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Abstract

The article deals with the correspondence between soft ideal topological spaces and ideal topological ones. Investigation of
soft ideal topological spaces is based on methods of general topology, and the application of results for soft omega open and

strongly soft omega open sets is given.
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1 Introduction

Molodtsov (1999) initiated the concept of soft sets as a com-
pletely different approach for dealing with uncertainties, and
over the past few years, the fundamentals of the soft set the-
ory have been studied by many authors. Since the concept
of soft topology was introduced by Shabir and Naz (2011),
many terms of general topology have found their analogy in
soft topological spaces.

There are several papers that document certain problems
relating to the fundamentals of the soft set theory and soft
topological spaces. (Shi and Pang 2014, 2015; Shi and Fan
2019) demonstrate the redundancies concerning the increas-
ing popular soft set approaches to general topology, and
they claim that soft topology is exactly a special subcase
of general topology. Matejdes (2016) also states that a soft
topology is nothing more than a topology on Cartesian prod-
uct, and each soft topological concept has its topological
equivalent. Some soft terms (for example, soft homogeneity,
soft compactness, soft paracompactness, soft Lindel6fness,
soft normality, soft connectedness, soft hyperconnectedness,
soft topological sum; see Al Ghour and Bin-Saadon (2019);
Al-shami et al. (2020); El-Shafei et al. (2018); Terepeta
(2018)) correspond to known, commonly used and stud-
ied topological terms. Others (for example, soft separation
axioms, see El-Shafei et al. (2018)) correspond to topologi-
cal terms that bring new challenges to research. In principle,
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any soft concept can be studied by standard topological meth-
ods. Recently published works by Alcantud (2021); Matejdes
(2021a); Matejdes (2021b); Matejdes (2021c¢) also document
that soft topology is basically part of general topology, and
concepts of soft topology can be reduced to the correspond-
ing concepts in topology. More precisely, a soft topological
space stemming from a topological space and vice versa is
investigated by Alcantud (2021) (with application to base and
separability), soft homogeneity is investigated by Matejdes
(2021b), enriched soft topology, topological sum, soft regu-
larity, soft compactness and soft Lindel6fness are studied by
Matejdes (2021a), and soft continuity is studied in Matejdes
(2021c). In all cases, topological counterparts were used as
a substitute for soft methods. Based on these facts, we can
say that the cumbersome methods used in the theory of soft
topological spaces, which are often unnecessary imitations
of topological methods, can be effectively overcome by iden-
tifying a set-valued mapping with its graph. From this point
of view, it is a fundamental transformation of the existing
methods used in soft topological spaces into corresponding
topological methods. This is a major step forward in improv-
ing and simplifying the existing methods used in the current
literature.

The aim of the article is to continue the above-mentioned
transformations of topological methods into soft topological
ones. Namely, the results of ideal topological spaces will be
used in the field of soft ideal topological spaces. We espe-
cially focus on the results from Al Ghour and Hamed Worood
(2020). It should be noted that many other results concerning
soft ideal topological spaces (see, for example, Gharib and
Abd El-latif (2019); Kandil et al. (2014) where one will find
further references to the issue of soft ideal topological spaces)
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can be investigated within the framework of ideal topological
spaces whose known results can be directly applied.

This research article is organized as follows: Sects. 2 and
3 are devoted to the basic concepts of the theory of ideal topo-
logical spaces. In order to achieve the specific objectives of
the article by Al Ghour and Hamed Worood (2020), we only
focus on some results of ideal topological spaces. One may
recall these are known facts, but for the sake of complete-
ness and purpose, we present them with proofs unless they
are trivial. In Sects. 2 and 3, the choice of ideal topologi-
cal terms, theorems and lemmas is determined by their use
in Sects. 6 and 7 concerning soft omega open and strong
soft omega open sets, where the results from Al Ghour and
Hamed Worood (2020) are proved as direct consequences.

In Sects. 4 and 5, we show that soft topologies can be fully
characterized in terms of standard topologies on a crisp set.
This characterization is based on two constructions (see Def-
inition 6, Theorem 4). The first one yields a soft topological
space that is associated with any crisp topology on a certain
Cartesian product of two sets. The second works in the oppo-
site direction: With any soft topological space, it produces a
crisp topology on the Cartesian product.

Both constructions are explicit and ensure a transition
from one setting to the other. Their fundamental properties
and mutual links are investigated in Theorem 5. We show
that such notions as a soft subspace, a soft topological sum,
a soft ideal topological space, a soft base and their properties
can be transferred from crisp topologies to soft topologies or
the other way round (Definition 7, Lemma 7, Lemma 8). This
achievement has several remarkable consequences. Concepts
from soft topology can be reduced to the corresponding con-
cepts in topology, and results from topological spaces may
be exported to soft topological spaces. We give examples of
these fundamental advances, namely: soft w-open sets, strong
soft w-open sets is identified with countable sets, sets with
countable sections, respectively (Definition 8, Remark 5).

In Sect. 6, the results are specified into the soft ideals
7* and Z°, and the last section summarizes the results from
Al Ghour and Hamed Worood (2020), which are the direct
consequence of the obtained results. One may recall that all
the results of Al Ghour and Hamed Worood (2020) can be
transformed into corresponding topological results and they
can be extended for arbitrary soft ideal.

2 Ideal topological spaces

(X, 7) denotes a topological space, cl(S), int; (S) the clo-
sure (the interior) of S C X, respectively. If A C X, then by
(A, t4) we denote a topological subspace of (X, t) where
T4 is a subspace topology.

Anideal Z on X is a nonempty collection of subsets of X
which satisfies the following properties: If A € Zand B C A,
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then B € Z,andif A € Zand B € 7,then AUB € 7. Anideal
topological space is a topological space (X, t) with an ideal
7 on X, and it is denoted by (X, 7, Z), see, for example, Al-
Omari and Noiri (2013); Ekici and Noiri (2008); Kaniewski
et al. (1998), where one can find rich references.

If (X, 7,7) is an ideal topological space and S C X,
then the set of all points in which S is locally not in Z with
respect to 7, i.e, {x € X : SNU ¢ T for every open
set U containing x} is called the local function of § with
respect to T and Z, and it is denoted by D; 7(S) (denoted
also S*(Z, 1), see, for example, Al-Omari and Noiri (2013);
Ekici and Noiri (2008); Kaniewski et al. (1998)). Obviously
D; 7(S) isaclosed subset of c/; (S). Forasubset Sof A C X
by D., 7,(S), we denote the set {x € A : SNU ¢ Iy for
every set U € 14 containing x } where 74, = {ANI : I € Z}.
It is clear Z4 is an ideal on A and Z4 C Z. An ideal 7 is
called t-codense, see Kaniewski et al. (1998) if ZNt = {¢}.
A subset A of X locally belongs to 7 if A N D, 7(A) = 0,
i.e., for any x € A there is G € 1 containing x such that
ANU e 7, see Kaniewski et al. (1998).

A topological space (X, t) is Lindelof (weakly Lindelof,
see Frolik (1959)) if every open cover U/ of X has a countable
subfamily V such that X = UV (X = ¢l (UV)). Note U can
be replaced by a cover from a base of (X, 7).

LetB;, 7 ={G\I:Gert1,l1€l},B;, 1, ={G\I:G ¢
T4, 1 € I5}.By (7)7 (briefly t7), (t4)7,, We denote a topol-
ogyon X, A generated by the base B; 7, B;, 7,,respectively.
In the literature, 77 is usually denoted by t*(Z) or briefly t*.
By cox 7, we denote a family {X \ I : I € T} U {#}, which
is a topology on X.

Lemma 1 (see Al-Omari and Noiri (2013); Ekici and Noiri
(2008)) The operator cl(S) = SUD; 7(S) is a Kuratowski
closure operator generating the topology t7. That means a
set S is closed in (X, t7) if and only if D; 7(S) C S. Recall
if T = {0}, then clo;(S) = cl (9).

Remark 1 Let Z and J be the ideals on X. Then

(1) © C B,z C 1z, cox 1z C B 1. Moreover, (X, cox 1),
(X, T7) is a topological space in which any set I € 7 is
closed, respectively (see Lemma 1). It is clear if t/? is
the indiscrete topology on X, then (rid)z =cox 1.

2 (pz =711

(3) The next conditions are equivalent

(a) cox1 C 1.
(b) T = B‘E,I’
(c) T =17.

4) (cox,1)T = cox 1.
(5) IfZ C 7, then

(a) cox 1 Ccoyx 7,
(b) Tt C Bz CBg,50Tt C17 C 17,
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(c) ta C B, 7, C By 74,5074 CTAT, CTA T,
(d) D 7(S) C D 1(85),

e (tpg =Gz =r17,

(f) if cox, 7 C 7, then 177 = 77.

Proof We will prove the items (2), (3), (4), (Se) and (5f). The
rest of the items are clear.

(2): Denote 7 = 6. Then (t7)7 = 61. Since B, 7 C
Byz C 17,177 = 67 and 17 = (17)7.

(3): (@) = (b): The inclusion T C B; 7 is clear. Let
SeB;,z.ThenS =G\I=GNX\I),Ger, I el
Since X\ I ecoxz Crt,Ser.

(b) = (c): The inclusion T C 77 is clear. Let S € 7.
Then S = Ujer H; where H € B, 7 =1,50 S e 7.

(¢) = (a):LetS € cox 7.Then S = X\ A, A € Z. Since
X\Aerz=r1,5er.

(4): Denote T = cox 7. Since cox 7 C t,by 3) T = 17
so cox, 7 = (cox 1)1

(5e):SinceZ C J,1z C17.50 (t7)7 C (t7) 7 =17,
by item (2). Since T C 17, 77 C (17)7. That means 77 =
(tp) 7.

The inclusion 77 C (r7)z isclear. Let H € (t7)7. Then
H = Uier (G, \ I;) where G; € t7and I; € 7 C J.
Moreover, G; = Uges(R] \ 1) where R} e tand I € J.
Then H = Urer (Uses (RN IO\ T = Uyer (Uses (RE\ (7 U
I;))).Since I U I, € J, H € 7. Thatmeans 17 = (17)7.

(5f): The inclusion 7 C 77 follows from the item (5b).
Since cox,7 C T, 77 =1 C 17, by (3). O

Lemma2 If (X, t,Z) is an ideal topological space, then
(ta)z, = (17)a where (t7)4a is a subspace topology on
ACX.

Proof If H € (t7)a, then H = Hy N A where Hy € 17,
Hy = Uier Hy, Hy = Gi\ I}, G, € 1, I € T. Since
H = (UerHY) N A = Uyer((Gh N A) \ (I) N A)) and
GBﬂA S ‘[A,IéﬂA €Za, H € (ta)7,-

If H € (ta)z,, then H = U;c7 H; where H; = G, \ I,
G = SSNA€ty,Sert,l; e Zy C I.Since H =
UrerHr = Urer (St N AN\ L) = (Urer (5: \ 1)) N A and
S\ I; € 17, H € (t7) 4. o

Corollary 1 Let (X, 7, 1) be an ideal topological space. If G
isopenin (X, 17) and A C X, then GN A € (ta)z,.

Proof Since G € 17, GN A € (17)4 = (ta)1,, by Lemma
2. O

Lemma 3 Let (X, t,T) be an ideal topological space. If T N
T = {0} (i.e, if T is t-codense), then cl;(G) = cl;(G) =
D; 7(G) for any G € 7.

Proof The inclusion cl;(G) C cl;(G) is clear. Suppose
there is x € cl;(G) \ cl;;(G). Then thereis H € 1, x € H
and I e Zsuchthat (H\I)NG=(HNG)\UNG) =0.

Since HNG CING e€Z, HNG € Z. On the other hand,
x € cl;(G)and x € H,so HN G # (. Since G € 717,
there are Hy € 7, Hy C H and Iy € Z such that Hy \ Iy C
GNH eZ. SinceZNt = {4}, Hy\ Ip ¢ Z, a contradiction.

The inclusion D; 7(G) C cl(G) isclear. Let x € ¢l (G)
andx € H € t. Then H N G # ¥. Since G € 17, there are
Hy € t, Hy C H and Iy € Z such that Hy\ Ip C G N H.
Since Z Nt = {#}, Hy \ Ip ¢ Z; consequently, G N H ¢ T,
so x € D; 7(G). That means D; 7(G) = cl:(G). m]

Lemma4 Let (X, t,Z) be an ideal topological space. Then

(1) TNt ={@}ifand only if T Ntz = {#},
(2) if I contains all singletons, then

(a) X locally belongs to T if and only if D; 7(X) =0 if
and only if (X, t7) is a discrete space if and only if
{x} € By 1 foranyx € X,

(b) (X, t7) is a T-space.

(3) If (X, T7) is Lindeldf, then (X, t) is Lindeldf.

(4) If TNt = {B}, then (X, 1) is weakly Lindelof if and only
if (X, t7) is weakly Lindelof.

(5) If for any A € T and any cover U C B, 1 of A contains
a countable subfamily V of U such that A C UV, then
(X, ) is Lindelof if and only if (X, t7) is Lindelof.

(6) If X = U2, X; and (X;, tx;) is weakly Lindeldf for any
i, then (X, t) is weakly Lindeldf.

(7) If (X, T) is separable, then (X, t) is weakly Lindeldf.

(8) If (X, t) is Lindeldf, then (X, t) is weakly Lindelof.

Proof The items (1), (2), (3), (7), (8) are trivial.

(4) Let (X, t) be weakly Lindelof and U = {U, \ I; : t €
T} be an open cover of (X, t7) where U; € t, I, € Z. Since
(X, 7) is weakly Lindelof and {U; : ¢t € T} is open cover of
(X, 7), there is a countable set Top C 7T such that U;c7, Uy is
dense in (X, 7). We will show § := U7 (U; \ I;) is dense
in (X, 17). Let G\ I € B; 7. Then G N (UserUs) # ¥, so0
GNUy, # Wforsomety € Tp.SinceINt = {#}, GNU,, ¢ L.
That means (G\ I) N (Uy \ Iyy) € Z,s0 (G\I)NS #0
and S is dense in (X, t7). We have proved (X, t7) is weakly
Lindelof.

Suppose (X, t7) is weakly Lindelof. If i = {U, : t € T}
is an open cover of (X, 7), then there is a countable set Ty C
T such that U;c7, U, is dense in (X, t7). That means U1, U;
is also dense in (X, 1), so (X, 1) is weakly Lindelof.

(5)Let (X, t) be LindelofandUd = {U;\I; : t € T} bean
open cover of (X, 77) where U; € 1, I; € Z. Since (X, 7) is
Lindelof and {U; : t € T} is an open cover of (X, 7), there is
acountable set Top C T suchthatV = {U, : t € Typ}isacover
of (X, 7). For any I;, t € Ty there is a countable subfamily
V; of U such that I, C UV;. It is clear that V U (User, Vi)
is a countable subfamily of ¢/ and V U (U;eq,, V;) is a cover
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of (X, t7). That means (X, r7) is Lindelof. The opposite
implication is clear, see item (3).

(6) LetUd = {U; : t € T} be open cover of (X, t). Then
U = {U;NX; : U € U} is an open cover of (X;, tx;),
i =1,2,3, ... Since (X;, tx;) is weakly Lindelof for any i,
there is a countable subfamily V; of Uf;, such that A; := UY);
is dense in (X;, tx;). Let V = U2 {U; : U, N X; € V). Itis
clear V is a countable subfamily of {/. Let G be a nonempty
open set from 7. Then G N X; # @ for some i. Since A; is
densein (X;, tx,), AiNGNX; # #,s0 GN(UY) # ¥. That
means U) is dense in (X, 7), so (X, ) is weakly Lindelof.

O

3 Ideals and topologies on the Cartesian
product, topological sum

Definition 1 Let E, U be two nonempty sets. A nonempty
family Z c 2£*Y is called an ideal on E x U if

()AUBeZforany A,B €Z,

2)if BeZand A C B,then A € 7.
ForAc2V,Bc26XU AcU,BCExUande € E
we denote

Ip ={BNI:I e€Z1}(tisanideal on B).

@e : U — E x U where ¢, (1) = (e, u) forany u € U,

Ale] = @e(A) = {e} x A,

Alel = {g.(A) = Ale] : A € A},

Be=¢. '(B)={u€U: (e,u)e B},

B, ={¢. "(B) = B.: B € B},

A ={SCExU:S, € Aforanye € E}.
In some cases, we use the notation Ale] = (A)[e], Ale] =
(Alel, B. = (B)e, Be = (B)e, Ap = (A)g. If I, = Iy for
any e, f € E, then Z is called a constant ideal.

Remark 2 1In this remark, we specify the families A and B.
Let 7 be a topology on U, Ule], E x U, respectively, and 7,
7 be anideal on U, E x U, respectively. Then

(1) if 7 is a topology on U, then t[e] is a topology on Ule]
and (U, t) ishomeomorphicto (U[e], t[e]) (the function
@e : U — Ule] is a homeomorphism, i.e., p.(G) € t[e]
ifand only if G € 1),

(2) if t is a topology on Ue], then 7, is a topology on U
and ¢, : U — Ule] is a homeomorphism from (U, t,)
to (Ule], 1), i.e., 9.(G) € T if and only if G € t,.

(3) if t is atopology on E x U, then 1, is a topology on U
for any e € E. For a subspace topology ty[e] on Ule],
(U, (ture))e) and (Ulel, ty(e)) are homeomorphic (see
item (2)). Since (ty(e])e = Te, (U, Te) and (Ulel, ty(e))
are homeomorphic, i.e., ¢.(G) € Tty[) if and only if
G et foranye € E.

(4) If 7 is a topology on U, E x U, then (t[e])e = T,
(te)le] = tyje) for any e € E, respectively.
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(5) Jlel, Z. is an ideal on Ule], U, respectively. Moreover,
(Tlel)e = T, (Ze)le]l = Zyie) and I € Z, if and only if
@e(I) € Zype) forany e € E.

(6) JE is aconstantideal on E x U and (Jg). = J for any
ecE.

Definition2 Let {(U,0,) : e € E} be an indexed family
of topological spaces. By (E x U, ®.cgo.) We denote a
topological sum of {(U,o0,) : e € E}. Note that @.cpo,
is a topology defined as the finest topology on @.cgU =
Ueer{e} x U = U,cgpUle] = E x U for which all canonical
injections ¢, : (U,0,) — (E x U, ®.cg0.) defined by
@e (1) = (e, u) foru € U are continuous.

The following lemma will be useful for further investiga-
tion, see Engelking (1977).

Lemma5 Let {(U,o0.) : e € E} be an indexed family of
topological spaces. Then

(1) acanonical injection @, is a continuous, open and closed
map for any e € E, so it is a homeomorphic embedding,
i.e, @0 : (U, 0d,) = (Ulel, ocle]) is a homeomorphism.

(2) S C E x U isclosed (open, dense) in (E X U, ®.cE0e)
ifand only if S, is closed (open, dense) in (U, o,) for any
e € E ifand only if S N Ule] is closed (open, dense) in
(Ulel, ocle]) for any e € E,

(3) (ExU, ®.cgo.) is compact (Lindeldf, weakly Lindelof)
if and only if E is finite (E is countable) and (U, o,) is
compact (Lindelof, weakly Lindeldf) for any e € E.

Remark 3 1f {(U, o,.) : e € E} is an indexed family of topo-
logical spaces and Z is an ideal on E x U, then

(1) By Remark 2 item (1), (U, o,) is homeomorphic to
(Ulel, ocle]). Since ¢, (G) = @.(H)\ p.(I) for any base
element G = H \ I of (0.)7, where ¢.(H) € o.[e] (see
Remark 2 item (1)) and ¢.(I) € Zy[ (see Remark 2
item (5)), ¢, is a homeomorphism from (U, (o.)7,) to
(Ulel, (@eleDzy)-

) Dayero,2(8). Doyfe), 2y (S N Ulel). Do, 7,(Se) is the
set of all points in which S, SNU[e], S, is locally notinZ,
Zyle]> Lo with respect to e £0e, 0cle], o, respectively.

Theorem 1 Let (E x U, t,7) be an ideal topological space.
Then

(1) forany set G € tz andany e € E, G, € (t.)z,,
(2) (t1)e = (Te)z,-

Proof (1): Put A = Ule]. Then GNUle] = GN A €
(r1)a = (ta)z, = (tWe))Zyy,» by Lemma 2. That means
G NUle] = YUer (H; \ I;) where H; € ty[e) and I; € Zy,).



Soft ideal topological spaces

6753

By Remark 2 item (3), item (5), ¢, ' (H;) = (H;). € 7. and
9. ' (I1) = (I1)e € T, respectively. So (Hp)e \ (I € (Te)1,
and G, = (GNUlel)e = Urer (Hp)e \ (I)e) € (Te) 1,

2):If H € (t7)¢, then H = G, forsome G € 77. By (1),
H =G, € (1)1, 50 (t7)e C (Te)7, -

Let H € (z.)7,. Then H = U;er (Gt \ I;) where
Gy et.and I; € Z,. So Gy = (8})e, I} = (Ry), for some
S; € t and R; € Z. Than means U;cr(S; \ R;) € 17,
$0 (Urer (St \ R1))e € (t1)e. Since (Urer (St \ Ri))e =
Urer ((St)e \ (Rt)e) = Urer(G: \ It) = H, H € (t7)e.
So (te)z, C (T1)e- o

Theorem 2 Let {(U,0.) : e € E} be an indexed family of
topological spaces and S C E x U and L be an ideal on
E x U. Then

D, 10, 7(S) = Ueck Do,je). Ty (S N Ule]).

Proof Let (e, u) € Dg, .5, 7(S)and H € o,[e], (e, u) € H.
Since H € ®.cgoeand HNS = HNSNUle] ¢ Z, HNSN
Ule] ¢ Zy(e)- That means (e, u) € Dy, [ SNUle]), so
(e,u) € UeeEDdg[e],IU[e](S NUle).

Let (e,u) € Dge[e],IU[eJ(S N Ule]) and (e,u) € H €
@PecE0e. Since (e,u) € H NUle] € o.le] (by Lemma 5
item (2)), H N Ule] NS ¢ Zye;. That means H NS ¢ Z, so
(e,u) € Dg, 0, 7(S). m]

Lute)

Theorem 3 Let {(U,o0.) : e € E} be an indexed family of
topological spaces and T be an ideal on E x U. Then

(BecEOe)T = @eeE(Ue)Ie .

Proof G € (®ccpo.)7 ifand only if G = U7 (G \ I;) and
G: € ®ecE0e, Iy € T if and only if (by Lemma 5 item (2))
G = Uier (G \ It) and (Gy), € 0p, (It)e € Lo foranye € E
if and only if G = Urer (G \ 1) and Uyer (G \ (1)) €
(00)z, for any e € E if and only if G, = Uier ((Gy)e \
(It)e) € (0.)7, foranye € Eifandonlyif G € @ecp(0e)7,,
by Lemma 5 item (2). O

Corollary 2 A subset S of E x U is closed (open) in (E X
U, (®ecr0e)7) if and only if S N Ule] is closed (open) in
(Ulel, (o. [e])IUM)for any e € E if and only if S, is closed
(open) in (U, (o.)z,) for any e € E.

Proof A proof follows from Theorem 3, Lemma 5 item (2)
and from Remark 3 item (1), i.e., from a homeomorphism
between (U[e], (0.[e])1y,,) and (U, (0,)7,).- o

4 Relations and set-valued mappings

Any subset S of the Cartesian product E x U is a binary
relation from a set E to a set U. By R(E, U), we denote

the set of all binary relations from E to U. Two relations
A, B are equal if and only if A, = B, for any e € E. The
operations of the sum S U T, User Sy, intersection S N T,
NreT St, complement S¢ and the difference S \ T of relations
are defined in the obvious way as in the set theory.

By F : E — 2U we denote a set-valued mapping (mul-
tifunction) from E to power set 2V of U. The set of all
set-valued mappings from E to 2V is denoted by F(E, U).
A set-valued mapping F for which F(e) = {u} and it is
empty-valued otherwise is denoted by F.

If F,G are two set-valued mappings, then F C G
(F = G)means F(e) C G(e) (F(e) = G(e))foranye € E.
Soif G € F(E,U), then F} C G < u € G(e). The differ-
ence F'\ G of F and G is defined as a set-valued mapping
given by (F \ G)(e) = F(e) \ G(e) for any e € E. The
intersection (union) of family {G, : t+ € T} of set-valued
mappings is defined as a set-valued mapping H : E — 2V
for which H(e) = Nier G (e) (H(e) = U;er G (e)) for any
e € E, and itis denoted by N;c7 Gt (Urer G1). For the inter-
section (union) of two set-valued mappings F and G, we use
notation F NG (F U G). The complement F€ of F is defined
as a set-valued mapping for which F“(e) = U \ F (e) for all
ec k.

A graph of G € F(E,U) is a set Gr(G) = {(e,u) €
E xU : u € G(e)} and it is a subset of £ x U, hence
Gr(G) € R(E,U). So, any set-valued mapping G deter-
mines a relation from R(E, U) denoted by Rg where

R = Gr(G) = Uecege(G(e)),
RG)e = (Gr(G))e = ¢, ' (Gr(G)) = Ge).

On the other hand, any relation S € R(E, U) determines a
set-valued mapping Fs from E to 2V where

Fs(e) = ¢, '(S) = Se.

From the definitions of Rg and Fg and from the equality of
two relations and the equality of two multifunctions, we have
Fr;(e) = (Rg)e = G(e) and (Rpy)e = Fs(e) = S, for any
ec E,so

Fr; =G, Ry, =S.
It is useful to note the next conditions are equivalent:

(1) Fs =G,

(2) Fs(e) = G(e) forany e € E,
(3) Se =G(e)foranye € E,
4) Se = Rg)e foranye € E,
5) S=Rg.
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5 Soft ideal topological space and ideal
topological space

Definition 3 (Maji et al. 2003; Shabir and Naz 2011) Let
E, U be two nonempty sets.

(1) If F : E — 2Y is a set-valued mapping, then F is called
a soft set over U with respect to E. A soft set F' for which
F(e) = W (F(e) = U) for any e € E is called the null
soft set (the full soft set) and F is called a soft point.

(2) A soft set F is a soft subset of G (F is contained in G
or G contains F), if F(e) C G(e) for any e € E. The
complement of soft set F' is defined as a soft set F'“ where
F¢(e) = U\ F(e)foralle € E. The intersection (union)
of a family of soft sets {G; : t € T} is defined as a soft
set G where G(e) = NierGr(e) (G(e) = Urer Go(e))
foralle € E.

(3) The family of all soft sets over U with respect to E is
denoted by SS(E, U). Itis clear SS(E,U) =F(E, U).
The family of all soft points is denoted by SP(E, U).

Definition 4 (Maji et al. 2003; Shabir and Naz 2011) Let
E, U be two nonempty sets. A soft topological space over U
with respect to E is a triplet (E, U, 7) where t C SS(E, U)
is closed under finite intersection, arbitrary union of soft sets
and contains the null soft set and the full soft set. A soft set
from 7 is called a soft open set, and its complement is called
a soft closed set. If H is a soft set, then a soft closure (a
soft interior) of H denoted by scl; (H) (sint; (H)) is defined
as the intersection (union) of all soft closed (soft open) sets
containing H (contained in H).

Definition 5 (Al Ghour and Hamed Worood (2020); Gharib
and Abd El-latif (2019); Kandil et al. (2014)) A nonempty
family Z C SS(E, U) of soft sets is called a soft ideal on U
with respect to E if

(H)AUBeZforany A,B e Z,

2)if BeZand A C B,then A € 7.
If v is a soft topology over U with respect to E, then
(E,U,t,7) is called a soft ideal topological space over U
with respect to E.

Definition6 Let S € R(E,U) and G € F(E, U). We say
S, G corresponds to G, S if § = Rg, G = Fg, respec-
tively. Moreover, S and G are mutually corresponding if
S=Rgand G = Fg. AfamilyC C R(E,U),B C F(E,U)
corresponds to a family 5 ¢ F(E,U), C C R(E,U) if
C=Rg={Rg :G e B},B=Fc :={Fs:S§ €},
respectively. Finally C and B are mutually corresponding if
C corresponds to 5 and B corresponds to C.

The following theorem deals with the mutual corre-
spondence between ideal topological spaces and soft ideal
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topological spaces, and plays an important role in the trans-
formation of soft topological problems into topological ones.
For the correspondence between topological spaces and soft
topological spaces, see Matejdes (2016) ; Matejdes (2021a),
Matejdes (2021c).

Theorem 4 There is a one-to-one correspondence between
the family of all soft ideal topological spaces over U with
respect to E and the family of all ideal topological spaces on
E x U as follows:

(1) If (E, U, t,T)isasoftideal topological space, then (E x
U, R;,Ry7) is an ideal topological space where R; =
(Rg:G e}, Rr={R;: I €T}, ie, Get < Rg €
Rrand A €7 & Ry € Rz, Wesay (E x U, Ry, R7) is
corresponding to (E, U, t,7).

(2) If (E x U,t,7) is a ideal topological space, then
(E,U,F;,F7) is a soft ideal topological space where
F, = {Fg : G € t}, ¥z = {F; : I € 1}, ie,
Gete FgeF,and A eI & Fy € Fr. We
say (E, U, ¥, F1) is corresponding to (E x U, t,1).

(3) Similar correspondence holds between (E,U,t) and
(ExU,Ry), (ExU,t)and (E, U, F;), respectively, see
Matejdes (2016); Matejdes (2021a), Matejdes (2021c).

Remark 4 By the above theorem, (E x U, Rf,,Rp;) =
(E x U, t,T) is corresponding to (E, U, F,, F7) and vice
versa.So(ExU,t,Z)and (E,U,F;,F7)((E,U, t,7)and
(E x U, R, R7)) are mutually corresponding. Similarly, we
say a topology 7 (a soft topology 7) and a soft topology F (a
topology R;) (an ideal Z (a soft ideal 7) and a soft ideal F7
(anideal R7)) are mutually corresponding. If (E x U, 11, Z1)
is an ideal topological space and (E, U, 12,Z>) is a soft
topological space, then they are mutually corresponding if
F; = nnandFz, = Iy ifandonlyif R;, = 71 andRz, = 7.

Any subset of E x U uniquely corresponds to a soft set.
The set E x U (¥) corresponds to the full soft set Fg 7 (the
null soft set Fy). Any set from a soft topology 7 (a topology
7) corresponds to an open set (a soft open set) from R, (F;),
and its complement corresponds to a closed set (a soft closed
set).

The next theorem summarizes the properties of the oper-
ators F : R(E,U) — F(E,U) and R : F(E,U) —
R(E, U). For item (1), see the conditions at the end of the
previous section and item (2) is trivial. For items (3)-(9), see
Matejdes (2021c).

Theorem5 Let (E x U, t1) and (E,U, t2) be mutually
corresponding. If H,G, G, € SS(E,U) and A, B, S; €
R(E,U),t €T, then

(1) the next conditions are equivalent

(a) H and B are mutually corresponding,
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(b) H=Fp,

(c) H(e) =Fp(e) foranye € E,
(d) H(e) = B, foranye € E,
(e) (Ry)e = B, foranye € E,
(f) Ry = B.

(2) Fiewyy = F,', Rru = {(u, e)},
(e,u) € Aifand only if F}' C Fay,
F! C H ifand only if (e, u) € Ry.

(3) H is soft open (soft closed) in (E, U, 1) if and only
if Ry is open (closed) in (E x U, 11) and A is open
(closed) in (E x U, 71) if and only if F 4 is soft open
(soft closed) in (E, U, 13).

(4) Fanp =FaNFp,
Fnrs, = NierFs,

(5) Runc = Ry NRg,
R, 6, = NerRg,,

(6) Ry, = A,

Fa\p =Fa \Fp,

(7) scloy,(H) = Feip Rpy),

scly,(Fa) = Fe, (a),

Faup =Fa UFg,
Fu,.;s, = UrerFs,.
Ryuc = Ry URg,
Ry, ;6. = UreTRg,.
Fr, = H,
Ry =Ry \ Rg.
Sintrz (H) = FintIl (Ry)»
sinty,(Fa) = Finz, (a)-
(8) Cltl (A) = Rsclf2 (Fa) intt] (A) = RsintI2 Fa)
cleyRy) = Ryt (), intyy (Ry) = Rying,, (1)
(9) scly,(HU G) = scly, (H) Uscl, (G),
sinty,(H N G) = sinty,(H) Nsint, (G).

The methods of constructing new topological spaces from
old ones and the one-to-one correspondence between the
family of topological spaces and soft topological spaces
allow the introduction of soft topological spaces. Some of
them are introduced in the following definition.

Definition 7 In this definition, we introduce a soft topolog-
ical sum, a soft topological subspace, and a soft topology
corresponding to t7.

(1) Let {(U,0,) : e € E} be an indexed family of topo-
logical spaces. A soft topological sum of {(U,oc,) :
e € E} is defined as a soft topology Fg, 0, and it
is denoted by ®;_,0.. Note Fg, .0, is equal to {H :
E — 2V : H(e) € o, for all ¢ € E} which is a
soft topology and Fo,(o) = {H : E — 2V : H(e) €
oc.and H(f) = ¥ for f # e} is its soft subbase. So
Fo, ;0. = ©cp0e (see notation @.cpo, in Al Ghour
and Hamed Worood (2020)). Specially if o, = J for
any e € E, then Fg,_ .5 = @) pJ = ©(J) where
7(J) = {F € SS(E,U) : F(e) € Jforany e € E}
is a soft topology from Al Ghour and Hamed Worood
(2020).

(2) If Y C U, then a soft topological subspace of (E, U, 7)
on Y is defined as the corresponding soft topological
space to a topological subspace (E x Y, (R;),,,) where
(R¢) .y 1s a subspace topology on E x Y derived from
R;. A soft topological subspace of (E,U,t) on Y is

denoted by Al Ghour and Hamed Worood (2020) by
(E,Y, ty), see Lemma 9.

3) If (E x U, t,7) is an ideal topological space, then we
can define a soft ideal topological space by (E, U, F;),
see Lemma 6 and Lemma 8 (1).

Lemma 6 Let (E x U, t,7) be an ideal topological space.
Then ¥, = (F;)p; where (F;)g, denotes a soft topology
generated by a soft base {G\ I : G € ¥, I e F1} =Fp_,.

Proof The equation {G\ I : G € F;, I € Fz} = Fp_, and
the factthat {G\ I : G € F, I € F7}is asoftbase is trivial.

H € F; if and only if Ry € 77 if and only if Ry =
Urer(G¢ \ I;) where G; € t and I; € 7 if and only if
H = U;er (Fg, \ F1,) (by Theorem 5 (4), (6)) where Fg, €
F; and F;, € F7 if and only if H € (F;)r,. That means
F., = (For,. o

In the following, 7, 7 (Z, 7 ) denotes a topology on E x X,
a soft topology over U with respect to E (an ideal on E x X,
a soft ideal on U with respect to E), respectively.

Lemma7 Let (E xU,t,7), (E,U, 7, ZA') be an ideal topo-
logical space, softideal topological space, respectively. Then

(1) For any e € E the families T, := {F(e) : F € T}
and 1, := {G, : G € t} are the topologies on U. If
(E x U, ) and (E, U, t) are mutually corresponding,
then R;), =1, =T, = (F;). forany e € E.

(2) t =F, and T = Fg (¢ = Fy) ifand only if T = R;
andT = R4 (t = Ry) ifand only if (E x U, t,7) and
(E,U,%,2) (E x U,7) and (E, U, %)) are mutually
corresponding.

(3) The next conditions are equivalent.

(a) (E x U, t)and (E, U, T) are mutually correspond-
ing,

(b) ¥pis asoft base of (E, U, T) for any base BB of (E x
U,1),

(c) Ry is a base of (E x U, 1) for any soft base B of
(E,U, 7).

Proof (1) It is clear that 7, and 7, are the topologies on U.
Since R; =t and F; = 7, (R;), = 7, and (F;), = 7,.

Since G € 1 and F € T are mutually corresponding, by
Theorem 5 (1) (c), (d), G, = Fg(e) for any e € E. That
means A € t, if and only if A = G, = Fg(e) for some
G € tifandonly if A = Fg(e) for some Fg € 7 if and only
if A € 7,.

(2) follows from Remark 4.

(3) In the following, we use the rules of Theorem 5. (a) =
(b) Let (Ex U, t)and (E, U, T) be mutually corresponding.
Let B={G;:t € T}beabaseof (E x U,1).IfG € 1,
thenRg € 150 Rg = Uscetyc7Gr and G; € B. That means
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G =Fr; = Fucqycr6, = YreerycrFe, and Fg, € Fp.
That means Fj is a soft base of (E, U, 7).

(b) = (c) Let B = {G; : t € T} be a soft base of
(E,U,7).If G € 1,then G = UzesGy where Gy € By
for some base By of 7. So Fg = Fu,_¢6, = UsesFg, and
Fg, € Fp,. Since Fp, is a base of 7, Fg, € 7. Then for
any s € S, Fg, = Ujc/H! where H! € B. That means
Fg = Uses Ujer H!, 50 G = Ruqesu,e,yi = Uses Vier Ryi
and Ry € Ry. That means Ry is a base of 7.

(c) = (a) By item (2), it is sufﬁ01ent to prove T = R;.
Let B C 7 be a base of (E,U, 7). ThenR C t is a base of
(ExU,1).If Aert,then A =U;c7 G, Where GreRp C
R;. Since R; is a topology (see Theorem 4), A € R;. On the
other hand, if A € R;, then A = Rg where S € 7. Since Bis
a soft base of (E, U, T), S = U,er G, where G, € B. Then
A =Ry, ;6, = UrerRg, where Rg, € Ry C 7. Since 7 is
atopology, A € t. O

Lemma8 Let (E x U,1,7) and (E, U, t,7) be mutually
corresponding (i.e., T =F; and T =F7)and {(U,0,) : e €
E} be an indexed family of topological spaces. Then

(1) ¥y = (Fo)p; = 75 and Rfi = (R$)R; = 77. That
means 17 and fI are mutually corresponding.

(2) (GBZEEO—e)I (@eeEGE)FI (F®eeEUe)FI =
F@wronr = Fowroor, = (001,

So, (GazeEae)f and (Beee0e)T = Deck (0,)7, are mutu-
ally corresponding.

(3) cl:(G) = Rsei;(vg), sclz(H) = Fe vy for any subset
G of E x U, for any soft set H, respectively where scl; is
the soft closure operator with respect to T, see Definition
4.

Proof (1) By Lemma 6, Fr; = (F1)p; = 75,50 177 = Rff.
By Lemma 6, F(Rf)(Rf) = (FRf)(FRi_) = 7z, 50 Rfi_ =
R)R; =17

(2) follows from Definition 7, Lemma 6, Theorem 3, Def-
inition 7.

(3) follows from Theorem 5 (7), (8). O

6 Soft ®@-open sets and strongly soft @-open
sets

In the next remark, we specify the above results to those of Al
Ghour and Hamed Worood (2020) concerning soft w-open
sets and strongly soft w-open sets. Readers are referred to Al
Ghour and Hamed Worood (2020) for the following nota-
tions: coc(U, E), scoc(U, E), CSS(U, E), SCSS(U, E),
SP(E,U), T, Tsc» Tw» Tsw Where T is a soft topology over U
with respect to E.
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Definition8 By Z°, 79, we denote an ideal of all countable
subsets of E x U, an ideal of all subsets I of E x U such that
I, C U is countable for any e € E, respectively. Let 7°, 7°
be the correspondmg soft ideal to ZO %, ie, Fpo = IO &
Ry = 70, Fzs = T e R4, =17, respectively.

Remark 5 Let (E x U, t,) and (E, U, T) be mutually corre-
sponding, i.e., F; = 7 <& R; = 7. Then

(D IS , 70 is a constant ideal on E x U, respectively, i.e.,
IO (= an ideal of all countable subsets of U) and
U[e = I{’,[e (= an ideal of all countable subsets of

Ule]) forany e € E. Itis clear 7° C 7V, 75 c 0.

(2) 7° corresponds to the collection of all countable soft
sets CSS(U, E) (G € CSS(U, E) & G(e) is count-
able for any ¢ € E), ie., CSS(U,E) = Fp =10 &
Ressw,py =10 = R4

(3) Z° corresponds to the collection of all strongly count-
able soft sets SCSS(U,E) (G € SCSS(U,E) &
G (e) is countable for any e € E and {e : G(e) # 0}
is countable), i.e., SCSS(U,E) = Fgs = UANIPES
Rscssw. ey =1° = Ry,

Since 7* C 19, SCSS(U, E) C CSS(U, E), see Al
Ghour and Hamed Worood (2020), Proposition 11.
Moreover, Z° = 79 if and only if E is countable, so
SCSS(U, E) =CSS(U, E) if and only if E is count-
able, see Al Ghour and Hamed Worood (2020) Theorem
16.

(4) Thebase B, 7o corresponds to the softbase 7. = {G\1 :
G is softopen, I € CSS(U, E)} = FBTIO < R; =
B, 70. So, Fs__. , 1s a soft base for 7, by Lemma 7, see
Al Ghour and Hamed Worood (2020) Theorem 2.

(5) The base B; zs corresponds to the soft base rsc =
{G\1I : Gissoftopen, I € SCSS(U, E)} = FB, 75
R; = B 1s. So, Fp__, is a soft base for 7y, by
Lemma 7, see Al Ghour and Hamed Worood (2020)
Theorem 18.

(6) The topology cog s 7o corresponds to the cocountable
soft topology coc(U, E), so
coc(U, E) = Fco «U.T0 < Reoe(u,E) = COpxy,70 =
(cogxy,10)70, DY Remark 1 (4).

The topology cogy 75 corresponds to the strongly
cocountable soft topology scoc(U, E), so

scoc(U, E) = FcaExy,Is < Rycoc(U,E) = COpxy,1s =
(cogxu,z7s)7s» by Remark 1 (4).

Clearly cogxy, 75 C cogyy 10, see Remark 1 (5) and
COpxy,Ts = Copyy 7o ifand onlyif E is countable. So,
scoc(U, E) = coc(U, E) if and only if E is countable.

(7) A € 1, if and only if A = U,cr G, where G, € 7,
if and only if A = U;cr(F; \ I;) where F; € T and
I, e CSSWU,E) = Fpifand only if A € (f)FIO.
Similarly A € 7y, ifandonlyif A € (7)f,,. By Lemma
8 (1),
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Tw = (DFy, = (Dj0 = Fo)r,y =Fry,
o = Dy = @)y = Fpg, = Foyy.

(8) By item (7), t70 and 7, T7s and %, are mutually cor-
responding, respectively. Consequently
(PecE0e)70 and (@ZEEUe)w,

(®eceoe)7s and (@ZeEae)sw,

(cogxy 10)70 and (coc(U, E))y,
(copxu.z:)7 and (scoc(U, E))sw

are mutually corresponding, respectively. So
F(®eeEUe)Io = (GaieEU")w’

Fo,cpo0s = (@ieEOC’)Sw’

Fieop, 1070 = (coc(U, E))os
F(coExU,p)Is = (scoc(U, E))sw-

(9) Since (coc(U, E)), = F(COEXU‘IO)IO = FC"ExuzO =
coc(U, E) and (scoc(U, E))so = Ficog, y 7s)7s =
Feop,y 7« = scoc(U, E) (see item (8), Remark 1 (4)
and item (6)),

(coc(U, E))y = coc(U, E),

(scoc(U, E))se = scoc(U, E),

see Al Ghour and Hamed Worood (2020) Corollary 1
and 7.

If E is countable, then coc(U, E) = scoc(U, E) =
(coc(U, E))y = (coc(U, E))sw, see item (6).

(10) A set G € 175 (G € T40) is called a strongly w-open
set (w-open set) and it corresponds to a strongly soft
w-open set (soft w-open set) from 7y, (£,). According
Al Ghour and Hamed Worood (2020), Ty, (7,,) is called
the soft topology of all strongly soft w-open sets (soft
w-open sets).

(11) Since Z; = IS (= an ideal of all countable subsets of
U, see Remark 5 (1)), for any topology o on U,

(0)z; = (0)70 = 0w
where o, is atopology on U generated by abase { G\ A :
G € o and A is countable}. Consequently
(Te)Ig = (Te)Ig = (Te)w = (fe‘)w,
by Lemma 7 (1).

(12) {(e, u)} corresponds to a soft point F}* (ex, see Al Ghour
and Hamed Worood (2020)).

(13) {{(e,u)}:e € E,u € U} corresponds to SP(E, U).

(14) Since 770 and 7, T7s and Ty, are mutually correspond-
ing, respectively (see Remark 5 (8)), by Theorem 5 (7),
(3)
cle 4 (G) = Ryer, k), sclz, (H) = FcerO Ry)>
Cliys (G) = Ry, (¥g)» sclz,,(H) =Fa,_ ®py)
where scl; , sclz  is the soft closure operator with

respect to T, Tsw, respectively, and G is a subset of

E x X and H is a soft set.

7 Application of results for an ideal of
countable sets

Corollary 3 Let {(U, 0,)) : e € E} be an indexed family of
topological spaces and (U, J) be a topological space. Then

(1) (GaieEo'e)w = (GaieEUe)sw = @ieE(ae)w,
(2) @@ = T@so = TQw),

see Al Ghour and Hamed Worood (2020) Theorem 8, 26,
Corollary 1,4, 11, 12, 13.

Proof (1) By Remark 5 (11)) and Theorem 3,
(eaeEEO'e)IU = @EEE(Ge)IS =
@eeE(Ue)Ig = (BecE0e)Ts -

That means
F(®66EUB)IO = F®CEE(UE)29 =
FGBeeE(Ue)Ig = F(@eeEUe)IS .

By Remark 5 (8),

F(@EEEUE)IO = (@iEEae)w7
F(@eeEUe)ZS = (eaieEG@)Sw‘
By Remark 5 (11) and Definition 7,

F@eeE(Oe)zg = F@eeE(Ue)Ig =

F®€€E(Oe)m = @ZeE(Ue)a)-
That means
(GBZEEO—e)w = @;eE(Ue)a) - (@ZeEde)sw.

(2) If o, = J for any e € E, then by (1)

(eaieEG)w = (GBEEE:])SQ) = ®iEE(3)w-
Using notation from Al Ghour and Hamed Worood (2020)
(see Definition 7),

(T@o = T@)so = T@w)- O

Let (E, U, 7) be a soft topological space and Y C U. If
F € SS(E, U), then a soft set Fy is defined as Fy(e) =
F(e)NY forany e € E. A family Ty = {Fy : F € 7} 1is
called arelative soft topology on Y, see Al Ghour and Hamed
Worood (2020). Similarly, we define a soft ideal fy ={Iy:
lel } where 7 is a soft ideal.

Lemma9 Let (E, U, f,i) and (E x U, t,T) be mutually
corresponding, Y C U. Then

(I) F‘EEX)/ = iiY - (F‘E)Y)
(2) 1,y =1y = (Fp)y,
(3) (ty)z, = (T3)y-

Proof (1) Aset A € tgxy ifandonlyif A=GN(E xY)
where G € 7 if and only if F4(e) = ¢,/ (GN(E x Y)) =

@ Springer
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e M G) N1 (E x Y) = Fge) N Y = (Fg), (e) where
Fg etifandonlyif F4 € ty. So F;, , = Ty = (Fr)y.
(2) is similar.
(3) By Lemma 2, (texy)z,,, = (TZ)Exy, SO
F(tEXY)IEXy =Fqy), - By (1) and Lemma 6,

F(II)ExY = (F‘L’I)y = ((FT)FI)y = (fj')y
By Lemma 6 and (1), (2),

F(TEXY)I = (Frpy ¥z o =@F, , =
Exy ExY ExY

(fy)i—y. That means (fy)jy = (fi)y. O
Corollary 4 Let (E, U, T) be a soft topological space. Then

(f}’)w = (fw)Ya
(fY)sa) = (fsw)Ys

see Al Ghour and Hamed Worood (2020) Theorem 15, 34.

Proof Since 73 = Ty, T3, = Ty (see Remark 5 (7)),
(T30)y = (Tw)y, (I4,)y = (f50)y. Moreover, 1%.1% is a
soft ideal of all countable-valued mappings, a soft ideal of all
countable-valued mapping and nonempty-valued mappings
on a countable set, so (fY)fOY = (7)) w» (fy)jjy = (Iv)sw
(see Remark 5 (7)), respectively. Both equations follow from
the equation (‘fy)jy = (73)y, see Lemma 9 (3). O

Corollary 5 Let (E, U, 1) be a soft topological space. Then

(fw)e = (fe)w = (fsw)ev

see Al Ghour and Hamed Worood (2020) Theorem 25, Corol-
lary 10.

Proof Let (E x U, t) be the corresponding topological space
to (E, U, 7). By Theorem 1 item (2)

(t70)e = (fe)Ig» (t7s)e = (fe)Ig-
Since (te)zs = (‘L’e)l—? (see Remark 5 item (11)),

(TIO)e = (Te)Ig = (Te)Ig = (T75)e-

Since 77, and 7; are mutually corresponding (see Lemma
8), by Lemma 7 (1) and Remark 5 (11)

(FrIo)e = (fe)a) = (fe)w = (Frl—s De-

By Remark 5 (7),
(Tw)e = (T)o = (Tsw)e- O

Corollary 6 Let (E, U, T) be a soft topological space. If G €
Ty, G € Ty, then G(e) € (To)w, G(€) € (T.)y, respectively,
see Al Ghour and Hamed Worood (2020) Corollary 3, 9.
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Proof Since t70 and 7,, tzs and 7, are mutually cor-
responding, respectively (see Remark 5 (8)), Rg € 770,
R € 175, respectively. By Theorem 5 (1) (d) (e), Theo-
rem 1 and Remark 5 (11), G(e) = (Rg), € ('L’e)Ig = (Te)w>
G(e) = (Rg), € (Te)zg = (fe)Ig = (%,)w, respectively. 0O

Recall an ideal Z on E x U is t-codense where 7 is a
topology on E x U if ZNt = {#}, see Kaniewski et al. (1998).
So the corresponding soft variant can be defined as follows:
A softideal 7 is £-soft codense if Z N = {Fy} where T is a
soft topology. That means, see Al Ghour and Hamed Worood
(2020), (E, U, 7) is soft anti-locally countable (strongly soft
anti-locally countable) if and only if Nt = {Fg} @*nt =
{Fy})if and only if 70 is 7-soft codense (Z° is 7 -soft codense).

Corollary 7 Let (E, U, ) be a soft topological space. Then

(1) (E,U,7)is soft anti-locally countable, i.e., 7°N% = (Fy)
(strongly soft anti-locally countable, i.e., "Nt = {Fg})
if and only if (E, U, t,) is soft anti-locally countable,
ie, 10N ffo = {Fy} ((E, U, 15,) is strongly soft anti-
locally countable, i.e., N ffy = {Fy}), see Al Ghour
and Hamed Worood (2020) Theorem 13, 32.

(2) If (E, U, t) is soft anti-locally countable, strongly soft
anti-locally countable, then

sclz(H) = sclp (H),
scly(H) = sclp  (H),

forany H € 1, for any H € Ty, respectively, see Al
Ghour and Hamed Worood (2020) Theorem 14, 33.
(3) If (E, U, ) is soft anti-locally countable, then

scly(H) = sclz (H) = sclz, (H)
forany H € Ty,

Proof (1)(E,U,7) is softanti-locally countable (strongly soft
anti-locally countable) if and only if 9Nt = {Fy) (@*NT =
{Fy}) if and only if 709Nt = {0} (Z* Nt = {#}) if and only
if 70N 70 = {#} (Z° N1 = {B}) (see Lemma 4 (1)) if
and only if 7° N ;. = (Fy) @ n #; = {Fy}) if and only
if (E,U, t,) is soft anti-locally countable ((E, U, ty,) is
strongly soft anti-locally countable).

(2) Suppose Nt = (@}, ie., (E,U, ) is soft anti-
locally countable. By Lemma 3

cl:(G) = clr,(G) = Dy 10(G),
for any G € t70. By Theorem 5 (7) and Remark 5 (14),

sclz(Fg) = Fa.6) = Fe,_, ) = sclz, (Fo).
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Then for any H € 7, = FT% (see Remark 5 (7)), H = Fg

for some S € rg and

scl;(Fs) = sclz (Fs),
scly(H) = sclp (H).

Similarly, if Z° Nt = {#}, i.e., (E, U, 7) is strongly soft
anti-locally countable, then for any H € T,

scl; (H) = scl;

Tsw

(H).

(3) Suppose Nt = {@}, ie., (E,U, ) is soft anti-
locally countable. Since Z Nt € I° Nt = {#} (135 C
770, see Remark 1 (5)), (E, U, 7) is strongly soft anti-locally
countable. Then

scly(H) = scly (H) = sclp,  (H)

for any H € Ty. O

Corollary 8 Recall a subset A of (X, t, 1) locally belongs to
L, if AN Dy 7(A) =1, ie., forany x € Athereis G € T
containing x such that A N U € I, see Kaniewski et al.
(1998). So, X locally belongs to L if and only if for any
x € X there is an open set G containing x such that G € Z.
That means (E, U, ) is soft locally countable (strongly soft
locally countable), see Al Ghour and Hamed Worood (2020)
if and only if for any F!' € SP(E,U) there isa set G € T
containing F}' such that G € 70 (is).

Since F}' € 70 (F! e is)for any (e,u) € E x U, then
Theorem 10, 29, Corollary 5, 14 of Al Ghour and Hamed
Worood (2020) follow from Lemma 4 (2a).

Corollary 9 By the correspondence between the family of
soft topological spaces and the family of topological spaces
(see Theorem 4), a soft topological space (E, U, T) is soft
Lindelof (soft weakly Lindeldf), see Al Ghour and Hamed
Worood (2020) if and only if the corresponding topological
space (E x U, 1) is Lindelof (weakly Lindeldf). So, the next
assertions of Al Ghour and Hamed Worood (2020) follow
directly from above results: Theorem 35, see Lemma 4 (5),
Theorem 36, see Lemma 4 (3), Theorem 37, see Remark 5 (6),
Lemma 4 (5), Theorem 38, see Lemma 5 (3), Corollary 16,
see Lemma 4 (5), Remark 1 (1), Theorem 39, see Corollary 3
(1), Lemma 4 (5), Theorem 40, see Lemma 4 (8), Theorem 41,
see Lemma 4 (7), Corollary 17, see Lemma 5 (3), Theorem
45, see Corollary 7, Lemma 4 (4).

Recall that many results of Al Ghour and Hamed Worood
(2020) hold for arbitrary soft ideal. In addition to 79 and Z°,
we can consider a softideal Z where Zy = {BCExU:B"
is countable forany u € U} and B* = {e € E : (e, u) € B}.

The next assertions from Al Ghour and Hamed Worood
(2020) follow directly from the above-obtained results.
Namely

Theorem 2, 3, see Remark 1 (1),

Proposition 9, see Remark 1 (1),

Theorem 4, 21, see Remark 1 (3),

Theorem 5, 22, see Remark 1 (2),

Theorem 7, see Theorem 1 (2),

Theorem 18, see Remark 1 (1), (5),

Theorem 19 (b), see Remark 1 (5f),

Theorem 20, see Remark 1 (1),

Proposition 12, see Remark 1 (1),

Theorem 21, see Remark 1 (3),

Theorem 23, see Remark 1 (5e),

Theorem 11, 30, see Lemma 4 (2b),

Theorem 42, see Lemma 4 (6) (where E x U = U,cp U |e]
and by Remark 2 (1), (U[e], o[e]) is weakly Lindelof if and
only if (U, o,) is weakly Lindelof).

Note that the examples from Al Ghour and Hamed Worood
(2020) also have their topological variants.

8 Conclusion

This paper contributes to the expanding literature on soft
topology. We prove that soft topologies can be character-
ized by crisp topologies. This is based on bilateral transition
that produces soft topologies from crisp topologies and vice
versa. Both constructions are explicit and amenable to math-
ematical manipulations. Various consequences demonstrate
that this transition has far reaching implications for the devel-
opment of soft topology and its extensions.

We have clearly documented the advantage of this bilat-
eral transition in which all notions and results of soft ideal
topological spaces have crisp counterparts in ideal topolog-
ical spaces. This means that the concepts and results that
relate to soft ideal topological spaces are fully covered and
derivable from standard methods of general topology. From
this point of view, we can also evaluate the results from Al
Ghour and Hamed Worood (2020) as a copy of known results.
Therefore, in further research of soft topological spaces, we
propose avoiding the methods and results that are counter-
parts (consequences) of topological concepts and rather to
focus on applications of soft topological spaces.
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