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Abstract

Quality control charts are one of the main features of statistical process control. The performance of control charts is
assessed on the basis of the average run length (Shepherd and Shi (1998) IFAC Proc Vol 31(16):435-440. https://doi.org/
10.1016/S1474-6670(17)40518-0). ARL is the average number of sample points that must be plotted before a point shows
an out-of-control condition. In-control average run length (ARL) and out-of-control average run length (ARL) are two
types of ARLs. These values of ARL, show the false alarm when the process is in control, and ARL, indicates the true
alarm when the process is out of control. The control chart that generates fewer ARL is considered more efficient. The
exponentiated weighted moving average (EWMA) is used to detect small shifts in the process In this article comparative
performance of one of the exponentially weighted moving average (EWMA) control charts are evaluated using ARLs in
conventional and fuzzy environments. The novelty of the study is that the comparison between Fuzzy EWMA and
conventional EWMA was made. The fuzzy EWMA chart detects a shift at the 20th sample, while the conventional EWMA
chart detects the same shift at the 25th sample. A conventional and fuzzy EWMA control chart based on the real-life

example of a measurement of food color is presented.

Keywords Control chart - EWMA statistics - Simulation - Average run length - Shift

1 Introduction

Statistical process control methodology is used to assess
the performance of processes. Control charts are applied to
attain this objective. These charts help in decision making
either to declare process is in control or out of control.
Process stability and improved capability by decreasing
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variability can be achieved using a set of tools called sta-
tistical process control (SPC). These tools include con-
ventional control charts and exponentiated weighted
moving average (EWMA) charts. Conventional control
charts are called Shewhart charts like average (¥) and range
(R) for variable data. Anyhow these charts are less sensi-
tive to small shifts. EWMA charts are considered better
than traditional charts for detecting small shifts. Another
major difference between Shewhart control charts and
EWMA charts is their structure and measurement proce-
dure. In the Shewhart chart, conclusion about a shift in the
process is made on the basis of the distribution arrange-
ment of data on the Shewhart chart. In EWMA charts,
statistic is a directly estimated parameter, see DeVor et al.
(2007). Conventionally data in any process is considered
exact numbers but in real life, the nature of data is fuzzy
due to ambiguity in measurement and ecological condi-
tions. In the presence of uncertainty fuzzy EWMA
(FEWMA) charts are used to achieve better results. In this
situation, fuzzy set theory is applied using fuzzy numbers
and verbal variables to seize uncertainty. According to
Giilbay and Kahraman (2007), fuzzy set theory plays a vital
role in presenting and modeling vague data where human
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subjectivity is involved in the definition of characteristics.
The fuzzy set theory provides a base to deal with
ambiguous data. In this situation application of fuzzy
control charts is unavoidable.

The concept of fuzzy control charts was introduced by
Raz and Wang (1990) and Wang and Raz (1990). They
gave the concept of dealing with linguistic variables
mathematically and suggested a probabilistic approach and
membership approach. The concept of fuzzy data was
introduced by Kanagawa et al. (1993). The rules of sta-
tistical process control were modified using fuzzy logic to
overcome the frequency of false alarms and enhance the
ability of true alarms [(El-Shal and Morris (2000)]. The
fuzzy SPC approach for control and assessment was pro-
posed as a combination of process control and intelligence
system [Rowlands and Wang (2000)]. The idea of an a-cut
control chart was suggested using triangular fuzzy numbers
to deal with attributes for checkups [Giilbay et al. (2004)].
The technique to develop fuzzy control charts dealing with
fuzzy outcomes was suggested by Cheng (2005). Further-
more, two fuzzy control charts based on fuzzy numbers
were proposed. A direct fuzzy approach to deal with fuzzy
data for attribute charts was proposed and implemented to
calculate probabilities of fuzzy events, see Giilbay and
Kahrama (2006, 2007). Faraz and Moghadam (2007) sug-
gested a fuzzy control chart as an alternative to the average
control chart.

Fuzzy individual and moving control charts with o-cuts
were introduced by Erginel (2008). They applied the
median transformation technique to get the final results.
Senturk and Erginel (2009) gave the idea of X~ R and

X~ S fuzzy charts using o — cuts with median transfor-

mation technique. Furthermore, they develop these charts
using a triangular fuzzy number. Similarly, a regression
control chart in a fuzzy environment was suggested by
Sentiirk (2010). Senturk et al. (2011) suggested a fuzzy
attribute control chart u. Kaya and Kahraman (2011) pro-
posed fuzzy control charts to measure quality characteris-
tics and also used them to check the capability of
processes. The average-run length (ARL) approach which
is the most popular and successful way, determines the
performance of the EWMA control chart (Montgomery
2009). Khan et al. (2018) proposed a fuzzy EWMA
chart that detects small shifts in the mean of a process in a
fuzzy environment. The chart is more appropriate, more
flexible, and more useful in real-life quality control
problems.

The researchers developed a fuzzy EWMA
scheme based on an np chart and tested the fuzzy EWMA
chart on real-life data from the food industry. The perfor-
mance of the chart was evaluated using the out of control
(ARLI) values. The fuzzy EWMA chart outperforms the
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conventional EWMA chart in terms of small ARL1s. It was
concluded that conventional ARLs may be misleading in
fuzzy environments; thus, fuzzy ARLs were the most
accurate way to evaluate EWMA control charts in fuzzy
environments.

Moghadam et al. (2016) indicated fuzzy EWMA control
charts for phase II fuzzy profile monitoring. These charts
were extensions of conventional EWMA control charts for
phase II profile monitoring. They used the ranking method
to detect small shifts in the process. Using fuzzy data,
Senturk et al. (2014) transformed the conventional EWMA
control chart into a fuzzy form to detect changes in the
process and determined that the proposed chart is effective
for detecting small changes and improving process
performance.

Senturk et al. (2014) proposed a control chart using
fuzzy logic and did not study the performance of the pro-
posed chart using the average run length (ARL). The
novelty of this study is that the performance of both con-
ventional and fuzzy exponentiated weighted moving aver-
age (FEWMA) charts are presented in terms of ARLs and
compared to the conventional chart. The fuzzy EWMA
chart is a better alternative to the conventional chart in the
fuzzy environment in the presence of small shifts and is
more sensitive to small shifts comparatively.

2 Methodology

In this section, the control limits of the fuzzy EWMA
chart and algorithm are presented to perform the simulation
study.

2.1 Control limits of fuzzy EWMA control chart:
structure and calculation

The control limits of the chart Senturk et al. (2014) using

the food color measurements data of Zabihinpour et al.
(2014) are given as

UCL’ nea_Ewma = CLmed_EWMA
1 = —g 2
“A (R Ry, R (=2 1
34, (R0 R, R) (2-;) (m
5 l/z & o«
Clea-pwwia =3 (X + X5 + X 2)

-y .
LCL neq—gwma = CLped—EwMA

1 —y = —y A
+§A2 (R"4,Ry,R",) (2_;) (3)



A study on average run length of fuzzy EWMA control chart 9119
Table 1 Average run length when the process is in control limits (ARL)

k i =0.07 4 =10.05 A =0.04 A =10.03 4 =10.02
0 370 320 220 170 140

0.5 350 310 210 150 130

1 340 300 200 140 120

1.25 332 280 190 130 110

1.5 325 270 185 115 100

2.0 298 265 180 100 90

2.5 250 230 160 98 80

where ()Z_Z +)_Zb +)_Zf> is o-cut of X of triangular fuzzy
number, (R*,,R,,R".) is a— cut of R of triangular fuzzy
number, A; is constant of control chart, and A is parameter.

The calculations of the control limits when A = 0.9 are
given as follows

X, = 8.8312 +0.65(7.995 — 8.8312), X, = 8.93, X.
=X, - oc():('c —):(b)

X, = 8.1525 — (8.1525 — 8.995), X, = 8.25, X, = 8.59

R’ = 0.6808 + 0.65(1.0164 — 06808), R = 0.8989, R,
— 1.0164

R, = 1.2984 — 0.65(1.2984 — 1.0164), R, = 1.4817

~ 1
UCL meq—gwma = 8.36 + =

3
(0.8989 + 1.0164 + 1.4817)
0.9
57
(057) 2-09

UCL’ pnea—ewma = 8.70
CLmed_Ewma = 8.36
~ 1
LCLamed,EWMA = 8.36 — 3 (0.8989 + 1.0164 + 1.4817)

0.9
2-09

(0.57)

LCL e pwma = 7.91

The average run length (ARL) is indicated on average
when the process can go out of control. The ARL is an
important performance measurement to compare and val-
idate the fuzzy EWMA control chart. The ARL is defined
by

1

in0

ARL, = 4)

Table 2 Average run length when the process is not in control (ARL)
for EWMA chart

u=py+ké 4A=007 2A=005 4=0.04 A=003 4=0.02

0 7.321 11.293 12.43 16.43 30.32
0.5 7.10 11.11 11.90 16.01 25.0

1 6.90 10.50 11.78 15.90 18.90
1.5 6.231 9.29 11.72 15.30 18.24
2.5 4.94 8.42 11.02 13.20 15.23
3 4.12 7.32 10.20 11.20 14.39
3.5 3.15 6.28 8.32 10.3 12.24

Table 3 Fuzzy average-run length when the process is not in control
(ARL)) for fuzzy chart

n=py+ké 21=0.07 41=005 i=0.04 i=003 i=0.02
0 370 320 220 170 140

0.5 7.12 10.05 15.45 17.54 20.23
1.0 6.76 8.70 12.72 14.34 15.18
1.5 5.57 7.62 10.53 12.23 10.20
2.5 4.12 5.78 7.07 7.23 8.34
3.0 3.84 4.38 6.28 7.02 7.35
35 2.27 3.42 5.34 5.60 6.38

where P;,o denotes the probability of the in-control process.
The ARL for the shifted process is defined by

1

ARL, =

(5)
inl

where P;,; denotes the probability of in-control for the

shifted process.

The performance of the control chart proposed by Sen-
turk et al. (2014) is discussed using the simulated data. The
values of ARL, are calculated for various specified values
of ARL and shown in Tables 1, 2, 3.

In Tables 2, 3, p, denotes the average for the in-control
process, k is a constant and p, is average at the shifted
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process. From Tables 1, 2, 3, the following trends can be
noted in ARL,.

1. For a fixed value of, the values of ARL decrease as A
decreases.

2. For a fixed value of pl, the values of ARL, increase as
A decreases.

2.2 Simulation

In this section, the detail of the simulation study is given. A
total of 25 samples, each of size 5, are simulated for this
purpose. The first 15 subgroups of size 5 are simulated
when the process is in the in-control state using the stan-
dard normal distribution and the next 10 subgroups are
generated at a shift in mean that is 1. Furthermore, use
simulated data with 25 samples each of size 5 and construct
control limits of conventional and fuzzy EWMA charts.
The simulated data is shown in Tables 4, 5.

The algorithm used to compute the control chart coeffi-
cients and the ARLs is given as follows.

1. Generate a standard normal random variable with 25
samples, each with sample size n = 5 using MATLAB.

Determine the in-control limits using py=0, =1, 1=0.5
so that the in-control ARL, ARL,, as a function of y,
o, and A, becomes 371 using 10,000 simulations, with
25 samples.

Similarly, to estimate the ARL,;, the process is
simulated 100,000 times for an out-of-control process
with k= (1, 1.5, 2, 2.5) and, A= (0.02, 0.03, 0.04, 0.05,
0.07). In this case, the ARL;, which is a function of ¢
and /.

The same simulation process is repeated in a fuzzy
environment, the difference being the use of a fuzzy
normal random variable with 25 samples, each sample
size n=5, and each observation as a triangular fuzzy
number.

Furthermore, conventional and fuzzy EWMA control
charts are constructed based on simulated data.

Shift in the process is presented for the conventional
and fuzzy control chart graphically.

Table 4 Simulated data normal

Observation 2

Observation 3 Observation 4 Observation 5

random variable (sample size Samples Observation 1

n=3) 1 —0.7049
2 0.9766
3 0.9756
4 —0.6071
5 0.4795
6 0.2681
7 —0.6064
8 0.5562
9 —0.4194
10 —0.5346
11 2.752
12 0.9326
13 —2.1408
14 0.817
15 —0.6269
16 1.7684
17 2.0562
18 1.1954
19 1.9952
20 2.6809
21 1.2567
22 0.2253
23 1.7476
24 —0.1152
25 1.4914

—0.2338 0.7408 0.1024 0.2551
—-0.2115 1.765 —1.1781 1.0746
—1.3185 0.1048 —0.3974 3.3188
-1.39 0.8604 1.3011 —1.1834
1.3078 —1.7965 0.2387 0.1556
0.2018 1.0326 1.1493 0.4317
1.5359 0.9192 —1.2733 —0.0851
—1.0436 0.2292 —1.1357 —1.2326
0.414 1.372 0.0707 —1.9998
0.7039 0.1334 —0.45 1.072

—0.5757 —1.5884 2.6057 —0.2146
—0.2454 —0.1203 —0.6591 —0.0536
1.5285 0.4264 —0.7218 1.5963
—0.6653 —1.031 0.7745 —0.7882
0.7686 0.265 1.4874 0.2519
0.5211 3.1081 1.0927 0.7841
0.562 3.4334 2.2731 —1.1425
1.0865 1.6646 —0.0496 0.7769
—0.0485 —0.5322 3.0454 2.3041
0.2413 -0.13 0.4191 0.4043
0.1492 0.3579 0.2284 1.4629
0.6754 0.3271 1.8244 2.573

1.4321 0.8042 1.7673 —0.1559
1.3742 0.8492 1.6587 0.8805
—0.1068 1.092 1.3411 0.8242
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Table 5 Simulated data from fuzzy normal random variable when n = 5

Samples Fuzzy Observations Samples Fuzzy Observations Samples Fuzzy Observations

1-1 (0.1018, 0.1424, 1.2534) 11-1 (1.1954, 1.2930, 1.4743) 21-1 (1.2665, 0.3598, 0.5224)
1-2 (1.8241, 1.9107, 0.4252) 11-2 (—1.1032, 0.2447, 0.3240) 21-2 (—1.0914, 1.2292, 1.2536)
1-3 (1.0881, 1.2766, —1.4523) 11-3 (—1.6818, 1.739, 0.9652) 21-3 (1.5405, 1.6825, 0.7916)
14 (0.7086, 0.7551, —0.8717) 114 (1.8058, —1.8105, 0.0720) 214 (1.1674, 1.4000, 1.6225)
1-5 (1.2152, 1.2457, 1.3575) 11-5 (0.7548, 1.8122, 1.8820) 21-5 (1.0865, —1.1208, 1.1928)
2-1 (—1.1407, 0.1872, 1.3349) 12-1 (1.2901, 0.4403, —1.6202) 22-1 (1.1502, 0.2991, 1.4798)
2-2 (0.5617, 1.7930, 0.8463) 12-2 (1.3354,1.5444, 1.6719) 22-2 (—1.2310, 1.4225, —1.5287)
2-3 (—1.4187, 1.6937, 0.8967) 12-3 (2.3256, 1.5440, 1.5734) 22-3 (0.6625, 1.7365,1.8769)
2-4 (0.5693, 1.7923, —1.8596) 12-4 (1.1996, 1.4295, 1.7027) 22-4 (—1.0225, 1.0833, 0.1759)
2-5 (0.2201, 1.3028, 1.5797) 12-5 (0.6727, 0.8487, 0.85366) 22-5 (0.6197, 0.8957, 0.8974)
3-1 (1.8886, 1.1007, —1.1279) 13-1 (1.1683, 1.1764, —0.1937) 23-1 (—1.0356, 1.2780, 1.4946)
3-2 (0.2269, 1.4648, 1.5127) 13-2 (0.3207, —1.5183, 1.5617) 23-2 (0.7350, 0.0824, 0.2220)
3-3 (0.8796, 0.0774, 1.1942) 13-3 (1.1255, 1.1876, 1.3479) 23-3 (1.5945, 1.7078, —1.9079)
34 (1.1596, —1.3212, 1.4960) 13-4 (0.4924, 0.6406, —0.7951) 234 (0.4333, 1.6623, 1.8947)
3-5 (1.6109, 0.7662, 1.8473) 13-5 (—1.8423, 1.8635, —0.0136) 23-5 (1.8473, 1.9188, 1.1266)
4-1 (0.9070, —1.1580, 0.2468) 14-1 (1.3906, —1.4915, 1.5768) 24-1 (1.0540, 1.1588, —0.3656)
4-2 (1.0499, 0.2013, 0.3565) 14-2 (1.7122, 0.8274, 0.0370) 24-2 (0.6451, 0.9760, 0.2131)
4-3 (0.9693, 1.1115, 1.1441) 14-3 (0.5914, 1.8328, —1.9173) 24-3 (0.8344, —0.8551, 1.8937)
4-4 (1.2109, 1.4150, —1.5794) 144 (1.5383, 0.7430, 1.7726) 244 (—1.9476, 1.0194, 1.0814)
4-5 (0.8512, 1.8592, 0.8724) 14-5 (0.9587, 1.2271, 1.4648) 24-5 (1.5993,1.7137, 0.0253)
5-1 (1.4742, 1.5923, 1.8363) 15-1 (—0.1907, 0.4003, 1.5517) 25 —1 (0.2189, 0.3586, 1.5769)
5-2 (0.9113, 1.0511, 1.1453) 15-2 (0.1907, 1.4003, 0.5517) 25 -2 (1.7830, 0.9501, 0.0889)
5-3 (1.1900, 0.3824, 0.4428) 15-3 (1.5941, 0.8048, 0.9435) 25 -3 (0.2862, 1.4023, 1.4378)
5-4 (1.2522, —1.3515, 1.4137) 154 (1.7663, 1.1119, —1.2345) 25 —4 (—1.8871, 1.1326, 1.2608)
5-5 (0.3622, 0.5221, 0.6175) 15-5 (1.9239, 1.0478, 0.1460) 25 =5 (1.6676, 0.8473, —0.1625)
6-1 (1.8688, 1.9926, —0.2159) 16-1 (0.7682, 0.9883, —1.0844)

6-2 (1.0751, 1.2791, 0.6217) 16-2 (1.4373, —1.5540, 1.7091)

6-3 (1.3647, —0.4602, 0.7206) 16-3 (0.7573, 0.7664, 1.9685)

64 (1.6888, 1.7975, 1.8501) 164 (1.2438, 0.2724, 1.3298)

6-5 (0.6527, 0.7077, 0.8327) 16-5 (0.3590, 0.5015, —1.5442)

7-1 (—1.2884,—1.5616, —1.7066) 17-1 (1.7821, 1.9087, 1.9862)

7-2 (0.1341, 1.3547, 1.6337) 17-2 (1.2916, —1.3116, 1.4345)

7-3 (—1.8625, 1.1484, 0.2024) 17-3 (1.9892, 0.0542, 0.5712)

74 (1.7710, 0.9673, 1.2819) 174 (0.5160, 1.6769, 0.8926)

7-5 (1.5015, 1.6291, —1.7910) 17-5 (—1.1520, 1.1693, 0.3292)

8-1 (0.8731, 1.9548, 1.1015) 18-1 (1.7461, 0.8693, 1.9192)

82 (1.0282, —1.3313, 0.3663) 18-2 (1.0404, 0.0832, 1.3464)

8-3 (1.0587, 0.3923, 1.6097) 18-3 (0.5176, —0.5336, 1.7240)

84 (0.6502, —1.8415, 1.1053) 184 (1.0632, —1.1264, 0.2200)

8-5 (—1.3308, 1.7229, 0.8572) 18-5 (1.0087, 1.1512, —1.3196)

9-1 (0.4828, 0.6017, —0.6636) 19-1 (—1.9810, 0.2312, —0.2579)

9-2 (6.2458, 6.6432, 6.8076) 19-2 (1.7131, —1.8493, 0.9842)

9-3 (0.1309, 1.1886, 1.4470) 19-3 (1.5995, 1.7707, 1.8653)

94 (1.6644, 0.0282, 0.2640) 19-4 (0.2737, 0.4204, 1.6594)

9-5 (0.9623, —1.1448, 1.1852) 19-5 (—1.0077, —1.2191, —1.2631)

10-1 (1.7361, 0.9483, 1.0643) 20-1 (1.6425, 1.8011, 0.9604)

10-2 (0.2793, —1.4953, 1.5447) 20-2 (—1.5023, 1.5649, —0.7052)

10-3 (1.7075, 1.8102, 1.0215) 20-3 (—0.9275, 0.0281, 0.2942)
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Table 5 (continued)

Samples Fuzzy Observations Samples Fuzzy Observations Samples Fuzzy Observations
104 (0.1930, 0.2306, —0.2869) 204 (—1.1145, 1.1955, 0.3915)
10-5 (1.4445, —1.6723, 1.7940) 20-5 (1.2110, 1.3431, 1.3848)
(a) UCL:
0|
2 i
t :
g ° 7 AN Pt . .
3 / . -\ :
g . /
© .«
! 3 SN - NN/
o o / . )
Q + i
- tCL:
T T T T T
5 10 15 20 25
samples
(b)
UCL:1.75
[t}
g / — N— .
? 2 \/\_ . /\ .
o

samples

Fig. 1 a Conventional control chart identifies shift at 25th sample. b The fuzzy control chart shows a shift at the 20th sample

3 Results and discussion
The fuzzy EWMA chart proposed by Senturk et al. (2014)

is applied to the data. In Table 1, the values of ARL are
shown when the process is in control. The values of ARL
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decrease with an increase in A. Similarly, in Table 2 the
ARL, for conventional EWMA control is presented.
Finally, in Table 3 ARL, for fuzzy EWMA control is
calculated. Results clearly show that ARL; of fuzzy
EWMA control chart is less than that of conventional
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Fig. 2 (a) Fuzzy EWMA chart (b) Conventional EWMA control chart

EWMA control chart. Furthermore, conventional EWMA
control chart Fig. la detects shift at the 25th sample at
1=0.02 and mean shift of 0.5, while fuzzy EWMA
chart Fig. 1b detects shift at the 20th sample. It indicates
better performance of the fuzzy EWMA control chart as
compared to the conventional EWMA control chart. Fig-
ure 2a shows the fuzzy EWMA control chart, while Fig. 2b
displays the conventional EWMA control chart. The fuzzy
EWMA control chart shows less variation than a conven-
tional EWMA control chart. Additionally, the ARL, of the
fuzzy EWMA chart is lower than the ARL,; of conventional
EWMA charts. It is concluded that a fuzzy EWMA control
chart performs better in a fuzzy environment. In this situ-
ation, the traditional EWMA chart is less effective.

T T T
15

samples

4 Conclusions

A simulation study was carried out on the basis of the
average run length (ARL) in order to compare the perfor-
mance of the conventional EWMA control chart with that
of the fuzzy EWMA control chart. The efficiency of the
fuzzy EWMA control chart was shown over the traditional
EWMA control chart in terms of ARL. The results showed
a significant difference between the two charts. The in-
control ARL values for fuzzy EWMA were larger than
those for conventional EWMA charts. The fuzzy EWMA
chart identified shifts in the process mean more rapidly
than conventional EWMA control charts. Likewise, the
out-of-control ARL values s for fuzzy EWMA were better
(smaller) than those for the non-fuzzy EWMA control
chart. The fuzzy EWMA control chart outperformed the
standard EWMA control chart in this case. In addition,
sample data showed that the fuzzy EWMA chart was more
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sensitive than the traditional EWMA chart in capturing out-
of-control signals, which were graphically displayed. It has
been shown that in a fuzzy environment this technique is
very effective in detecting small shifts and faster than
conventional EWMA charts. It was observed that the fuzzy
EWMA control chart performed better than the conven-
tional chart in a fuzzy environment. In future, the same
analysis can be extended to other properties of control
charts, such as standard deviation of the run length
(SDRL), the median of run length (MDRL), standard error
of the average run length (SEARL), and percentiles of run
length, for traditional and fuzzy EWMA control charts. The
proposed control chart using repetitive sampling can be
extended for future research.
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