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Abstract

In this paper, first, general dynamic modeling is proposed for multi-input/output nonlinear systems in the form of affine and
non-affine systems. Then, an observer barrier function-based adaptive fuzzy scheme is suggested to estimate unknown
functions. Briefly, the main contributions of the proposed scheme are: (1) the proposed modeling can be employed in
various classes of nonlinear systems, e.g., Single Input—Single Output (SISO), Single Input—-Multi Output (SIMO), Multi
Input-Single Output (MISO), and Multi Input—Multi Output (MIMO) systems with square or non-square control gain
matrix, (2) by combining an observer error signal and the barrier Lyapunov function, the proposed Observer-based Barrier
Lyapunov Function (OBLF) method can be employed to solve the problems of output constraint by preventing the output
from violating the constraint, and (3) a non-singular robust adaptive fuzzy approach is presented for various classes of
nonlinear systems so that the uncertainties are attenuated by a robust bounded H.,-like control term. The proposed
scheme guarantees the stability of the closed-loop system based on the Strictly Positive Real (SPR) condition and OBLF
theory, but it does not need the SPR conditions to be well known. Finally, to show the usefulness of the proposed
technique, the simulation examples are employed for various classes of nonlinear affine and non-affine systems with square

or non-square control gains.

Keywords Affine and non-affine systems - Barrier Lyapunov function - Observer-based robust adaptive fuzzy -

Nonlinear systems - Non-singular controller

1 Introduction

Nonlinear dynamical systems can be found in a wide
variety of applications, e.g., MIMO, SIMO, MISO, and
SISO systems, and also affine and non-affine systems.
Stabilization and tracking control are some of the essential
parts of these nonlinear systems.

Consider X = F(X, U) is a non-affine and X = F(X) +
G(X)U is an affine nonlinear system, where X and U are
input and output vectors, F(X, U) and F(X) are continuous
function vectors, and G(X) is a square or non-square
control gain matrix. The majority of control approaches of
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nonlinear systems are designed for SISO systems and also
the MIMO systems with a square control gain matrix. It is
yet difficult to employ a proper control strategy for systems
with a non-square control gain matrix. In (Gao and Tong
2015), the authors propose a control method for a MIMO
affine model of underwater systems with both square and
non-square control gain matrices. Also, most of the articles
are applied to the control of affine nonlinear systems,
because the development of a control technique for non-
affine systems is yet a challenge. The authors in (Ghavidel
2018, 2020; Ghavidel and Kalat 2018) develop their con-
trol methods for non-affine systems. Furthermore, the
authors in (Ghavidel and Kalat 2017a) develop their con-
trol method for a class of MIMO systems with non-square
control gain matrices. Moreover, in (Ghavidel 2018; Gha-
videl and Kalat 2018) a robust method is employed to
control both affine and non-affine nonlinear systems. This
paper proposes a simple method is proposed to control
MIMO systems with square control gain matrices, MIMO
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systems with non-square control gain matrices, SIMO,
MISO, and SISO systems, and also both affine and non-
affine nonlinear systems.

Two types of adaptive fuzzy controllers are commonly
researched: indirect and direct adaptive fuzzy methods. An
important issue in the indirect adaptive fuzzy technique is
the possibility of a singularity problem when the inverse of
the control gain matrixes is computing. Recently, several
stable control approaches have been developed to over-
come the singularity problem of SISO systems (Labiod and
Guerra 2010; Ghavidel and Kalat 2019; Ghavidel 2020)
and MIMO systems (Min et al. 2017). To avoid the sin-
gularity problem, in (Lamara et al. 2012) the non-sym-
metric control gain matrix of the MIMO system is
extracted as the sum of a symmetric matrix and a skew-
symmetric matrix. Also, a global non-singular terminal
sliding mode control method is presented in (Li and Tong
2003). In (Li and Lee 2011), the controller singularity
problem is avoided by the decomposition of the control
gain matrix into the product of a symmetric positive-defi-
nite matrix, a diagonal matrix, and a unity upper triangular
matrix. In (Li et al. 2013a), and the estimation of the
control gain matrix is decomposed into the product of one
diagonal matrix and two orthogonal matrices. The authors
in (Li et al. 2013b) presented a symmetric matrix decom-
position technique. A regularized inverse of the estimated
control gain matrix is employed in (Lin et al. 2012; Li et al.
2015; Min et al. 2017) to avoid the controller singularity
problem, and a complex robust control term was proposed
to compensate for uncertainties that appear due to using the
regular inverse technique. In this paper, based on the pro-
posed OBLF method a non-singular adaptive fuzzy
approach is presented for various classes of nonlinear
systems.

In practice, all the system states are not available for
measurement. To overcome this problem, the authors in
(Guo et al. 2020; Li et al. 2020; Tong et al. 2020; Zhang
and Dong 2020) developed observer-based adaptive fuzzy
control methods. In (Ghavidel and Kalat 2017b; Ghavidel
2018, 2020), the authors employed an observer-based
adaptive fuzzy technique with SPR condition which is
required for the closed-loop system stability. An important
advantage of these schemes is that the proposed approach
does not require SPR conditions to be known. This paper
develops this observer method for multi-input/output affine
and non-affine systems. (Also, the other schemes of
observer-based adaptive fuzzy methods with SPR condi-
tions are developed by the authors in Ren et al. 2010;
Rigatos 2014.)

Recently, the logarithm barrier functions in Lyapunov
theories have been suggested for nonlinear systems
(Shaocheng et al. 2005; Schkoda and Crassidis 2007
Shahnazi 2016). By combining the observer error signal
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and the barrier Lyapunov function, the proposed OBLF
control method can be applied to solve the problems of
output constraint by preventing the output from violating
the constraint. The main purpose of our design consists of
modeling a Lyapunov function to guarantee the limitation
of the observer error signals.

In many physical systems, input saturation for a limited
bound of the control signal is applied. Applying input
saturation is a problem to design a stable controller. Some
control schemes have been proposed for nonlinear systems
in the presence of input saturation (Shi 2014, 2015). These
works assume some complicated assumptions and tech-
niques to utilize input saturations. This paper uses a simple
and stable strategy employed to design a limited bound of
the control signals.

Finally, the main advantages of the proposed method are
as follows:

1) Many researchers develop their control methods for
affine systems with square control gains. Based on
the proposed technique, a general dynamics model is
proposed for affine and non-affine forms of SISO,
MIMO, SIMO, and MISO systems with non-square
control gain matrices (see Sect. 2 for more details).

2) An essential problem of indirect control methods is
the possibility of singularity. A non-singular control
approach is presented for various classes of nonlinear
systems (see Sect. 3.2 for more details).

3) An accurate method is considered for nonlinear
systems in the presence of input saturation. This
method does not require complex functions, difficult
assumptions, and extra robust terms (see Sect. 3.2 for
more details).

4) By using a feedback error function instead of the
state variables, the number of fuzzy sets and rules can
be decreased so that a smaller tracking error is
achieved (see Sect. 4.1 for more details).

5) The basic idea of the observer control method is
introduced based on an observer scheme in (Ghavidel
and Kalat 2017b; Ghavidel 2018, 2020). Note that
these approaches are proposed based on the SPR
condition. In this paper, it can be extended to SPR
condition via the barrier Lyapunov function theory.
Hence, although the observer control technique needs
proper conditions for SPR, it does not require SPR
conditions to be recognized, i.e., the main advantage of
the proposed observer—based scheme is that matrices
Qi P,i, Q;, P;, vector By; and filter L;(s) do not require
to be known (see Sect. 4.2 for more details).

6) Itis an important advantage that the proposed barrier
Lyapunov is a function of the observer error signal
es;, because the selection of the parameter k; will not
be restricted (see Sect. 4.3 for more details).
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7) A bounded robust H,-like control term is proposed Xi = Xip
to compensate for uncertainties. The conventional .
robust H., terms are presented in (Ghavidel and ) 2
Kalat 2017c; Ghavidel et al. 2017, 2020) (see Xi __ l;’((XI’X’ Xr, &y 8, U) +dir) @
Sect. 4.3 for more details). G=aXy X088
Vi = Xi

2 Problem formulation and preliminaries

The general nonlinear systems (Wang 1996) can be more
complicated when they are in the form of non-affine sys-
tems. In this section, these complicated systems are trans-
formed into the controllable form of non-affine systems.

Therefore, the general model of nonlinear non-affine
systems is as follows

{; = F(Z,U) + Dy(1)
yi = hi(Z) .

where Z =[Z;,.. .,Z,}T and Z;eRP is the state vec-
tor,F;(Z,U)eRP is the smooth vector, p; represents the
order of i-th subsystem of the non-affine system
(D,U = [uy,..., um]TeR’” is the system input vector,
D;eRP is an unknown but bounded external disturbance
vector, and /;(Z)eR is a smooth and known real function
for i=1,2,...,r (ie., subsystems), and j=1,2,...,m
(i.e., system inputs). Note that the MIMO Eq. (1) is a
general non-affine dynamics model.

It is very important that the general model (1) is not
limited only to the control of MIMO systems, it can be
easily extended to the SISO, SIMO, and MISO systems.
Because MIMO non-affine systems can be transformed into
a SISO affine system (i =1 and j = 1), a SIMO affine
system (i = 1,..,r and j = 1) and also a MISO affine sys-
tem (i=1andj=1,..,m).

Based on input—output linearization, a diffeomorphism
Tl' = [T],', ooy Tp[]T can be
T, = [hi,Lhi, N Sy Thit1s- s T,,JT, so that the con-
trol input u; appears in the derivation function L~ 'h;. The

(1)

vector written  as

diffeomorphism vector T; can be rewritten as T; =
_ T

[)C,', <. .,X[(”' 1>7 éllia ) é’p,-fn,v] = [Xi; gi]T'

Xi: I:xiw"?xi(n'_l):IT’ gi: [Clia"'7

Cpl_,ni]T, and n; < p;. Hence, it transforms the non-affine

system (1) to the following controllable form

Accordingly,

where the vector D;(7) is transformed into the scalar d;(z).
So, if the zero dynamics q;(0,&,,...,§,) in (2) is asymp-
totically stable, non-affine system (2) can be transformed
into 7 subsystem of the affine system as

Xi = Xit1
' - 3)
A" = Fy(X,U) + di(0)
Vi = Xi
where X = [X,,...,X,]".

Assumption 1 The following assumptions are applied for
the controllability of the system:

1) Assume that the relative degree of the controllable
system (3) is n; <p;.

2) The function 0F;(X,U)/0U is nonzero so that
0<0F;(X,U)/0U<F;, for an unknown positive

constant F;. Also, external disturbance d;(r) is
bounded (i.e., |d;(t)| < d)).

Now, it is assumed that g;(X) is a bounded and unknown
vector; then, system (3) can be transformed into r subsys-
tem of the affine system as

") = Fi(X,U) - g,(X)U + g(X)U + d;(1)

x!
A" = £(X) + g(X)U + dy(1)

{XEni) :fz(X) + igij (X)uj + di(t) (4)
Yi = Xi "
where

fi(X) = Fi(X,U) — g,(X)U
gz(X) = [gilv . '7gim}

By (4), the general dynamic model can be rewritten as

{ X = AX + B[F(X) + G(X)U + D(1)] 5)
Y =C'X
where Y = [y, ...,y,]" €R" are the output of the system for

i=1,2,..,randj=1,2,...,m, respectively, that r is the
number of subsystems and #n; is the i-th system relative
degree where n = n; + np + ...+ n,. Let denote

F(X) = [fi(X),.../.(X)]"
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G(X) = [g;]er™™

D(r) = [d\(2),...,d(1)]"

A = diag[Ay,...,A,], B =diag[B,,...,B,], C = diag
[Clw"vcr]’
010 ... 0
001 0 0
A= eR"M . B; = R
000 . 1
000 ...0 1
1
0
and C; = | . R,
0

Note that, for r = m, the control gain matrix G(X)R"™"
is a square matrix, and for r # m it can be a non-square
matrix. Also, for SISO, MISO, and SIMO systems, it can
be defined as:1 x 1 matrix, 1 X m vector, and r x 1 vector,
respectively.

3 Robust and non-singular control
of the general dynamic model

In the current section, a general control method is pre-
sented for the proposed general dynamic model (5). In this
paper, it is assumed that F(X) and G(X) are unknown, and
D(t) # 0. Therefore, the proposed nonsingular controller
with control input saturation can be presented by the con-
ception of the ideal controllers and the non-singular control
designs.

3.1 The Ideal control design

The control problem is to achieve the state X; for tracking

the desired state Xy = [xdi,...,xd,-("f’l)]T. The tracking

error is defined as
T T
E =Xu—Xi = {Xdi, i, .,xé'i"'fl)} - {x;, i, .,xf""fl)}

- [ei, e egn"fl)} ! (6)

T
E=[E,...E] = {el, .. .,eﬁ"'fl), e lr, .. .,eﬁ""_l)}

(7)

If F(X) and G(X) are known and free of external dis-
turbance, i.e., D(¢) = 0, the following ideal control signal
U, makes the tracking error in the system (5) becomes
stable asymptotically

U, = G(X)"(—F(X) +B) (3)

@ Springer

where B = (B, )" = | () + KT ), (afy)
+K'E,)]". Let Ki=[ki1, . . ., ki,,|" to be chosen such that the

polynomial " + k;, s"~' + ... + k;; is Hurwitz.

Assumption 2 The control gain matrix G(X) is assumed
to be non-singular, i.e.,G(X) is an invertible matrix (in-
verse or pseudo-inverse of G(X) is available).

Inserting (8) into (4) yields (for D(¢) = 0)
X = AX +B{F + GG*(-F + )} (9)

Therefore, if G = I, (where I,., is a unit matrix),
then after simple operations we have

ni—1)

" ki eV 4 ke =" +KIE; =0 (10)

indeed, the tracking of the reference command is
asymptotically attained from any initial conditions, i.e.,
limE; = 0. Hence, there exist positive definite matrices

t—o0

Q,; and P,; such that
(Ai - BiKl,T)TPUi + Py (Ai - BiKiT) +Q,, =0 (11)

Definition 1 (Ghavidel and Kalat 2017a): G~ eR™*" is the
“inverse | pseudo-inverse” of “square | non-square”
matrix GeR™™; thus, it can be defined as:

[G'G]7'G" if im<r
G =¢G! if im=r (12)
GT[GGT]_] if im>r

Thus, we have

Non — unitmatrix if :m<r
GG =<1, if:m=r (13)
| if :m>r

Then, by Definition 1 and by assuming that all matrices
are invertible, G* can be as follows

GGG if:m<r
G*={ G™! if im=r. (14)
G'[GG"] ifim>r

Therefore, by (14) and the ideal controller (8), (10) can
be achieved.

3.2 The non-singular control design
in the presence of input saturation

By an unknown vector g;(X), non-affine nonlinear systems
(3) can be transformed into a nonlinear affine system (4).
Thus, it is challenging to determine an accurate function of
F(X) and G(X). Therefore, the controller (8) is unrealiz-
able, because F(X) and G(X) are unknown and D(7) # 0.
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To overcome these kinds of problems, an adaptive fuzzy
method is used to estimate unknown functions and uncer-
tainties. Thus, it is very important that, although the pro-
posed method needs an accurate function of F(X) and
G(X), this paper does not require those functions to be
known. Let denote:

G [(}A(A}_]il if im<r
G ={ ¢ ifm=r. (15)
(A;T[GAGT]*1 ifom>r

where G is the adaptive fuzzy estimation of G. The
adaptive fuzzy controller can be still unrealizable because

. . . A A A AAT
it is possible that matrices GG , G , G, GG are not
invertible.

Definition 2 (Ghavidel and Kalat 2017a): Let H be a
square matrix and H™! be the inverse of H. So, the regu-
larized inverse of H is defined as
H' =~ H = H’[5SI+HH’]"', where J is a small regu-
larization constant. Using this scheme, it is not necessary to
limit the parameter estimations to avoid the singularity
problem.

The suggested control scheme is not limited only to the
control of MIMO systems; it can be easily extended to the
SISO, SIMO, and MISO systems, because MIMO non-
affine systems can be transformed into SISO affine systems
(i=1 and j=1), SIMO affine systems (i =1,..,r and
j=1) and MISO affine systems (i=1 and j=1,..,m).
Note that if g7, be the inverse of G(X) = [g;;]eR"*!, then
the regularized inverse of g,; is defined as
g =g =g [O+eh]

Hence, by Definitions 1 and 2, the estimation of control
gains can be proposed as

¢ ~¢"
[¢'6|'¢" x [6([¢"6|'¢")|"  irim<s
el ifm=r
AT[GAC;T ifim>r

(16)
Indeed, a non-singular robust indirect adaptive fuzzy

controller with estimation Gr# is applied to overcome the
singularity problem

U, :Gr#(—f‘+ﬁ+ur) (17)

where F , G, and U are estimates of F, G, and control input
U, respectively, and u, is a robust control vector to com-
pensate for uncertainties. Let denote:

~ > T
F:[fl7"'7fr] B
gll ng glm
G: P c R xm
grl ng grm
T
Ur = [l"rla .. -7urr]

To apply the non-singular controller U,, the general
dynamic model (5) can be rewritten by adding and then

subtracting GU + (—F + B + u;)
X:AX+B(F+D+GU)+B{(G—G>U
+(-F+B+u) — (-F+p+uy)}

X=AX+Bf+B(-F - GU+D +u,)
+B{GU— (—F+B+ur)} (19)

(18)

where F=F—F and G =G — G. After some simple
manipulations, we can obtain the tracking error as

E=(A-BK)E+B(F+GU-D-u,) +Bo(X)
E=(A-BK")E+B(F+GU-D; —u,) (20)

Dy =D—06=[dy,....ds)", and o(X)=
{(—f +B+ ur) — GU} is an uncertainty that appears

where

because of applying the regular inverse technique.
The tracking errors (20) for each subsystem can be
rewritten as

El‘ = (Al — B,KIT)EL + Bl(f:+ g~uj — da'i — urj) (21)

wherefi :fi —fiand g; =g — g,

The controller (17) is still unrealizable because it might
not always be available due to the input saturation. We
assume that the control input U is bounded by upper and
lower bounds as

Umaxj Uoj > Umax j
U = sat(u(,j) = q Uy Unminj <Upj <Umaxj (22)
Uminj  Uoj < Umin j
T . .
where Uy = [Up1, ..., U] is the controller input to be

designed; upay; and up;,; are known
upper and lower bound of the controller u,;. The new
ideal controller can be proposed as

U* = sat(U}) (23)

where U* = [u“f, u*]T. Then, we have

s Uy,
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U =sat(Uy) =U, + A (24)
where A = [A,, ..., A,]". It is important to notice that A is

zero in the areas of u,yj <uoj <Upayj since U = U,, so that

{ AIj =0 Uminj <Upj <Umaxj

Ay #0 otherwise (25)

By substituting the proposed controller (17) into plant
(1) and based on (24) and (25), the tracking error for
Uminj <Uoj <Umax;j (i.€., Ay = 0) can be written as

El’ = (Al — B,KZT)E, + B,(fj + guj — da,' — I/trj) (26)
Also, for out of the area iy ; < Uy < Umayx; (i.€., Ay 7# 0),
we have
El‘ = (Al — B,KZT)EL + Bl(fj-f— guj + Aj — d(,—i — Ltn')
(27)

By (25)-(27), the tracking error for umin; < toj < Umax;
can be written as

E = (A — BKDE; + B;(f; + &uj + d; — uy) (28)
where
dr — d]i = 7do'iuminj < Upj < Umax;j

1 dip =Aj—ds otherwise

Note that the robust controller u,; can play an important
role to compensate for these uncertainties.

4 Barrier Lyapunov function-based adaptive
fuzzy control

As previously mentioned, it is assumed that F(X) and
G(X) are unknown. Therefore, we use the fuzzy estima-
tions F and G instead. It is very important to note that one
of the most important purposes of the article is to design a
general nonlinear modeling of multi-input/output affine
and non-affine systems. In this study, we suggest the
adaptive fuzzy method and develop the proposed controller
and general nonlinear modeling by this algorithm. Thus,
the adaptive fuzzy method is only one way to estimate
unknown functions (we can use other methods, e.g.; neural
networks). Furthermore, to improve the performance of the
control system, the proposed OBLF approach is employed
in this section. Therefore, the first descriptions of the fuzzy
logic system and observer models are presented in Sects.
4.1 and 4.2; then, the OBLF method is suggested.

4.1 Description of the fuzzy logic system

To improve the control performance of the adaptive fuzzy
scheme and also to reduce the number of fuzzy sets and

@ Springer

rules, the authors in (Ghavidel 2018; Ghavidel and Kalat
2018) employed a fuzzy logic system that the feedback
error functions as fuzzy inputs are used instead of the state
variables. Hence, it can be developed for SISO and MIMO
systems.

It is very important that, based on (5), F is a function of
X and U. Thus, it is a challenging problem for the fuzzy
system because the control input U is directly fed back into
F. This paper uses a simple method to overcome this
problem by applying the following fuzzy input:
E=Y_,5% =Y, K/E, Note that if the state vector X

r =

is not directly measurable, hence == Yo Ei=
Yoy KiTE,- can be as the input of the fuzzy system, which

Ei is an estimation error vector of E; (for more details, see
Sect. 6).

Thus, the fuzzy logic system is introduced with the
following fuzzy IF-THEN rules as

R :IFEisF'THENy =y, ...(1=1,2,...,M) (29)

F' and y' are the fuzzy sets, and y; and Wy are their
membership functions, = and yeR are the input and output
of the fuzzy system, [/ = 1,...,M is the number of fuzzy
rules. The output of the proposed fuzzy logic system can be
written as

<l
v _ 07e(2) (30)

0=(',.. .,yM)T is the output fuzzy membership
function. Also, the fuzzy basis functions are defined as
= Ut (é)
Y@ ==t = (31)
St [ (2)]
gE) = (&,....eM)' (32)

The optimal parameter vectors 0 are defined as
0" = arg mingeo [supzcp xer [V(EIB) —y(X)[]  (33)

where |l - Il represents the Euclidean-norm of a vector. Also,
Q is the compact set defined as Q = {0: /0] <m,},
where m, is the positive constant specified by the designer.
The minimum approximation error can be written in terms
of the optimal parameter estimates asw, = y(£|0) —y(X).

Remark 1 Note that another method can be applying Z; as
the input of the fuzzy logic system. Then, fuzzy [F-THEN
rules can be rewritten as: {RZ: IF él is FZ1 and ... and ﬁ, is
F!, THEN y = '}, where F! are fuzzy sets. One problem
with this method is that increasing the number of fuzzy sets
and/or fuzzy IF-THEN rules, compared to the use of fuzzy

r —

input =757 &,



Barrier Lyapunov function-based adaptive fuzzy control for general dynamic modeling of affine and...

12545

By the above detentions, fl and g; can be described as

follows
f(E]6;) = 0]¢,(E) (34)
£;(E10;) = 078;(Z) (35)

Also, 07 and 6:.‘]. are the optimal parameters and can be
defined as

0; =arg ming,co, {SupéeR,XeR"Hﬁ(‘éwi) _fi(X)H]
0:'; =arg minoi/'egif [SupéeR,XeR” Hglj (éwij) — & (X) H}
(36)

where Q; =10, : m; <||0;]| <m;} and Q; =
{0 : m; <||0;]| <mj;} where m;, m;, m; and m;; are the
positive constants specified by the designer. Then, the
minimum approximation errors can be written in terms of

the optimal parameter estimates as

o = {f(210]) ~£(X)} + {&;(210;) — &%) }
(37)
By fuzzy systems (34) and (35) and the minimum

approximation errors (38), the tracking error (28) for each
subsystem can be as follows

Ei = (Ai — B,-K?)E,‘ + B; (élTal + é;&uu, + wyi — u,i)
(38)

where Wy = d,’ + wy, 6,’ = 9,’ — e;k and 6,-]- = GU — 0;

This paper suggests the fuzzy input = for the fuzzy
approximators; thus, one drawback of utilizing this
scheme is that the approximation error o; maybe increased.
Hence, a robust term is required to compensate for the
fuzzy approximation errors. Thus, though ﬁ(ﬁ|6,) and
§,(E10;) are applied to estimate f;(X) and g;(X),
respectively, the controller is still viable.

4.2 Observation of the state vector

The control of the nonlinear system becomes more com-
plicated when the state vector X is not directly measurable.
Thus, a state observer should be established to approximate
the unmeasured states. The following errors are employed.
T

— error vector E; = X — X; = {e,-, . el(""fl)]
— error of the estimated state vector (error observer)

A A P T
E=X,;—X = [e},.. e ”}

- €

- observation

E 5 & T
Ei = Ei - Ei = Xi - Xi = |:gi; ey gl('m_l)j|

€rror

When an observer is applied to estimate the state vector
X, the suggested control law (17) can be rewritten as

U, =G (—1? . ur) (39)

where ﬁ = [/;17.. " B,]T = [(xg;‘) + K{El),.. . <x‘(;;")
+K'E,)]".

By (39), the tracking error (38) for each subsystem can
be rewritten as

E = AE - BK'E; + B, (é?gi 0,8 1) + w1 — u)
(40)
The observer is designed as follows
E = (Ai— BK')E + K.é:

é; = CTE, (41)
€~,': ei—é,':ClTEi
From (40) and (41), we have
E = AE - BK/E: + Bi(é,-Tfi + é;ilyuj + Woi — Mn‘)
(42)

E, =AyE; - BiK,'TEi + Bi(éini + éééijuj + Woi — uri)
= A Ei +B, (6iT§i + é;fl‘ju_i + w1 — uri)

(43)

9 kﬂnii] r
which guarantees the characteristic polynomial of Ay =
A; — KCT to be Hurwitz. Note that —KE; in (42) can be

a part of uncertainties as wy; = ®,; — KITE, Otherwise, the

where K.=[kc;, . . is the observer gain vector

matrix Ay in observation error dynamics (42) becomes
Ay =A; —K,C' —~BK'E. Thus, it is difficult to
demonstrate that this matrix Ay; is Hurwitz, in a high-order
system especially.

There exist positive definite matrices Q; and P; such that

AP, +PA; +Q; =0 (44)

where for a given positive definite matrixQ);, there exists a
positive matrix P; which is the solution of the following
equation, and the entries of the vector By =
[Diiy- oy b,lii]TeR”f which are positive constants.

Because only the observation error e}; can be measured
in the observation error dynamics (42), we apply the SPR
Lyapunov method to study the stability of the error
dynamics (42).

Note that these approaches are proposed based on the
Strictly Positive Real (SPR) condition and Lyapunov the-
ory. But in this paper, it can be extended to SPR condition
and barrier Lyapunov function theory. Furthermore, by this
method, matrices Q;, Po Q;, P;, vector By and filter L;(s)

do not require to be known.
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The observation error dynamics (42) can be written as

€ = Hi(S) (éngl + égguu] + Wy — I/tr,'> (45)
where
1
Hi(s) = CT(sL xn. — Ay) 'B; =
(S) ! (S e Sl) s+ k515’1i71 + ...+ k(‘ni
(46)

and H;(s) is a stable transfer function. Hence, (45) can be
rewritten as

G = Hi(s)L,-(s){Li(s)_l (éki + 0 &gy + o — u) }
(47)

where filter L;(s) is chosen so that H;(s)L;(s) is an SPR
transfer function, and also Li(s)_l is an appropriate
stable function. LetL;(s) = by;s™ + bys™ ' + ...+ b,,,
wherem; = n; — 1. If the entries of the vector By =
[bii, ..., byi] €R" are positive constants, all roots of L;(s)
are stable. So H;(s)L;(s) can be an SPR transfer function.

The state—space realization of (46) can be written the
following form

E = AGE — B,L] (é[Tfi + é;iijuj + o — Mn') (48)
~ T

where we now have E; = [’E,-, e ?zf""fl) .

It is challenging to determine the entries of the fil-

terL;(s), i.e., entries of the vectorB; = [by, ..., b,,l.]T. To
overcome this problem, we can rewrite (47) as
E, = AJE — B, (é,-Tfi + é;fguj + w; — Mn‘) (49)

where w; = wy; + ®; is a lumped uncertainty and @; can be
written as

w; = (L;I - 1) (élez + é;‘fi/”j + o = uri) (50)

To achieve the proposed OBLF control method, the
error Eq. (45) can be rewritten as

e.},- = (élTél + 6;5,]14] + w; — l/tr,') (51)
where

~T ~T
wi = (Hi(s) — 1) (9,- &+ oijCijuj + w1 — Mn') (52)

4.3 OBLF control approach

The barrier Lyapunov function is an efficient technique to
resolve the drawback of output constraint. By confirming
the boundedness of the barrier Lyapunov function along
the system trajectories, the transgression of constraints is
prevented (Shaocheng et al. 2005; Schkoda and Crassidis

@ Springer

2007; Shahnazi 2016). Now, the observer error signal e1;
needs the barrier function V;(¢) to avoid it from reaching
the limits +k;.

1 K2
i =3leg—z

i si

(53)

where log(.) denotes the natural logarithm of(.), and k; the
constraint oney;, i.e., || <k;. As seen from the schematic
illustration of V;(eg(f)) in Fig. 1, the barrier Lyapunov
function escapes to infinity at |eg| = k;. It can be shown
that V; is positive definite, and thus, a valid Lyapunov
function candidate in the set|egi| <k;. From (Schkoda and
Crassidis 2007; Shahnazi 2016), if V,(¢) is positive definite
andV,(¢) <0, for proper positive constant k; we have
|esi| <k; so that V,(r) — oo as|eg| — k;. Indeed,
esi€(—k;, +k;)Vre[0, 00).

It is an important advantage that the proposed barrier
Lyapunov is a function of the observer error signal
ey = e; — ¢é; = X; — x;, because the selection of the
parameter k; will not be complicated. Indeed, we expect
¢s; — 0 at all times; hence, we always have a limited
observer error as |eg| <k;. Therefore, the proposed barrier
Lyapunov functions can maintain the observer error ¢;; in a
small area. Hence, we can hope that the tracking errors are
bounded and converge toward zero, i.e., ¢;, ¢; — 0, because
es = e; — ¢; — 0. But, the conventional barrier Lyapunov
(Shaocheng et al. 2005; Schkoda and Crassidis 2007;
Shahnazi 2016) is a function of the trajectory signal error
e; = x4 — x;; thus, a selection constraint will occur for
parameter k; or desired trajectory state xy;, since k; directly
depends on x4 as |e; = xgi — x;| o< k;. Indeed, even in a
good tracking trajectory (e.g., ¢; = xqi — x; — 0), parame-
ter k; may be a large constant. Therefore, the conventional
barrier Lyapunov functions can only restrict the tracking
error ¢;, and it designs a control method that does not drive
e; out of the interval |e;| <k;. In other words, it can’t be
concluded that the tracking errors asymptotically converge
to zero. For more details, see Fig. 2

V.(@®)
A

s ‘> B
—k; O +h

Fig. 1 Schematic illustration of barrier function
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Now, we define the robust H.-like control term and the ‘-, ~

proposed OBLF-Adaptive Fuzzy Laws (OBLF-AFL) as 0 { Ode+0(0) m <|[|0]|<m (58)
1 . <4 ) m 0] > m

Ui —2_/1?(Zi+esi) (54) m 10| <m

0, = iz + )& (55) where 0; aEd 0; are described as 0, and @ and m;; are

) defined as 1, and also m; and m; are described as m. The

05 = —v;(zi + €si)u;&y (56)  block diagram of the proposed control method is shown in

where z; = €4/ (kl2 — 'efi), and /;, k;, 7;, and 7;j are positive

designing constants. Also, the H.-like tracking perfor-
mance can be achieved for a prescribed attenuation level 4;.

In the conventional robust H,, control terms, it is
assumed that parameter 4; should be sufficiently small so
that the derivative of the Lyapunov function is semi-neg-
ative definite, but this condition yields a very high mag-
nitude of control input u; which is not practically feasible.
An inappropriate adjustment of parameter 4; may cause bad
behavior of the whole system, e.g., a higher frequency of
chattering or a higher tracking error may occur. The pro-
posed bounded robust H., control term can be one prob-
able answer for solving these problems. The main purpose
of this technique is to increase the accuracy of the closed-
loop stability. In other words, to improve the compensation
for uncertainty w;, a strategy is using the proposed bounded
robust control term. Now, we propose the bounded robust
H . -like (54) as

Ui = Uzi + Uei (57)
where

1
1 (z:)
U, = sat ——=Zi = 2"2
¢ <2)2 ) *i

i wisign(z;)  else

|Z,'| <w;

1
( 1 ~> — (&) |esi| <
Up; = sat ~36i | = Z/Li
2/; ;sign(éy;) else

where w; and @; are the user-defined bounds as |w;| <w;
and |w;| < @;.

Also, to guarantee the fuzzy parameters are bounded, 0;
and 0;; can be improved by a simple projection algorithm.
Improved adaptive laws with projection can be written as

Fig. 3.

Remark 2 Although the suggested observer-based tech-
nique requires proper conditions for filter L;(s) to
H;(s)Li(s) be SPR, the filter L;(s) and vector By;(s) don’t
need to be known (i.e., in other words, the filter L;(s) is
only applied for analysis purposes). In (Tee et al. 2009), the
authors employed a filtered version of adaptive fuzzy law.
It seems that applying these filtered adaptive fuzzy laws
can make the control system design very difficult, while the
Lumped uncertainties w; and w; can be compensated by the
bounded robust H.-like (57).

Theorem Consider the uncertain nonlinear system—in the

form of (1), then using the proposed controller (39), the

robust control term (57), and the OBLF-AFLs (55) and
(56), the tracking error of the closed-loop system will be
uniformly ultimately bounded.

Proof Consider the Lyapunov function.

| PN (e S 1 k2
Vi=-E P,E +-EPE;+-log—"— +—
2 1 +2 St +20gk12—~§l+ ;

The derivative of V; is obtained as

. 1 T ~ T ;
Vi= 7 B Py E; + E; P, E;

G
2_2 g

i € U

| ~T_ < 2
+ E{EsiPiEsi + EsiPiEs,} + k2
1 ~7~
+—0,0,
Vij

Fig. 2 Boundary layer k; based
on the conventional barrier
Lyapunov function V;(e;(1)),

Xgi weenes

Xj —

and the proposed barrier
Lyapunov function V;(ey(z))

Tracking trajectory

ki>ler = x4 — x;

Observer trajectory

Time (s)

Time (s)
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Fig. 3 Block diagram of the
proposed OBLF approach by

robust adaptive fuzzy
controllers

U, =G*(-F+B+u,)

Uj | General nonlinear systems;

MIMO, SISO, SIMO, MISO

0; = —yi(z; + &)¥; - NV E E = A"iﬁi +Kali| E y
0y = —vi(z + gy (17 Z:i Gm— ) & = c;rgi —
- & =CE .
T f €1
< — & g
Upi = Uy + Ug; X A= k7-e% |
The bounded robust H,-like The proposed OBLF
By substituting the tracking errors (41) and (49) into V= —lEiTQoiEi _ EESQiESi
(60), and after some simple manipulations, we have 2~ T ~%
1 7 T + esi<0i gi + Bijgzjuj + w; — uri)
Vi =-E; {A,iP,; + PyA,E: + E CKP,E, <7, =T 1 ~r2
2 1 ET } SO ~T, =T +Zi(9i S+ 0585+ wi - Mri) +2 0.0
+ 3B {AGP + PAGIE, + B PB {0, & + 0,8 | ore 4
2 Y +-0,0; (64)
2 €si€i I -1 1 ~72 Vij Y
+@—uﬁ+&ki;q+;&9r%f%ﬂg ij
i T € i Vij . 1.1 =7  ~
(61) Vi = - EEl QoiEi :TE Esi?;ESi
Utilizing (11), (44), and the error dynamics (51), the + (it esi>(9i &+ B,ﬂl-,-uj) + €si(wi = up)
1 ~7< 1 ~7=
latter results + zi(wi — uy) + - 0,0, + - 0,0, (65)
i ij

. 1. L~ 1~ . - .
Vi = =3B/ QE — S E,QE, + E;CKIP,E,
- ~T ~T
+ELPB{0/ €, + 0, &y + 0 — s}

Esi

a’ Al 1 =1
+ k2 52, <01 ‘t:i + aljél]u] +wi — uri) +Z01 g,

(62)

Based on the vector By; in filter L;(s) (Ghavidel and
Kalat 2017b, 2018; Ghavidel 2018), define that

~T ~T - . .
E PB, = E ,C; = e;; now after some manipulations we
have

B, CKIPE, + BB {08, + 0,8 + 0 — s
_/~T ~T
= ex,-(ﬂi ai + Oij&ijuj + w; — u,,-)
(63)

where KZiPOiEi can be a part of the uncertainty ;. Then,
(63) can be rewritten as

@ Springer

By the fact 6,- =0; and 61-] = éij, the adaptive laws (55)
and (56) we have

1A7 R 1

SEQE 3

~ _ 1~
+ elT ((Zi + e_yi)a[ +))_ 9,)

1

Vi E;[;Qiffxi

~T _ 1 = _
+0; | (z + es)ug; + . 0 | + esi(wi — uy)
i

+ Zi(W,‘ — I/lri) (66)
, Vot o et~
Vi = - EE[TQoiEi - EEZ;QlESl + esi(wi - uri)
+ zi(wi — uy;) (67)

By the robust term u,;, for out of the areas |z;| <w; and
|eyi| <@;, we have
. 1. . 1
Vi = — SB[ Q,E; — SE{QE, + (wiey — dileg
SEQE -~ JELQE, + (0 ~0le) (o
+ (wizi — wilzi])
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. lar o~ 1=7 =~ e T 5
Vis 3K Q,E; — 5ES,-Q,-ES,- + (|wil[esi| — @iles) 2Vi(T) + / || Eil|g,dt < 2V:(0)
_ 0
+ (willzi| = wilzi]) , [T 5 2
6o+ 2] (Il + o)
. 1. N 1~ ~
Vi< S E/QE — E,QE, (700 ¢ 1,
2 2 / Eo,dz <2V;(0) + 3 M, (76)
Since |w;||es| <@;ley|, and |wil|zi| <Wi|z|. For the

areas |z;| <w; and |ey;| <@;, we have

1.7 1~71 gy,‘Z,‘ ~ 52.
Vl =—-E OlEl -E lESl ‘ siWj =
2 Qb =3 B Qs =577+ (e “ 2)3)
I
1 1 2112
(71)
Note that
1 1/1 |
Ziw; — —Z-2 =—=—z— Lw; +_)v'2W‘2
2].,2 1 2 ii 2 1771
1 1/1 ! (72)
e},w,- — 7(,’~2~ = — = *EN”‘ — /li(i)i +*/12(U2
L 2/112 Si 2 ii § 2 1770
Therefore, the previous relation becomes
. 1.7 - l~7 =~ 1 1, ,
< __E. F —_RFR OF. ——%.7 4 _)%n?
Vi< ZE, Q,E; 3 ES,QIE.W /112 esiZi + 3 /1, w;
1
+5 2! (73)
) 2 ~ 2
Since — (%zi - A,-w,-) <0 and —3 ()l ey — /l,a),-) <0
Also, based on (Ren et al. 2010),—eyz; <0
K2 2
Oslogiy— 5 < gz = o (74)

Thus, from (74) we have —%Zsizi <0. Finally, (73) can
be written as '

. 1 1
Vi< LB 4 L 2 (02 + ) (79)

. T
where [E; = [E,‘,ES,} and Q; = diag[Q,;,Q;]. Also, Q,;

and Qare positive definite matrices. Therefore, the H .-
like tracking performance can be achieved, and also for 4;
sufficiently small, Eq. (75) will be true and the bounded
H -like tracking criterion will hold. Then, the integration

of V; from 0 to T gives

T . 1 T )
[ o= =3 [ 1ERa
0 0
1 12 ' 2 2
w342 [ (Il -+l ),
0

It is assumed that there exists a positive constant M; > 0
such that [ (||w,-\|2 + \|wi|\2)dt < M;; then for the integral
JollEilI%,dr one gets [||Eil[3,dr <2V;(0) + 22M,. Thus,

the integral || g||[Ei||épidt is bounded and according to Bar-
balat’s Lemma; we have

limE; =0
IimE=0= ¢ 7> = 1lmE,=0= 1limE =0
t—00 IimE; =0 t—00 t—00
1—00
(77)

Remark 3 From (73)-(75), and by term —)%Esiz,-<0, we
can see that the proposed OBLF approach makes the
decreasing of the time derivative of the Lyapunov function,

because % is a large constant. Therefore, we showed that

the proposed scheme can improve V;(7)

1

. 14 A 1~ ~ 1
Vi< — {5 E,-TQoiEi + 7 ESTI-Q,-E.W‘ +— EsiZi}
4 (78)

l 2,2 2
+2),[ (w; + 7)

Remark 4 If z; =0, we have a control approach without
OBLF-AFL. Therefore, the robust controller with Obser-
ver-Adaptive Fuzzy Law (O-AFL).

1 .
Uy = ;ﬁzesi (79)
éi = _ViéviE_yi (80)
0!] = _Vijé.?iujgij (81)

The stability of the controller with O-AFL is almost
similar to the suggested OBLF-AFL method. Consider the
Lyapunov function

loro o lor o~ 1 1
V= EE?PDIEi + EEsTiPiEsi +5- 9?0,' +

~T~
—0.0, (82
2')),' 2yl'j vy ( )

The derivative of V; is as follows
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! ~ 1 ~72 1 ~72
+ 6},‘ (0?5, + OZéUMJ + w; — I/l”‘) + —0?0, + —0;0,/
Vi Vij
(83)
Similar to the proof of the OBLF-AFL method, it is
simple to see that the derivative of V; is obtained as

. 1 1

4.4 The control approach for semi-known affine
and non-affine systems

If we assume that f;(X)=f,;(X)+Af; and
8;(X) = ,;(X) + Ag;;, where f,; and g,; are well known,
and Af; and Ag;; are unknown functions, one useful method
is rewriting the affine system (4) as

{ X" = {f(X) + Afi} + f;l {goi(X) + Agy yu; + di(t)
Yi = Xi "
(85)

{ 5" = 1(X) + 32 80 (X + Wi+ (1) (86)
Yi = Xi

where V¥; = Af; + Zj”;l Ag;u;. The new proposed con-
troller can be as

U, = GI <—F0 Yh-W— ur) (87)
where

Fo=[fo1(X), - -.for(X)]"
Go — [gij} 6zR/rxm
W= (W, P,

Now, we can apply the proposed adaptive fuzzy esti-
mation W, = 0'¢, (F;) for uncertainties ¥;, by adaptive
laws (55) and (80); OBLF-AFL: 6; = —y:(zi + €4)&;, and
O-AFL: §; = —v,e5E,;. The stability of the controller (84) is
similar to the previous schemes. Consider the Lyapunov
function

Lar o 1~7_ <~ 1 =7+
V.==-E. P,E; + —E_P,E; —0; Oi 88
2 TR ‘+2“/< ' (5%

1

The derivative of V; for OBLF-AFL and O-AFL meth-
ods is as follows, respectively,

@ Springer

. 14 R 17 ~ ~
Vi=— EE,-TQUI‘EI' —3 E QE, + (z; + ¢4)(0]€)

_ 1 ~7+
+ egi(wi — uy) + zi(wi — uy) + ;91' 0; (89)

. 1.1 .\ l~7 =~

Vi=—ZE QE —SEQE,; + :(6]¢

) i Qot ) inl +e ( i gz)

- ~T%

+ esi(wi — u,i) +— 01’ 0; (90)

Vi

It is simple to see that the derivative of V; is obtained as

V,' < — % ﬂEiT@iﬂEi + %/1126012

5 Simulation example

For highlighting the usefulness of the proposed control
method with input saturation, it is applied and simulated
under different levels of disturbance. In Example 1, the
proposed control is simulated for a SISO non-affine sys-
tem. In Example 2, the proposed control is applied to a
SISO compressor system. In Example 3, the proposed
control is simulated for a MIMO non-affine system with
square control gain. Furthermore, to apply the control
method of Sect. 4.5, in Example 4 and 5 we use a semi-
known 6-DoF underwater vehicle and a Hybrid Energy
Storage System (HESS). Results illustrate the tracking
performance for two cases: 1) the control approach with
OBLF-AFL and 2) the control approach with O-AFL.
The constraint parametersmi;,im;;, m; and m;; are delib-
erately chosen to be large enough (Ghavidel and Kalat
2017a, 2018). For all examples in this paper, we have three

fuzzy membership functions ul(é) which are assumed in
the form of 1,(E) = exp {—((E+cz)/az)2} where rule /
denotes the [ th fuzzy rule forl =1,2,3, where ¢; =
{=1,0,1} is the center of,;; = {u, tty, 13}, respectively.
Also, g; = 0.3 is an arbitrary constant value. Moreover,
§&=¢;=1[,4, &)" and ¢ is a positive value expressed
as (31). The disturbance isd; = {0.5sin(nt) x u(t)}
+{5sin(27t) x u(t — 10)}, where u(.) is a unit step func-
tion. The control design parameters for Examples 1-5 are
given in Table 1.

Example 1 Model features:

SISO

Non-affine

Linear input—output
Unknown model

The dynamic equation of a SISO non-affine system is as
follows (Tee et al. 2009)
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Xll = X2
. Ui
X2 = —x1 + 2xp — 2%%x) + ——— +d
! \/|M1|—|—0.1 !
Y1 =X
(91)

The initial conditions of fuzzy parameters are chosen

randomly in the intervals 0,(0) =[—0.5,0.5] and
0,1(0) = [2,3]. Also, the control input is limited
between — 50 and 4+ 50, A, = [00, 10], K., =

[kcn,km]T and C; = [I,O]T (note that i = 1). Moreover,
the desired value is x,; = sin(n/5).

The tracking trajectory x; for SISO non-affine system
(i,j = 1) is shown in Fig. 4. The tracking performance of
the proposed controller with OBLF-AFL is proper; there-
fore, it can be seen that the proposed technique can guar-
antee system performance among uncertainties, and for this
task, it reduces the amount of chattering. Furthermore,
Fig. 5 shows the estimation errors é; and ér. Figure 6
illustrates the control inputs ©; with input saturation +50.
The results of the study obviously show that the proposed
approach can achieve suitable performance.

Example 2 Model features:

SISO

Affine

Nonlinear input—output
Unknown model

Consider a compressor motor of a fuel cell system. The
dynamic equation of the compressor system is as follows
(Ulrich et al. 2012)

Q=J"(kI — kQ — Q) +d
I=L"Y(—RI —kQ+V)+d,

= (92)
P=v,'(c,Q—k'P) +ds

where V, I, L, R, Q, P, and Q = c,P are the voltage input,
the current input, inductance, resistance, the propeller

122 124 126 128
L

0 5 10 15 20
Time (s)

Fig. 4 Tracking trajectories: x4; (dotted line), x; by OBLF-AFL (solid
line) and O-AFL (dashed line), for Example 1

0.1

0.05

-0.05

-0.1 . ;
0 5 10 15 20

Fig. 5 Tracking trajectories ¢; and é,: by OBLF-AFL (solid line) and
O-AFL (dashed line), for Example 1

60

40
20

-20

-40

0 5 10 15 20
Time (s)

Fig. 6 Control input u; by OBLF-AFL (solid line) and by O-AFL
(dashed line), for Example 1

Table 1 Control design

parameters for Examples 1-5 Parameter Example 1 Example 2 Example 3 Example 4 Example 5
Vi 71=500 71=7,=100 71=7,=600 V1s--->Y6=500 71=700
Yij 711=1 Y11=722=20 Y11=722=50 - -

Y12=721=50 Y12=y21=10

Y13=723=50
Ai 41=0.01 M=/2=0.01  1;=/,=0.01 At,..s46=0.02  4;=0.01
ki 0.7 0.7 0.7 0.7 0.7
Kii =Ky 2,27 [30,30]" [10,10]" 2,2]" [20,20]"
Keii =Ko [20,20]" [50,50]" [100,100]"  [50,50]" [40,40]"
0 0.0001 0.0001 0.0001 0.0001 0.0001
0, Pi.0,;, P,i, By and L; No need No need No need No need No need
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rotational velocity, piston pressure, and shaft torque,
respectively. Also k;, k¢, k., J, ¢y, vy, and k; are the motor
constants. Therefore, non-affine models (85) can be pro-
posed as

. .x.l :Q
{x'l =Q=fi +gu +d) %)

where
f1 =biQ+bQ+b3Pg =bsy, and uy =V
The model parameters are follows:

ke+RJ by — chJrc,,v,;lk;lL
L 3 =1L

by = _R+k¢kr+LC,;v,;‘ch’ by = ) _

by =",

The initial conditions of fuzzy parameters are chosen
randomly in the intervals 0;(0)=[-1,1] and
0,1(0) = [1,3]. Also, the control input is limited between -
8 and +8, A, =[00,10], K. = [kai,kai]” and
C, =[1,0]". Moreover, the desired
Xg1 = 5sin(w/53).

The tracking trajectory y, for SISO non-affine system
(i,j = 1) is shown in Fig. 7. The tracking performance of
the proposed controller with OBLF-AFL is proper; there-
fore, it can be seen that the suggested control design can
guarantee system performance among uncertainties, and
for this task, it reduces the amount of chattering. Moreover,

value is

Fig. 8 shows the estimation errors ¢; and 51. Figure 9
illustrates the control inputs u; with input saturation +8.
The results of the study clearly demonstrate that the pro-
posed method can achieve suitable performance.

Example 3 Model features:

MIMO

Non-affine

Nonlinear input—output
Square control gain
Unknown model

Consider the following academic MIMO non-affine
nonlinear system as

45 45
2 25 3 1 125 13,

0 5 10 15 20
Time (s)

Fig. 7 Tracking trajectories: x4 (dotted line), x; by OBLF-AFL (solid
line) and O-AFL (dashed line), for Example 2
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0.04

0.021

-0.02f

-0.04

Fig. 8 Tracking trajectories ¢; and é']: by OBLF-AFL (solid line) and
O-AFL (dashed line), for Example 2
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Fig. 9 Control input u; by OBLF-AFL (solid line) and by O-AFL
(dashed line), for Example 2

X1 = x

X1 =x7) + 1.5x3) + 1.5u] + (3 —sin(xyy))uy —up + dy

Xg] = X11 — 0.8)C3]

X2 =X

Xy = )C%z + x11 +X%| —0.2u; + (1 +X%2)u% + (2 + COS(xlz))Mz +dy
X3 = x12 — 2x32

Y1 = X11,Y2 = X12

(94)

Based on (Ghavidel 2018; Ghavidel and Kalat 2018),
the system with output y has a relative degree of 2
(r =2) for each subsystem. The zero dynamics of sys-
tem are X33 = x1; — 0.8x31 and X3 = x15 — 2x3,. This
means that system is stable. Thus, it can be modeled as a
second-order plant. The realization process includes four
states (x11, X21, X2 and xp;), and the outputs are modeled
as y; =xj; and y, = xj» (states x3; and x3, neglected).
Therefore, we can show the system without unmodeled
dynamic as

X1 =X

X2 = X3, + 1533, + 1.5u3 + (3 — sin(x11))u; — up + dj

X12 = X22

X2 = X3, +xp1 + 23, — 0.2u + (1 +x3,)13 + (2 + cos(x12))uz + da

Y1 = X11,)Y2 = X12

(95)

We can easily check that OF;(X,U)/0U > 0. The initial
conditions of fuzzy parameters are chosen randomly in the
intervals 911(0) = 922(0) = [—05,05], 911(0) = 922(0) =
[5,8] and 0,,(0) = 0,,(0) = [0.5, 1]. Also, the control input
is limited between — 3 and + 3, A,; = A, = [00, 10],
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Kot = [k, - - keai]”, Ko = ke, - -
C,=GC,= [l,O]T. Moreover, desired
xq1 = sin(n/5)and x4 = —sin(n/5).

The tracking trajectories x; for the MIMO non-affine
system (i = 1,2) are shown in Figs. 10 and 11. Moreover,
Figs. 12 and 13 show the trajectories of estimate errors é;

. kczz] Tand

values are

and é;. Figures 14 and 15 illustrate the control inputs u;
with input saturation £3. The results of the study clearly
exhibit that the suggested method can achieve proper
performance.

Example 4 Model features:

MIMO

Affine

Linear input—output
Non-square control gain
Semi-known model

To show the usefulness and effectiveness of the pro-
posed method, a physical example is employed. Details on
the matrices operated for a model of a 6-DoF underwater
vehicle with 8 thrusters can be as (Ghavidel and Kalat
2017a)

X =F+GU+D() (96)

where F=[f},....fo] eR®, G = [g;]eR®*, D=[dy,. ..,
de)" €R®, U=[uy, ..., ug] eRS.

Based on section 5.4, we assume that the system is
semi-known. The initial conditions of fuzzy parameters
are chosen randomly in the intervals 6;(0) =[—1,1].
Also, the control input is limited between — 20 and
+20, A, = [00,10], K = [keti, k2], and C; = [1,0]".
Moreover, desired values are x; = {2,3,4,%,%,25—” .

The tracking trajectories for the 6-DoF underwater
vehicle are shown in Fig. 16. The tracking performances
of the suggested OBLF-AFL are also proper. So, it can
be seen that the proposed controller can guarantee sys-
tem performance. We can see that the tracking errors are
uniformly ultimately bounded and converge to a small

1.05
0 I

1 22 24 26 28 122 124 126 128

- I I ]
0 5 10 15 20

Time (s)

Fig. 10 Tracking trajectories: x;; (dotted line), x; by OBLF-AFL
(solid line) and O-AFL (dashed line), for Example 3
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Fig. 11 Tracking trajectories: x4, (dotted line), x, by OBLF-AFL
(solid line) and O-AFL (dashed line), for Example 3
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Fig. 12 Tracking trajectories ¢; and éi by OBLF-AFL (solid line)
and O-AFL (dashed line), for Example 3
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Fig. 13 Tracking trajectories é, and éy: by OBLF-AFL (solid line)
and O-AFL (dashed line), for Example 3
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Fig. 14 Control inputs: u; (solid line) and u, (dashed line), by OBLF-
AFL, for Example 3

region near zero. Moreover, Fig. 17 illustrates the control
inputs »; with input saturation £20.
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Fig. 15 Control inputs: u; (solid line) and u, (dashed line), by
O-AFL, for Example 3

Example 5 Model features:

SISO

Affine

Nonlinear input—output
Semi-known model

The average control models of each part of a HESS with
the boost-buck converter (e.g.; battery or supercapacitor)
can be expressed as (Ghavidel and Mousavi-G 2022a, b)

V= F(I)

d/ R 1 Ve

bl (S T _

ar < I +LV> 2 up +d(r)
=1

©7)

where V and I are the average voltage and current, R and L
are the IGBT inductor and resistance, function [ is the

[ CEPS
202
-~ '~\ ~,
< qt 2 - - i
AV
1.98 : ;
0 .8 9 11 12
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3 .............
301 N
L ¢ s i
Y 2 3 pms "‘ q
1l 299 SN |
298
0 . 8 9 10 11 12
0 5 10 15 20
4 ..............
SN
><("> ot 4 o T o B
\I' v
398
0 .8 9 0 11 2
0 5 10 15 20

dynamical model of HESS (e.g.; battery in this study), u; is
the average value of the switching signal, d is the external
disturbance, and V; = 750 v is the stable voltage of the
DC-bus.

The system with output y; = I has a relative degree of 1
(r=1). Then we have; f,=(—-RI+V)L™! and
g; = —VL~!. The initial conditions of fuzzy parameters
are chosen randomly in the intervals 6;(0) = 0. Also, the
control input is limited between +1, A,; = [00, 10], K, =
[kcn,kcz]]T and C; = [l, O}T. Moreover, the desired value
is x41 = Ssin(n/53).

The tracking trajectory y, is shown in Fig. 18. The
tracking performance of the proposed controller with
OBLF-AFL is good, and for this task, it reduces the amount
of chattering. Moreover, Fig. 19 shows the estimation error
¢;. Figure 20 illustrates the control inputs u; with input
saturation 1. The results of the study clearly demonstrate
that the proposed method can achieve
suitable performance.

5.1 The comparing results

By comparing case results, it can be seen that the control
performance of the proposed control with the OBLF-AFL
method is suitable. Also, we see that the tracking errors can
converge to a small neighborhood of zero. Moreover, we
can state that the results show the usefulness and effec-
tiveness of the suggested controller and the ability to

g b )
1.06
SR AYYAY
05 B 104 \“; ‘k.i 4
0 __ 8 9 10 11 12
0 5 10 15 20
1
.............. - -
© 0.5} . ALY .
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Fig. 16 Tracking trajectories: x4 (dotted line), x; by OBLF-AFL (solid line) and O-AFL (dashed line), for Example 4
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Fig. 17 Control input u; by 20 ] 5
OBLF-AFL (solid line) and by - 10 ] o OL
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Fig. 18 Tracking trajectories: x4 (dotted line), y, by OBLF-AFL
(solid line) and O-AFL (dashed line), for Example 5
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Fig. 19 Tracking trajectory é;: by OBLF-AFL (solid line) and O-AFL
(dashed line), for Example 5
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Fig. 20 Control input u; by OBLF-AFL (solid line) and by O-AFL
(dashed line), for Example 5

maintain the system performance amid various uncertain-
ties and disturbances’ various amplitude and frequency.

In short, the performance of the proposed method for
various classes of nonlinear systems is suitable. The rea-
sons are that the proposed method is based on combining
advantages of barrier Lyapunov, fuzzy system, adaptive
method, a bounded robust H-like control term, and a
simple and accurate observer scheme. Also, we do not have
an SPR transfer function, and it does not require matrices
Q;, P;,Q,;, P,; and vectors B, B, to be known. Further-
more, the fuzzy estimator with the feedback error function
= as input in the fuzzy adaptive controller can improve the
sensitivity of ; to the tracking errors, while the number of
fuzzy term sets and rules is decreased. Moreover, the
proposed method is computationally simple, effective,
robust, and properly behaved in the presence of input sat-
uration. Also, by this technique, the chattering phe-
nomenon can be alleviated.

Remark 5 Some more comparisons were performed for
Examples 1-5 without the input saturation. According to
these simulation results, it was observed that with input
saturation a large overshoot of the control input may be
generated in the earliest moments as an impulse signal.
These large overshoots may cause bad behavior of the
system under control because they may play a destructive
role. Hence, simulation studies are neglected for this
method. Furthermore, several simulations were carried out
for control of various nonlinear systems, e.g., for MIMO
maglev bogy (Wen et al. 2011), MISO and SISO affine
MLS (Yousfi et al. 2014), MIMO affine robot system
(Ghavidel and Kalat 2017c¢), etc. Simulation studies show
the usefulness of the suggested approach. The simulation
results were under the fuzzy logic inputs = and X. These
simulation studies are neglected for this method. Briefly,
from Table 2 we can see the tracking performances of the
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Table 2 Comparison of the
control performances in the
presence of large and sudden
disturbances

OBLF-AFL O-AFL
Fuzzy logic inputs = X = X
The barrier function Yes Yes No No
Number of fuzzy sets/rules Few Numerous Few Numerous
Tracking errors Very small Small Meddle Exist
Estimation errors Very small Small Meddle Exist
Chattering phenomena Small Small/ Meddle Meddle Serious
Robustness Very good Favorable Fair Poor

Declarations

control approach with OBLF-AFL and O-AFL in the
presence of large and sudden disturbances. Also, we want
to develop our design method in the next study so it can be

applied for intelligent computing approaches (Youssef
et al. 2018; Li et al. 2019; Al-Qerem et al. 2020).

6 Conclusion

In this paper, a non-singular control strategy with an
OBLF-AFL is applied for various types of nonlinear sys-
tems (i.e., for MIMO, MISO, MIMO, and SISO systems).
Also, a bounded H,,— like control term is employed to
compensate for uncertainties. A stability analysis is intro-
duced to solve the problem of nonlinear systems with input
saturation. Moreover, the suggested scheme can be applied
to unknown or semi-unknown affine and non-affine sys-
tems. Also, the proposed observer controller does not need
SPR conditions to be identified. Moreover, a fuzzy esti-
mator with the feedback error function Z is used, so that,
the number of fuzzy sets and also fuzzy IF-THEN rules is
reduced. The suggested approach is robust and accurate
with less computing. The simulation results signify obvi-
ously that the tracking errors are very small. Finally, the
proposed strategy can maintain system performance
despite various uncertainties and external disturbances with
a proper reduction in chattering. The proposed approach is
not limited only to the simulation examples; it can be
applied to various class of nonlinear systems, e.g., MIMO,
MISO, MIMO, and SISO systems. We want to develop this
scheme in the next study, so it can be applied to industrial
and practical systems.
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