Proof 1t is known that by Theorem 9, since I;}* F is ws-
increasing on [a, b] and from Corollary 1 of Jarad and
Abdeljawad (2020), we have

DL F@ = D [ o), 15 0]
= [P 1 £ 0. DL £0)]
=[/1@), 2(O].
]
Remark7 More generally, let 8 > o,0 <« < land F €

L([a, b], ) such that I;_"_gF is ws-increasing. By Theorem
4 and Theorem 11, then

CDEEIPSF(t) = CDEEISE 1P T8 F (1)

=1 "% F @)
fort € [a, b].

Theorem12 Let 0 < o < 1l and F € ACs([a,b],K) isa
ws-monotone interval-valued function. Then

1555 CDYEF(t) = F(t) ©4 F(a) fora.e.t €la,bl. (30)
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Proof According to Definition 9 and Proposition 6 of

Lupulescu (2015), for a.e. ¢t € [a, b], we obtain

158 CDYEF () = 1581, 8 F (1)

= ILS5F ()

'
:/ g/ (s)8F (s)ds

a

= F(1) &4 F(a).

5 Gronwall inequalities

Consider the following interval-valued linear initial value

problem

C p%8 -

D, PX(t) =AX(1), 31)
X(a) = X(ly

where X = [x1, x] € ACs([a, b], K) is ws-monotone, 0 <
o < 1, A € Ris aconstant, and X, = [x1(a), x2(a)] is the
initial value.

From Theorem 12, we obtain the following integral equa-
tion

X(t) 64 Xa = I; 50X (1). (32)

We can say X is a solution of Eq. (31), if and only if it solves
Eq. (32).

If X is ws-increasing on [a, b], then Eq. (32) can be written
as

X(t) = Xg+ 150X (). (33)

If X is ws-decreasing on [a, b], then Eq. (32) can be writ-
ten as

X(1) = Xq © (=DIEAX (). (34)

Thus, we will discuss two fractional Gronwall inequalities
for interval-valued functions. Some necessary definitions are
given first.

Definition 10 (Tao 2016) If an interval-valued inequality
X(t) < Y(t) for any t € [a, b], this means

x1(t) < y1(t), x2(t) < y2(¢) foranyt € [a, b].

Theorem 13 Suppose 0 < A < 1, an interval number K =
[k1, k2] = O, and the interval-valued function I;fo is wg-
increasing on [a, b].

D IFX(1) < K + I,;50X(1), then
X(1) = KEy(, (8(t) — g(a))®).
() IFX(1) < K © (=D I55AX (1), then

X(1) < [kiEo(A2, (g(t) — g(a))™) + kar(g(t)
—8(@)* Ezaa1 (A%, (g(1)
—g(@)™), kir(g(t) — g(a))* Exq.as1 (A%, (8(1)
—g(@)*) + k2 Eo (0%, (8(1) — g(a))*™)].

Proof (i) Let U(t) = K + I;;¥AX (1), then

X)) =U@), X(a) =K. (35)
Since I,:¥ X is ws-increasing, we obtain ;551X is w;-

increasing. Further U is also ws-increasing. According to

Theorems 10 and 11, from U (¢) = K + I:f)LX(t) we derive
CDZ‘fU = AX < AU. Therefore, we obtain

CDgful < Aup and CDgfuz < Auo.

Let ¢ (t) > 0 and ¢>(t) > O for any ¢ € [a, b]. Then we
consider the following real-valued equations

CDYEui(t) = hui(t) — 1 (1)
a+
{ uy(a) = ky (36)
and
CDIEur(t) = Aun(t) — ea(t),
a+
{ uz(a) = ko. 37

Then we have

uy(t)
= k1 Eq(, (g(t) — g(a))*)

13
[ Eaa (50 = g6 50 = 557!
g (s)ci(s)ds < k1 Eq (X, (g(t) — g(@)®).
Similarly, uz(t) < kyEy(A, (g(t) — g(a))*). Therefore,
U(t) < KEy(X, (g(t) — g(a))*), we arrive at the desired

result.
(i) Let U(r) = K © (—1)I,;*1X, then

X(t)<U()and X(a) < K. (38)

Thus we have U (1) = [ky + 13 Ax2, ko + 1,55 Ax1]. Since

1,58 X is ws-increasing, we obtain that U is ws-decreasing.
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Thus according to Theorem 9, we derive

CDYEU = DYEky + 158 axa, ko + 155 ]
=[O DG (ko + 155 ax1), € DLE (ki + 155 2x2)]
= [Ax1, Ax2]
=1X <AU.

Therefore, we have
DY Efuy < dup and DYy Eus < Auy.

Suppose c1(¢) > 0 and ca(¢) > O for any ¢ € [a, b]. Then
we consider the following real-valued equation

CDyfui(t) = hua(t) — 1 (1),
Dy fur(t) = hui (1) — ea(t), (39)
ui(a) = ki, uz(a) = ky.

It can be rewritten as

{CD;‘jfu(z) = Au(t) — c(t), 40)

u(a) =k,

where vector u(7) = (u1(t), ua ()T, ¢(t) = (¢1(1), c2()7T,
k = (ky, kz)T, and matrix A = 2 g .

It is clear that the solution of Eq. (40) has the following
relationship

u(t) < Eq(A, (g(t) — g(@)*)k.

It is easy to verify that matrix A can be diagonalized,

. . . . . 11
that is, there is an invertible matrix P = ( >, such that

1-1
_1 _(x 0 _ A0 _1 :
P AP = (O—A .Thus A = P Y P~". Further
more, we can obtain
Ey(A, () — g@)®))
_ Eq (X, (g(t) — g(a)¥)) 0 —1
=F ( 0 Ea<—x,(g(z)—g<a>“>)>‘° '
Then
Eq(A, (g(t) — g(@)*)) 0 -1
w) < P(O Ea(—/\,(g(t)—g(a)“))>P k
(11
“\1 -1
(Ea()h (g(®) — g@*) 0 )
0 Eq(—2, (g(t) — g(@)¥))

(12) ()

@ Springer

Thus, we get the desired result. O

Conclusion

The general fractional calculus for interval-valued functions
is developed in this study. A general fractional Gronwall
inequalities are given. The general fractional calculus the-
ory of interval-valued functions in this paper will be used in
the existence, uniqueness and stability of solutions to gen-
eral fractional interval-valued differential equations. We will
consider this aspect in future research.
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