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Abstract

Three-way decisions, as a better way than two-way decisions, has played an important role in many fields. As an extension of
semiconcept, preconcept constitutes a new approach for data analysis. In contrast to preconcept, formal concept or semiconcept
is too conservative about dealing with data. Hence, we want to further apply three-way decisions to preconcept. In this work,
we introduce three-way preconcept by an example. This new notion combines preconcept with the assistant of three-way
decisions. After that, we attain a generalized double Boolean algebra consisting of three-way preconcept. Furthermore, we give
two form operators, approximation operators from lattice and set equivalence relation approximation operators, respectively.
Finally, we present a conclusion with some summary and future issues that need to be addressed.

Keywords Preconcept - Approximation operator - Three-way decisions - Lattice theory

1 Introduction

Wille proposed Formal Concept Analysis (FCA) (Wille
1982), another commonly used term is concept lattice theory,
based on lattice theory. The formal concept is an essential
element of FCA which consists of a pair of sets that say
extent and intent. The underlying notion of “formal concept”
evolved early in the philosophical theory of concept, which
still plays a pivotal role in data analysis until today (Ganter
et al. 1997). The set of all formal concepts in a formal con-
text forms a complete lattice, called concept lattice, which is
the most important structure in FCA. In 2002, (Duntsch and
Gediga 2002) proposed property-oriented concept lattice and
discussed related properties. On the other hand, (Yao 2004)
obtained a new notion, called object-oriented concept and
pointed that there is an isomorphism between object-oriented
concept lattice and formal concept lattice under the idea of the
lattice. In algebraic structure, surveys such as that conducted
by Yang and Xu (2009) showed many properties in object-
oriented concept lattice. By now, FCA has developed into
an efficient tool for attribute reduction (Wan and Wei 2015;
Xu et al. 2016) and granular computing (Li et al. 2015). If
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only consider extent or intent, in some sense, it is a more
reasonable choice. Thus, as an extension of formal concept,
semiconcept has been first considered in 1991 by Luksch
and Wille (1991). Wille pointed out some properties of semi-
concept operators and proved that semiconcept algebra is a
double Boolean algebra (Vormbrock and Wille 2005). Mao
(2019) researched approximation operators in semiconcept
in 2019, this study has provided new insights into character-
izing semiconcept by a new idea with RS. Therefore, FCA
has been formally enriched by introducing the notion of semi-
concept.

Pawlak (1982) proposed Rough Set (RS) in 1982 based
on equivalence relation. According to RS, a set can be
approximated by a lower approximation set and an upper
approximation set. Recently, this method has been viewed
as a key factor in knowledge representation (Jia et al. 2016;
Yao 2004), and also, RS can be applied to forecasting mod-
els (Sharma et al. 2020) and decision models in real life by
reducing attribute, we can obtain a better decision than the
original (Zhang and Ma 2020).

Three-way decisions proposed by Yao (2009) has been
applied into various fields successfully and this method is
fast becoming a key instrument for making decisions (Hu
et al. 2019; Jiao et al. 2019). For example, in a war, the
wounded are divided into immediate treatment, no treatment,
and further diagnosis. Three-way decisions is an extension of
two-way decisions model with an added third option (Liang
et al. 2018; Yao 2010). Two-way decisions yields values of
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1 and 0, namely totally certain, which represent “yes” and
“no”, makes decisions more reasonable and close to real-
ity. The discussion of concept lattice promotes the formation
and development of three-way object-oriented concept. Fur-
thermore, Yao proposed the role of three-way decisions in
granular computing (Yao 2018) and RS (Yao 2010). Three-
way decisions not only applied in complete context but also
applied in incomplete context (Li et al. 2016). Zhang et al.
(2020) has established a fuzzy rough set model based on
fuzzy the neighborhood operator which meets the inclusion
relationship between the lower and upper approximations.
By the way, Zhang et al. (2020) has developed three differ-
ent sorting decision-making schemes. Zhan et al. (2020) has
introduced an outranking relation based on the ELECTRE-I
method and discussed the outranked set. A hybrid informa-
tion table has been proposed by integrating MADM matrix
with loss function table and corresponding 3WD model
has been investigated. Zhan et al. (2021) has adopted the
weighted conditional probability to construct TWMADM
model, provided a new solution to IMADM problems from
the perspective of granular computing, which provides a new
research angle for helping DMs to realize human—machine
interactive decision-making and improve the scientificity
of decision. Hence, three-way concept analysis as a com-
bination of FCA and three-way decisions has been rapid
development in data analysis (Ren and Wei 2016; Qian et al.
2019).

As an extension of the formal concept and the semicon-
cept, the preconcept is a new concept proposed by Wille
in 2004 (Wille 2004). In 2006, Wille has given the basic
theorem on preconcept lattice (Burgmann and Wille 2006).
Preconcept is weaker than semiconcept conditions, so more
information can be found in a given information system.
From another perspective, preconcept are the basis of semi-
concept and formal concept. By filtering among the known
preconcept, all semiconcept and then all formal concept can
be obtained. For example, formal concept analysis, especially
preconcept analysis, plays an important role in studying the
classification of family members or the similarity of species.
If we get preconcept, on the one hand, we get more informa-
tion, and on the other hand, if we need to get more rigorous
semiconcept or formal concept, we just need to constantly
sift through these preconcept to get the final result.

However, consider both preconcept and three-way deci-
sions had been largely under explored domain, separate
consideration of them may lead to imperfect data analysis. If
there is no combination of three-way decisions, in many real
contexts, the information we consider will be incomplete. For
example, when considering the similarities between humans
and gorillas, as a classic preconcept, the common attribute
they have is that they can walk and survive on land, but the
two-way preconcept cannot be fully reflected in the attribute
of whether they have wings. If we apply the three-way deci-
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sions to the preconcept, we will consider attributes that we
do not have in common. At this time, it will be reflected if
the human and the gorilla have no wings at the same time.
This is equivalent to increasing the credibility of the simi-
larity between humans and gorillas, thereby increasing the
breadth of information extraction.

Hence, to obtain both positive and negative information,
this paper will consider preconcept combining with the three-
way decisions. First of all, we define three-way preconcept
(BWPC for simply). Afterward, we will find that 3WPC in
a formal context can form a completely distributive lattice,
and further, the set of all 3WPC forms a generalized double
Boolean algebra. After that, we combine RS with 3WPC
to obtain two forms of approximate operators in order to
characterize 3WPC.

The organization of this paper can be summarized as fol-
lows: The first section will briefly review the knowledge
points such as semiconcept and three-way formal concept;
The second section begins by laying out the notion of 3WPC
and looks at generalized double Boolean algebra properties
in 3WPC; Section three is concerned to characterize 3WPC
by two forms of approximate operators. We conclude this
article and leave room for our future research studies in the
last section.

2 Preliminaries

This section will review some definitions and properties that
we need later on. For more detail, preconcept is seen (Wille
2004) and double Boolean algebra is seen (Wille 2000).

2.1 Poset and formal concept

Definition 1 (Gritzer 1978) A binary relation < on a set S,
which satisfies the following properties called partial order
relation:

For all a, b, c € S we have:

P1) a<a
P2) a<b and b <a implythata =b.
(P3) a<b and b <c implythata <c.

(S, <) called partially ordered set (simply poset) if < sat-
isfy P1, P2, P3, another commonly used terms are reflexivity,
antisymmetry, transitivity, respectively.

Definition 2 (Pawlak 1982) Let U be the universe, X C U,
[x]r is the equivalence class of x. The lower approximations
and upper approximations can be presented in an equivalent
form as shown below:

RX ={xeU|[x]lr € X},
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RX={xeU]|[x]gNX # 2}

Definition 3 (Ganter et al. 1997) A formal context is a triple
K := (G, M, R), where G,M are sets of objects and prop-
erties respectively and R € G x M. g Rm indicates object g
has property m. For A € G and B C M,

A* :={m e M | gRm,Vg € A},
B*:={g € G| gRm,Vm € B}.

A concept of K is defined to be a pair (A, B) where A C G,
B C M, A* = B and B* = A. A is called extent and B is
intent of the concept (A, B). The set of all concepts of K is
denoted by ‘B (K).

For concepts (A1, By) and (A2, Bz) in K can be defined
order as:

(A1, B1) < (A3, By) & A1 C Ay(& By C By).

(3B(K), <) forms a complete lattice called the concept lattice
of K.

2.2 Semiconcept and preconcept

Definition 4 (Vormbrock and Wille 2005) A semiconcept of
a formal context K := (G, M, R) is defined as a pair (A, B)
with A € G and B € M where A = B*or B = A*.
According to the definition of semiconcept, the concept is
the specialization, considering only attributes or objects.
The following algebraic operations with 1, U, —, —, L,
T forms semiconcept algebra:

(A1, B) M (A2, By) == (A1 N Az, (A1 N Ap)")
(A1, Bi) U (A2, By) := ((B1 N B)*, Bi N By)
— (A, B) := (G\A, (G\A)")
—(A, B) := ((M\B)*, M\B)
T .= (G, )
L= (@, M)

Definition 5 (Wille 2004) A preconcept of a formal context
K := (G, M, R) is defined as a pair (A, B) with A C G and
B C M where A C B*or B C A*. The set of all preconcepts
of K is denoted by H(K).

2.3 Three-way formal concept

InQietal. (2014), R¢ represents the set of all the dissatisfying
relation R, and gives two negative operators as follows:

A*:={m e M | gR°m,Vg € A},
B* :={g € G| gR°m,Vm € B)}.

Remark 1 Given two sets, A C M,B C M.If A = & or
B = @, the natural definitions of the two operators are as
follows:

A*=o"=M,B*=0"=M

Definition 6 (Qietal.2014)Let K = (G, M, R) be a formal
context. A pair (X, (A, B)) of an object subset X C G and
two attribute subsets A, B € M is called an object-induced
three-way concept, for short, an OE-concept, of (G, M, R),
if and only if X* = Aand X* = B and A* N B* = X. X is
called the extension and (A, B) is called the intension of the
OE-concept (X, (A, B)).

Given two OE-concept (X, (A, B)) and (Y, (C, D)), (Qi
et al. 2014) defined a partial order as follows:

(X,(A,B) <(Y,(C,D)) & XCY <& (C,D)C (A, B).

Lemma1 Let K = (G, M, R) be a formal context. Then the
following statements are hold:

. XC X*and A C A™

2. X C X and A C A™

3. XCY=Y*CX*and AC B = B* C A*
4 XCY=Y*C X*and A C B = B* C A*
5. X* = X** and A* = A***

6. X* = X** and A* = A¥*

7. XCA*© ACX*

8§ XCA* & ACX*

9. (XUY)" =X*NY*and (AU B)* = A* N B*
10. (XUY)*=X*NY*and (AU B)* = A*N B*
1. (XNY)*DX*UY*and (AN B)* D A*U B*
12. (XNY)* D X*UY*and (AN B)* D A*U B*

2.4 Double Boolean algebra

Wille found preconcept can construct a generalized double
Boolean algebra with some operators.

Definition7 (Wille 2000) A generalized double Boolean
algebra (A, U, N, —~, —, T, L, VvV, A) is an abstract algebra
which satisfies the following properties: For any x, y, z € A,

where Vv and A is defined as x Vy = —(—x N —y) and
XAy =—=(=xU—-y).xyg=xMNxand x, = x Uxis
defined for every term x.

3 Three-way preconcept
According to the definition of preconcept, combining with

three-way decisions, we can define three-way preconcept,
which is referred to as 3WPC.

@ Springer
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(la)y(xnx)Ny=xny,

(la)y xnx)ny=xny,
QRa)xnNy=ynx,
Ba)y(xny)nz=xn(ynz),
(4a)yxn(xUy) =xnx,
Sa)yxn(x vy =xnmx,
ba)xn(yVvz)=xny)V(xnz),
6h)xuU(yAz)=(xUy)V(xUz)
(Ta)——(x1y) = x 1y,

Ba) —(xMx) = —x,
Qa)xn—x =1,

(10a) =L =TnT,
(1la) —T =1,

(12a) xmun = Xrus

(1) xux)Uy=xUy
(Ib)y(xux)uy=xuy
2byxuy=yux
Bb)(xuy)uz=xU(yUz)
@b)yxu(xny)=xuUx
Shyxu(xAy)=xux

(Tb) ~—=(xuy)=xUy
8b) ~(xUx) =—x
Ob)yxu—x=T

(10h) -~ T =1Lu L
11)y—1L =T

(12b) xunu = Xun

Table 1 A formal context

Male(Ma) Female(Fe) Old Young
Father(Fa) * *
Mother(Mo) * *
Son(So) * *
Daughter(Da) * *

Definition8 Let K = (G, M, R) be a formal context. Let
X € Gand A C M. Then a pair (X, (A, B)) is called a
3WPCif X C A*NB*(& A C X*and B C X*). The set of
all 3WPC in K is denoted by R(K).

Remark2 If X C A*N B* holds, we obtain X C A*, accord-
ing to Lemma 1(4), A € X* is hold. Similarly, B € X*
is correct since X C B*. Therefore, Definition 8 is well-
defined.

Example1 Let K; = (G, M, R) be the formal context
in Wille (2004), where G = {Fa,Mo,So,Da}, M =
{Ma, Fe, Old,Young} and R is shown as Table 1. If X = {Fa}
and A = {Old}, B = {Young}, Then owing to the defini-
tion of operators, we can get X € A* N B* If X = {Mo}
and A = {Old}, B = {Young}, we also receive X C
A* N B*. So according to Definition 8, we obtain that both
(Fa, (Old, Young)) and (Mo, (Old, Young)) are 3WPC.

Definition 9 We define binary relations < in 3(K) as fol-
lows:

(1 (A,B)<1(C,D)s ACC and BCD.
(2) (X,(A,B)) =2 (Y, (C,D)) < XCY and
(C7 D) <1 (As B)

Example 2 Let K be in Example 1, and we obtain (Fa, (Old,
Young)), ({Fa,Mo}, (Old, Young)) € 3W PC. According to
above definition, (Fa, (Old, Young)) <, ({Fa,Mo}, (Old,
Young)).

Lemma2 Let K = (G, M, R) be a formal context. The fol-
lowing statements hold in R(K):
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1. The binary relation <5 in R(K) is a partial order rela-
tion.
2. R(K), <) is a poset.

Proof 1. First of all, it is clear that the binary relation <;
is a partial order relation. To prove: <; is a partial order
relation.

(a) Since X < X, (A,B) >» (A, B),by Definition
9(2), we receive (X, (A, B)) <1 (X, (A, B)). Sowe
obtain that <; satisfies reflexivity.

(b) If (X, (A, B)) <2 (Y, (C, D)) and (Y, (C, D)) <2
(X, (A, B)). Then according to Definition 9(2), we
get X = Y,(A,B) = (C,D), and (X, (A, B)) =
(Y, (C, D)) is hold and < satisfies antisymmetry.

(© If (X1,(A1,B1) =2 (X2,(A2,B2)) and
(X2, (A2, B2)) =<2 (X3, (A3, B3)). Hence, X C
X2 € X3, (A1, By) =1 (A2, B2) =1 (A3, B3) holds.
So, according to Definition 9, (X1, (A1, B1)) <2
(X3, (A3, B3)) is hold. This means that <; satisfies
transitivity.

2. Since binary relation <, is a partial order relation, we
receive (R(K), <;) is a poset.
O

Definition 10 Let K = (G, M, R) be a formal context. And
Xi €G,A; CM,B; € Mfori =1,2. Then we define the
following operators, L, —, —, L, T, V, A, T, L inR(K),
respectively:

(X1, (A1, B1) N (X2, (A2, Bp)) == (X1 N X2, (X1 N X2)*,
(X100 X2)")
(X1, (A1, B1) U (X2, (A2, Bp)) == (A1 N A2)* N (BN
B2)*, (A1 N Az, Bi N By))
—(X, (A, B)) == G\X(G\X)"(G\X)))
—(X, (A, B)) := (M\A)" N (M\B)*,
((M\A), (M\B)))
(X1, (A1, By)) V (X2, (A2, By)) := —(—=(X1, (A1, B))N
— (X2, (A2, B2)))
(X1, (A1, B)) A (X2, (A2, Bp)) := = (—=(X1, (A1, B)U
— (X2, (A2, B2)))
T:=(G, (9, 9))
1= (2, (M, M))
Ti=—=1
1L :==T

Theorem 1 Let K = (G, M, R) be a formal context. X; C
G,A; € M,B; € M fori € I, I is an index set.
If (Xi, (Ai, Bi)) € R(K). Then inficr(X;, (Ai, B;)) and
supic; (Xi, (Ai, By)) exists and the following statements are
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hold:

infier(Xi, (Ai, Bi)) = (ﬂ Xi, (U Aj, U&))
iel iel iel

supier(Xi, (Ai, B)) = (U Xi, (ﬂ Ai, ﬂ&))
iel iel iel

Proof At first, we illustrate correct of inf in Theorem 1 as
follows:

1. Since (X;, (A;, B;)) € R(K), we receive X; C A;"ﬂB?.
SoMNier Xi € Uier AD* N (Uie; B;)* holds. Accord-
ing to Definition 8, ((;c; Xi, (U;e; A, Uier B)) €
R(K) is tenable.

2. miel X; € X; and Uiel A D A;, Uiel B; 2 B; holds.

3. If (X, (A, B) <2 (Xi,(A;, Bi)), we obtain X C
Nie; Xi and A D | J;c; Ai, B 2 U, Bi- Therefore,
infier(Xi, (Ai, B) = (Mier Xi» Uies Ais Uicr Bi))

exists.

Secondly, we illustrate correct of sup in Theorem 1 as fol-
lows:

1. Since (X;, (A;, By)) € R(K), we receive X; € AT N
BF. Then U;c; Xi € Uic; AT € (Njey A, similarly,
Uiel Xi g (ﬂiel Bi)*. So Uiel Xi ¢ (ﬂiel ApD* N
(Mie; Bi)* holds. By Definition 8, (\U;<; Xi, (s Ais
MNics Bi) € R(K) is tenable.

2. Uiel X; 2 X; and miel A; C A, miel B; C B; holds.

3. If (X,(A,B)) >» (X;,(A;, B;)), we obtain X D
Uier Xi and A € (;c; Ai, B S ()i Bi- Therefore,
supier (Xi, (Ai, Bi)) = (Uie] Xi, (miel Aj, miel Bi))
exists. O

Example 3 Let K| be in Example 1. If X; = (Fa, (Old,
Young)), X» = ({Fa,Mo}, (Old, Young)), X3 = (Mo,
(Old, Young)), owing to Theorem 1, we obtain infic1 2,3}
(Xi, (A;, B))) = (&, (Old, Young)) and supjef1,2,31(X;,
(A;, B;)) = ({Fa,Mo}, (Old, Young)), respectively.

Theorem2 Let K = (G, M, R) be a formal context. Then
(R(K), <») is a distributive complete lattice, and isomorphic
to a concept lattice.

Proof Obviously, (R(K), <») is complete lattice by Theo-
rem 1. Therefore, we only need to proof correct of distributive
as follows:

(X1, (A1, B) \[(X2, (A2, B2) \/ (X3, (43, B3))]
=(X1, (A1, B1)) \(X2U X3, (A2 N A3, By N B3))

=(X1 N (X2 U X3), (A1 U (A2 N A3z), By U (B2 N B3)))
=((X1NX2)U(X1NX3), (A UA) N (A1 UA3),

({Fa, Mo},(2,9))

/\

(Fa,(2,2)) (Mo, (@,2))

(2,(2,2)) (Fa,(L2))  (Fa,(@))  (Fa,(22)) (Mo,(2,2)) (Mo, (@,1))

(Mo, (1,2)

@.0.2) @.2.2) @.@2))

(@.(@.1))

@.0122) @02) @022) @) @@n2) @01

(@.021)  @.022) (@@12) (@.212)

(2,(12,12))

Fig.1 3WPC

(B1 U By) N (B1 U By)))
=[(X1, (A1, B1) /\(X2, (A2, B))I \/[(X1, (A1, B))
/\(X3. (A3, B3))]

According to lattice theory, a complete lattice L is isomor-
phic to concept lattice B (L, L, <). Therefore, (R(K), <)
is a distributive complete lattice, and isomorphic to concept
lattice B (R(K), R(K), <). m]

Example 4 Give a formal context shown in Table 2.

Let the preconcept lattice be L. According to Wille (1982),
since L do not have a sublattice isomorphic to M3, N5, we
attain L is a distributive lattice. For simply, let Ma be 1, Fe
be 2, we get Fig. 1. And we can receive L is isomorphic to
formal context in Fig. 2. The Fig. 3 delegates Fig. 2 concept
lattice by using Lattice Miner Platform 1.4.

Example 4 is that a small formal context produces a lot of
information, while the formal context the isomorphic concept
lattice is larger, which explains the advantages of 3WPC com-
pared to some traditional concepts such as concept lattices to
a certain extent. 3WPC makes the extraction of information
more comprehensive and reduces the lack of information.

Lemma3 LetK = (G, M, R) beaformal contextandx, y, z
be SWPC. Then the following properties are correct in R(K)

forx,y, z:

Therefore, (R(K), 1, U, —, —, Vv, A) is generalized double
Boolean algebra.

Table2 A small formal context
Male (Ma)

Female (Fe)

Father (Fa) *
Mother (Mo) *

@ Springer
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0 | || | | | | S| A | ||
0 0 1 0 0 1 1 1 0 0 0 1 1 0 1 1 1 0 1 1 1 0 1 1
0 0 0 1 0 0 1 0 0 1 1 1 0 1 1 1 1 1 1 1 0 1 1 1
0 0 0 0 1 0 0 1 1 1 0 0 1 1 1 1 0 1 1 0 1 1 1 1
0 0 0 0 0 1 0 0 0 0 0 1 1 0 0 1 1 0 0 1 3 0 1 1
0 0 0 0 0 0 1 0 0 0 0 1 0 0 1 1 1 0 1 1 0 0 1 1
0 0 0 0 0 0 0 1 0 0 0 0 1 0 1 1 0 0 1 0 1 0 1 1
0 0 0 0 0 0 0 0 3 0 0 0 1 1 0 1 0 1 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 1 0 0 0 1 1 1 0 1 1 0 0 1 1 1
0 0 0 0 0 0 0 0 0 0 1 1 0 1 0 1 1 1 0 1 0 1 1 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 1 0 0 1 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 0 0 1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 0 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 0
0 0 0 0 0 0 ? E‘ 0 0 0 0 0 0 0 0 0 0 9 1 3 0 J
© 0 9 o o 9o o o o o o o o o o o o o o o o i+ o i
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Fig.2 A context isomorphic to 3WPC
. (2a) Owing to Definition 4, we have x My = (X1 N
d X5, (X1 N X2)*, (X1 N X2)%)) = ynx. Therefore,
‘ d this item holds.
4 o o - m, | Y (2b) Owing to Peﬁnition 4,wegetx Uy = ((A1NA*N
¢ ¢ o _ d e ¢ ¢ (B1 N By)*, (A1 N Az, Bi N By)) = yLix, we confirm
d , d d : d correct of this item.
o R s g (3a) Similar to the proof of item (la), we know x 1 (y N
d < 2) = (X1, (A1, B) N (X2 N X3, (X2 N X3)", (X2N
e iy " X3)%) = (X1 N X2 N X3, (X1 N X2 N X3)*, (X1 N
b Xo N X3)"). But (xMy) Mz = (X1 NXp, (X1 N
X2)*, (X1 N X2)") 1M (X3, (A3, B3)) = (X1 N XN
Fig.3 The lattice of 3WPC X3, (X1NXoNX3)* (X1 NX>NX3)*)). Therefore,
this item holds.
(o) ¢ ) (b ¢ ) (3b) Similar to the proof of item (1b), we receive (x Ll y) LI
a)(xMx)n =xMNy, xUx)U =xUy oy
(&) Moy = x 1. (1) () Uy = vy 2= (X1, (A1, BD)U((A2N A3)* N (B2 N By)*, (42N
Qa)xny=ynx, Qbhyxuy=yux A3, By N B3)) = (A NAyNAD* N (BN BN
Ba)y(xny)nz=xn(ynz), BGb)y(xuy)uz=xu(yuz) B3)¥,(A1ﬂAzﬂAg,BlﬁBzﬂBg,))=xI_I(yI_IZ).
(4a)yxn(xuUy) =xnx, @b)yxu(xny)=xuUx .. .
(5a)xn(xVy)=xnx, (5b)x U (x Ay) =x Uix Hence, this item is right.
6a)xn(yVz)=xny V(xnz), (4a) With the definition of operators M and LI, we obtain
Egz;iujfnz;)zz(ium? e (Tb) ~—(xuy) =xUy xGedy) = (X1, (A1, BN (A1 N A2)* N (B1 N
8a) —(x Mx) = —x, ’ (8b) ~(x Lix) = —x Bz)*,(AlﬂAz, BlﬂBg)).SiﬂC@Xl C ATDBT,le
Qa)xn—x =1, Ob)yxu—=x=T (AINA)*N(B1NBy)* = X holds. ButxM(xuy) =
(10a) =L =TnT, (10h) =~ T =1Lu L * 3 : _
(la) =T = L. ()~ —T ().(1,.(X , X7)). Thus, we receive x M (x Ly) = xMx.
(12a) xmun = X, (12B) X, = X (4b) Similar to the above proof, we find A; € X {and B; €
X7. It proves that left hand side is (X1, (A1, B1) U
(X1M X, (X1NX2)*, (X1NX2)*) = (AiN(X1N
) % *) % *
Proof We will prove this lemma by Lemma 1 and Definition X)) N (gl n(x ?X”;) (AN (XN X_Z) » BiN
4 as follows. For convenience, let x = (X1, (A{, By)),y = (_Xl ﬁ X2)%)) = (A7 N By, (A1, B1)). B.ut.rlght hand
(X5, (Ay. B2)). 7 = (X3, (A3, B3)) sideis (AN B, (A1, By)). Therefore, this item holds.
' ' ' ' ' (5a) By Definition 4, we receive x 1 (x V y) = (X1, (Aq,
B1) M —(—x N —y) = (X1, (A1, B1)) N —((X§,
(la) According to the definition of operator I, we obtain (X7 XT) 1 (X5, (X575, X59) = (X4, (A, B) 1
(xMx) My = (X1, (A1, B2)) N (X1, (A1, B) 1 (X1 U Xa, (X1 U X2)", (X1 U X2)") = (X1, (XT,
(X2, (A2, B2)) = (X1 N Xa, (X1 N X2)*, (X1 N X7) = xnx
X)) = x M y. Hence, (x Mx) My = x 1y holds. (5b) By Definition 4, we know xM(x Ay) = (X1, (A1, By))

(1b) According to the definition of operator LI, we receive

(xux)uy = (AN B}, (A1, B))U (X2, (A2, By)) =
((A1NB)*N(B1NBy)*) = xUy. Thus, (xLUx)Uy =
Xx Uy isright.

@ Springer

U —(=x U —=y) = (X1, (A1, B) U —((A5* N
Bi*, (A{, B)) U (A" N B*, (A3, BS))) = (A7 N
BT, (Ay,

By)=xux
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(6a) Owing to Definition 4, left hand side = (X1, (A,
B) N —(—=yn—z) = (X1 N X2) UXN
X3), (X1 NX2) U (X1 NX3)*, (X1NX) U (XN
X3))*)). But right hand side = (X1 N X, (X1 N
X2)*, (X1 N X2)M) v (X1 N X3, (X1 N X3)", (X1 N
X3)*)). Then correct of (6a) is obvious.

Similar to (6a), left hand side = (X, (A1, By)) U

—(=(Xa, (42, B2)) U = (X3, (A3, By)) = (Xy,

(A1, B1)) U —((AS" N BS¥, (AS, BS)) U (AS* N BS™,

(AS. BS)) = (X1, (A1, B)U—((ASNA$*N(BSN

B5)*, (ASNAS, BSNB3)) = (A1N(A2UA3))* N(B1N

(B2U B3))*, (A N (A2 U A3), By N (B2 U B3))). And

right hand side is [(X1, (A1, B1)) U (X2, (A2, Bo)] A

[(X1, (A1, By)) U (X3, (A3, B3))]. Thus, we can con-

firm correct of this item.

We receive ——(x My) = —— (X1 N X2, (X1 N

X2)*, (X1NX2)") = (X1 N X2, (X1 N X2)*, (X1 N

X2)*)) and x My = (X1 N X2, (X1 N X2)*, (X1 N

X»)*)). This illustrates correct of (7a).

(7b) Similar to the proof of item (7a), we get ~—(xUy) =

x Uy immediately.

(8a) Since —(xMx) = —((X1, (A1, B1))N(X1, (A1B1)))

= (XY, (X7, X7)) = —x. Therefore, we confirm cor-

rect of this item.

We get — (xUx) = —((X1, (A1, B1)U(X1, (A1, B1)))

= —(ATNB}, (A1, B))) = (Af*DBf*, (A, BY))and

we also obtain —x = (A{* N B{™*, (A{, BY)). So, this
item is correct.

By Definition4, wereceive xM—x = (X1, (A1, By))N

— (X1, (A1, By) = (2, (2%, 9%) = (9, (M, M)) =

1. Hence, we get correct of this item.

Since xU—x = (X1, (A1, B1))U(AS*NBS*, (AS, BY))

= (2" N @*, (@,2)) = (G, (@,2)) = T holds by

Definition 4, we obtain (9b).

We receive — L = — (@, (M, M)) = (G, (G*, G¥)).

BuTnT=(G, (2 9)n(G, (2, 2) = (G, (G,

G™)). So, this item is correct.

(10b) Similar to the proof of item (10a), we get =T =
—~(G,(2,2) = M* N M (M,M)) = Lu L.
Therefore, — T = L U L holds.

(11a) Similar to proof of item (10a), we get — 1 =

—(G, (2,9)) = (3, (M, M)) = T. Thus, we con-

firm correct of — L = T.

Similar to proof of item (11b), we get =1 =

—~(@, (M, M)) = (* N 2% (2,9)

= (G, (g, 2)) = L. So, we receive correct of this

item.

Since xnun = [(X1, (A1, B1)) N (X1, (A1, B)lun =

X1 (X7 XD)n = (X7 0 X7 (X7 XP)n =

(XN XT, (X0 XTH*, (XF N X)) xy =

(X1, (A1, BON(X1. (A, B))u = (X1, (XT. XDy

= (XT"NXT*, (XT*NXTH*, (XT*NX]7)™)). There-

fore, (12a) holds.

(6b)

(7)

(8b)

(9a)

(9b)

(10a)

(11b)

(12a)

(12b) Since xyny = [(X1, (A1, B) U (X1, (A1, Bi)lnu =
(A*NBF, (A, B))ru = (ATNBF, (ATNBF)*, (A*N
BY)*),andx n = (X1, (A1, B))U(X1, (A1, Bi)n
= (A} N B}, (A, By))n. Thus we obtain xyny =
Xun- O

4 Two forms of approximation operators
4.1 Approximation operators from lattice

Definition 11 Let K = (G, M, R) be a formal context, and
X,X;i €G,A,B,A;, B € M,i € I,with I is an index set.
Then give four operators as follows:

(X, (A, B)) = {(X;, (A, B)) | V(X;, (A;, B;)) e 3SWPC
and X; € X, A; D A, B; O B}
h(X, (A, B)) = {(X;, (A;, B)) | V(X;, (A;, B;)) € 3SWPC
andX; O X, A; €A, B; C B}

L(X. (A, B)) = \/ I(X. (A, B))
H(X, (A, B) = [\ h(X. (A, B))

Remark 3 We should illustrate Definition 11 for two parts:
firstly, we decipher /, i operators are well-defined.

1. According to definition, @ € X, G 2 Band (&, (G, G))
€ 3WPC. Thus, [ is well-defined.

2. Similarly, G 2 X, 2 C B, and (G, (&, 9)) € 3WPC
holds. Therefore, & is well-defined.

secondly, we illustrate L, H operators are well-defined.

1. Owing to the definition, we receive L(X, (A, B)) =
(Uiel Xi, (miel Aj, miel B;)).
2. H(X, (A, B)) = (Mies Xi» Ujer Ai- Uies Bi))-

Example5 Let K = (G, M, R) be a formal context. If
X = {Fa,Mo}, A = Old, B = Young. Then according
to Definition 11, we receive [({Fa,Mo}, (Old, Young)) =
{({Fa, Mo}, (Old, Young)), (Fa, (Old, Young)), (Mo, (Old,
Young)), (Fa,({Ma, Old}, Young)),(Fa, (Old, {Fe, Young}),
(Fa, ({Ma, Old}, {Fe, Young})), (Mo, ({Fe, Old}, Young)),
(Mo, (0Old, {Ma, Young})),(Mo, ({Fe, Old},{Ma, Young})}.
Similarly, we obtain # ({Fa, Mo}, (Old, Young)) = {({Fa,Mo},
(0ld, Young)), ({Fa,Mo}, (&, Young)), ({Fa, Mo}, (&, ©)),
({Fa,Mo}, (Old, ©)), ({Fa,Mo, So}, (&, ©)), ({Fa,Mo,Da}

, (@, 9)), ({Fa,Mo, So,Da}, (&, ©))}. Owing to definitions,
L(X, (A, B)) = ({Fa,Mo}, (Old, Young)), H(X, (A, B))
= ({Fa,Mo}, (Old, Young)).
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Theorem3 Let K = (G, M, R) be a formal context. Then —
the following statements are hold: R(X. (A, B)) = U[x]R nXx, U C, U D

iel iel iel

(DL(X, (A, B)) =2 (X, (A, B)) =2 H(X, (A, B))
(2)(X, (A, B)) € 3WPC < L(X, (A, B)) = (X, (A, B))
(3)(X, (A, B)) € 3WPC & H(X, (A, B)) = (X, (A, B))

Proof We proof Theorem 3 (1)-(3) step by step:

(1) Owing to Definition 11, we obtain Uie[ X; € X
Mier Xi> Mics Ai 2 A 2 Ui Ai and (¢, Bi 2 B
Uiel B;.

(2) For the forward implication. Since (X, (A, B)) € 3WPC,
(X, (A, B)) € I(X, (A, B)) holds. But L(X, (A, B)) =
\/ (X, (A, B)), we get x <3 (X, (A, B)) with the help
of Vx € I(X, (A, B)), which deciphers L(X, (A, B)) =
(X, (A, B)).

For the backward implication. From the L(X, (A, B)) =
(X, (A, B)) thatweknow (U, c; Xi, (Mjes Ais Nies B))
= (X, (A, B)). Whence, (X, (A, B)) e 3WPC.

(3) For the forward implication. Since (X, (A, B)) € 3WPC,
(X,(A,B)) € h(X,(A,B)) holds. According to
H(X,(A,B)) = Ah(X,(A, B)), we receive x >;
(X, (A, B)),Vx € h(X, (A, B)). It illustrates
H(X, (A, B)) = (X, (A, B)).

For the backward implication. Fromthe H (X, (A, B)) =
(X, (A, B)), weknow (miel Xi, (Uiel A, Uie] Bj)) =
(X, (A, B)). Whence, (X, (A, B)) e 3WPC.

U N

]

Example6 Let X, A, B be in Example 5, then we receive
L({Fa, Mo}, (Old, Young)) <> ({Fa, Mo}, (Old, Young))
<,  H({Fa, Mo}, (Old, Young)). And ({Fa, Mo}, (Old,
Young)) € 3WPC < L({Fa, Mo}, (Old, Young)) =
({Fa, Mo}, (OId, Young)).  Similarly, ({Fa,Mo}, (Old,
Young)) € 3WPC < H({Fa, Mo}, (Old, Young)) =
({Fa, Mo}, (Old, Young)) holds.

4.2 Set equivalence relation approximation
operators

Definition 12 Let K = (G, M, R) be a formal context. The
operators r, 7, R, R are defined respectively as follows:

r(X, (A, B)) = {([x]z, (C, D)) | [X]r N X # &, C 2 A,
D 2 B,V([x]g. (C, D)) € 3WPC}
7(X, (A, B)) = {([x]z, (C, D)) | [X]r N X # &, C C A,
D <€ B,VY([x]g. (C, D)) € 3WPC}

R(X. (A, B)) = (U[x]R nx, (ﬂ c.N D))

iel iel iel

@ Springer

i € 1,1 is an index set. [x]g deno}es Rf equivalence class,
xRy if and only if x* = y* and x* = y*.

Remark 4 Speaking universally, binary relation R is an
equivalence relation since it satisfies following statements:

1. x* = x* and x* = x*, therefore, x Rx holds.

2. If xRy, we get x* = y* and x* = y*. Thus, xRy and
yRx are one and the same thing.

3. If xRy and y Rz, similar to above item, we receive x Rz.

In general terms, (1)(2)(3) illustrate R is an equivalence rela-
tion.

Example7 Let K; be in Example 1. If we assume X =
{Fa}, A = {Ma,Old} and B = {Fe, Young}. Thus, x = {Fa}
and C can be the set {Ma,Old}, {Ma,Fe, Old}, {Ma, Old,
Young}, {Ma, Fe, Old, Young}. Similarly, D can be the set
{Fe, Young}, {Fe,Ma, Young}, {Fe, Young, Old}, {Fe, Ma,
Young, Old}. Therefore, r(X, (A, B)) = (Fa, ({Ma,Old},
{Fe, Young})). If we consider 7(X, (A, B)), C can be the
set &, {Ma}, {Old}, {Ma,Old}, D can be the set &, {Fe},
{Young}, {Fe, Young}. So, 7(X, (A, B)) = {(Fa, (&, 9)),
(Fa, (@, Fe)), (Fa, (&, Young)), (Fa, (&, {Fe, Young})),
(Fa, (Ma, ©)),(Fa, (Ma, Fe)), (Fa, (Ma, Young), (Fa, (Ma,
{Fe, Young})), (Fa, (Old, @)), (Fa, (Old, Fe)), (Fa, (Old,
Young)), (Fa, (Old, {Fe, Young})), (Fa, ({Ma,Old}, ©)), (Fa,
({Ma, Old}, Fe)), (Fa, ({Ma, Old}, Young)), (Fa, ({Ma, Old},
{Fe, Young}))}.

Lemma4 Let K = (G, M, R) be a formal context. Then
VX C G, (X, (2,9)) e3WPC.

Proof Since X C @* N @* = G holds, we confirm correct
of Lemma 4. O

Example8 Let K = (G, M, R) be a formal context. If X =
{Fa, So}, then we obtain ({Fa, So}, (&, @)) € 3WPC.

Eemma 5 Let K = (G, M, R) be a formal context. Then
R(X, (A, B)) e 3WPC.

Proof We only need to prove UierxIrRNX S (Nje; CH*N
(Nies Di)j. Since YC;, D;, C; € ((;e; C* and D;
(Mie; Di)* hold. Therefore, V[x]g N X C CIND3@Ei, j)
Nic; €H* N (Nies D,-f. Whence, |J;o,[x1r N X

(miel Cl)* N (miel Di)*.

oin nin

Example 9 Let X, A, B be in Example 7, we will receive
R(X,(A,B)) e 3WPC.
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Remark 5 1In case that x = &, which means sample is empty,
we do not think it makes sense. So in all of the following
discussions, we are going to say that X is not an empty
set. Furthermore, 7 (X, (A, B)) is well-defined since Lemma
4. But r(X, (A, B)) could be an empty set since following
example:

Example 10 Let X, A, B beFa, {Ma,Old}, {Ma, Young}, respec-

tively. We obtain r(Fa, ({Ma, Old}, {Ma, Young})) = <
since (Fa, ({Ma, Old}, {Ma, Young})) ¢ 3WPC.

Speaking universally, we have following theorem to deter-
mine whether r (X, (A, B)) is an empty set.

Theorem4 Let K = (G, M, R) be a formal context. Then
the following statement holds:

r(X,(A,B)) =9 & ([x]lg. (A, B)) ¢ 3WPC,Vx € X
& (x,(A,B)) ¢ 3WPC,Vx € X.

Proof Firstly, we illustrate ([x]z, (A, B)) ¢ 3WPC <
(X,(A,B)) ¢ 3WPC,Vx € X. For the forward implica-
tion, if exists (xo, (A, B)) € 3WPC, we get xo C A* N B¥,
whence, xg € A* and xg € B* hold. Therefore, we have
[x] 2 Aand [)c]fe D B since x(’)‘ DA™ DA, xg D B* D
B and [xol; = x§, [x0], = x;. And we receive [xo]gp <
[xol% € A* and [xolg S [xoly € B¥, which means
[x0lg € A* N B*, in which case ([xo]g, (A, B)) € 3WPC.
For the backward implication, if exists ([xglg, (A, B)) €
3W PC, then we obtain xo C [xo]lg € A* N B, in which
case it contradicts the given condition.

Secondly, we decipherr (X, (A, B)) = & < (x, (A, B) ¢
3WPC,Vx € X. For the forward implication, if exists
xo € X that satisfies (xo, (A, B)) € 3WPC, then we can
get (xg, (A, B)) € r(X, (A, B)) by definition of r. There-
fore, it is contradictory to condition r(X, (A, B)) = &.
For the backward implication, if 7 (X, (A, B)) # &, which
means there is some xog € X,C D A, D O B that makes
([xolg, (C, D)) € 3WPC. Thus, [xolg € C* N D* C
A* N B* which means (xg, (4, B)) € 3WPC. O

Theorem5 Let K = (G, M, R) be a formal context. Then
the following statements are hold:

r(X,(A,B)) #3 & (x0, (A, B)) e 3BWPC,3xp € X
r(X, (A, B)) # @ & ([x0lr, (A, B)) e 3WPC,3xp € X

Proof Similar to Theorem 4, we can obtain correct of Theo-
rem 5. o

Example 11 Let K; be in Example 1. If X = Fa,A =
{Ma,Old}, B = {Fe, Young}, according to Theorem 5, we
knowr (X, (A, B)) # @since (Fa, ({Ma, Old}, {Fe,Young})) €
3WPC.

Theorem6 Let K = (G, M, R) be a forngzl context. If
(X, (A, B)) e 3WPC,thenR(X, (A, B)) = R(X, (A, B)) =
(X, (A, B)).

Proof Since (X, (A, B)) € 3WPC, X C A* N B* holds.
Therefore, Vx € X,x € A* N B¥ induce [x]§ = x* D
A*™ D A, which means [x]g € [x]}" S A*. Similarly,
we get [x]g € B*. Speaking universally, ([x]g, (A, B)) €
3WPC since [x]g € A* N B* holds, and we receive
([x]&, (A, B)) € r,r.¥([x]g, (C, D)) € r(X, (A, B)),C 2
Aand D D B. Thus, owingto ();.;C = A,();e; D =B
and ;.;[x]r N X = X, R(X,(A, B)) = (X, (A, B))
is correct. On the other hand, C € A, D C B since
V([x]r, (C, D)) € 7(X, (A, B)) holds. Whence, | J,.; C =
A,U;e; D = B and |J;;[x1r N X = X hold. In general
terms, E(X, (A, B)) = (X, (A, B)) is correct. |

Example 12 Let X, A, B be in Example 7. By Definition
12, R(X, (A, B)) = (Fa, ({Ma,Old}, {Fe, Young})) and
R(X, (A, B)) = (Fa, ({Ma,Old}, {Fe, Young})). Owing to
Theorem 6, (X, (A, B)) € 3WPC = R(X,(A,B)) =
R(X, (A, B)) = (X, (A, B)).

Theorem7 Let K = (G, M, R) be a formal context. If
r(X,(A,B)) # 9,R(X,(A, B)) = (X,(A,B)), then
(X, (A, B)) €e 3WPC is correct.

Proof Owing to Lemma 5, we receive R(X, (A, B)) €
3WPC. But R(X, (A, B)) = (X, (A, B)), therefore, (X,
(A, B)) € 3WPC is correct. O

Example 13 Let X, A, B be in Example 7. By Definition
12, R(X, (A, B)) = (Fa, ({Ma,0Old}, {Fe, Young})) =
(X, (A, B)).Therefore, owing to Theorem7, R(X, (A, B)) =
(X,(A,B)) = (X,(A,B)) € 3WPC.

Those bevy of results completely characterizes the following
proposition, and omitting the proof.

Proposition1 Let K = (G, M, R) be a formal context. If
r(X, (A, B)) # O, then the following statement is hold:

R(X, (A, B)) = R(X, (A, B)) = (X, (A, B))
< (X,(A,B)) e3WPC

Example 14 Let X, A, B be in Example 7. By Defini-
tion 12, R(X, (A, B)) = (Fa, ({Ma,Old}, {Fe, Young}))
and R(X, (A, B)) = (Fa, ({Ma, Old}, {Fe, Young})). Th-us,
owing to Theorem 6, R(X, (A, B)) = R(X, (A, B)) =
(X, (A, B)) & (X, (A, B)) e 3WPC.

Remark 6 1f you need to stay in a hotel in real life, you may
need to consider many factors, including the distance, the
price, the size of the room and so on. Some factors need to
be satisfied, while others need not be satisfied. However, it
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is difficult to satisfy or not satisfy these factors at the same
time in practice, so the most important factors need to be
selected for consideration, which makes the object and the
object satisfying the attribute are not equal, but included in
the relationship. Therefore, the upper approximation operator
and the lower approximation operator play a very important
role in the practical application. We do not need to require
an accurate preconcept, but only need to work out the upper
approximation operator or the lower approximation operator
according to the actual demand, and select the suitable object
from the set that satisfies.

5 Conclusion

In order to study semiconcept or formal concept in the con-
text of given information, we introduce 3WPC, since either a
semiconcept or a formal concept can be viewed as being gen-
erated by a preconcept. In a formal context K = (G, M, R),
3WPC is the combining of three-way decisions and pre-
concept. After that, we attain (R(K), 1,4, —, =, vV, A) is
generalized double Boolean algebra, which is weaker than
semiconcept. Besides, we construct two forms of approxima-
tion operators, approximation operators from lattice and set
equivalence relation approximation operators respectively,
which can characterize R(K). In nature, the similarities
between two species should be considered not only in terms
of what they have in common but in combination with what
they do not. This will reduce possible missing information.
Therefore, 3WPC which combines three-way decisions is
better than preconcept. However, 3SWPC makes the actual
search process cumbersome while obtaining more informa-
tion. How to find a quick and efficient algorithm to generate
all 3WPC is the first thing we need to do. How to apply
in more practical contexts, such as the context of incom-
plete information also requires more discussion. In the future,
we hope to attain accuracy measures and other properties in
3WPC. Furthermore, we will examine the preconcept in the
context of incomplete information and some of its properties.
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