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Abstract

This paper introduces the notion of k-fuzzy metric spaces, which generalizes and extends the concept of fuzzy metric spaces
due to George and Veeramani in [A. George and P. Veeramani, On some results in fuzzy metric spaces, Fuzzy Sets and Systems
64 (1994), 395-399.] for the fuzzy sets involving more than one (k) parameters. It is shown that the topology generated by the
k-fuzzy metric is first countable, and the k-fuzzy metric space is Hausdorff. Finally, we prove a fixed point theorem, which
generalizes and extends the results of Grabiec [M. Grabiec, Fixed points in fuzzy metric spaces, Fuzzy Sets and Systems, 27

(1988), 385-389.] into k-fuzzy metric spaces.

Keywords k-fuzzy metric spaces - Hausdorff spaces - Contractions - Fixed points

1 Introduction

The theory of fuzzy sets was introduced by Zadeh (1965)
in 1965. This theory inspires several concepts in mathemat-
ics. One of these concepts is a fuzzy metric space close to
the fixed point theory. The most popular definition of this
space is due to Kramosil and Michalek (1975) ten years later
the appearance of the fuzzy theory. The ideas of Cauchy-
ness, completeness (now known as a G-completeness) and
compactness in fuzzy metric spaces were introduced by Gra-
biec (1988). Furthermore, in his research, fuzzy versions of
two classical results in fixed point theory, including Banach
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fixed point theorem and Edelstein fixed point theorem, were
proved fuzzy metric spaces in the setting of Kramosil and
Michdlek. Based on the fact that R is not complete with the
completeness due to Grabiec (1988), the idea of the Cauchy
sequence in fuzzy metric spaces was modified by George and
Veeramani (1994). They also slightly modified the definition
of a fuzzy metric space introduced by Kramosil and Michalek
(1975) and defined concepts of Hausdorff topology and first
countable topology. In this setting, it brings to the impressive
fact that fuzzy metrics appear more appropriate for studying
induced topological structures.

The motivation in this paper for inventing a new space,
which is more general than a fuzzy metric space due to
George and Veeramani (1994), is given in this paragraph.
In a fuzzy metric space, the fuzzy distance of two points is
measured by the degree of the nearness of points with respect
to a parameter ¢ € (0, 0o). For instance, we can think of ¢ as
the time required to travel between two points x and y in a
space. There is an interesting situation of the degree of near-
ness when we measure this degree with respect to different
(more than one) parameters. For instance, suppose that we
move from India, represented by x, to Thailand, represented
by y, by a plane and measure the degree of the nearness of x
and y with respect to time and fuel consumption with planes
of different fuel efficiency. Then obviously, this degree will
be different for distinct planes even for the same time ¢, as
well as for the same plane but for different time intervals.
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The mentioned situation in the previous paragraph brings
the inspiration for introducing the notion of k-fuzzy met-
ric spaces, where k € {1, 2, 3, ...}, which is an extension
and generalization of the concept of fuzzy metric spaces
due to George and Veeramani (1994). In a k-fuzzy metric
space, the fuzzy distance of two points is measured by the
degree of nearness with respect to k parameter(s). Further-
more, fixed point results for contractive mappings in k-fuzzy
metric spaces are proved. These results generalize the fixed
point results of Grabiec (1988) into k-fuzzy metric spaces.

2 Preliminaries

This section presents the needed definitions in the next sec-
tion.

Definition 1 (Schweizer and Sklar (1960)) A binary opera-
tion * : [0, 1] x [0, 1] — [0, 1] is called a triangular norm
(briefly, t-norm) if the following conditions are satisfied for
alla,b,c,d € [0, 1]:

*(a, b) = x(b, a);

ifa < cand b <d, then x(a, b) < *x(c, d);
*(x(a, b), c) = *x(a, (b, ¢));

*x(a, 1) =a.

bl

If * is continuous, it is called a continuous t-norm.

For each t-norm * : [0, 1] x [0,1] — [0,1] and a,b €
[0, 1], instead of x(a, b) we will use the infix notation a * b.
Three typical examples of continuous t-norms are a product
t-norm *1, a minimum t-norm %, and a Lukasiewicz t-norm
*3, which are defined for each a, b € [0, 1] by

a %1 b = min{a, b},
ax)b=ab
a*x3b=max{a+b— 1,0}

Remark 2 (George and Veeramani 1994) For each t-norm  :
[0, 1] x [0, 1T — [O, 1], the following assertions hold:

1. foreacha, b € (0, 1) witha > b, thereisc € (0, 1) such
thata x ¢ > b;
2. foreachd € (0, 1), thereise € (0, 1) such thatexe > d.

Definition 3 (George and Veeramani (1994)) An ordered
triple (X, M, %) is called a fuzzy metric space if X is an
arbitrary set, * is a continuous t-norm, M is a fuzzy set on
X2 x (0, 00), and the following conditions are satisfied for
allx,y,z€ Xands,t > 0:

(FM1) M(x,y,t) > 0;
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(FM2) M (x,y,t) = lif and only if x = y;

(FM3) M(x,y,t) = M(y, x,1);

(FM4) M(x,y,t) *x M(y,z,s) < M(x,z,t +5);

(FM5) M(x,y,-) : (0,00) — [0, 1] is a continuous
mapping.

For a fuzzy metric space (X, M, x), M with x is called a
fuzzy metric on X. Moreover, foreachx,y € X and ¢ > 0,
M(x, y,t) can be thought of as the definition of nearness
between x and y with respect to 7. It is also known that
M (x, y, -) is non-decreasing. For various examples of fuzzy
metric spaces, we refer to George and Veeramani (1994);
Gregori et al. (2011); Sapena (2001). We state only a partic-
ular example of our interest.

Example 4 (Induced fuzzy metric) Let (X, d) be a metric
space and *x be a product t-norm. Define a fuzzy set M on
X? x (0, 00) by

kt"

Mix,y,t) = —————
x . 0) kt" +md(x, y)

for all x,y € X and ¢t > 0, where k,m,n > 0. Then,
(X, M, %) is a fuzzy metric space called the induced fuzzy
metric (see George and Veeramani 1994).

In the above example, note that
lim M(x,y,t) =1forallx,y € X. (1)
11— 00

As M (x, y, t) represents the degree of the nearness of points
x and y with respect to the parameter ¢ and it is a non-
decreasing function of  for all x, y € X; therefore, condition
(1) is the most natural condition for the degree of the near-
ness to be perfect (that is, unity). Notice that this is a specific
condition and may not hold in some particular fuzzy metric
spaces, for instance, in stationary fuzzy metric spaces (see
Gregori and Romaguera 2004). This brings to the following
definition:

Definition 5 A fuzzy metric space (X, M, %) is called a nat-
ural fuzzy metric space if and only if

lim M(x,y,t) =1
—00

forall x,y € X.

3 k-fuzzy metric spaces

In this section, we introduce the idea of k-fuzzy metric spaces
and investigate the properties of such spaces. We begin with
the following definition:
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Definition 6 Let X be anonempty set, * a continuous t-norm,
k a positive integer and M be a fuzzy set on X2 x (0, co)k.
An ordered triple (X, M, %) is called a k-fuzzy metric space
if the following conditions are satisfied for all x,y € X,
t,s >0and 1, f,..., 1 > 0:

(kKFM1) M(x, vy, 11,1, ..
(kFM2) M(x,y,t1,t2,...,t) = 1 if and only if x = y;
(kFM3) M(., -, t1, 12, ..., 1) IS Symmetric;

(kFM4) forany!/ € {1, 2, 3, ..., k}, we have

) > 0;

M(y? ‘Z’ t17t27 ""tlfl’t’ tl+1’ "'7tk717tk)

*M(y,z, 1,1, .. o te=1, 1)

L 1);

P /1 PO T P

SMx,z, 0,0, o1 S T,

(kFM5) M(x,y,-) : (0, 00)¥ —> [0, 1] is a continuous
mapping.

Remark 7 For k = 1, the k-fuzzy metric space reduces into
the fuzzy metric space in the sense of George and Veeramani
(1994).

Example 8 Let (X, d) be a metric space, * the product (min-
imum) t-norm, @ > 0 and k be a positive integer. Define a
fuzzy set M on X2 x (0, co)¥ by

wlity -ty

M(x, vy, t;, 1, ..
R ottt +d(x,y)

Sl =

forall x,y € X and and 7, 15, . .
is a k-fuzzy metric space.

., 1 > 0. Then, (X, M, %)

Example 9 Let (X, d) be a metric space, * the product (min-
imum) t-norm, @ > 0 and k be a positive integer. Define a

fuzzy set M on X% x (0, c0)* by
ko
—1d(x,y)
— 1
i=1

., tx > 0. Then, (X, M, %)

-1
M(x,y,tl,tz,...,tk)=w|:a)+<

forall x,y € X and and 7, 15, . .
is a k-fuzzy metric space.

Example 10 Let X = R¥, where k is a positive integer, w >
0 and * be the product t-norm. Define a fuzzy set M on
X2 x (0, 00)* by

—1

k
S
M(.X7y,t1,...,l‘k):w|:w+§ :|y1[—1|:|
1

i=1

for all x = (x1, x2, ..
1,0, ..

X6,y = (1, y2, ..., ) € X and
., tr > 0.Then, (X, M, %) is a k-fuzzy metric space.

From the application point of view, one should define the
k-fuzzy metric with care to the physical nature of quantities.
For instance, if one considers the degree of the nearness of
two points x and y in a space with respect to time and fuel
consumed in moving from x to y, one cannot use the formulae
for the degree of the nearness as given in the above examples
due to the different dimensions of these quantities. In the
following example, one such case is presented.

Example 11 Let X = R be the Euclidean space with the
usual distance d on X. Suppose that ¢ is the time and f is
the fuel consumed in moving from a point x to a point y in
X. Then, the degree of the nearness of x and y with respect
to t and f can be measured by the 2-fuzzy metric M on
X2 x (0, 00)? given by

_ 0], @
Mx yo1, f) = ol (5+F),

forall x,y € X and¢ > 0, f > 0, where w; and w; are
constants chosen with suitable physical dimensions.

In the present paper, we restrict ourselves to only mathe-
matical properties of k-fuzzy metric spaces.

Definition 12 A k-fuzzy metric space (X, M, %) is called /-

natural k-fuzzy metric space if there exists [ € {1, 2, ..., k}
such that

Iim M(x,y,t1,...,t;,....t) =1

11— 00

forall x,y € X.

For the rest of this paper, for a given k-fuzzy metric space
(X, M,x),x,y € Xand t1, 12, ..., > 0, for simplicity,
we write M (x, y, t{‘) instead M (x, y, t1, t2, ..., tr).

Next, we discuss some properties k-fuzzy metric spaces
and establish the topology of such spaces.

Proposition 13 Let (X, M, x) be a k-fuzzy metric space,
t,t,ta,....tx, > 0. Suppose that t; < t for some |l €
{1,2,...,k}. Then,

k
Mx,y, 1)) <M, y,t1, ... 1,8 g1, .. )

forallx,y e X.
Proof By using the property of x and (kFM4), foreachx, y €
X, we obtain
k
M(x,y,t))
=Mx,y, 1) %1

k
=M,y t)« My, y, t1..., 1, t =, i1, %)
S M('x7 y7t19 A ] tl_11 t1 tl_11 A ] tk)'

@ Springer
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Remark 14 In a k-fuzzy metric space (X, M, %), if
M(x,y,t{‘) >1-—g¢,

where x,y € X, t1,t2, ..., > 0and 0 < ¢ < 1, then for
eachl € {1,2,...,k}, wecanfindt € (0, #;) such that
M, y,t1, ... -1, 8,8, ..., k) > 1 —¢.

Definition 15 Let (X, M, *) be a k-fuzzy metric space. An
open ball with center x € X and radius ¢ € (0,1)
with respect to parameters t1, 2, ..., # > 0, denoted by
B(x,e;t1,t, ..., ), is defined by

B(x,s;n,tz,...,tk):{yeX:M(x,y,t{‘) >1—c¢}.

Definition 16 Let (X, M, %) be a k-fuzzy metric space. A
subset A of X is called an open set if and only if there is an
open ball B such that B € A. A subset C of X is called a
closed set if and only if its complement is an open set.

Theorem 17 Every open ball in a k-fuzzy metric space is an
open set.

Proof Let (X, M, %) be a k-fuzzy metric space, x € X,
ti,t,...,txy > 0and e € (0, 1). Assume that
yeEBx,&t1, ..., k).

Then, we have M (x, y, t{‘) > 1 — &. Therefore, we can find
le{l,2,...,k}and t € (0, #;) such that

g0 =M (x,y,t1,....t0-1,t,1,....,. ) > 1 —¢.

Then, we can find § € (0, 1) such that
g >6>1—e¢.

By Remark 2, there is &1 € (0, 1) such thatgg &1 > &. Now,
we will claim that

B(y,l—e¢eniti,to, ... 5, t —t, 41, ooy tg)
CBx,e;0,t, ..., ).
Assume that
ze€B(y,1—¢eit,t0, oo ti t =, gty o BE)
Then,
M(y,z,,t2, ... 1, t — 1, 1, ..., k) > €1.

@ Springer

This implies that

M(x,z,t{‘)

2 M(x$ystl»t27"'9tl—lst1tl+11"'1tk)
*M (Y, 2, H, 0, o o1, =t g, s )
= &0 * €1
>4

>1—e¢,

which proves the result. O

From the above theorem, we can directly get the following
result:

Theorem 18 Let (X, M, ) be a k-fuzzy metric space and

T:={A C X : x € X ifand only if there exist
ti,ty, ..., 1 > 0and e € (0, 1) such that
B(x,e;t1,tp..., 1) C A},

Then, T is a topology on X.

Remark 19 Let (X, M, %) be a k-fuzzy metric space and x €
X. Since

1
By = {B(x,—;ﬁ,tz...,tk):nGN},
n

wheret)y =th =--- =1, = % is a local base at a point x,

the topology t given in Theorem 18 is first countable.
Theorem 20 Every k-fuzzy metric space is Hausdorff.

Proof Let (X, M, x) be a k-fuzzy metric space and x, y € X
with x # y. Then, for given 71, 12, ..., ty > 0, we have

0<M(x,y,t{‘)<1.

Lete := M (x,,1f) € (0, 1). For each &9 € (e, 1), we can
choose € such that 1 % &1 > g9. We will claim that

By =B, 1 —¢ei5t,t0,...,4/2, ..., 1)
NB(y,l —ersti,ta, ..., t1/2, ... 1)
= 0.



The investigation of k-fuzzy metric spaces with the first contraction...

11085

Assume that By, # 0, that is, there is z € By y. Then, we
have

8=M(x,y,t{‘)
>Mx,z,t1,...,41/2, ..., t)
*M(z,y,t, ..., /2, ..., 1)
> €1 * &1
= €0

> &.

This contradiction proves the claim and so the result. O

Definition 21 Let (X, M, %) be a k-fuzzy metric space. A
sequence {x,} in X is said to be convergent and converges
to x € X if and only if for every real € € (0, 1), there exists
no € N such that

M(x,,,x,t{‘) >1—¢€

foralln > ngandt,1tp,...,1 > 0.

The proof of the following lemma is straightforward, so
we will omit the proof.

Lemma22 Let (X, M, ) be a k-fuzzy metric space. A
sequence {x,} in X converges to x € X if and only if

lim M (x,,,x, t{‘) =1

n—o00
forallty, t, ..., tx > 0.

Definition 23 Let (X, M, *) be a k-fuzzy metric space and
{x,} be a sequence in X.

1. {x,} is called an M-Cauchy sequence if for every € €
(0, 1), there exists ng € N such that

M(xn,xm,t{‘) >1—¢€

foralln,m > ngand ty,tp, ..., 1 > O.
2. {x,}is called a G-Cauchy sequence if

lim M (xn,x,,+p, t{‘) =1

n—oQo

forallt1,%,...,f > 0and p > 0.

Note that the above definitions of Cauchy sequences are
different (for the case k = 1, see Vasuki and Veeramani
2003).

Definition 24 Let (X, M, %) be a k-fuzzy metric space.

1. (X, M, %) is said to be M-complete if every M-Cauchy
sequence in X converges to some x € X.

2. (X, M, %) is said to be G-complete if every G-Cauchy
sequence in X converges to some x € X.

Remark25 For k = 1, the M-completeness and the G-
completeness of a k-fuzzy metric space reduce to the M-
completeness in the sense of George and Veeramani (1997)
and the G-completeness in the sense of Grabiec (1988) of a
fuzzy metric space, respectively.

4 Fixed point theorems

In this section, we prove many fixed point results in k-fuzzy
metric spaces. For simplicity, for a given k-fuzzy metric
space (X, M,x),l € {1,2,...,k},a > 0,x,y € X and
t,t, ...t > 0, we write M} (x, v, t{‘) instead

Mx,y,t,.... 1, t1/a, g1, .. 1)

Theorem 26 Let (X, M, %) be a G-complete k-fuzzy metric
spaceand T : X — X be a mapping satisfying the following
condition:

M (15 Ty, o) = M (x, v, 1f) ©))

for all x,y € X and ti,t2,...,tx > 0, where | €
{1,2,...,k} and A € (0,1) is a constant. Suppose that
(X, M, %) is an l-natural k-fuzzy metric space. Then, T has
a unique fixed point.

Proof First, we will show that if a fixed point of T exists,

then it is unique. Suppose that u and v are fixed points of 7.
By (2), we have

M (v, 1) = M (Tu, Tv,1f)
> M@, v, b, o1 A g, )
= MlA (u,v,t{‘).

By repeating this process, we obtain
M, v, i) = M (u,v,1f) 3

for all n € N. Note that, if {a,} be any sequence such that
a, > 0and lim a, = 0, then since (X, M, *) is [-natural,
n— oo

we have

n—oo

lim M" (x, v, t{‘) =1

@ Springer
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for all 71,1, ..., > 0. Using this fact in (3), we obtain
M (u, v,t{‘) = 1forall t1,tp,...,t > O, thatis, u = v.
Therefore, the fixed point of 7T is unique.

For the existence of a fixed point of 7', we choose xp € X
and define an iterative sequence {x,} by x, = Tx,,_ for all
n € N. If x, = x,,_1 for some n € N, then x, is the unique
fixed point of 7. Therefore, we may assume that x,, # x,,_|
foralln € N.Foranyn € Nand 11, 12, ..., ty > 0, we have

k
M (xns xn+l’f1)

- M(Txn_l, Txn,t{‘)

2 M(xnflvxrut]’ ""tlfl’tl/)‘ﬂtlﬁ*]’ ""tk)
A k

= M; (xn_l, Xn, 1 ) .

By repeating this process, we obtain
M 0> M k 4
(-xnsanrl?t]) - i x09x17t1 ( )

foralln € N. Foreachn e N, t1, 12, ..
we have

Lt >0and p > 0,

k
M (xn, Xntp) tl)

> M (Xp, Xnt1, Hy o oo s =1, 11/2, - 15« o5 BR)
*M (xn+1,xn+p,t1,...,l‘[,l,l‘[/z, l‘[,...,tk)

> M} (xn,xn+1,t{‘)
*M <Xn+1,xn+2, ty .. 1, l1/22, Helyenns tk>
*M (xn+2,xn+,,, t, ..., -1, t1/22, f, ..., tk>

2 k 22 k
= Ml (xn7x}’l+17tl) *M[ (xn+17xn+2at1)
2r-1 k
* -0k M (xn+p—27 xn+p—17t1)
2p-1 k
*Ml (xn+,,_1,xn+,,,t1).

By using (4), we obtain

k 221 k
M(xnaxn+p7t1) = M[ (Xo,xl,ﬁ)
2y n+1
>|<M[2 » (xo,xl,t{‘>

p—1yn+p—1
**Mlz & (xo,xl,t{‘).

Since (X, M, %) is [-natural, it follows from the above
inequality that

lim M (xn,xn+p, t{‘) = 1.

n—oo

@ Springer

Therefore, {x,} is a G-Cauchy sequence. By the G-
completeness of (X, M, x), there exists u € X such that

lim M (x,,, u, tf) —1 )
n—oo

forall 1, 12, ..., # > 0. We will show that u is a fixed point
of T.Foreacht, t, ..., > 0, we have

M(u, Tu, t{‘) > Mlz (u, Xn, t{‘) * Mlz (xn, Tu, t{‘)
= MZ2 (u, Xn, t{‘) * Mlz (Tx,,_l, Tu, t{‘)

> M} (u Xns r{‘) s« MP (x,,_l, u, t{‘) .

By using (5) in the above inequality, we obtain M (u, Tu, t{‘ )
= 1forall 1,1, ..., t > 0, thatis, Tu = u. Thus, u is the
unique fixed point of 7T'. O

For k = 1, the above theorem reduces to the following
result of Grabiec (1988).

Corollary 27 (Grabiec(1988)) Let (X, M, %) be a G-complete
fuzzy metric space such that

lim M(x,y,t) =1forallx,y € X (6)
11— 00

and T : X — X be a mapping. Suppose that there exists
A € (0, 1) such that

M(Tx, Ty, At) > M(x, y,t) (7)

forall x,y € X. Then, T has a unique fixed point.

Remark 28 Let (X, M, x) be a fuzzy metric space and T :
X — X be a mapping. The contractive condition (7) tells
that the mapping 7 contract the space with respect to the
parameter ¢ in the sense that the degree of the nearness of
images of any two points under 7 is not less than the degree
of the nearness of corresponding points (obviously in case of
stationery fuzzy metric spaces (see Gregori and Romaguera
2004) it is not applicable). In Theorem 26, the mapping con-
tracts the space with respect to only parameter #; for some
Il €{1,2,..., k}and it may not be contractive with respect to
other parameters. Similarly, (X, M, *x) is assumed /-natural
k-fuzzy metric space for at leastone / € {1, 2, ..., k} only.

The following example verifies the above remark.

Example29 Let X = [0, 1] x [0, 1] and * be the product
t-norm and the fuzzy set M on X? x (0, o0)? be defined by

-1
— x|+ —X
Iyt —x1l + Iy2 zl]

M(x,y,tl,tz):|:l ;
1
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for all x = (x1,x2),y = (y1, y2) € X and t1, o > 0. Then,
(X, M, x) is a G-complete 2-fuzzy metric space (k = 2).
Moreover,

tlim M(x,y,t1,r) = 1forallx,y € X, > 0,
1—>00

that is, (X, M, *) is a 1-natural 2-fuzzy metric space. Define
amapping 7 : X — X by

T(x). x2) = (% x2_2) for all (x1. x2) € X.

For x = (x1,x2),y = (y1, 2) € X and 11, t» > 0, we have

—1
M(Tx. Ty, ot 1) = |1 + [y1 — x1] + |y2 — x2]
201

—1
> [1 N Iy1 —mljlm—ml}
1

=M(x,y, t1,1)

for A € [1/2, 1). By Theorem 26, T has a unique fixed point.
In this case, a point (0, 0) € X is a fixed point of T'.

In Theorem 26, corresponding to condition (2), we assume
that the space (X, M, %) is [-natural. Notice that, for the exis-
tence of a fixed point, the /-naturalness cannot be replaced
by the m-naturalness with m # [. The following example
verifies this fact.

Example 30 Let X = [0, 1] x [0, 1] and * be the product
t-norm and the fuzzy set M on X 2 % (0, 00)?2 be defined by

Iyt — x1] + ly2 —x2| ]
+y Yy

M(x,y, t1, ) = [1
15}

forall x = (x1,x2),y = (y1, y2) € X and 11, £, > 0. Then,
(X, M, %) is a G-complete 2-fuzzy metric space (k = 2).
Moreover,

lim M (x,y,t1,t2) =1forallx,y e X,#; >0,

1h—> 00

that is, (X, M, %) is a 2-natural 2-fuzzy metric space. Define
amapping T : X — X by

T (x1, x2) = (x1, x2) forall (x1, x2) € X.

Notice that, for any arbitrary A € (0, 1)

M(Tx, Ty, i, 1) > M(x,y, t, 1)

forall x,y € X, #,# > 0. But the fixed point of T is not

unique. Indeed, every point (x1, x) € X is a fixed point of
T.

Finally, we will prove a fixed point result for a k-fuzzy
contraction mapping. We begin with the definition of a k-
fuzzy contraction mapping as follows:

Definition 31 Let (X, M, x) be a k-fuzzy metric space. A
mapping T : X — X iscalled a k-fuzzy contraction mapping
if

1 1
— <A1 8
M (Tx, Ty, tf) = |:M(x,y,tf) ] ®

forallx,y e Xand#,t,...,t > 0,where A € [0, ) isa

constant.

Theorem 32 Let (X, M, %) be a G-complete k-fuzzy metric
space and T : X — X be a k-fuzzy contraction mapping.
Then, T has a unique fixed point.

Proof Letxy € X and define a sequence {x,} by x,, = Tx,—1
forall n € N. We will show that this sequence is a G-Cauchy
sequence. For any n € N, we have

1 1

—1= —1
M (x,,, xn+1,t{‘) M (Txnfl, T x,, t{‘)

1
A —/——mx—1].
[M ('xl’lfla Xn, t{C) }

By repeating in this manner, we obtain

IA

1 1
— =V ] )
M(xn» -xn-‘rlvt{{) [M(.x(), xl,t{{) }

for all n € N. Since A € [0, 1), we conclude from (9) that

1
lm | ———1]| <0,
n—00 |:M (xn: Xn+1, t{{) ]
that is,

lim M (xn,xn+1, t{‘) =1 (10)

n—oo

for all #;,t,...,tx > 0. Foreachn € N, p > 0 and

t1, 0, ..., > 0, we have

M (xn,xn+p, t{‘)
> M12 (x,,, xn+1,t{‘) * M12 (xnﬂ,xnﬂ,, t{()
> Mlz (xn, Xn41, t{‘) * Mlzz (xn+1, Xn42, zf)
Hee ek MIZ”‘I (xn+p_2, Xntp—1s tf)

el k
M (Sukpts Bnip 1f) (1)
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From (10), we have

lim Mfl (xn, Xn+1, t{‘) =1

n—oo

for all #1,%,...,t%x > 0 and a > 0, which together with
inequality (11) yields

fim M (0, 50ipo 1) = L Lol =1

n—o0

forall#1, 17, ..., > 0and p > 0. Therefore, the sequence
{xn}is a G-Cauchy sequence in X . By the G-completeness of
X, there exists u € X such that the sequence {x,} converges
to u, that is,

lim M (0, f) =1 (12)
n— oo
forall t1,t, ..., > 0.

Now, we will show that u is a fixed point of 7. For each
n € N, we have

1 1
S —
M (xpg1, Tu, tf) M (Txy, Tu, tf)

<A ! 1
- M (x,,, u, t{c)
By using (12), we have
li : 1 0
im| ———— —1]|=0,
n—oo [ M (x,H_l, Tu, t{‘)
that is,
lim M (w041, T, 1f) = 1 (13)
n—oo
forall#;, 1, ..., > 0. For any n € N, we have

M (u, Tu, t{‘) > Mé (u, Xn+1, tf) * Mf (x,H_l, Tu, t{‘) ,
which together with (12) and (13) yields
M (u, Tu i) =1

forall 1,1, ..., 1 > 0, thatis, Tu = u. Thus, u is a fixed
point of T.

For the uniqueness, we suppose v is another fixed point of
T distinct from u. Then, there exist r1, 72, ..., rr > 0 such

that

@ Springer

M (u, v,r{‘) <1,

that is,
! 1>0
— —1>0.
M (u, v, r{‘)
Now, we have
1 -1 = ! -1
M (u v, r{‘) M (Tu, Tv, r{‘)
<A ! —1
o M (u v, r’l‘)

Since A < 1, the above inequality yields a contradiction.
Therefore, we must have u = v. Thus, the fixed point of T
is unique. o
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