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Abstract
Complex intuitionistic fuzzy set, as an extension of intuitionistic fuzzy set, could describe the fuzzy characters of things more
detail and comprehensively and is very useful in dealing with vagueness and uncertainty of problems that include the periodic
or recurring phenomena. In this paper, various operation properties of complex intuitionistic fuzzy sets are investigated when
the membership phase and non-membership phase are restricted to [0, 2π ]. Meanwhile, consider that precise membership
values and non-membership values should normally be of no practical significance, and there is no equality and proximity
measure investigation on complex intuitionistic fuzzy sets. First of all, we proposed a new distance measure for complex
intuitionistic fuzzy sets. Then this distance measure is used to define (α, β)-equalities of complex intuitionistic fuzzy sets.
Two complex intuitionistic fuzzy sets are said to be (α, β)-equal if the distance between their membership degrees is less
than 1−α and the distance between their non-membership degrees is less than β. Furthermore, this paper shows how various
operations between complex intuitionistic fuzzy sets affect given (α, β)-equalities of complex intuitionistic fuzzy sets. Finally,
complex intuitionistic fuzzy relations are discussed and some examples are given to illuminate the results obtained in this
paper.

Keywords Complex intuitionistic fuzzy set · Distance measure · (α, β)-equality · Complex intuitionistic fuzzy relations ·
Operation

1 Introduction

Since the concept of intuitionstic fuzzy sets was put forward
by Atanassov (1986), the theories and applications of intu-
itionstic fuzzy sets have developed rapidly. It is well known
that intuitionstic fuzzy set was a generalization of fuzzy set
(Zadeh 1965).Meanwhile, the range of themembership func-
tion and non-membership function of intuitionstic fuzzy set
are limited to the interval [0, 1], and their sum also belongs
to the interval [0, 1], i.e., they all belong to the real numbers.
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The question presented by Daniel Ramot and other
researchers was, what will be the result, if change the co-
domain in the fuzzy sets to complex numbers instead of real
numbers? To discuss this issue, in 2002, Ramot et al. (2002)
proposed the concept of complex fuzzy sets by consider-
ing both the membership degree and periodicity of uncertain
problems. The membership function of a complex fuzzy set
is given by a complex-valued function, which comprises an
amplitude term and a phase term. However, this concept is
different from the fuzzy complex set introduced and dis-
cussed by Buckley (1989, 1991, 1992), Zhang (1992) and
Gong and Xiao (2021, 2022). Subsequently, to incorporate
the hesitation degree and the periodicity information into the
analysis, Alkouri and Salleh (2012) proposed a new innova-
tive concept and called it complex intuitionistic fuzzy sets,
where the membership functionμA (x) and non-membership
function νA (x) of a complex intuitionstic fuzzy set A instead
of being real-valued functions with the rang of [0, 1] are
replaced by complex-valued functions of the form
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μA (x) = rA(x) · eiω̄μA (x) i = √−1

and

νA (x) = sA (x) · eiω̄νA (x) i = √−1,

where rA(x) and sA(x) are real-valued functions and both
belong to the interval [0, 1] such that 0 ≤ rA(x)+sA (x) ≤ 1,
also ω̄

μA(x) and ω̄
νA (x) are real-valued functions. The nov-

elty of complex intuitionistic fuzzy set lies in its ability for
membership and non-membership functions to achieve more
range of values. The ranges of values are extended to the
unit circle in complex plane for both membership and non-
membership functions instead of [0, 1] as in the conventional
intuitionistic fuzzy functions. They also discussed the basic
operations on complex intuitionistic fuzzy sets, developed a
formula for calculating distance among complex intuition-
istic fuzzy sets and gave its application in decision-making
problems (Alkouri and Salleh 2013a, b). Meanwhile, some
new types of fuzzy sets and their applications have been
investigated by many researchers recently (Al-Shami 2022;
Al-Shami et al. 2022; Ibrahim et al. 2021).

On the other hand, with an attempt to show that “pre-
cise membership values should normally be of no practical
significance”, Pappis (1991) introduced firstly the notion
of “proximity measure”. Hong and Hwang (1994) then
discussed the value similarity of fuzzy systems variables.
Further, Cai (1995, 2001) introduced and discussed δ-
equalities of fuzzy sets and their properties. As the extension
of the δ-equalities of fuzzy sets, the δ-equalities of complex
fuzzy sets was discussed by Zhang et al. (2009). Mean-
while, in 2013, Gong et al. (2013) investigated the similarity
and (α, β)-equalities of intuitionistic fuzzy choice functions
based on triangular norms.

As a newly developed tool, complex intuitionistic fuzzy
set can describe the fuzzy characters of thingsmore detail and
comprehensively and is very useful in dealing with vague-
ness and uncertainty of problems that include the periodic
or recurring phenomena, which has been investigated sys-
tematically and exhaustively by many researchers and has
successfully applied in actual decision-making problems and
other areas (Garg and Rani 2019a, b, c, d, 2020a, b; Rani and
Garg 2017). So in this paper, various operation properties of
complex intuitionistic fuzzy sets are investigated when the
membership phase and non-membership phase are restricted
to [0, 2π ].Meanwhile, consider that precisemembership val-
ues and non-membership values should normally be of no
practical significance, and there is no equality and proximity
measure investigation on complex intuitionistic fuzzy sets.
First of all, we proposed a new distance measure for com-
plex intuitionistic fuzzy sets. The distance of two complex
intuitionistic fuzzy sets measures the difference between the
grades of two complex intuitionistic fuzzy sets as well as that

between the phases of the two complex intuitionistic fuzzy
sets. Then this distance measure is used to define (α, β)-
equalities of complex intuitionistic fuzzy sets. Two complex
intuitionistic fuzzy sets are said to be (α, β)-equal if the dis-
tance between theirmembership degrees is less than 1−α and
the distance between their non-membership degrees is less
thanβ. The concept of (α, β)-equalities of complex intuition-
istic fuzzy sets allows us systematically develop the distance,
equality and proximity measures for complex intuitionistic
fuzzy sets, which not only deeply enrich the fundamental
theory of complex intuitionistic fuzzy sets, but also provide
a powerful tool to further investigate complex intuitionistic
fuzzy sets.

The rest of this paper is organized as follows: In Sect. 2,
after reviewing the concept of complex intuitionistic fuzzy
set, some operations of complex intuitionistic fuzzy sets are
introduced and their properties are discussed. Section3 inves-
tigates distance measure and (α, β)-equalities of complex
intuitionistic fuzzy sets and discusses (α, β)-equalities for
various implication operators. Complex intuitionistic fuzzy
relations are discussed inSect. 4 and someexamples are given
to illuminate the results obtained in this paper in Sect. 5. Con-
clusion is given in Sect. 6.

2 Operations of complex intuitionistic fuzzy
sets

After reviewing the concept of complex intuitionistic fuzzy
sets, some operations of complex intuitionistic fuzzy sets are
introduced and their properties are discussed in this section.

To distinguish complex intuitionistic fuzzy sets from
intuitionistic fuzzy sets, we use Ā, B̄, . . . to denote intuition-
istic fuzzy sets. And correspondingly, A, B,C, D, . . . are
used to denote complex intuitionistic fuzzy sets. Let A =
{〈x, μA (x), νA (x)〉 : x ∈ U }, B = {〈x, μB (x), νB (x)〉 :
x ∈ U }, C = {〈x, μC (x), νC (x)〉 : x ∈ U } and D =
{〈x, μD (x), νD (x)〉 : x ∈ U } be four complex intuition-

istic fuzzy sets on U , then μA (x) = rA(x) · eiωμA (x)
,

μB (x) = rB (x) · eiωμB (x)
, μC (x) = rC (x) · eiωμC (x)

,

μD (x) = rD (x) · eiωμD (x)
, νA (x) = sA(x) · eiωνA (x),

νB (x) = sB (x) · eiωνB (x), νC (x) = sC (x) · eiωνC (x) and
νD (x) = sD (x) · eiωνD (x) denote their membership and non-
membership functions, respectively. The collection of all
complex intuitionistic fuzzy subsets is denoted by CIF�(U ).

Definition 1 (Alkouri and Salleh 2012) A complex intuition-
istic fuzzy set A, defined on an universe of discourse U ,
is characterized by membership and non-membership func-
tions μA (x) and νA (x), respectively, that assign any element
x ∈ U a complex-valued grade of both membership and
non-membership in A.
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By Definition 1, the values of μA (x), νA (x) and their sum
may receive all lying within the unit circle in the complex
plane, and are on the form

μA (x) = rA(x) · eiω̄μA (x)

for membership function in A and

νA (x) = sA (x) · eiω̄νA (x)

for non-membership function in A, where i = √−1, each of
rA(x) and sA (x) are real-valued functions and both belong
to the interval [0, 1] such that 0 ≤ rA(x) + sA(x) ≤ 1,

also eiω̄μA (x) and eiω̄νA (x) are periodic function whose peri-
odic law and principal period are, respectively, 2π and
0 < ω

μA (x), ωνA (x) ≤ 2π, i.e., ω̄
μA (x) = ω

μA (x) +
2kπ, ω̄

νA (x) = ω
νA (x) + 2kπ, k = 0,±1,±2, ..., where

ω
μA (x) andω

νA (x) are the principal arguments. The principal
arguments ω

μA(x) and ω
νA (x) will be used in the following

text.

Let CIF�(U ) be the set of all complex intuitionistic fuzzy
sets on U . The complex intuitionistic fuzzy set A may be
represented as the set of ordered pairs

A = {〈x, μA (x), νA (x)〉 : x ∈ U },

where μA (x) : U → {a|a ∈ C, |a| ≤ 1}, νA (x) : U →
{a′ |a′ ∈ C, |a′ | ≤ 1} and |μA(x) + νA (x)| ≤ 1.

Definition 2 (1) A quasi-triangular norm T is a function
[0, 1]2 × [0, 1]2 → [0, 1]2 that satisfies the following con-
ditions

(i) T ((1, 1), (1, 1)) = (1, 1);
(ii) T ((a, a

′
), (b, b

′
)) = T ((b, b

′
), (a, a

′
));

(iii) T ((a, a
′
), (b, b

′
)) ≤ T ((c, c

′
), (d, d

′
)) whenever

a ≤ c, a
′ ≤ c

′
and b ≥ d, b

′ ≥ d
′ ;

(iv) T (T ((a, a
′
), (b, b

′
)), (c, c

′
)) = T ((a, a

′
), T ((b, b

′
),

(c, c
′
))).

(2) A triangular norm T is a function [0, 1]2 × [0, 1]2 →
[0, 1]2 that satisfies the conditions (i)–(iv) and the following
condition

(v) T ((0, 0), (0, 0)) = (0, 0).
We said T is an s-norm, if a triangular norm T satisfies
(vi) T ((a, a

′
), (0, 0)) = (a, a

′
).

We said T is a t-norm, if a triangular norm T satisfies
(vii) T ((a, a

′
), (1, 1)) = (a, a

′
).

(3) We said a binary function T̄ : CIF�(U )×CIF�(U ) →
CIF�(U )

T̄ (A, B) 
→ 〈sup
x∈U

T1(μA (x), μB (x))·ei supx∈U
T2(ωμA (x),ω

μB (x))
,

inf
x∈U T1(νA (x), νB (x)) · ei infx∈U T2(ωνA (x),ω

νB (x))〉 is a triangular
norm if T1 is a triangular norm and T2 is a quasi-triangular

norm; we said T̄ is an s-norm if T1 an s-norm; we said T̄ is
a t-norm if T1 a t-norm.

Definition 3 (Complex intuitionistic fuzzy union) Let A =
{〈x, μA (x), νA (x)〉 : x ∈ U } and B = {〈x, μB (x), νB (x)〉 :
x ∈ U } be two complex intuitionistic fuzzy sets on U . The
complex intuitionistic fuzzy union of A and B, denoted by
A ∪ B = {〈x, μA∪B (x), νA∪B (x)〉 : x ∈ U }, where

μA∪B (x) = rA∪B (x) · eiωμ(A∪B)
(x)

= max(rA(x), rB (x)) · ei max(ω
μA (x),ω

μB (x)) (1)

and

νA∪B (x) = sA∪B (x) · eiων(A∪B)
(x)

= min(sA(x), sB (x)) · ei min(ω
νA (x),ω

νB (x)). (2)

Example 1 Let A = 〈0.5·ei1.2π ,0.4·ei0.8π 〉
x + 〈0.4·ei0.5π ,0.6·ei1.3π 〉

y +
〈0.3·ei2π ,0.5·ei1.5π 〉

z , B = 〈0.6·ei0.2π ,0.3·ei1.8π 〉
x +〈0.2·ei0.5π ,0.6·ei0.5π 〉

y

+ 〈0.7·eiπ ,0.1·ei0.9π 〉
z , then A ∪ B = 〈0.6·ei1.2π ,0.3·ei0.8π 〉

x +
〈0.4·ei0.5π ,0.6·ei0.5π 〉

y + 〈0.7·ei2π ,0.1·ei0.9π 〉
z .

Theorem 1 The complex intuitionistic fuzzy union on CIF�

(U ) is an s-norm.

Proof Properties (i), (ii), (v) and (vi) can be easily verified
from Definition 3. Here we only prove (iii) and (iv).

(iii) Let A = {〈x, μA (x), νA (x)〉 : x ∈ U }, B =
{〈x, μB (x), νB (x)〉 : x ∈ U }, C = {〈x, μC (x), νC (x)〉 :
x ∈ U } and D = {〈x, μD (x), νD (x)〉 : x ∈ U } be four
complex intuitionistic fuzzy sets on U . Suppose |μA (x)| ≤
|μC (x)|, ω

μA (x) ≤ ω
μC (x), |νA (x)| ≥ |νC (x)|, ω

νA (x) ≥
ω

νC (x) and |μB (x)| ≤ |μD (x)|, ω
μB (x) ≤ ω

μD (x), |νB (x)| ≥
|νD (x)|, ω

νB (x) ≥ ω
νD (x). For any x ∈ U , we have

|μA∪B (x)| = max(rA(x), rB (x))

≤ max(rC (x), rD (x)) = |μC∪D (x)|,
ω

μ(A∪B)
(x) = max(ω

μA(x), ωμB (x))

≤ max(ω
μC (x), ω

μD (x)) = ω
μ(C∪D)

(x),

and

|νA∪B (x)| = min(sA(x), sB (x))

≥ min(sC (x), sD (x)) = |νC∪D (x)|,
ω

ν(A∪B)
(x) = min(ω

νA (x), ωνB (x))

≥ min(ω
νC (x), ω

νD (x)) = ω
ν(C∪D)

(x).

(iv) Suppose A = {〈x, μA (x), νA (x)〉 : x ∈ U }, B =
{〈x, μB (x), νB (x)〉 : x ∈ U } and C = {〈x, μC (x), νC (x)〉 :
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x ∈ U } be three complex intuitionistic fuzzy sets onU , then

μ
(A∪B)∪C (x) = r

(A∪B)∪C (x) · eiωμ((A∪B)∪C)
(x)

= max(rA∪B (x), rC (x)) · ei max(ω
μ(A∪B)

(x),ω
μC (x))

= max(max(rA(x), rB (x)), rC (x))

· ei max(max(ω
μA (x),ω

μB (x)),ω
μC (x))

= max(rA(x),max(rB (x), rC (x))

· ei max(ω
μA (x),max(ω

μB (x),ω
μC (x))

= μA∪(B∪C)
(x).

ν
(A∪B)∪C (x) = s

(A∪B)∪C (x) · eiων((A∪B)∪C)
(x)

= min(sA∪B (x), sC (x)) · ei min(ω
ν(A∪B)

(x),ω
νC (x))

= min(min(sA(x), sB (x)), sC (x))

· ei min(min(ω
νA (x),ω

νB (x)),ω
νC (x))

= min(sA(x),min(sB (x), sC (x))

· ei min(ω
νA (x),min(ω

νB (x),ω
νC (x))

= νA∪(B∪C)
(x).

�
Corollary 1 Let Cα ∈ CIF�(U ), α ∈ I , μCα

(x) = rCα
(x) ·

eiωμCα
(x) and νCα

(x) = sCα
(x) · eiωνCα

(x) its membership
and non-membership functions, respectively, where I is an
arbitrary index set. Then ∪α∈I Cα ∈ CIF�(U ), and its mem-
bership and non-membership functions are

μ∪α∈I Cα
(x) = sup

α∈I
rCα

(x) · ei supα∈I ω
μCα

(x)

and

ν∪α∈I Cα
(x) = inf

α∈I sCα
(x) · ei infα∈I ω

νCα
(x)

.

Definition 4 (Complex intuitionistic fuzzy intersection) Let
A = {〈x, μA (x), νA (x)〉 : x ∈ U } and B = {〈x, μB (x), νB

(x)〉 : x ∈ U } be two complex intuitionistic fuzzy sets on
U . The complex intuitionistic fuzzy intersection of A and
B, denoted by A ∩ B = {〈x, μA∩B (x), νA∩B (x)〉 : x ∈ U },
where

μA∩B (x) = rA∩B (x) · eiωμ(A∩B)
(x)

= min(rA(x), rB (x)) · ei min(ω
μA (x),ω

μB (x)) (3)

and

νA∩B (x) = sA∩B (x) · eiων(A∩B)
(x)

= max(sA(x), sB (x)) · ei max(ω
νA (x),ω

νB (x)). (4)

Example 2 Let A = 〈0.5·ei1.2π ,0.4·ei0.8π 〉
x + 〈0.4·ei0.5π ,0.6·ei1.3π 〉

y +
〈0.3·ei2π ,0.5·ei1.5π 〉

z , B = 〈0.6·ei0.2π ,0.3·ei1.8π 〉
x +〈0.2·ei0.5π ,0.6·ei0.5π 〉

y

+ 〈0.7·eiπ ,0.1·ei0.9π 〉
z , then A ∩ B = 〈0.5·ei0.2π ,0.4·ei1.8π 〉

x +
〈0.2·ei0.5π ,0.6·ei1.3π 〉

y + 〈0.3·eiπ ,0.5·ei1.5π 〉
z .

Theorem 2 The complex intuitionistic fuzzy intersection on
CIF�(U ) is a t-norm.

Proof This proof is similar to the proof of Theorem 1. �
Corollary 2 Let Cα ∈ CIF�(U ), α ∈ I , μCα

(x) = rCα
(x) ·

eiωμCα
(x) and νCα

(x) = sCα
(x) · eiωνCα

(x) its membership
and non-membership functions, where I is an arbitrary index
set. Then ∩α∈I Cα ∈ CIF�(U ), and its membership and non-
membership functions are

μ∩α∈I Cα
(x) = inf

α∈I rCα
(x) · ei infα∈I ω

μCα
(x)

and

ν∩α∈I Cα
(x) = sup

α∈I
sCα

(x) · ei supα∈I ω
νCα

(x)
.

Corollary 3 Let Cαβ ∈ CIF�(U ), α ∈ I1, β ∈ I2, μCαβ
(x) =

rCαβ
(x) · eiωμCαβ

(x)
and νCαβ

(x) = sCαβ
(x) · eiωνCαβ

(x)

its membership and non-membership functions, respec-
tively, where I1 and I2 are two arbitrary index sets. Then
∪α∈I1 ∩β∈I2 Cαβ,∩α∈I1 ∪β∈I2 Cαβ ∈ CIF�(U ), and their
membership and non-membership functions are

μ∪α∈I1∩β∈I2Cαβ
(x) = sup

α∈I1
inf
β∈I2

rCαβ
(x) · ei supα∈I1 infβ∈I2 ω

μCαβ
(x)

,

μ∩α∈I1∪β∈I2Cαβ
(x) = inf

α∈I1
sup
β∈I2

rCαβ
(x) · ei infα∈I1 supβ∈I2 ω

μCαβ
(x)

,

and

ν∪α∈I1∩β∈I2Cαβ
(x) = inf

α∈I1
sup
β∈I2

sCαβ
(x) · ei infα∈I1 supβ∈I2 ω

νCαβ
(x)

,

ν∩α∈I1∪β∈I2Cαβ
(x) = sup

α∈I1
inf
β∈I2

sCαβ
(x) · ei supα∈I1 infβ∈I2 ω

νCαβ
(x)

.

Corollary 4 Let Ck ∈ CIF�(U ), k = 1, 2, ..., μCk
(x) =

rCk (x) · eiωμCk
(x)

and νCk
(x) = sCk (x) · eiωνCk

(x)
its mem-

bership and non-membership functions, respectively. Then

limn→∞Cn = ∩∞
n=1 ∪∞

k=n Ck,

limn→∞Cn = ∪∞
n=1 ∩∞

k=n Ck ∈ CIF�(U ),

and their membership and non-membership functions are

μ
limn→∞Ck

(x) = inf
n≥1

sup
k≥n

rCk (x) · ei infn≥1 supk≥n ω
μCk

(x)
,
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μlimn→∞Ck
(x) = sup

n≥1
inf
k≥n

rCk (x) · ei supn≥1 infk≥n ω
μCk

(x)
,

and

ν
limn→∞Ck

(x) = sup
n≥1

inf
k≥n

sCk (x) · ei supn≥1 infk≥n ω
νCk

(x)
,

νlimn→∞Ck
(x) = inf

n≥1
sup
k≥n

sCk (x) · ei infn≥1 supk≥n ω
νCk

(x)
.

Definition 5 (Complex intuitionistic fuzzy complement) Let
A = {〈x, μA (x), νA (x)〉 : x ∈ U } be a complex intuitionistic
fuzzy set onU . The complex intuitionistic fuzzy complement
of A, denoted by A and defined as follows.

(i) A = {〈x, νA (x), μA (x)〉};
(ii) A = {〈x, μ

Ā
(x), ν

Ā
(x)〉}, where μ

Ā
(x) = r

Ā
(x) ·

e
iω

μ Ā
(x)

, ν
Ā
(x) = s

Ā
(x) · eiων Ā

(x) and r
Ā
(x) = 1 −

rA(x), s
Ā
(x) = 1 − sA(x),

ω
μ Ā

(x) =
⎧
⎨

⎩

ω
μA(x),

2π − ω
μA(x) = −ω

μA (x),
ω

μA(x) + π,

and

ω
ν Ā

(x) =
⎧
⎨

⎩

ω
νA(x),

2π − ω
νA (x) = −ω

νA (x),
ω

νA(x) + π.

The following example uses the first way ofDefinition 5 to
calculate the complement of the complex intuitionistic fuzzy
set A. Note that if the second way is used, the corresponding
results also can be obtained.

Example 3 Let A = 〈0.5·ei1.2π ,0.4·ei0.8π 〉
x + 〈0.4·ei0.5π ,0.6·ei1.3π 〉

y

+ 〈0.3·ei2π ,0.5·ei1.5π 〉
z , then A = 〈0.4·ei0.8π ,0.5·ei1.2π 〉

x

+ 〈0.6·ei1.3π ,0.4·ei0.5π 〉
y + 〈0.5·ei1.5π ,0.3·ei2π 〉

z .

Proposition 3 Let A, B andC be three complex intuitionistic
fuzzy sets on U , then the following propositions hold

(i) A ∪ A = A, A ∩ A = A;
(ii) A ∪ B = B ∪ A, A ∩ B = B ∩ A;
(iii) (A ∪ B) ∩ C = (A ∩ C) ∪ (B ∩ C), (A ∩ B) ∪ C =

(A ∪ C) ∩ (B ∪ C);
(iv) A∩(B∩C) = (A∩B)∩C, A∪(B∪C) = (A∪B)∪C;
(v) (A ∩ B) = A ∪ B, (A ∪ B) = A ∩ B;

(vi) A = A.

Proof Here we only prove (iii), (iv), (v) and (vi). Let A =
{〈x, μA (x), νA (x)〉 : x ∈ U }, B = {〈x, μB (x), νB (x)〉 : x ∈
U } and C = {〈x, μC (x), νC (x)〉 : x ∈ U } be three complex

intuitionistic fuzzy sets on U . The complement of A and
B are A = 〈x, νA (x), μA (x)〉 and B = 〈x, νB (x), μB (x)〉,
respectively. Then

(iii) First of all, we prove that (A ∪ B) ∩ C = (A ∩ C) ∪
(B ∩ C), since

μ
(A∪B)∩C (x) = r

(A∪B)∩C (x) · eiωμ((A∪B)∩C)
(x)

= min(rA∪B (x), rC (x)) · ei min(ω
μ(A∪B)

(x),ω
μC (x))

= min(max(rA(x), rB (x)), rC (x))

· ei min(max(ω
μA (x),ω

μB (x)),ω
μC (x))

= max(min(rA(x), rC (x)),min(rB (x), rC (x)))

· ei max(min(ω
μA (x),ω

μC (x)),min(ω
μB (x),ω

μC (x)))

= r
(A∩C)∪(B∩C)

(x) · eiωμ((A∩C)∪(B∩C))
(x)

= μ
(A∩C)∪(B∩C)

(x).

ν
(A∪B)∩C (x) = s

(A∪B)∩C (x) · eiων((A∪B)∩C)
(x)

= max(sA∪B (x), sC (x)) · ei max(ω
ν(A∪B)

(x),ω
νC (x))

= max(min(sA(x), sB (x)), sC (x))

· ei max(min(ω
νA (x),ω

νB (x)),ω
νC (x))

= min(max(sA(x), sC (x)),max(sB (x), sC (x)))

· ei min(max(ω
νA (x),ω

νC (x)),max(ω
νB (x),ω

μC (x)))

= s
(A∩C)∪(B∩C)

(x) · eiων((A∩C)∪(B∩C))
(x)

= ν
(A∩C)∪(B∩C)

(x).

It implies that (A ∪ B) ∩ C = (A ∩ C) ∪ (B ∩ C).
Similarly, we can prove that (A ∩ B) ∪ C = (A ∪ C) ∩

(B ∪ C).
(iv) First of all, we prove that A∩(B∩C) = (A∩ B)∩C,

since

μA∩(B∩C)
(x) = rA∩(B∩C)

(x) · eiωμ(A∩(B∩C))
(x)

= min(rA(x), rB∩C (x)) · ei min(ω
μA (x),ω

μ(B∩C)
(x))

= min(rA(x),min(rB (x), rC (x)))

· ei min(ω
μA (x),min(ω

μB (x),ω
μC (x)))

= min(min(rA(x), rB (x)), rC (x))

· ei min(min(ω
μA (x),ω

μB (x)),ω
μC (x))

= r
(A∩B)∩C (x) · eiωμ((A∩B)∩C)

(x)

= μ
(A∩B)∩C (x).

νA∩(B∩C)
(x) = sA∩(B∩C)

(x) · eiων(A∩(B∩C))
(x)

= max(sA(x), sB∩C (x)) · ei max(ω
νA (x),ω

ν(B∩C)
(x))

= max(sA(x),max(sB (x), sC (x)))

· ei max(ω
νA (x),max(ω

νB (x),ω
νC (x)))

= max(max(sA(x), sB (x)), sC (x))
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· ei max(max(ω
νA (x),ω

νB (x)),ω
νC (x))

= s
(A∩B)∩C (x) · eiων((A∩B)∩C)

(x)

= ν
(A∩B)∩C (x).

It implies that A ∩ (B ∩ C) = (A ∩ B) ∩ C .
Similarly, we can prove that (A∪ B)∪C = A∪ (B ∪C).
(v) First of all, we prove that (A ∩ B) = A ∪ B, since

μ
(A∩B)

(x) = νA∩B (x)

= sA∩B (x) · eiων(A∩B)
(x)

= max(sA(x), sB (x)) · ei max(ω
νA (x),ω

μB (x))

= μ
A∪B

(x).

ν
(A∩B)

(x) = μA∩B (x)

= rA∩B (x) · eiωμ(A∩B)
(x)

= min(rA(x), rB (x)) · ei min(ω
μA (x),ω

μB (x))

= ν
A∪B

(x).

It implies that (A ∩ B) = A ∪ B.
Similarly, we can prove that (A ∪ B) = A ∩ B.
(vi) μ

A
(x) = ν

A
(x) = μA (x) and ν

A
(x) = μ

A
(x) =

νA (x), i.e., A = A. �
Definition 6 (Complex intuitionistic fuzzy product) Let A =
{〈x, μA (x), νA (x)〉 : x ∈ U } and B = {〈x, μB (x), νB (x)〉 :
x ∈ U } be two complex intuitionistic fuzzy sets on U . The
complex intuitionistic fuzzy product of A and B, denoted by
A ◦ B = {〈x, μA◦B (x), νA◦B (x)〉 : x ∈ U }, where

μA◦B (x) = rA◦B (x) · eiωμ(A◦B)
(x)

= (rA(x) · rB (x)) · ei2π(
ω
μA (x)

2π · ω
μB (x)

2π ) (5)

and

νA◦B (x) = sA◦B (x) · eiων(A◦B)
(x)

= (sA(x) + sB (x) − sA(x) · sB (x))

· ei2π(
ω
νA (x)
2π + ω

νB (x)
2π − ω

νA (x)
2π · ω

νB (x)
2π ). (6)

Example 4 Let A = 〈0.5·ei1.2π ,0.4·ei0.8π 〉
x + 〈0.4·ei0.5π ,0.6·ei1.3π 〉

y +
〈0.3·ei2π ,0.5·ei1.5π 〉

z , B = 〈0.6·ei0.2π ,0.3·ei1.8π 〉
x +〈0.2·ei0.5π ,0.6·ei0.5π 〉

y

+ 〈0.7·eiπ ,0.1·ei0.9π 〉
z , then A ◦ B = 〈0.3·ei0.12π ,0.58·ei1.88π 〉

x +
〈0.08·ei0.125π ,0.84·ei1.475π 〉

y + 〈0.21·eiπ ,0.55·ei1.725π 〉
z .

Theorem 4 The complex intuitionistic fuzzy product on
CIF�(U ) is a t-norm.

Proof Properties (i), (ii), (v) and (vii) can be easily verified
from Definition 6. Here we only prove (iii) and (iv).

(iii) Let A = {〈x, μA (x), νA (x)〉 : x ∈ U }, B =
{〈x, μB (x), νB (x)〉 : x ∈ U }, C = {〈x, μC (x), νC (x)〉 :
x ∈ U } and D = {〈x, μD (x), νD (x)〉 : x ∈ U } be four
complex intuitionistic fuzzy sets on U . Suppose |μA (x)| ≤
|μC (x)|, ω

μA (x) ≤ ω
μC (x), |νA(x)| ≥ |νC (x)|, ω

νA (x) ≥
ω

νC (x) and |μB (x)| ≤ |μD (x)|, ω
μB (x) ≤ ω

μD (x), |νB (x)|
≥ |νD (x)|, ω

νB (x) ≥ ω
νD (x). For any x ∈ U , we have

|μA◦B (x)| = |rA(x)| · |rB (x)| ≤ |rC (x)| · |rD (x)|
= |μC◦D (x)|,

ω
μ(A◦B)

(x) = 2π

(
ω

μA(x)

2π
· ω

μB (x)

2π

)

≤ 2π

(
ω

μC (x)

2π
· ω

μD (x)

2π

)

= ω
μ(C◦D)

(x),

and

|νA◦B (x)| = |sA(x)| + |sB (x)| − |sA(x)| · |sB (x)|
≥ |sC (x)| + |sD (x)| − |sC (x)| · |sD (x)|
= |νC◦D (x)|,

ω
ν(A◦B)

(x) = 2π

(
ω

νA (x)

2π
+ ω

νB (x)

2π
− ω

νA(x)

2π
· ω

νB (x)

2π

)

≥ 2π

(
ω

νC (x)

2π
+ ω

νD (x)

2π
− ω

νC (x)

2π
· ω

νD (x)

2π

)

= ω
ν(C◦D)

(x).

(iv) Suppose A = {〈x, μA (x), νA (x)〉 : x ∈ U }, B =
{〈x, μB (x), νB (x)〉 : x ∈ U } and C = {〈x, μC (x), νC (x)〉 :
x ∈ U } be three complex intuitionistic fuzzy sets on U .
Then

μ
(A◦B)◦C (x) = r

(A◦B)◦C (x) · eiωμ((A◦B)◦C)
(x)

= (rA◦B (x) · rC (x)) · ei2π
(

ω
μ(A◦B)

(x)

2π · ω
μC (x)

2π

)

= ((rA(x) · rB (x)) · rC (x))

· e
i2π

⎛

⎜
⎜
⎝

2π

(
ω
μA (x)

2π ·
ω
μB (x)

2π

)

2π · ω
μC (x)

2π

⎞

⎟
⎟
⎠

= (rA(x) · (rB (x) · rC (x)))

· e
i2π

⎛

⎜
⎜
⎝

ω
μA (x)

2π ·
2π

(
ω
μB (x)

2π ·
ω
μC (x)

2π

)

2π

⎞

⎟
⎟
⎠

= μA◦(B◦C)
(x).
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ν
(A◦B)◦C (x) = s

(A◦B)◦C (x) · eiων((A◦B)◦C)
(x)

= (sA◦B (x) + sC (x) − sA◦B (x) · sC (x)) · ei2π
(

ω
ν(A◦B)

(x)

2π + ω
νC (x)
2π − ω

ν(A◦B)
(x)

2π · ω
νC (x)
2π

)

= (sA(x) + sB (x) − sA(x) · sB (x) + sC (x) − (sA(x) + sB (x) − sA(x) · sB (x)) · sC (x))

· e
i2π

⎛

⎝
2π

(
ω
νA (x)
2π + ω

νB (x)
2π − ω

νA (x)
2π · ωνB (x)

2π

)

2π + ω
νC (x)
2π −

2π

(
ω
νA (x)
2π + ω

νB (x)
2π − ω

νA (x)
2π · ωνB (x)

2π

)

2π · ω
νC (x)
2π

⎞

⎠

= (sA(x) + sB (x) + sC (x) − sB (x) · sC (x) − sA(x) · (sB (x) + sC (x) − sB (x) · sC (x)))

· e
i2π

⎛

⎝
ω
νA (x)
2π +

2π

(
ω
νB (x)
2π + ω

νC (x)
2π − ω

νB (x)
2π · ωνC (x)

2π

)

2π − ω
νA (x)
2π ·

2π

(
ω
νB (x)
2π + ω

νC (x)
2π − ω

νB (x)
2π · ωνC (x)

2π

)

2π

⎞

⎠

= sA◦(B◦C)
(x) · eiων(A◦(B◦C))

(x)

= νA◦(B◦C)
(x).

�

Corollary 5 Let Cα ∈ CIF�(U ), α ∈ I , μCα
(x) = rCα

(x) ·
eiωμCα

(x) and νCα
(x) = sCα

(x)·eiωνCα
(x) its membership and

non-membership functions, where I is an arbitrary index set.
Then

∏
α∈I Cα = C1 ◦ C2 ◦ · · · ◦ Cα ∈ CIF�(U ), and its

membership and non-membership functions are

μ∏
α∈I Cα

(x) = (rC1 (x) · rC2 (x) · · · rCα
(x))

·ei2π
(

ω
μC1

(x)

2π · ω
μC2

(x)

2π ··· ω
μCα

(x)

2π

)

and

ν∏
α∈I Cα

(x)

= [sC1 (x) + sC2 (x) + · · · + sCα
(x) − · · · + (−1)α−1(sC1 (x) · sC2 (x) · · · sCα

(x))]

· ei2π
[(

ωμC1
(x)

2π + ωμC2
(x)

2π +···+ ωμCα
(x)

2π

)

−···+ (−1)α−1

(2π)2

(
ωνC1

(x)

2π · ωνC2
(x)

2π ··· ωνCα
(x)

2π

)]

.

Definition 7 (Complex intuitionistic fuzzy Cartesian prod-
uct) Let An, n = 1, 2, ..., N be N complex intuitionistic
fuzzy sets on U , μAn

(x) = rAn (x) · eiωμAn
(x)

, νAn
(x) =

sAn (x) · eiωνAn
(x) their membership and non-membership

functions, respectively. The complex intuitionistic fuzzy
Cartesian product of An, n = 1, 2, ...N , denoted by A1 ×
A2 × · · · × AN = {〈x, μA1×A2×···×AN

(x), νA1×A2×···×AN
(x)〉 :

x ∈ U }, where

μA1×A2×···×AN
(x)

= rA1×A2×···×AN
(x) · eiωμ(A1×A2×···×AN )

(x)

= min(rA1 (x), rA2 (x), . . . , rAN (x))

· ei min
(
ω

μA1
(x),ω

μA2
(x),...,ω

μAN
(x)

)

(7)

and

νA1×A2×···×AN
(x)

= sA1×A2×···×AN
(x) · eiων(A1×A2×···×AN )

(x)

= max(sA1 (x), sA2 (x), . . . , sAN (x))

· ei max
(
ω

νA1
(x),ω

νA2
(x),...,ω

νAN
(x)

)

.

(8)

Example 5 Let A = 〈0.5·ei1.2π ,0.4·ei0.8π 〉
x + 〈0.4·ei0.5π ,0.6·ei1.3π 〉

y +
〈0.3·ei2π ,0.5·ei1.5π 〉

z , B = 〈0.6·ei0.2π ,0.3·ei1.8π 〉
x +〈0.2·ei0.5π ,0.6·ei0.5π 〉

y

+ 〈0.7·eiπ ,0.1·ei0.9π 〉
z , then A × B = 〈0.5·ei0.2π ,0.4·ei1.8π 〉

(x,x) +
〈0.2·ei0.5π ,0.6·ei0.8π 〉

(x,y) + 〈0.5·eiπ ,0.4·ei0.9π 〉
(x,z) + 〈0.4·ei0.2π ,0.6·ei1.8π 〉

(y,x) +
〈0.2·ei0.5π ,0.6·ei1.3π 〉

(y,y) + 〈0.4·ei0.5π ,0.6·ei1.3π 〉
(y,z) + 〈0.3ei0.2π ,0.5ei1.8π 〉

(z,x) +
〈0.2ei0.5π ,0.6ei1.5π 〉

(z,y) + 〈0.3eiπ ,0.5ei1.5π 〉
(z,z) .

Definition 8 (Complex intuitionistic fuzzy probabilistic sum)
Let A = {〈x, μA (x), νA (x)〉 : x ∈ U } and B =
{〈x, μB (x), νB (x)〉 : x ∈ U } be two complex intuition-
istic fuzzy sets on U . The complex intuitionistic fuzzy
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probabilistic sum of A and B, denoted by A+̂B =
{〈x, μ

A+̂B
(x), ν

A+̂B
(x)〉 : x ∈ U }, where

μ
A+̂B

(x) = r
A+̂B

(x) · eiωμ(A+̂B)
(x)

= (rA (x) + rB (x) − rA(x) · rB (x))

· ei2π
(

ω
μA (x)

2π + ω
μB (x)

2π − ω
μA (x)

2π · ω
μB (x)

2π

)

(9)

and

ν
A+̂B

(x) = s
A+̂B

(x) · eiων(A+̂B)
(x)

= (sA(x) · sB (x)) · ei2π
(

ω
νA (x)
2π · ω

νB (x)
2π

)

. (10)

Example 6 Let A = 〈0.5·ei1.2π ,0.4·ei0.8π 〉
x + 〈0.4·ei0.5π ,0.6·ei1.3π 〉

y +
〈0.3·ei2π ,0.5·ei1.5π 〉

z , B = 〈0.6·ei0.2π ,0.3·ei1.8π 〉
x +〈0.2·ei0.5π ,0.6·ei0.5π 〉

y

+ 〈0.7·eiπ ,0.1·ei0.9π 〉
z , then A+̂B = 〈0.8·ei1.28π ,0.12·ei0.72π 〉

x +
〈0.52·ei0.875π ,0.36·ei0.325π 〉

y + 〈0.79·ei2π ,0.05·ei0.675π 〉
z .

Theorem 5 The complex intuitionistic fuzzy probabilistic
sum on CIF�(U ) is an s-norm.

Proof This proof is similar to the proof of Theorem 4. �
Corollary 6 Let Cα ∈ CIF�(U ), α ∈ I , μCα

(x) = rCα
(x) ·

eiωμCα
(x) and νCα

(x) = sCα
(x) · eiωνCα

(x) its membership
and non-membership functions, where I is an arbitrary index
set. ThenC1+̂C2+̂ · · · +̂Cα ∈ CIF�(U ), and its membership
and non-membership functions are

μ
C1+̂C2+̂···+̂Cα

(x) = [rC1 (x) + rC2 (x) + · · · + rCα
(x) − · · · + (−1)α−1(rC1 (x) · rC2 (x) · · · rCα

(x))]

· ei2π
[(

ω
μC1

(x)

2π + ω
μC2

(x)

2π +···+ ω
μCα

(x)

2π

)

−···+ (−1)α−1

(2π)2

(
ω
μC1

(x)

2π · ω
μC2

(x)

2π ··· ω
μCα

(x)

2π

)]

and

ν
C1+̂C2+̂···+̂Cα

(x) = (sC1 (x) · sC2 (x) · · · sCα
(x))

·ei2π
(

ω
νC1

(x)

2π · ωνC2
(x)

2π ··· ωνCα
(x)

2π

)

.

Definition 9 (Complex intuitionistic fuzzy bold sum) Let A =
{〈x, μA (x), νA (x)〉 : x ∈ U } and B = {〈x, μB (x), νB (x)〉 :
x ∈ U } be two complex intuitionistic fuzzy sets on U . The
complex intuitionistic fuzzy bold sum of A and B, denoted
by A∪̇B = {〈x, μ

A∪̇B
(x), ν

A∪̇B
(x)〉 : x ∈ U }, where

μ
A∪̇B

(x) = r
A∪̇B

(x) · eiωμ(A∪̇B)
(x)

= min (1, rA (x) + rB (x))

· ei min (2π,ω
μA (x)+ω

μB (x)) (11)

and

ν
A∪̇B

(x) = s
A∪̇B

(x) · eiων(A∪̇B)
(x)

= max (0, rA (x) + rB (x) − 1)

· ei max (0,ω
μA (x)+ω

μB (x)−2π)
. (12)

Example 7 Let A = 〈0.5·ei1.2π ,0.4·ei0.8π 〉
x + 〈0.4·ei0.5π ,0.6·ei1.3π 〉

y +
〈0.3·ei2π ,0.5·ei1.5π 〉

z , B = 〈0.6·ei0.2π ,0.3·ei1.8π 〉
x +〈0.2·ei0.5π ,0.6·ei0.5π 〉

y

+ 〈0.7·eiπ ,0.1·ei0.9π 〉
z , then A∪̇B = 〈1·ei1.4π ,0·ei0.6π 〉

x

+ 〈0.6eiπ ,0.2·ei0π 〉
y + 〈1·ei2π ,0·ei0.4π 〉

z .

Theorem 6 The complex intuitionistic fuzzy bold sum on
CIF�(U ) is an s-norm.

Proof Properties (i), (ii), (v) and (vi) can be easily verified
from Definition 9. Here we only prove (iii) and (iv).

(iii) Let A = {〈x, μA (x), νA (x)〉 : x ∈ U }, B =
{〈x, μB (x), νB (x)〉 : x ∈ U }, C = {〈x, μC (x), νC (x)〉 :
x ∈ U } and D = {〈x, μD (x), νD (x)〉 : x ∈ U } be four
complex intuitionistic fuzzy sets on U . Suppose |μA (x)| ≤
|μC (x)|, ω

μA (x) ≤ ω
μC (x), |νA(x)| ≥ |νC (x)|, ω

νA (x) ≥
ω

νC (x) and |μB (x)| ≤ |μD (x)|, ω
μB (x) ≤ ω

μD (x), |νB (x)|
≥ |νD (x)|, ω

νB (x) ≥ ω
νD (x). For any x ∈ U , we have

|μ
A∪̇B

(x)| = min(1, rA (x) + rB (x))

≤ min(1, rC (x) + rD (x)) = |μ
C∪̇D

(x)|,

ω
μ(A∪̇B)

(x) = min(2π,ω
μA (x) + ω

μB (x))

≤ min(2π,ω
μC (x) + ω

μD (x)) = ω
μ(C∪̇D)

(x),

and

|ν
A∪̇B

(x)| = max(0, sA (x) + sB (x) − 1)

≥ max(0, sC (x) + sD (x) − 1) = |ν
C∪̇D

(x)|,
ω

ν(A∪̇B)
(x) = max(0, ω

νA (x) + ω
νB (x) − 2π)

≥ max(0, ω
νC (x) + ω

νD (x) − 2π) = ω
ν(C∪̇D)

(x).

(iv) Suppose A = {〈x, μA (x), νA (x)〉 : x ∈ U }, B =
{〈x, μB (x), νB (x)〉 : x ∈ U } and C = {〈x, μC (x), νC (x)〉 :
x ∈ U } be three complex intuitionistic fuzzy sets onU . Then

123



Operation properties and (α, β)-equalities of complex intuitionistic fuzzy sets 4377

μ
(A∪̇B)∪̇C (x) = r

(A∪̇B)∪̇C (x) · eiωμ((A∪̇B)∪̇C)
(x)

= min(1, r
A∪̇B

(x) + rC (x))

· ei min(2π,ω
μ(A∪̇B)

(x)+ω
μC (x))

= min(1,min(1, rA (x) + rB (x)) + rC (x))

· ei min(2π,min(2π,ω
μA (x)+ω

μB (x))+ω
μC (x))

= min(1, rA (x) + min(1, rB (x) + rC (x)))

· ei min(2π,ω
μA (x)+min(2π,ω

μB (x)+ω
μC (x)))

= min(1, rA (x) + r
B∪̇C (x)) · ei min(2π,ω

μA (x)+ω
μ(B∪̇C)

(x))

= μ
A∪̇(B∪̇C)

(x)

ν
(A∪̇B)∪̇C (x) = s

(A∪̇B)∪̇C (x) · eiων((A∪̇B)∪̇C)
(x)

= max(0, s
A∪̇B

(x) + sC (x) − 1)

· ei max(0,ω
ν(A∪̇B)

(x)+ω
νC (x)−2π)

= max(0,max(0, sA (x) + sB (x) − 1) + sC (x) − 1)

· ei max(0,max(0,ω
νA (x)+ω

νB (x)−2π)+ω
νC (x)−2π)

= max(0, sA (x) + max(0, sB (x) + sC (x) − 1) − 1)

· ei max(0,ω
νA (x)+max(0,ω

νB (x)+ω
νC (x)−2π)−2π)

= max(0, sA (x) + s
B∪̇C (x) − 1)

· ei max(2π,ω
νA (x)+ω

ν(B∪̇C)
(x)−2π)

= ν
A∪̇(B∪̇C)

(x).

�

Corollary 7 Let Cα ∈ CIF�(U ), α ∈ I , μCα
(x) = rCα

(x) ·
eiωμCα

(x) and νCα
(x) = sCα

(x)·eiωνCα
(x) its membership and

non-membership functions, where I is an arbitrary index set.
Then C1∪̇C2∪̇ · · · ∪̇Cα ∈ CIF�(U ), and its membership and
non-membership functions are

μ
C1∪̇C2∪̇···∪̇Cα

(x) = min (1, rC1 (x) + rC2 (x) + · · · + rCα
(x))

· ei min (2π,ω
μC1

(x)+ω
μC2

(x)+···+ω
μCα

(x))

and

ν
C1∪̇C2 ∪̇···∪̇Cα

(x) = max (0, rC1 (x) + rC2 (x) + · · · + rCα
(x) − 1)

· ei max (0,ω
νC1

(x)+ω
νC2

(x)+···+ω
νCα

(x)−2π)
.

Definition 10 (Complex intuitionistic fuzzy bold intersec-
tion) Let A = {〈x, μA (x), νA (x)〉 : x ∈ U } and
B = {〈x, μB (x), νB (x)〉 : x ∈ U } be two complex
intuitionistic fuzzy sets on U . The complex intuitionistic
fuzzy bold intersection of A and B, denoted by A∩̇B =
{〈x, μ

A∩̇B
(x), ν

A∩̇B
(x)〉 : x ∈ U }, where

μ
A∩̇B

(x) = r
A∩̇B

(x) · eiωμ(A∩̇B)
(x)

= max (0, rA (x) + rB (x) − 1) · ei max (0,ω
μA (x)+ω

μB (x)−2π) (13)

and

ν
A∩̇B

(x) = s
A∩̇B

(x) · eiων(A∩̇B)
(x)

= min (1, sA (x) + sB (x)) · ei min (2π,ω
νA (x)+ω

νB (x)).

(14)

Example 8 Let A = 〈0.5·ei1.2π ,0.4·ei0.8π 〉
x + 〈0.4·ei0.5π ,0.6·ei1.3π 〉

y +
〈0.3·ei2π ,0.5·ei1.5π 〉

z , B = 〈0.6·ei0.2π ,0.3·ei1.8π 〉
x +〈0.2·ei0.5π ,0.6·ei0.5π 〉

y

+ 〈0.7·eiπ ,0.1·ei0.9π 〉
z , then A∩̇B = 〈0.1·ei0π ,0.7·ei2π 〉

x +
〈0·ei0π ,1·ei1.8π 〉

y + 〈0·eiπ ,0.6·ei2π 〉
z .

Theorem 7 The complex intuitionistic fuzzy bold intersection
on CIF�(U ) is a t-norm.

Proof This proof is similar to the proof of Theorem 6. �
Corollary 8 Let Cα ∈ CIF�(U ), α ∈ I , μCα

(x) = rCα
(x) ·

eiωμCα
(x) and νCα

(x) = sCα
(x)·eiωνCα

(x) its membership and
non-membership functions, where I is an arbitrary index set.
Then C1∩̇C2∩̇ · · · ∩̇Cα ∈ CIF�(U ), and its membership and
non-membership functions are

μ
C1∩̇C2 ∩̇···∩̇Cα

(x) = max (0, rC1 (x) + rC2 (x) + · · · + rCα
(x) − 1)

· ei max (0,ω
μC1

(x)+ω
μC2

(x)+···+ω
μCα

(x)−2π)

and

ν
C1∩̇C2∩̇···∩̇Cα

(x) = min (1, rC1 (x) + rC2 (x) + · · · + rCα
(x))

· ei min (2π,ω
μC1

(x)+ω
μC2

(x)+···+ω
μCα

(x))
.

Definition 11 (Complex intuitionistic fuzzy bounded differ-
ence) Let A = {〈x, μA (x), νA (x)〉 : x ∈ U } and B =
{〈x, μB (x), νB (x)〉 : x ∈ U } be two complex intuition-
istic fuzzy sets on U . The complex intuitionistic fuzzy
bounded difference of A and B, denoted by A| − |B =
{〈x, μA|−|B (x), νA|−|B (x)〉 : x ∈ U }, where

μA|−|B (x) = rA|−|B (x) · eiωμ(A|−|B)
(x)

= max (0, rA (x)−rB (x)) · ei max (0,ω
μA (x)−ω

μB (x))

(15)

and

νA|−|B (x) = sA|−|B (x) · eiων(A|−|B)
(x)

= min (1, 1 − sA(x) + sB (x))

· ei min (2π,2π−ω
νA (x)+ω

νB (x)). (16)

Example 9 Let A = 〈0.5·ei1.2π ,0.4·ei0.8π 〉
x + 〈0.4·ei0.5π ,0.6·ei1.3π 〉

y +
〈0.3·ei2π ,0.5·ei1.5π 〉

z , B = 〈0.6·ei0.2π ,0.3·ei1.8π 〉
x +〈0.2·ei0.5π ,0.6·ei0.5π 〉

y
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+ 〈0.7·eiπ ,0.1·ei0.9π 〉
z , then A| − |B = 〈0·eiπ ,0.9·ei2π 〉

x

+ 〈0.2·ei0π ,1·ei1.2π 〉
y + 〈0·eiπ ,0.6·ei1.4π 〉

z .

Definition 12 (Complex intuitionistic fuzzy symmetrical dif-
ference) Let A = {〈x, μA (x), νA (x)〉 : x ∈ U } and
B = {〈x, μB (x), νB (x)〉 : x ∈ U } be two complex intu-
itionistic fuzzy sets on U . The complex intuitionistic fuzzy
symmetrical difference of A and B, denoted by A∇B =
{〈x, μA∇B (x), νA∇B (x)〉 : x ∈ U }, where

μA∇B (x) = rA∇B (x) · eiωμ(A∇B)
(x)

= |rA(x) − rB (x)| · ei |ωμA (x)−ω
μB (x)| (17)

and

νA∇B (x) = sA∇B (x) · eiων(A∇B)
(x)

= |1 − sB (x) − sA(x)| · ei |2π−ω
νB (x)−ω

νA (x)|. (18)

Example 10 Let A = 〈0.5·ei1.2π ,0.4·ei0.8π 〉
x +〈0.4·ei0.5π ,0.6·ei1.3π 〉

y +
〈0.3·ei2π ,0.5·ei1.5π 〉

z , B = 〈0.6·ei0.2π ,0.3·ei1.8π 〉
x +〈0.2·ei0.5π ,0.6·ei0.5π 〉

y

+ 〈0.7·eiπ ,0.1·ei0.9π 〉
z , then A∇B = 〈0.1·eiπ ,0.3·ei0.6π 〉

x

+ 〈0.2·ei0π ,0.2·ei0.2π 〉
y + 〈0.4·eiπ ,0.4·ei0.4π 〉

z .

Definition 13 (Complex intuitionistic fuzzy convex linear
sum) Let A = {〈x, μA (x), νA (x)〉 : x ∈ U } and B =
{〈x, μB (x), νB (x)〉 : x ∈ U } be two complex intuitionistic
fuzzy sets on U . The complex intuitionistic fuzzy con-
vex linear sum of min and max of A and B, denoted by
A||λB = {〈x, μA||λB (x), νA||λB (x)〉 : x ∈ U }, λ ∈ [0, 1],
where

μA||λB (x) = rA||λB (x) · eiωμ(A||λB)
(x)

= [λmin(rA (x), rB (x)) + (1 − λ)max(rA (x), rB (x))]
· ei[λmin(ω

μA (x),ω
μB (x))+(1−λ)max(ω

μA (x),ω
μB (x))]

(19)

and

νA||λB (x) = sA||λB (x) · eiων(A||λB)
(x)

= [λmax(sA (x), sB (x)) + (1 − λ)min(sA (x), sB (x))]
· ei[λmax(ω

νA (x),ω
νB (x))+(1−λ)min(ω

νA (x),ω
νB (x))].

(20)

Example 11 Let A = 〈0.5·ei1.2π ,0.4·ei0.8π 〉
x +〈0.4·ei0.5π ,0.6·ei1.3π 〉

y +
〈0.3·ei2π ,0.5·ei1.5π 〉

z , B = 〈0.6·ei0.2π ,0.3·ei1.8π 〉
x +〈0.2·ei0.5π ,0.6·ei0.5π 〉

y

+ 〈0.7·eiπ ,0.1·ei0.9π 〉
z , then A||λB = 〈0.57·ei0.9π ,0.33·ei1.1π 〉

x +
〈0.34·ei0.5π ,0.6·ei0.74π 〉

y + 〈0.58·ei1.7π ,0.22·ei1.08π 〉
z when λ = 0.3.

3 Distancemeasure and (˛,ˇ)-equalities of
complex intuitionistic fuzzy sets

In this section, we define a new distance measure for com-
plex intuitionistic fuzzy sets. The distance of two complex
intuitionistic fuzzy sets measures the difference between the
grades of two complex intuitionistic fuzzy sets as well as that
between the phases of the two complex intuitionistic fuzzy
sets. This distance measure is then used to define (α, β)-
equalities of complex intuitionistic fuzzy sets which coincide
with those of intuitionistic fuzzy sets already defined in the
literature if complex intuitionistic fuzzy sets reduce to tradi-
tional intuitionistic fuzzy sets.

3.1 Distancemeasure for complex intuitionistic
fuzzy sets

Definition 14 Adistance between two complex intuitionistic
fuzzy sets is a function d : (CIF�(U ),CIF�(U )) → [0, 1],
for any A, B,C ∈ CIF�(U ), satisfying the following prop-
erties.

(i) 0 ≤ d(A, B) ≤ 1, d(A, B) = 0 if and only if A = B;
(ii) d(A, B) = d(B, A); and
(iii) d(A, B) ≤ d(A,C) + d(C, B).

Let A = {〈x, μA (x), νA (x)〉 : x ∈ U } and B =
{〈x, μB (x), νB (x)〉 : x ∈ U } be two complex intuitionistic
fuzzy sets onU . In the following, we introduce two functions
ρ(μA , μB ) and ρ(νA , νB )which play an important role in the
remainder of this paper.

Definition 15 Let

ρ(μA , μB )

= max

(

sup
x∈U

|rA (x) − rB (x)|, 1

2π
sup
x∈U

|ω
μA (x) − ω

μB (x)|
)

(21)

and

ρ(νA , νB )

= max

(

sup
x∈U

|sA (x) − sB (x)|, 1

2π
sup
x∈U

|ω
νA (x) − ω

νB (x)|
)

,

(22)

then

d(A, B) = 1

2

(
ρ(μA , μB ) + ρ(νA , νB )

)
. (23)

Theorem 8 d(A, B) defined by Equation (23) is a distance
function of complex intuitionistic fuzzy sets on U.
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Proof (i) and (ii) can be easily verified from Definition 15.
Here we only prove (iii).

(iii) Let A = {〈x, μA (x), νA (x)〉 : x ∈ U }, B =
{〈x, μB (x), νB (x)〉 : x ∈ U } and C = {〈x, μC (x), νC (x)〉 :
x ∈ U } be three complex intuitionistic fuzzy sets on U .
According to Definition 15, we have

d(A, B) = 1

2

(
ρ(μA , μB ) + ρ(νA , νB )

)

= 1

2

(

max

(

sup
x∈U

|rA (x) − rB (x)|, 1

2π
sup
x∈U

|ω
μA (x) − ω

μB (x)|
)

+max

(

sup
x∈U

|sA (x) − sB (x)|, 1

2π
sup
x∈U

|ω
νA (x) − ω

νB (x)|
))

≤ 1

2

(

max

(

sup
x∈U

(|rA (x) − rC (x)| + |rC (x) − rB (x)|),
1

2π
sup
x∈U

(|ω
μA (x) − ω

μC (x)| + |ω
μC (x) − ω

μB (x)|)
)

+ max(sup
x∈U

(|sA (x) − sC (x)| + |sC (x) − sB (x)|),
1

2π
sup
x∈U

(|ω
νA (x) − ω

νC (x)| + |ω
νC (x) − ω

νB (x)|))
)

= 1

2
(max(sup

x∈U
|rA (x) − rC (x)|,

1

2π
sup
x∈U

|ω
μA (x) − ω

μC (x)|)max(sup
x∈U

|sA (x) − sC (x)|,
1

2π
sup
x∈U

|ω
νA (x) − ω

νC (x)|) + 1

2
(max(sup

x∈U
|rC (x) − rB (x)|,

1

2π
sup
x∈U

|ω
μC (x) − ω

μB (x)|)

+ max(sup
x∈U

|sC (x) − sB (x)|, 1

2π
sup
x∈U

|ω
νC (x) − ω

νB (x)|))

= 1

2
(ρ(μA , μB ) + ρ(νA , νB ))

= d(A,C) + d(C, B).

�

Example 12 Let A = 〈0.5·ei1.2π ,0.4·ei0.8π 〉
x +〈0.4·ei0.5π ,0.6·ei1.3π 〉

y +
〈0.3·ei2π ,0.5·ei1.5π 〉

z , B = 〈0.6·ei0.2π ,0.3·ei1.8π 〉
x +〈0.2·ei0.5π ,0.6·ei0.5π 〉

y

+ 〈0.7·eiπ ,0.1·ei0.9π 〉
z . Since supx∈U |rA(x) − rB (x)| = 0.4,

1
2π supx∈U |ω

μA(x) − ω
μB (x)| = 0.5, supx∈U |sA(x) −

sB (x)| = 0.4, and 1
2π supx∈U |ω

νA (x) − ω
νB (x)| = 0.5,

therefore ρ(μA , μB ) = 0.5 and ρ(νA , νB ) = 0.5, so
d(A, B) = 1

2 (ρ(μA , μB ) + ρ(νA , νB )) = 0.5.

Remark 1 It is easy to see that, if A and B are two intuition-
istic fuzzy sets on U , then

ρ(μA , μB ) = sup
x∈U

|μA(x) − μB (x)|,
ρ(νA , νB ) = sup

x∈U
|νA(x) − νB (x)|

and

d(A, B) = 1

2
(ρ(μA , μB ) + ρ(νA , νB )).

3.2 (˛,ˇ)-equalities of complex intuitionistic fuzzy
sets

Definition 16 (Gong et al. 2013) Let U be an universe of
discourse, Ā and B̄ be two intuitionistic fuzzy sets on U ,
μ

Ā
(x), μ

B̄
(x), ν

Ā
(x) and ν

B̄
(x) their membership and non-

membership functions, respectively. Then Ā and B̄ are said
to be (α, β)-equal, if and only if

sup
x∈U

|μ
Ā
(x) − μ

B̄
(x)| ≤ 1 − α, sup

x∈U
|ν

Ā
(x) − ν

B̄
(x)| ≤ β,

where 0 ≤ α ≤ 1, 0 ≤ β ≤ 1 and α + β ≤ 1. Symboli-
cally, we denote Ā = (α, β)B̄. In this way we say Ā and B̄
construct a (α, β)-equality.

Lemma 1 Let

α1 ∗ α2 = max(0, α1 + α2 − 1) (24)

and

β1 ∗ β2 = min(1, β1 + β2), (25)

where 0 ≤ α1, α2 ≤ 1, 0 ≤ β1, β2 ≤ 1 and α1 + β1 ≤
1, α2 + β2 ≤ 1. Then

(i) 0 ∗ α1 = 0, 0 ∗ β1 = β1,∀α1 ∈ [0, 1], β1 ∈ [0, 1];
(ii) 1 ∗ α1 = α1, 1 ∗ β1 = 1,∀α1 ∈ [0, 1], β1 ∈ [0, 1];
(iii) 0 ≤ α1 ∗ α2 ≤ 1, 0 ≤ β1 ∗ β2 ≤ 1,∀α1, α2 ∈

[0, 1], β1, β2 ∈ [0, 1];
(iv) α1 ≤ α ⇒ α1 ∗ α2 ≤ α ∗ α2, β1 ≤ β ⇒ β1 ∗ β2 ≤

β ∗ β2,∀α1, α, α2 ∈ [0, 1], β1, β, β2 ∈ [0, 1];
(v) α1 ∗ α2 = α2 ∗ α1, β1 ∗ β2 = β2 ∗ β1,∀α1, α2 ∈

[0, 1], β1, β2 ∈ [0, 1];
(vi) (α1 ∗ α2) ∗ α3 = α1 ∗ (α2 ∗ α3), (β1 ∗ β2) ∗ β3 =

β1 ∗(β2 ∗β3),∀α1, α2, α3 ∈ [0, 1], β1, β2, β3 ∈ [0, 1].

Definition 17 Let A = {〈x, μA (x), νA (x)〉 : x ∈ U } and
B = {〈x, μB (x), νB (x)〉 : x ∈ U } be two complex intu-
itionistic fuzzy sets on U . Then A and B are said to be
(α, β)-equal, if and only if

ρ(μA , μB ) ≤ 1 − α, ρ(νA , νB ) ≤ β, (26)

where 0 ≤ α ≤ 1, 0 ≤ β ≤ 1 and α + β ≤ 1. Symboli-
cally, we denote A = (α, β)B. In this way we say A and B
construct a (α, β)-equality.
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Remark 2 Two complex intuitionistic fuzzy sets A and B are
said to build a (α, β)-equality if ρ(μA , μB ) ≤ 1 − α and
ρ(νA , νB ) ≤ β. An advantage of using 1−α rather than α is
that the interpretation of α can comply with common sense.
That is, the greater α is, the more equal the two complex
intuitionistic fuzzy sets are; the smaller β is, the more equal
the two complex intuitionistic fuzzy sets are; and if α = 1
or β = 0, then the two complex intuitionistic fuzzy sets are
strictly equal.

Theorem 9 Let A and B be two complex intuitionistic fuzzy
sets on U. Then

(i) A = (0, 1)B;
(ii) A = (1, 0)B ⇔ A = B;
(iii) A = (α, β)B ⇔ B = (α, β)A;
(iv) A = (α1, β1)B and α1 ≥ α2, β1 ≤ β2 ⇒ A =

(α2, β2)B;
(v) If ∀ i ∈ I , A = (αi , βi )B, where I is an index

set and supi∈I αi + supi∈I βi ≤ 1, then A =
(supi∈I αi , supi∈I βi )B;

(vi) Let A = (α1, β1)B. If there exists an unique α and β,

such A = (α, β)B for any A and B, then α ≤ α1, β ≥
β1.

Proof Properties (i)–(iv) can be easily proved. Here we only
prove properties (v) and (vi).

(v) Since A = (αi , βi )B, for any i ∈ I , we have

ρ(μA , μB )

= max

(

sup
x∈U

|rA (x) − rB (x)|, 1

2π
sup
x∈U

|ω
μA (x) − ω

μB (x)|
)

≤ 1 − αi ,

and

ρ(νA , νB )

= max

(

sup
x∈U

|sA (x) − sB (x)|, 1

2π
sup
x∈U

|ω
νA (x) − ω

νB (x)|
)

≤ βi ,

therefore

sup
x∈U

|rA(x) − rB (x)|

≤ 1 − sup
i∈I

αi ,
1

2π
sup
x∈U

|ω
μA(x) − ω

μB (x)| ≤ 1 − sup
i∈I

αi ,

and

sup
x∈U

|sA(x) − sB (x)|

≤ sup
i∈I

βi ,
1

2π
sup
x∈U

|ω
νA(x) − ω

νB (x)| ≤ sup
i∈I

βi ,

hence

ρ(μA , μB ) = max

(

sup
x∈U

|rA(x) − rB (x)|,
1

2π
sup
x∈U

|ω
μA(x) − ω

μB (x)|
)

≤ 1 − sup
i∈I

αi ,

and

ρ(νA , νB ) = max(sup
x∈U

|sA(x) − sB (x)|,
1

2π
sup
x∈U

|ω
νA(x) − ω

νB (x)|) ≤ sup
i∈I

βi .

It implies that A = (supi∈I αi , supi∈I βi )B.
(vi) Let α1 = 1 − ρ(μA , μB ), β1 = ρ(νA , νB ). Then

A = (α1, β1)B. Obviously, if A = (α, β)B, we have 1 −
α1 = ρ(μA , μB ) ≤ 1 − α and β1 = ρ(μA , μB ) ≤ β. There
must be α ≤ α1, β ≥ β1. �
Theorem 10 Let A, B and C be three complex intuitionistic
fuzzy sets on U. If A = (α1, β1)B and B = (α2, β2)C, then
A = (α, β)C, where α = α1 ∗ α2, β = 1 − α1 ∗ α2.

Proof Since A = (α1, β1)B and B = (α2, β2)C, we have

ρ(μA , μB ) = max(sup
x∈U

|rA(x) − rB (x)|,
1

2π
sup
x∈U

|ω
μA(x) − ω

μB (x)|) ≤ 1 − α1,

ρ(νA , νB ) = max(sup
x∈U

|sA(x) − sB (x)|,
1

2π
sup
x∈U

|ω
νA (x) − ω

νB (x)|) ≤ β1,

and

ρ(μB , μC ) = max(sup
x∈U

|rB (x) − rC (x)|,
1

2π
sup
x∈U

|ω
μB (x) − ω

μC (x)|) ≤ 1 − α2,

ρ(νB , νC ) = max(sup
x∈U

|sB (x) − sC (x)|,
1

2π
sup
x∈U

|ω
νB (x) − ω

νC (x)|) ≤ β2,

therefore

sup
x∈U

|rA(x) − rB (x)| ≤ 1 − α1,
1

2π
sup
x∈U

|ω
μA(x) − ω

μB (x)|
≤ 1 − α1,

sup
x∈U

|sA(x) − sB (x)| ≤ β1,
1

2π
sup
x∈U

|ω
νA (x)

−ω
νB (x)| ≤ β1,
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and

sup
x∈U

|rB (x) − rC (x)| ≤ 1 − α2,
1

2π
sup
x∈U

|ω
μB (x)

−ω
μC (x)| ≤ 1 − α2,

sup
x∈U

|sB (x) − sC (x)| ≤ β2,
1

2π
sup
x∈U

|ω
νB (x)

−ω
νC (x)| ≤ β2,

consequently, we have

ρ(μA , μC ) = max(sup
x∈U

|rA (x) − rC (x)|, 1

2π
sup
x∈U

|ω
μA (x) − ω

μC (x)|)

≤ max(sup
x∈U

|rA (x) − rB (x)| + sup
x∈U

|rB (x) − rC (x)|,
1

2π
sup
x∈U

|ω
μA (x) − ω

μB (x)|

+ 1

2π
sup
x∈U

|ω
μB (x) − ω

μC (x)|)

≤ max((1 − α1) + (1 − α2), (1 − α1) + (1 − α2))

= (1 − α1) + (1 − α2)

= 1 − (α1 + α2 − 1),

furthermore, note that ρ(μA , μC ) ≤ 1. Hence

ρ(μA , μC ) ≤ 1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2 = 1 − α.

ρ(νA , νC ) = max(sup
x∈U

|sA (x) − sC (x)|, 1

2π
sup
x∈U

|ω
νA (x) − ω

νC (x)|)

≤ max(sup
x∈U

|sA (x) − sB (x)| + sup
x∈U

|sB (x) − sC (x)|,
1

2π
sup
x∈U

|ω
νA (x) − ω

νB (x)|

+ 1

2π
sup
x∈U

|ω
νB (x) − ω

νC (x)|)

≤ max(β1 + β2, β1 + β2)

= β1 + β2.

That is to say

ρ(νA , νC ) ≤ β1 + β2 ≤ 1 − α1 + 1 − α2 = 1 − (α1 + α2 − 1)

= 1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2 = β.

It implies that A = (α, β)C . �
Theorem 11 If A1 = (α1, β1)B1 and A2 = (α2, β2)B2, then
A1 ∪ A2 = (min(α1, α2),max(β1, β2))(B1 ∪ B2).

Proof According to Definition 15, we have

ρ(μA1∪A2
, μB1∪B2

)

= max(sup
x∈U

|rA1∪A2
(x) − rB1∪B2

(x)|,
1

2π
sup
x∈U

|ω
μ(A1∪A2)

(x) − ω
μ(B1∪B2)

(x)|)

and

ρ(νA1∪A2
, νB1∪B2

)

= max(sup
x∈U

|sA1∪A2
(x) − sB1∪B2

(x)|,
1

2π
sup
x∈U

|ω
ν(A1∪A2)

(x) − ω
ν(B1∪B2)

(x)|).

Based on Definitions 3 and 17, we can obtain that

sup
x∈U

|rA1∪A2
(x) − rB1∪B2

(x)|

= sup
x∈U

|max(rA1 (x), rA2 (x)) − max(rB1 (x), rB2 (x))|

≤ sup
x∈U

max(|rA1 (x) − rB1 (x)|, |rA2 (x) − rB2 (x)|)

≤ sup
x∈U

max(1 − α1, 1 − α2)

≤ 1 − min(α1, α2).

1

2π
sup
x∈U

|ω
μ(A1∪A2)

(x) − ω
μ(B1∪B2)

(x)|

= 1

2π
sup
x∈U

|max(ω
μA1

(x), ω
μA2

(x)) − max(ω
μB1

(x), ω
μB2

(x))|

≤ 1

2π
sup
x∈U

max(|ω
μA1

(x) − ω
μB1

(x)|, |ω
μA2

(x) − ω
μB2

(x)|)

≤ 1

2π
sup
x∈U

max(1 − α1, 1 − α2)

≤ 1 − min(α1, α2).

sup
x∈U

|sA1∪A2
(x) − sB1∪B2

(x)|

= sup
x∈U

|min(sA1 (x), sA2 (x)) − min(sB1 (x), sB2 (x))|

≤ sup
x∈U

min(|sA1 (x) − sB1 (x)|, |sA2 (x) − sB2 (x)|)

≤ sup
x∈U

min(β1, β2)

≤ max(β1, β2).

1

2π
sup
x∈U

|ω
ν(A1∪A2)

(x) − ω
ν(B1∪B2)

(x)|

= 1

2π
sup
x∈U

|min(ω
νA1

(x), ω
νA2

(x)) − min(ω
νB1

(x), ω
νB2

(x))|

≤ 1

2π
sup
x∈U

min(|ω
νA1

(x) − ω
νB1

(x)|, |ω
νA2

(x) − ω
νB2

(x)|)

≤ 1

2π
sup
x∈U

min(β1, β2)

≤ max(β1, β2).

It implies that

A1 ∪ A2 = (min(α1, α2),max(β1, β2))(B1 ∪ B2).

�
Corollary 9 If Ai = (αi , βi )Bi , i ∈ I , where I is an index
set, then ∪i∈I Ai = (inf i∈I αi , supi∈I βi ) ∪i∈I Bi .
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Theorem 12 If A1 = (α1, β1)B1 and A2 = (α2, β2)B2, then
A1 ∩ A2 = (min(α1, α2),max(β1, β2))(B1 ∩ B2).

Proof According to Definition 15, we have

ρ(μA1∩A2
, μB1∩B2

)

= max(sup
x∈U

|rA1∩A2
(x) − rB1∩B2

(x)|,
1

2π
sup
x∈U

|ω
μ(A1∩A2)

(x) − ω
μ(B1∩B2)

(x)|)

and

ρ(νA1∩A2
, νB1∩B2

)

= max(sup
x∈U

|sA1∩A2
(x) − sB1∩B2

(x)|,
1

2π
sup
x∈U

|ω
ν(A1∩A2)

(x) − ω
ν(B1∩B2)

(x)|).

Based on Definitions 4 and 17, similar to the proof of
Theorem 11, we can obtain that

A1 ∩ A2 = (min(α1, α2),max(β1, β2))(B1 ∩ B2).

�
Corollary 10 If Ai = (αi , βi )Bi , i ∈ I , where I is an index
set, then ∩i∈I Ai = (inf i∈I αi , supi∈I βi ) ∩i∈I Bi .

Theorem 13 If A = (α, β)B, then A = (α, β)B.

Proof According to Definitions 5 and 17, we have

ρ(μ
Ā
, μ

B̄
)

= max(sup
x∈U

|r
Ā
(x) − r

B̄
(x)|, 1

2π
sup
x∈U

|ω
μ Ā

(x) − ω
μB̄

(x)|)
= max(sup

x∈U
|(1 − rA(x)) − (1 − rB (x))|,

1

2π
sup
x∈U

|(2π − ω
μA(x)) − (2π − ω

μB (x))|)

= max(sup
x∈U

|rA(x) − rB (x)|, 1

2π
sup
x∈U

|ω
μA(x) − ω

μB (x)|)
= ρ(μA , μB )

≤ 1 − α.

ρ(ν
Ā
, ν

B̄
)

= max(sup
x∈U

|s
Ā
(x) − s

B̄
(x)|, 1

2π
sup
x∈U

|ω
ν Ā

(x) − ω
ν B̄

(x)|)
= max(sup

x∈U
|(1 − sA(x)) − (1 − sB (x))|,

1

2π
sup
x∈U

|(2π − ω
νA (x)) − (2π − ω

νB (x))|)

= max(sup
x∈U

|sA(x) − sB (x)|, 1

2π
sup
x∈U

|ω
νA (x) − ω

νB (x)|)

= ρ(νA , νB )

≤ β.

It implies that A = (α, β)B. �
Corollary 11 If Ai j = (αi j , βi j )Bi j , i ∈ I1, j ∈ I2, where
I1 and I2 are two index sets, then

∪i∈I1 ∩ j∈I2 Ai j = ( inf
i∈I1

inf
j∈I2

αi j , sup
i∈I1

sup
j∈I2

βi j ) ∪i∈I1 ∩ j∈I2Bi j

and

∩i∈I1 ∪ j∈I2 Ai j = ( inf
i∈I1

inf
j∈I2

αi j , sup
i∈I1

sup
j∈I2

βi j ) ∩i∈I1 ∪ j∈I2Bi j .

Corollary 12 Suppose Ai = (αi , βi )Bi , i = 1, 2, . . .. Let

lim
n→∞ sup Ai = ∩∞

n=1 ∪∞
i=n Ai , lim

n→∞ inf Ai = ∪∞
n=1 ∩∞

i=n Ai ,

and

lim
n→∞ sup Bi = ∩∞

n=1 ∪∞
i=n Bi , lim

n→∞ inf Bi = ∪∞
n=1 ∩∞

i=n Bi ,

then

lim
n→∞ sup An = ( inf

n≥1
αn, sup

n≥1
βn) lim

n→∞ sup Bn

and

lim
n→∞ inf An = ( inf

n≥1
αn, sup

n≥1
βn) lim

n→∞ inf Bn .

Theorem 14 If A1 = (α1, β1)B1 and A2 = (α2, β2)B2, then
A1 ◦ A2 = (α1 ∗ α2, 1 − α1 ∗ α2)(B1 ◦ B2).

Proof According to Definition 15, we have

ρ(μA1◦A2 , μB1◦B2 )

= max(sup
x∈U

|rA1◦A2 (x) − rB1◦B2 (x)|,
1

2π
sup
x∈U

|ω
μ(A1◦A2)

(x) − ω
μ(B1◦B2)

(x)|)

and

ρ(νA1◦A2 , νB1◦B2 )

= max(sup
x∈U

|sA1◦A2 (x) − sB1◦B2 (x)|,
1

2π
sup
x∈U

|ω
ν(A1◦A2)

(x) − ω
ν(B1◦B2)

(x)|)

Base on Definitions 6 and 17, we can obtain that

sup
x∈U

|rA1◦A2 (x) − rB1◦B2 (x)|
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= sup
x∈U

|rA1 (x) · rA2 (x) − rB1 (x) · rB2 (x)|

= sup
x∈U

|rA1 (x) · rA2 (x) − rA2 (x) · rB1 (x)

+ rA2 (x) · rB1 (x) − rB1 (x) · rB2 (x)|
= sup

x∈U
|rA2 (x)(rA1 (x) − rB1 (x)) + rB1 (x)(rA2 (x) − rB2 (x))|

≤ sup
x∈U

|rA1 (x) − rB1 (x)| + sup
x∈U

|rA2 (x) − rB2 (x)|

≤ 1 − α1 + 1 − α2

= 1 − (α1 + α2 − 1).

We note that supx∈U |rA1◦A2 (x) − rB1◦B2 (x)| ≤ 1, so we
have supx∈U |rA1◦A2 (x) − rB1◦B2 (x)| ≤ 1 − (α1 + α2 − 1) =
1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2.

1

2π
sup
x∈U

|ω
μ(A1◦A2)

(x) − ω
μ(B1◦B2)

(x)|

= 1

2π
sup
x∈U

∣
∣
∣
∣2π

(
ω

μA1
(x)

2π
· ω

μA2
(x)

2π

)

− 2π

(
ω

μB1
(x)

2π
· ω

μB2
(x)

2π

)∣
∣
∣
∣

= 1

2π
sup
x∈U

∣
∣
∣
∣

ω
μA1

(x) · ω
μA2

(x)

2π
− ω

μA2
(x) · ω

μB1
(x)

2π

+ ω
μA2

(x) · ω
μB1

(x)

2π
− ω

μB1
(x) · ω

μB2
(x)

2π

∣
∣
∣
∣

= 1

2π
sup
x∈U

∣
∣
∣
∣

ω
μA2

(x)(ω
μA1

(x) − ω
μB1

(x))

2π

+ ω
μB1

(x)(ω
μA2

(x) − ω
μB2

(x))

2π

∣
∣
∣
∣

≤ 1

2π
(sup
x∈U

|ω
μA1

(x) − ω
μB1

(x)| + sup
x∈U

|ω
μA2

(x) − ω
μB2

(x)|)

≤ 1 − α1 + 1 − α2

= 1 − (α1 + α2 − 1).

We note that 1
2π supx∈U |ω

μ(A1◦A2)
(x)−ω

μ(B1◦B2)
(x)| ≤ 1,

so we have 1
2π supx∈U |ω

μ(A1◦A2)
(x) − ω

μ(B1◦B2)
(x)| ≤ 1 −

(α1 + α2 − 1) = 1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2.

In the similar way, we can prove that supx∈U |sA1◦A2 (x) −
sB1◦B2 (x)| ≤ β1 + β2 ≤ 1 − α1 + 1 − α2 = 1 − (α1 +
α2 − 1) = 1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2 and
1
2π supx∈U |ω

ν(A1◦A2)
(x)−ω

ν(B1◦B2)
(x)| ≤ β1+β2 ≤ 1−α1+

1 − α2 = 1 − (α1 + α2 − 1) = 1 − max(0, α1 + α2 − 1) =
1 − α1 ∗ α2.

It implies that

A1 ◦ A2 = (α1 ∗ α2, 1 − α1 ∗ α2)(B1 ◦ B2).

�
Corollary 13 Suppose Ai = (αi , βi )Bi , i ∈ I , where I is an
index set, then A1 ◦ A2 ◦ · · · ◦ Ai = (α1 ∗ α2 ∗ · · · ∗ αi , 1 −
α1 ∗ α2 ∗ · · · ∗ αi )(B1 ◦ B2 ◦ · · · ◦ Bi ).

Theorem 15 If An = (αn, βn)Bn, n = 1, 2, ..., N , then
A1 × A2 × · · · × An = (inf1≤n≤N αn, sup1≤n≤N βn)(B1 ×
B2 × · · · × Bn).

Proof Trivial from Definitions 7 and 17. �
Theorem 16 If A1 = (α1, β1)B1 and A2 = (α2, β2)B2, then
A1+̂A2 = (α1 ∗ α2, 1 − α1 ∗ α2)(B1+̂B2).

Proof According to Definition 15, we have

ρ(μ
A1+̂A2

, μ
B1+̂B2

)

= max(sup
x∈U

|r
A1+̂A2

(x) − r
B1+̂B2

(x)|,
1

2π
sup
x∈U

|ω
μ(A1+̂A2)

(x) − ω
μ(B1+̂B2)

(x)|)

and

ρ(ν
A1+̂A2

, ν
B1+̂B2

)

= max(sup
x∈U

|s
A1+̂A2

(x) − s
B1+̂B2

(x)|,
1

2π
sup
x∈U

|ω
ν(A1+̂A2)

(x) − ω
ν(B1+̂B2)

(x)|).

Based on Definitions 8 and 17, we can obtain that

sup
x∈U

|r
A1+̂A2

(x) − r
B1+̂B2

(x)|
= sup

x∈U
|rA1 (x) + rA2 (x) − rA1 (x) · rA2 (x)

− (rB1 (x) + rB2 (x) − rB1 (x) · rB2 (x))|
= sup

x∈U
|(1 − rB2 (x))(rA1 (x) − rB1 (x))

+ (1 − rA1 (x))(rA2 (x) − rB2 (x))|
≤ sup

x∈U
|rA1 (x) − rB1 (x)| + sup

x∈U
|rA2 (x) − rB2 (x)|

≤ 1 − α1 + 1 − α2

= 1 − (α1 + α2 − 1).

We note that supx∈U |r
A1+̂A2

(x) − r
B1+̂B2

(x)| ≤ 1, so we
have supx∈U |r

A1+̂A2
(x) − r

B1+̂B2
(x)| ≤ 1− (α1 + α2 − 1) =

1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2.

1

2π
sup
x∈U

|ω
μ(A1+̂A2)

(x) − ω
μ(B1+̂B2)

(x)|

= 1

2π
sup
x∈U

∣
∣
∣
∣2π

(
ω

μA1
(x)

2π
+ ω

μA2
(x)

2π
− ω

μA1
(x)

2π
· ω

μA2
(x)

2π

)

− 2π

(
ω

μB1
(x)

2π
+ ω

μB2
(x)

2π
− ω

μB1
(x)

2π
· ω

μB2
(x)

2π

)∣
∣
∣
∣

= sup
x∈U

∣
∣
∣
∣

(

1 − ω
μA2

(x)

2π

) (
ω

μA1
(x)

2π
− ω

μB1
(x)

2π

)

+
(

1 − ω
μB1

(x)

2π

) (
ω

μA2
(x)

2π
− ω

μB2
(x)

2π

)∣
∣
∣
∣

≤ sup
x∈U

(

|1 − ω
μA2

(x)

2π
||ωμA1

(x)

2π
− ω

μB1
(x)

2π
|
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+
∣
∣
∣
∣1 − ω

μB1
(x)

2π

∣
∣
∣
∣

∣
∣
∣
∣

ω
μA2

(x)

2π
− ω

μB2
(x)

2π

∣
∣
∣
∣

)

≤ 1

2π

(

sup
x∈U

∣
∣
∣ωμA1

(x) − ω
μB1

(x)
∣
∣
∣ +

∣
∣
∣ωμA2

(x) − ω
μB2

(x)
∣
∣
∣

)

≤ 1 − α1 + 1 − α2 = 1 − (α1 + α2 − 1).

We note that 1
2π supx∈U |ω

ν(A1+̂A2)
(x)−ω

ν(B1+̂B2)
(x)| ≤ 1,

so we have 1
2π supx∈U |ω

ν(A1+̂A2)
(x) − ω

ν(B1+̂B2)
(x)| ≤ 1 −

(α1 + α2 − 1) = 1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2.

In the similarway,wecanprove that supx∈U |sν
(A1+̂A2)

(x)−
sν

(B1+̂B2)
(x)| ≤ β1 + β2 ≤ 1 − α1 + 1 − α2 = 1 − (α1 +

α2 − 1) = 1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2 and
1
2π supx∈U |ω

ν(A1+̂A2)
(x) − ω

ν(B1+̂B2)
(x)| ≤ β1 + β2 ≤ 1 −

α1+1−α2 = 1−(α1+α2−1) = 1−max(0, α1+α2−1) =
1 − α1 ∗ α2.

It implies that

A1+̂A2 = (α1 ∗ α2, 1 − α1 ∗ α2)(B1+̂B2).

�
Corollary 14 Suppose Ai = (αi , βi )Bi , i ∈ I , where I is an
index set, then A1+̂A2+̂ · · · +̂Ai = (α1 ∗ α2 ∗ · · · ∗ αi , 1−
α1 ∗ α2 ∗ · · · ∗ αi )(B1+̂B2+̂ · · · +̂Bi ).

Theorem 17 If A1 = (α1, β1)B1 and A2 = (α2, β2)B2, then
A1∪̇A2 = (α1 ∗ α2, 1 − α1 ∗ α2)(B1∪̇B2).

Proof According to Definition 15, we have

ρ(μ
A1∪̇A2

, μ
B1∪̇B2

)

= max(sup
x∈U

|r
A1∪̇A2

(x) − r
B1∪̇B2

(x)|,
1

2π
sup
x∈U

|ω
μ(A1∪̇A2)

(x) − ω
μ(B1∪̇B2)

(x)|)

and

ρ(ν
A1∪̇A2

, ν
B1∪̇B2

)

= max(sup
x∈U

|s
A1∪̇A2

(x) − s
B1∪̇B2

(x)|,
1

2π
sup
x∈U

|ω
ν(A1∪̇A2)

(x) − ω
ν(B1∪̇B2)

(x)|).

Based on Definitions 9 and 17, we can obtain that

sup
x∈U

|r
A1∪̇A2

(x) − r
B1∪̇B2

(x)|

= sup
x∈U

|min(1, rA1 (x) + rA2 (x)) − min(1, rB1 (x) + rB2 (x))|

≤ sup
x∈U

|rA1 (x) + rA2 (x) − rB1 (x) − rB2 (x)|

≤ sup
x∈U

|rA1 (x) − rB1 (x)| + sup
x∈U

|rA2 (x) − rB2 (x)|

≤ 1 − α1 + 1 − α2

= 1 − (α1 + α2 − 1).

We note that supx∈U |r
A1∪̇A2

(x) − r
B1∪̇B2

(x)| ≤ 1, so we
have supx∈U |r

A1∪̇A2
(x) − r

B1∪̇B2
(x)| ≤ 1− (α1 + α2 − 1) =

1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2

1

2π
sup
x∈U

|ω
μ(A1∪̇A2)

(x) − ω
μ(B1∪̇B2)

(x)|

= 1

2π
sup
x∈U

|min(2π,ω
μA1

(x) + ω
μA2

(x))

− min(2π,ω
μB1

(x) + ω
μB2

(x))|
≤ 1

2π
sup
x∈U

|ω
μA1

(x) + ω
μA2

(x) − ω
μB1

(x) − ω
μB2

(x)|

≤ 1

2π
(sup
x∈U

|ω
μA1

(x) − ω
μB1

(x)| + sup
x∈U

|ω
μA2

(x) − ω
μB2

(x)|)

≤ 1 − α1 + 1 − α2

= 1 − (α1 + α2 − 1).

We note that 1
2π supx∈U |ω

μ(A1∪̇A2)
(x)−ω

μ(B1∪̇B2)
(x)| ≤ 1,

so we have 1
2π supx∈U |ω

μ(A1∪̇A2)
(x) − ω

μ(B1∪̇B2)
(x)| ≤ 1 −

(α1 + α2 − 1) = 1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2.

In the similar way, we can prove that supx∈U |s
A1∪̇A2

(x) −
s
B1∪̇B2

(x)| ≤ β1 + β2 ≤ 1 − α1 + 1 − α2 = 1 − (α1 +
α2 − 1) = 1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2 and
1
2π supx∈U |ω

ν(A1∪̇A2)
(x) − ω

ν(B1∪̇B2)
(x)| ≤ β1 + β2 ≤ 1 −

α1+1−α2 = 1−(α1+α2−1) = 1−max(0, α1+α2−1) =
1 − α1 ∗ α2.

It implies that

A1∪̇A2 = (α1 ∗ α2, 1 − α1 ∗ α2)(B1∪̇B2).

�
Corollary 15 Suppose Ai = (αi , βi )Bi , i ∈ I , where I is an
index set, then A1∪̇A2∪̇ · · · ∪̇Ai = (α1 ∗ α2 ∗ · · · ∗ αi , 1 −
α1 ∗ α2 ∗ · · · ∗ αi )(B1∪̇B2∪̇ · · · ∪̇Bi ).

Theorem 18 If A1 = (α1, β1)B1 and A2 = (α2, β2)B2, then
A1∩̇A2 = (α1 ∗ α2, 1 − α1 ∗ α2)(B1∩̇B2).

Proof According to Definition 15, we have

ρ(μ
A1∩̇A2

, μ
B1∩̇B2

)

= max(sup
x∈U

|r
A1∩̇A2

(x) − r
B1∩̇B2

(x)|,
1

2π
sup
x∈U

|ω
μ(A1∩̇A2)

(x) − ω
μ(B1∩̇B2)

(x)|)

and

ρ(ν
A1∩̇A2

, ν
B1∩̇B2

)

= max(sup
x∈U

|s
A1∩̇A2

(x) − s
B1∩̇B2

(x)|,
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1

2π
sup
x∈U

|ω
ν(A1∩̇A2)

(x) − ω
ν(B1∩̇B2)

(x)|).

Based on Definitions 10 and 17, we can obtain that

sup
x∈U

|r
A1∩̇A2

(x) − r
B1∩̇B2

(x)|
= sup

x∈U
|max(0, rA1 (x) + rA2 (x) − 1)

− max(0, rB1 (x) + rB2 (x) − 1)|
≤ sup

x∈U
|rA1 (x) + rA2 (x) − rB1 (x) − rB2 (x)|

≤ sup
x∈U

|rA1 (x) − rB1 (x)| + sup
x∈U

|rA2 (x) − rB2 (x)|
≤ 1 − α1 + 1 − α2

= 1 − (α1 + α2 − 1).

We note that supx∈U |r
A1∩̇A2

(x) − r
B1∩̇B2

(x)| ≤ 1, so we
have supx∈U |r

A1∩̇A2
(x) − r

B1∩̇B2
(x)| ≤ 1− (α1 + α2 − 1) =

1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2.

1

2π
sup
x∈U

|ω
μ(A1∩̇A2)

(x) − ω
μ(B1∩̇B2)

(x)|

= 1

2π
sup
x∈U

|max(0, ω
μA1

(x) + ω
μA2

(x) − 2π)

− max(0, ω
μB1

(x) + ω
μB2

(x) − 2π)|
≤ 1

2π
sup
x∈U

|ω
μA1

(x) + ω
μA2

(x) − ω
μB1

(x) − ω
μB2

(x)|

≤ 1

2π
(sup
x∈U

|ω
μA1

(x) − ω
μB1

(x)| + sup
x∈U

|ω
μA2

(x) − ω
μB2

(x)|)

≤ 1 − α1 + 1 − α2

= 1 − (α1 + α2 − 1)

= 1 − α1 ∗ α2.

We note that 1
2π supx∈U |ω

μ(A1∩̇A2)
(x)−ω

μ(B1∩̇B2)
(x)| ≤ 1,

so we have 1
2π supx∈U |ω

μ(A1∩̇A2)
(x) − ω

μ(B1∩̇B2)
(x)| ≤ 1 −

(α1 + α2 − 1) = 1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2.
In the similar way, we can prove that supx∈U |s

A1∩̇A2
(x) −

s
B1∩̇B2

(x)| ≤ β1 +β2 ≤ 1−α1 + 1−α2 = 1−max(0, α1 +
α2 − 1) = 1 − α1 ∗ α2 and 1

2π supx∈U |ω
ν(A1∩̇A2)

(x) −
ω

ν(B1∩̇B2)
(x)| ≤ β1 + β2 ≤ 1 − α1 + 1 − α2 = 1 − (α1 +

α2 − 1) = 1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2.
It implies that

A1∩̇A2 = (α1 ∗ α2, 1 − α1 ∗ α2)(B1∩̇B2).

�
Corollary 16 Suppose Ai = (αi , βi )Bi , i ∈ I , where I is an
index set, then A1∩̇A2∩̇ · · · ∩̇Ai = (α1 ∗ α2 ∗ · · · ∗ αi , 1 −
α1 ∗ α2 ∗ · · · ∗ αi )(B1∩̇B2∩̇ · · · ∩̇Bi ).

Theorem 19 If A1 = (α1, β1)B1 and A2 = (α2, β2)B2, then
A1| − |A2 = (α1 ∗ α2, 1 − α1 ∗ α2)(B1| − |B2).

Proof According to Definition 15, we have

ρ(μA1|−|A2 , μB1|−|B2 )

= max(sup
x∈U

|rA1|−|A2 (x) − rB1|−|B2 (x)|,
1

2π
sup
x∈U

|ω
μ(A1|−|A2)

(x) − ω
μ(B1|−|B2)

(x)|)

and

ρ(νA1|−|A2 , νB1|−|B2 )

= max(sup
x∈U

|sA1|−|A2 (x) − sB1|−|B2 (x)|,
1

2π
sup
x∈U

|ω
ν(A1|−|A2)

(x) − ω
ν(B1|−|B2)

(x)|).

Based on Definitions 11 and 17, we can obtain that

sup
x∈U

|rA1 |−|A2 (x) − rB1 |−|B2 (x)|

= sup
x∈U

|max(0, rA1 (x) − rA2 (x)) − max(0, rB1 (x) − rB2 (x))|

≤ sup
x∈U

|rA1 (x) − rA2 (x) − rB1 (x) + rB2 (x)|

≤ sup
x∈U

|rA1 (x) − rB1 (x)| + sup
x∈U

|rA2 (x) − rB2 (x)|

≤ 1 − α1 + 1 − α2

= 1 − (α1 + α2 − 1).

We note that supx∈U |rA1|−|A2 (x)− rB1|−|B2 (x)| ≤ 1, so we
have supx∈U |rA1|−|A2 (x)−rB1|−|B2 (x)| ≤ 1−(α1+α2−1) =
1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2.

1

2π
sup
x∈U

|ω
μ(A1 |−|A2)

(x) − ω
μ(B1 |−|B2)

(x)|

= 1

2π
sup
x∈U

|max(0, ω
μA1

(x) − ω
μA2

(x))

− max(0, ω
μB1

(x) − ω
μB2

(x))|
≤ 1

2π
sup
x∈U

|ω
μA1

(x) − ω
μA2

(x) − ω
μB1

(x) + ω
μB2

(x)|

≤ 1

2π
(sup
x∈U

|ω
μA1

(x) − ω
μB1

(x)| + sup
x∈U

|ω
μA2

(x) − ω
μB2

(x)|)

≤ 1 − α1 + 1 − α2

= 1 − (α1 + α2 − 1).

We note that 1
2π supx∈U |ω

μ(A1|−|A2)
(x)−ω

μ(B1|−|B2)
(x)| ≤

1, so we have 1
2π supx∈U |ω

μ(A1|−|A2)
(x) − ω

μ(B1|−|B2)
(x)| ≤

1− (α1 +α2 −1) = 1−max(0, α1 +α2 −1) = 1−α1 ∗α2.
In the similar way, we can prove that supx∈U |sA1|−|A2 (x)−

sB1|−|B2 (x)| ≤ β1 + β2 ≤ 1 − α1 + 1 − α2 = 1 − (α1 +
α2 − 1) = 1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2 and
1
2π supx∈U |ω

ν(A1|−|A2)
(x) − ω

ν(B1|−|B2)
(x)| ≤ β1 + β2 ≤ 1 −

α1+1−α2 = 1−(α1+α2−1) = 1−max(0, α1+α2−1) =
1 − α1 ∗ α2.
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It implies that

A1| − |A2 = (α1 ∗ α2, 1 − α1 ∗ α2)(B1| − |B2).

�
Corollary 17 Suppose Ai = (αi , βi )Bi , i ∈ I , where I is an
index set, then A1| − |A2| − | · · · | − |Ai = (α1 ∗ α2 ∗ · · · ∗
αi , 1 − α1 ∗ α2 ∗ · · · ∗ αi )(B1| − |B2| − | · · · | − |Bi ).
Theorem 20 If A1 = (α1, β1)B1 and A2 = (α2, β2)B2, then
A1∇A2 = (α1 ∗ α2, 1 − α1 ∗ α2)(B1∇B2).

Proof According to Definition 15, we have

ρ(μA1∇A2
, μB1∇B2

)

= max(sup
x∈U

|rA1∇A2
(x) − rB1∇B2

(x)|,
1

2π
sup
x∈U

|ω
μ(A1∇A2)

(x) − ω
μ(B1∇B2)

(x)|)

and

ρ(νA1∇A2
, νB1∇B2

)

= max(sup
x∈U

|sA1∇A2
(x) − sB1∇B2

(x)|,
1

2π
sup
x∈U

|ω
ν(A1∇A2)

(x) − ω
ν(B1∇B2)

(x)|)

Based on Definitions 12 and 17, we can obtain that

sup
x∈U

|rA1∇A2
(x) − rB1∇B2

(x)|
= sup

x∈U
||rA1 (x) − rA2 (x)| − |rB1 (x) − rB2 (x)||

= sup
x∈U

|max(rA1 (x) − rA2 (x), rA2 (x) − rA1 (x))

− max(rB1 (x) − rB2 (x), rB2 (x) − rB1 (x))|
≤ sup

x∈U
|rA1 (x) − rB1 (x)| + sup

x∈U
|rA2 (x) − rB2 (x)|

≤ 1 − α1 + 1 − α2

= 1 − (α1 + α2 − 1).

We note that supx∈U |rA1∇A2
(x) − rB1∇B2

(x)| ≤ 1, so we
have supx∈U |rA1∇A2

(x) − rB1∇B2
(x)| ≤ 1− (α1 + α2 − 1) =

1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2.

1

2π
sup
x∈U

|ω
μ(A1∇A2)

(x) − ω
μ(B1∇B2)

(x)|

= 1

2π
sup
x∈U

||ω
μA1

(x) − ω
μA2

(x)| − |ω
μB1

(x) − ω
μB2

(x)||

= 1

2π
sup
x∈U

|max(ω
μA1

(x) − ω
μA2

(x), ω
μA2

(x) − ω
μA1

(x))

− max(ω
μB1

(x) − ω
μB2

(x), ω
μB2

(x) − ω
μB1

(x))|

≤ 1

2π
(sup
x∈U

|ω
μA1

(x) − ω
μB1

(x)| + sup
x∈U

|ω
μA2

(x) − ω
μB2

(x)|)

≤ 1 − α1 + 1 − α2

= 1 − (α1 + α2 − 1).

Wenote that 1
2π supx∈U |ω

μ(A1∇A2)
(x)−ω

μ(B1∇B2)
(x)| ≤ 1,

so we have 1
2π supx∈U |ω

μ(A1∇A2)
(x) − ω

μ(B1∇B2)
(x)| ≤ 1 −

(α1 + α2 − 1) = 1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2.
In the similar way, we can prove that supx∈U |sA1∇A2

(x)−
sB1∇B2

(x)| ≤ β1 + β2 ≤ 1 − α1 + 1 − α2 = 1 − (α1 +
α2 − 1) = 1 − max(0, α1 + α2 − 1) = 1 − α1 ∗ α2 and
1
2π supx∈U |ω

ν(A1∇A2)
(x) − ω

ν(B1∇B2)
(x)| ≤ β1 + β2 ≤ 1 −

α1+1−α2 = 1−(α1+α2−1) = 1−max(0, α1+α2−1) =
1 − α1 ∗ α2.

It implies that

A1∇A2 = (α1 ∗ α2, 1 − α1 ∗ α2)(B1∇B2).

�
Corollary 18 Suppose Ai = (αi , βi )Bi , i ∈ I , where I is an
index set, then A1∇A2∇ · · · ∇Ai = (α1 ∗ α2 ∗ · · · ∗ αi , 1 −
α1 ∗ α2 ∗ · · · ∗ αi )(B1∇B2∇ · · · ∇Bi ).

Theorem 21 If A1 = (α1, β1)B1 and A2 = (α2, β2)B2, then
A1||λA2 = (min(α1, α2),max(β1, β2))(B1||λB2).

Proof According to Definition 15, we have

ρ(μA1||λA2
, μB1||λB2 )

= max(sup
x∈U

|rA1||λA2
(x) − rB1||λB2 (x)|,

1

2π
sup
x∈U

|ω
μ(A1||λA2)

(x) − ω
μ(B1||λB2)

(x)|)

and

ρ(νA1||λA2
, νB1||λB2 )

= max(sup
x∈U

|sA1||λA2
(x) − sB1||λB2 (x)|,

1

2π
sup
x∈U

|ω
ν(A1||λA2)

(x) − ω
ν(B1||λB2)

(x)|).

Based on Definitions 13 and 17, we can obtain that

sup
x∈U

|rA1 ||λ A2
(x) − rB1 ||λB2

(x)|

= sup
x∈U

[λ|min(rA1 (x), rA2 (x)) − min(rB1 (x), rB2 (x))|

+ (1 − λ)|max(rA1 (x), rA2 (x)) − max(rB1 (x), rB2 (x))|]
≤ sup

x∈U
[λmax(|rA1 (x) − rA2 (x)|, |rB1 (x) − rB2 (x)|)

+ (1 − λ)max(|rA1 (x) − rA2 (x)|, |rB1 (x) − rB2 (x)|)]
≤ max(1 − α1, 1 − α2) = 1 − min(α1, α2).
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1

2π
sup
x∈U

|ω
μ(A1 ||λ A2)

(x) − ω
μ(B1 ||λB2)

(x)|

= 1

2π
sup
x∈U

[λ|min(ωμA1
(x), ωμA2

(x)) − min(ωμB1
(x), ωμB2

(x))|

+ (1 − λ)|max(ωμA1
(x), ωμA2

(x)) − max(ωμB1
(x), ωμB2

(x))|]
≤ 1

2π
sup
x∈U

[λmax(|ωμA1
(x) − ωμA2

(x)|, |ωμB1
(x) − ωμB2

(x)|)

+ (1 − λ)max(|ωμA1
(x) − ωμA2

(x)|, |ωμB1
(x) − ωμB2

(x)|)]
≤ max(1 − α1, 1 − α2)

= 1 − min(α1, α2).

sup
x∈U

|sA1 ||λ A2
(x) − sB1 ||λB2

(x)|

= sup
x∈U

[λ|max(sA1 (x), sA2 (x)) − max(sB1 (x), sB2 (x))|

+ (1 − λ)|min(sA1 (x), sA2 (x)) − min(sB1 (x), sB2 (x))|]
≤ sup

x∈U
[λmax(|sA1 (x) − sA2 (x)|, |sB1 (x) − sB2 (x)|)

+ (1 − λ)max(|sA1 (x) − sA2 (x)|, |sB1 (x) − sB2 (x)|]
≤ max(β1, β2).

1

2π
sup
x∈U

|ω
ν(A1 ||λ A2)

(x) − ω
ν(B1 ||λB2)

(x)|

= 1

2π
sup
x∈U

[λ|max(ωνA1
(x), ωνA2

(x)) − max(ωνB1
(x), ωνB2

(x))|

+ (1 − λ)|min(ωνA1
(x), ωνA2

(x)) − min(ωνB1
(x), ωνB2

(x))|]
≤ 1

2π
sup
x∈U

[λmax(|ωνA1
(x) − ωνA2

(x)|, |ωνB1
(x) − ωνB2

(x)|)

+ (1 − λ)max(|ωνA1
(x) − ωνA2

(x)|, |ωνB1
(x) − ωνB2

(x)|)]
≤ max(β1, β2).

It implies that

A1||λA2 = (min(α1, α2),max(β1, β2))(B1||λB2).

�
Corollary 19 Suppose Ai = (αi , βi )Bi , i ∈ I , where I
is an index set, then A1||λA2||λ · · · ||λAi = (inf(α1, α2, · ·
·, αi ), sup(β1, β2, · · ·, βi ))(B1||λB2||λ · · · ||λBi ).

4 Complex intuitionistic fuzzy relations

In this section, complex intuitionistic fuzzy relations are dis-
cussed.

Definition 18 (Atanassov 1986, 1999) Let U and W be two
arbitrary finite non-empty sets. An intuitionistic fuzzy rela-
tion R̄(U ,W ) is an intuitionistic fuzzy subset of the product
spaceU × W . The relation R̄(U ,W ) is characterized by the
membership function μ

R̄
(x, y) : U × W → [0, 1] and the

non-membership function ν
R̄
(x, y) : U × W → [0, 1] with

the condition

0 ≤ μ
R̄
(x, y) + ν

R̄
(x, y) ≤ 1

for all x ∈ U and y ∈ W .
Like any intuitionistic fuzzy set, R̄(U ,W ) may be repre-

sented as the set of ordered pairs

R̄(U ,W ) = {((x, y), μ
R̄
(x, y), ν

R̄
(x, y)) | (x, y) ∈ U × W }.

Definition 19 LetU andW be two arbitrary finite non-empty
sets. A complex intuitionistic fuzzy relation R(U ,W ) is
a complex intuitionistic fuzzy subset of the product space
U ×W . The relation R(U ,W ) is characterized by the mem-
bership function μR (x, y) : U × W → {a|a ∈ C, |a| ≤ 1}
and the non-membership function νR (x, y) : U × W →
{a′ |a′ ∈ C, |a′ | ≤ 1} with the condition

|μR (x, y) + νR (x, y)| ≤ 1,

where x ∈ U and y ∈ W , μR (x, y) and νR (x, y) assign
each pair (x, y) a complex-valued grade of membership
and a complex-valued grade of non-membership to the set
R(U ,W ).

Like any complex intuitionistic fuzzy set, R(U ,W ) may
be represented as the set of ordered pairs

R(U ,W ) = {((x, y), μR (x, y), νR (x, y)) | (x, y) ∈ U × W }.

The value μR (x, y) and νR (x, y) may receive lie within
the unit circle in the complex plane, and are on the form
μR (x, y) = rR (x) · eiω̄μR (x) and νR (x, y) = sR (x) · eiω̄νR (x),
where i = √−1, each of rR (x) and sR (x) are real-valued
and both belong to the interval [0, 1] such that 0 ≤ rR (x) +
sR (x) ≤ 1, also ω̄

μR (x) and ω̄
νR (x) are periodic function

whose periodic law and principal period are, respectively,
2π and 0 < ω

μR (x), ω
νR (x) ≤ 2π .

The complexmembership functionμR (x, y) and the com-
plex non-membership function νR (x, y) are to be interpreted
in the following manner.

(i) rR (x) represents a degree of interaction or interconnect-
edness between the elements of U and W ; Correspondingly
sR (x) represents a degree of no connection or no interaction
between the elements of U and W ;

(ii) ω̄
μR (x) represents the phase of association, interac-

tion, or interconnectedness between the elements of U and
W ; Correspondingly ω̄

νR (x) represents the phase of no con-
nection or no interaction between the elements of U and W .

Remark 3 Without the phase terms ω̄
μR (x) and ω̄

νR (x), a
complex intuitionistic fuzzy relation R(U ,W ) reduces to a
traditional intuitionistic fuzzy relation R̄(U ,W ).
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5 Examples

As is well known, in the practice of financial work, we can
make accurate evaluation and judgment on the advantages
and disadvantages of the economic benefits of enterprises by
dissecting and analyzing the financial situation and operat-
ing results of enterprises. The selection and application of
financial indicators as evaluation and judgment standards is
particularly important. In this section, we consider financial
indicators selection and application between two companies
below which involves the significance of the phase terms of
a complex intuitionistic fuzzy relation and the application
of operation of complex intuitionistic fuzzy set. Meanwhile,
an example of “therapeutic effects of drugs” is given to illu-
minate (α, β)-equality between two complex intuitionistic
fuzzy sets.

Example 13 Let U be the set of financial indicators of the A
company. Possible elements of this set are “return on equity”,
“total asserts turnover”, “current asserts turnover”, “asset-
liability rate”, “quick rate” and “capital accumulation rate”,
etc. LetW be the set of financial indicators of theB company.
Suppose the complex intuitionistic fuzzy relation R(U ,W )

represents the impact of companyA’s financial indicators on
company B’s financial indicators, i.e., y is influenced by x,
where x ∈ U and y ∈ W .

The membership function μR (x, y) of complex intuition-
istic fuzzy relation R(U ,W ) is a complex value function,
with an amplitude term and a phase term. The amplitude
term indicates the degree of influence of anA company indi-
cator on a B company indicator. An amplitude term with a
value close to 0 implies a small degree of influence, while
a value close to 1 suggests a large degree of influence. The
phase term indicates the “phase” of influence, or time lag that
characterizes the influence of an A company indicator on a
B company indicator.

The non-membership function νR (x, y) of the complex
intuitionistic fuzzy relation R(U ,W ) is also a complex value
function, with an amplitude term and a phase term. The
amplitude term indicates the degree of uninfluence of an A
company indicator on a B company indicator. An amplitude
term with a value close to 0 implies a small degree of no
influence, while a value close to 1 suggests a large degree
of no influence. The phase term indicates the “phase” of no
influence, or time lag that characterizes the no influence of
an A company indicator on a B company indicator.

For example, let x =“asset-liability rate” and y=“capital
accumulation rate”. Then μR (x, y) and νR (x, y) are the
degrees ofmembership and non-membership of the influence
of “asset-liability rate” of company A on “capital accumula-
tion rate” of company B. The value of μR (x, y) and νR (x, y)
may be obtained from an expert.

Suppose an expert states that “A company’s ‘asset-liability
rate’ has a great influence on B company’s ‘capital accu-
mulation rate,’ and the effect of a decline or increase of A
company’s ‘asset-liability rate’ is evident on B company’s
‘capital accumulation rate’ in two-four months. While the
degrees to which A company’s ‘asset-liability rate’ has no
influence on B company’s ‘capital accumulation rate’ is
small, and the no influence of a decline or increase of A
company’s ‘asset-liability rate’ is evident on B company’s
‘capital accumulation rate’ in two-four months.” If R(U ,W )

is a traditional intuitionistic fuzzy relation, according to the
expert’s statement, let membership degree μR (x, y) = 0.85
and non-membership degree νR (x, y) = 0.1. Then we notice
that the time information provided by the expert will be lost.
However, if a complex intuitionistic fuzzy relation is used
to express R(U ,W ), i.e. μR (x, y) and νR (x, y) are assigned
two complex values, then it would include all of the infor-
mation provided by the expert.

Assume R(U ,W ) is used tomeasure interactions between
A company and B company financial indexes in the limited
time frame of 12 months. Then let

μR (x, y) = 0.85 · ei2π 3
12

and

νR (x, y) = 0.1 · ei2π 3
12 ,

thus

R(x, y) = (0.85 · ei2π 3
12 , 0.1 · ei2π 3

12 ).

Note that the amplitude of μR (x, y) and νR (x, y) were
selected to be 0.85 and 0.1, respectively. They are similar
to the degrees of membership and the degree of non-
membership of a intuitionistic fuzzy set. The phase term was
chosen to be 2π 3

12 as an average of “two-four months”, nor-
malized by 12 months the maximum time frame the relation
was designed to take into account.

Complex intuitionistic fuzzy relation, as an extension of
intuitionistic fuzzy relation, could describe the fuzzy char-
acters of things more detail and comprehensively and is very
useful in dealingwith vagueness and uncertainty of problems
that include the periodic or recurring phenomena. Similar to
complex intuitionistic fuzzy set, the novelty of complex intu-
itionistic fuzzy relation lies in its ability for membership and
non-membership functions to achieve more range of values
and contains more information.

Example 14 In this example, we will continue discuss Exam-
ple 13, let V be the set of development indicators of the city,
such as “consumer price index”, “producer price index”, etc.
Now, consider the following two complex intuitionistic fuzzy
relations.
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(i) The relation R(U ,W ) discussed in detail in Exam-
ple 13 represents the relation of influence of A company’s
“financial indexes” on B company’s “financial indexes”.

(ii) The relation R(W , V ) representing the relation of
influence of B company’s “financial indexes” on city devel-
opment indicators.

Let x=“return on equity”, y =“total asserts turnover” and
z =“producer price index”, where x ∈ U , y ∈ W and z ∈ V .

Suppose the following information is available from an
expert.

(i) The influence of A company’s “return on equity” on B
company’s “total asserts turnover” is medium, and its effect
is evident in four-six months, while no influence of A com-
pany’s “return on equity” on B company’s “total asserts
turnover” is medium, and its effect is not evident in four-
six months. According to Definition 19, we can describe the
information provided by the expert as follows.

R(x, y) = (0.55 · ei2π 5
12 , 0.4 · ei2π 5

12 ).

(ii) The influence of B company’s “total asserts turnover”
on city development “producer price index” is verge large,
and its effect is evident in nine-tenmonths,while no influence
of B company’s “total asserts turnover” on city development
“producer price index” is very small, and its effect is not evi-
dent in nine-ten months. According to Definition 19, we can
describe the information provided by the expert as follows.

R(y, z) = (0.9 · ei2π 8
12 , 0.05 · ei2π 8

12 )).

The two relations defined abovemay be combined in order
to produce a third relation, R(U , V ), the relation of influence
ofA company’s “return on equity” on city development “pro-
ducer price index”. The relation R(U , V ) is obtained through
the composition of relation R(x, y) and R(y, z). It is possible
to provide a general and rigorous definition for the composi-
tion of complex intuitionistic fuzzy relation. In this example,
we consider the composition of the two degrees of member-
ship and the two degrees of non-membership derived above:
μR (x, y), μR (y, z), νR (x, y), and νR (y, z).

The result of this composition is the degree ofmembership
and non-membership μR (x, z) and νR (x, z). From intuitive
consideration, we suggest that the value of μR (x, z) and
νR (x, z) should equal the product of μR (x, y) and μR (y, z)
and the product of νR (x, y) and νR (y, z), i.e., R(x, z) equal
the product of R(x, y) and R(y, z). According to Defini-
tion 6, we have

R(x, z) = R(x, y) ◦ R(y, z),

where

μR (x, z) = μR (x, y) ◦ μR (y, z) = 0.55

·ei2π 5
12 ◦ 0.9 · ei2π 8

12 = 0.495 · ei2π 3.3
12

and

νR (x, z) = νR (x, y) ◦ νR (y, z) = 0.4

·ei2π 5
12 ◦ 0.05 · ei2π 8

12 = 0.38 · ei2π 9.7
12 ,

thus

R(x, z) = (0.495 · ei2π 3.3
12 , 0.43 · ei2π 9.7

12 ).

Note that for the membership function, the amplitude
term of μR (x, z) is derived by intersecting the amplitudes of
μR (x, y) and μR (y, z), with product used as the intersection
function of choice. The phase term ofμR (x, z) is also derived
by intersecting the amplitudes ofμR (x, y) andμR (y, z),with
product used as the intersection function of choice.While for
the non-membership function, the amplitude term of νR (x, z)
is derived by intersecting the amplitudes of νR (x, y) and
νR (y, z), with probabilistic sum used as the union function
of choice. The phase term of νR (x, z) is also derived by inter-
secting the amplitudes of νR (x, y) and νR (y, z), probabilistic
sum used as the union function of choice.

Hence, the use of multiplication in this example makes
good intuitive sense. Note that the product operation empha-
sizes a uniqueproperty of complex intuitionistic fuzzy setsthe
complex algebra of its grades of membership and non-
membership. It is a feature of complex intuitionistic fuzzy
sets that is difficult to reproduce using traditional intuition-
istic fuzzy sets.

Example 15 Consider the problem of “ therapeutic effects of
drugs”. Let 1 represents 100 percent of the treatment effects
and 2π represents 12 months. Suppose A, B ∈ CIF�(U ),
where U = {x1, x2, x3} denotes three drugs. Two experts
evaluated the therapeutic effect of three drugs and described
them by two complex intuitionistic fuzzy sets A and B as
follows.

A = 〈0.6 · eiπ , 0.3 · ei0.8π 〉
x1

+ 〈0.5 · ei1.2π , 0.45 · eiπ 〉
x2

+〈0.3 · ei2π , 0.5 · ei1.5π 〉
x3

,

B = 〈0.4 · ei1.2π , 0.5 · ei0.6π 〉
x1

+ 〈0.2 · ei0.8π , 0.6 · ei1.5π 〉
x2

+〈0.5 · eiπ , 0.3 · ei1.2π 〉
x3

.

Take complex intuitionistic fuzzy set A as an example, for
x1 drug, the membership function μA (x1) = 0.6 · eiπ indi-
cates that x1 drug reached 60 percent effective in treating a
disease within about 6months and non-membership function
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νA (x1) = 0.3 · ei0.8π indicates that x1 drug reached 30 per-
cent no effective in treating a disease within about 5 months.
Similar explanations can be made for the treatment effects of
the other two drugs. Then the (α, β)-equality between two
complex intuitionistic fuzzy sets A and B will be discussed.

According to Definition 15, we can obtain that

sup
x∈U

|rA (x) − rB (x)| = 0.3,
1

2π
sup
x∈U

|ω
μA (x) − ω

μB (x)| = 0.5,

and

sup
x∈U

|sA (x) − sB (x)| = 0.2,
1

2π
sup
x∈U

|ω
νA (x) − ω

νB (x)| = 0.25,

therefore

ρ(μA , μB ) = 0.5, ρ(νA , νB ) = 0.25,

and

d(A, B) = 1

2
(ρ(μA , μB ) + ρ(νA , νB )) = 0.375.

Letρ(μA , μB ) = 0.5 ≤ 1−α andρ(νA , νB ) = 0.25 ≤ β,

then A and B are said (α, β)-equal if and only if 0 ≤ α ≤
0.5, 0.25 ≤ β ≤ 1 and satisfy α + β ≤ 1.

According to Example 15, we note that the distance mea-
sure between two complex intuitionistic fuzzy sets A and B
is 0.375, and when α = 0.5 and β = 0.25, the more equal
the two complex intuitionistic fuzzy sets are. Meanwhile,
the (α, β)-equality between two complex intuitionistic fuzzy
sets can also be used to describe the proximity between two
experts’ evaluation for three drugs. Therefore, the concept
of (α, β)-equalities of complex intuitionistic fuzzy sets has
very good practical significance and use value.

6 Conclusion

Consider that complex intuitionistic fuzzy set is very use-
ful in dealing with vagueness and uncertainty of problems
that include the periodic or recurring phenomena. So in this
paper, various operation properties of complex intuitionis-
tic fuzzy sets are investigated when the membership phase
and non-membership phase are restricted to [0, 2π ]. Mean-
while, we notice that the precise membership values and
non-membership values should normally be of no practical
significance, and there is no equality and proximity measure
investigation on complex intuitionistic fuzzy sets. First of all,
we proposed a new distance measure for complex intuition-
istic fuzzy sets. The distance of two complex intuitionistic
fuzzy sets measures the difference between the grades of two

complex intuitionistic fuzzy sets as well as that between the
phases of the two complex intuitionistic fuzzy sets. Then
this distance measure is used to define (α, β)-equalities of
complex intuitionistic fuzzy sets. Two complex intuitionistic
fuzzy sets are said to be (α, β)-equal if the distance between
their membership degrees is less than 1− α and the distance
between their non-membership degrees is less than β. The
concept of (α, β)-equalities of complex intuitionistic fuzzy
sets allows us systematically develop the distance, equality
and proximitymeasures for complex intuitionistic fuzzy sets.
Finally, complex intuitionistic fuzzy relations are discussed
and two examples are given to illuminate the importance
of the phase term of intuitionistic fuzzy relation and the
application of operation of complex intuitionistic fuzzy set.
Furthermore, the problem of “therapeutic effects of drugs”
is given to illuminate (α, β)-equality between two complex
intuitionistic fuzzy sets. Note that the operations discussed
in this paper makes good intuitive sense. Some operations
emphasize a unique property of complex intuitionistic fuzzy
sets, the complex algebra of its grades of membership and
non-membership. It is a feature of complex intuitionistic
fuzzy sets that is difficult to reproduce using traditional intu-
itionistic fuzzy sets. All these conclusions not only deeply
enrich the fundamental theory of complex intuitionistic fuzzy
sets, but also provide a powerful tool to investigate complex
intuitionistic fuzzy sets.
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