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Abstract

As an important interest rate derivative, swaption gives its owner the right but not the obligation to enter into an underlying
interest rate swap, which helps them avoid interest rate risks from their core business or financing arrangements. How to find a
reasonable swaption price is a core problem in finance. In order to overcome the paradox of stochastic finance theory, this paper
proposes pricing formulae for payer swaption and receiver swaption by modeling the interest rate via uncertain differential
equations. Furthermore, corresponding numerical methods are proposed to calculate swaptions’ prices when analytic forms
are unavailable, and some examples are documented to illustrate the effectiveness of our methods.
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1 Introduction

Wiener process is a stochastic process with stationary and
independent normal random increments, which plays an
importantrole in mathematics, finance, and physics. As atype
of differential equation driven by Wiener process, stochastic
differential equation pioneered by Kiyosi Ito laid a sub-
stantial foundation for stochastic finance theory. Based on
this, Black and Scholes (1973) and Merton (1973) presented
Black—Scholes formula to price the stock option. Follow-
ing that, many researchers such as Garman and Kohlhagen
(1983) and Rogers and Shi (1995) investigated various
options pricing problems. Particularly, swaption is an option
which gives its owner the right but not the obligation to enter
into an underlying interest rate swap, where the owner of a
payer (receiver) swaption has the right to pay fixed (floating)
interest rate cash flow and receive floating (fixed) interest rate
cash flow. Quantitative analysts valued swaptions by con-
struction complex lattice-based term structure and short rate
models that describe the movement of interest rate over time
(Frank 1998).
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All above option pricing methods assumed the assets’
price following some stochastic differential equations under
the framework of probability theory, which was found by
Kolmogorov in 1933. Since then, probability theory has
become an important tool for dealing with indeterminacy
when we can obtain enough data to estimate the probabil-
ity distribution. Unfortunately, for some technological or
economical reasons we can only obtain inadequate or even
no sample data and have to use belief degrees given by
some domain experts, which have a much larger range than
the real frequency (Kahneman and Tversky 1979) and can-
not be regarded as probability (Liu 2012). Addressing this,
Liu (2007) found the uncertainty theory and refined it (Liu
2010) based on normality, duality, subadditivity, and product
axioms, which has brought many branches such as uncer-
tain finance (Liu 2013, 2009; Chen 2011; Yang and Zhu
2021; Zhang and Wang 2021; Zhang et al. 2021) and uncer-
tain statistics (Liu 2010; Lio and Liu 2013; Yao and Liu
2018; Liu and Yang 2020; Liu and Jia 2020; Lio 2021) up
to now. Noting the fact that the evolution of some unde-
termined phenomena behaves like uncertainty rather than
randomness (Liu2007), Liu pioneered uncertain process (Liu
2008) which is essentially a sequence of uncertain variables
indexed by time. Later, as a Lipschitz continuous uncertain
process with stationary and independent uncertain normal
increments, Liu process (Liu 2009) was initiated by Liu.
Based on this, Liu proposed the uncertain differential equa-
tion (Liu 2008) driven by Liu process to deal with uncertain
dynamic systems. Following that, the existence and unique-
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ness theorem (Chen and Liu 2010) and stability theorem
(Yao et al. 2013) of the solution of uncertain differential
equation were proved. Analytic solutions for some special
types of uncertain differential equations were provided by
many scholars such as Chen and Liu (2010) and Liu (2012).
Moreover, Yao and Chen (2013) proposed Yao—Chen formula
connecting an uncertain differential equation with a family
of ordinary differential equations.

In order to solve the paradox of stochastic finance theory
(Liu 2013), Liu (2009) modeled stock price via uncertain
differential equation and derived its European option’s price
for the first time, laying a foundation for uncertain finance
theory. Later, the price formulae of American option and
Asian option were given by Chen (2011) and Sun and Chen
(2015), respectively. Besides, Peng and Yao (2011) employed
another uncertain stock model and gave the pricing formu-
lae of its European and American option. In addition, Chen
and Gao (2013) proposed three types of uncertain interest
rate models and valued the zero-coupon bond. Furthermore,
some other interest rate derivatives attracted many scholars’
attention. For example, Xiao et al. (2016) discussed the inter-
estrate swap’s pricing formula in uncertain financial market,
and Zhang et al. (2016) provided the price of interest rate
ceiling and interest rate floor.

As another interest rate derivative, swaption is also an
important risk management tool in financial market. The
issue of how to determine swaption price under the frame-
work of uncertainty theory has not been touched in previous
studies. This paper joins the research stream by providing
pricing formulae for payer swaption and receiver swaption
with an assumption that the interest rate follows the uncer-
tain differential equation. The remainder of this paper is
organized as follows. In Sect. 2, some needed fundamental
definitions in uncertainty theory will be recalled. After that,
price problems for payer swaption and receiver swaption are
going to be investigated in Sects. 3 and 4, respectively. Then,
Sect. 5 will provide some examples to illustrate our methods.
At last, some conclusions will be given in Sect. 6.

2 Preliminaries

In this section, some basic definitions in uncertainty theory
are reviewed.

Definition 1 (Liu (2008)) Consider an uncertainty space
(', L, M) and a totally ordered set 7. An uncertain pro-
cess X;(y) is a measurable function from 7 x (I", £, M) to
the set of real numbers such that for any Borel set B of real
numbers, {X; € B} is an event at each time #. An uncer-
tain process X; has independent increments if the following
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uncertain variables
X, Xy, = Xopo oo Xy — Xy
are independent for any time #1, ..., # withf; < --- < .

And X, has stationary increments if uncertain variables
XS+I - Xs

are identically distributed for all s > 0.

An important and useful stationary independent increment
uncertain process, Liu process (Liu 2008), was investigated
by Liu.

Definition 2 (Liu (2008)) Liu process C; is an uncertain pro-
cess which satisfies the following three conditions,

1. Almost all sample paths are Lipschitz continuous and
Cop=0,

2. C; has stationary and independent increments,

3. the increment Cy4; — C; is a normal uncertain variable
with expected value 0 and variance 2.

As a new type of differential equation driven by Liu process
C;, the uncertain differential equation (Liu 2008) is defined
as follows.

Definition 3 (Liu (2008)) Denote a Liu process as C; and
measurable functions as f and g. Then, an uncertain differ-
ential equation is given as

dX; = f(@t, Xp)dt + g(t, X;)dCy (1)

with an initial value X¢. An uncertain process X, which sat-
isfies the above equation identically in ¢ is a solution.

Following that, Yao and Chen (2013) introduced the «-path
for uncertain differential equation connecting an uncertain
differential equation with a spectrum of ordinary differential
equations.

Definition 4 (Yao and Chen (2013)) For a number o €
(0, 1), the -path of the uncertain differential equation (1) is
the solution of the corresponding ordinary differential equa-
tion

3
dX* = f(t, X9)dt + |31, xf‘)|£1n 1 ¢
T

dr. 2)

3 Payer swaption

The buyer of a payer swaption has the right to pay fixed inter-
est rate cash flow and receive floating interest rate cash flow
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at the expiration time 7. In this section, we propose the pric-
ing formula, derive the calculation formula, and present a
numerical method for the payer swaption in uncertain finan-
cial market.

Denote the fixed interest rate as r, the floating interest rate
as r; which is modeled by the uncertain differential equation
(1), 1ie.,

dry = f(t, r)dt + g(t, r)dC;
with an initial value rq, the expiration date as 7', the notional
principal amount as Sp, and the price of the payer swaption

as fp. Then, it costs the buyer f), to buy it at time 0 and gives
the buyer a payoff

T
So (exp (/ rtdt> — exp(rT))
0

at time 7T since the swaption is rationally exercised if and
only if

T
So exp (f r,dt) > Soexp(rT).
0

Thus, the net return of the buyer at time O is

T
— fp +exp <—/ rtdt> So

0

T +
(exp (f rtdt) — exp(rT))
0
T
=—fp+So<l—exp<—/ r,dt—l—rT))
0

Correspondingly, the seller’s net return at time O is

T +
fr — S0 (1 — exp (—/ r,dt—i—rT)) .
0

It follows from the fair price principle that the fair price
fp should make the buyer and the seller have an identical
expected return, which means

— Sy HE [so (1 ~exp (—/OT rdi + rT>>+]+
:fp—E|:So<1—exp(—/()Tr;dt—}-rT)) ]

Thus, we propose the pricing formula for payer swaption as
follows.

+

+

Definition 5 Consider a payer swaption with an expiration
date T, a notional principal amount Sy, a fixed interest rate

r, and a floating interest rate r; satisfying the uncertain dif-
ferential equation (1), i.e.,

dry = f(t, r))de + g(t, r)dC;

with an initial value ro, where C; is a Liu process, and f and
g are measurable functions. Then, its price is defined by

T +
fp=E |:So (1 — exp <—/ redt + rT>> :| . 3)
0

Theorem 1 Consider a payer swaption with an expiration
date T, a notional principal amount Sy, a fixed interest rate
r, and a floating interest rate r; satisfying the uncertain dif-
ferential equation (1), i.e.,

dry = f(t, r)de + g(t, r)dC;

with an initial value ro and an a-path r}. Then, its price (3)
can be calculated as

1 T +
fp= f So <l — exp <—f ride + rT)> da,
0 0

where r} is the solution of the corresponding ordinary dif-
ferential equation

dt.

3
dr® = f(@t,r*)dt + |g(:,r,“)|—‘/_ In
T | Y

Proof 1t follows from Yao (2013) that the inverse uncertainty
distribution of the uncertain variable

T
/ r,dl‘
0

is
T
v @) =f reds.
0
Since the function

So(1 —exp(—x +rT)*

is increasing with respect to x, it is obtained from the opera-
tional law of the inverse uncertainty distribution (Liu 2007)
that the inverse uncertainty distribution of

T +
So (1 — exp <—/ redt + rT))
0
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is

T +
T ) = S <l—exp (—/ r;‘dr+rT>> )
0

From the expected value formula of the uncertain variable
(Liu 2007), we have

T +
fp=E |:So <1 — exp <—/ ridt + rT)) :|
0
1 T +
=f So (1 — exp <—/ rt“dt+rT>> do.
0 0

The proof follows immediately. O

When the price of payer swaption shown in Eq. (3) cannot
be calculated explicitly, we present a numerical method as
follows.

Step 0 Fix o = 0, the fixed interest rate r, the initial inter-
est rate value of r, = rp, the notional principal Sy,
and the maturity data 7.

Step 1 Seta <— o + 1/N for a given large enough N.

Step 2 Use the numerical method to solve the correspond-
ing ordinary differential equation

o
l —«

dt

drf = f (¢, rf)dt + |g (1, 7) |“/?§1n

g = ro,

and get the partition #; and rt‘j‘ with0 =1y <t <
<t =T.
Step 3 Repeat Steps 1 and 2 for N — 1 times.
Step 4 Calculate

N-1
=5 _
fp 0 Z N —1
j=1
n—1 n +
(1 —exp (rT — Zrtfv (tixq — t,-))) )
i=0

4 Receiver swaption

The buyer of a receiver swaption has the right to pay floating
interest rate cash flow and receive fixed interest rate cash
flow. In this section, we propose the pricing formula, derive
the calculation formula, and present a numerical method for
the receiver swaption in uncertain financial market.

Denote the fixed interest rate as r, the floating interest rate
as r; which is modeled by the uncertain differential equation

@ Springer

(1), 1e.,

dr, = f([, V[)dt + g(t, r[)dC,

with an initial value rg, the expiration date as T, the notional
principal amount as Sp, and the price of the receiver swaption

as f,. Then, it costs the buyer f, to buy it at time 0 and gives
the buyer a payoff

T +
So (exp(rT) —exp (/ r,dt))
0

at time 7T since the receiver swaption is rationally exercised
if and only if

T
Soexp(rT) > Soexp <f rt> .
0

Thus, the net return of the buyer at time 0 is

T
— fr +exp (—/ r,dt) So (exp(rT)
0

T +
— exp (f rldt>>
0
T
=—fr+5 (exp (—f redt +rT) — 1)
0

Correspondingly, the seller’s net return at time O is:

T +
fr — So <exp (—/ rydt + rT) — 1) .
0

It follows from the fair price principle that the fair price
fr should make the buyer and the seller have an identical
expected return, which means

f[ (exo ([ a7 )}
f[ (e ([ rarsrr) 1) }

Thus, we propose the pricing formula for receiver swaption
as follows.

+

Definition 6 Consider a receiver swaption with an expira-
tion date 7', a notional principal amount Sy, a fixed interest
rate r, and a floating interest rate r; satisfying the uncertain
differential equation (1), i.e.,

dry = f(t, r)de + g(t, r)dC;
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with an initial value ro, where C; is a Liu process, and f and
g are measurable functions. Then, its price is defined by

T +
fr=E |:So (exp <_/0 ridt + rT> — 1) :| . )

Theorem 2 Consider a receiver swaption with an expiration
date T, a notional principal amount Sy, a fixed interest rate
r, and a floating interest rate r; satisfying the uncertain dif-
ferential equation (1), i.e.,

dr, = f([,r,)dt +g(t,rt)dC,

with an initial value ro and an a-path r}*. Then, its price (4)
can be calculated as
+

1 T
fr= / So (exp (—/ ride +rT) - 1) da,
0 0

where r* is the solution of the corresponding ordinary dif-
ferential equation

o
l—«a

3
dr} = f(t,r¥)dt + |g(t, r,“)li_ln dt.
T

Proof 1t follows from Yao (2013) that the inverse uncertainty
distribution of the uncertain variable

T
/ tht
0

is
T
U @) =/ redt.
0
Since the function

So (exp (—x +rT) — )t

is decreasing with respect to x, it is obtained from the opera-
tional law of the inverse uncertainty distribution (Liu 2007)
that the inverse uncertainty distribution of

T
So (exp (—/ ridt + rT) — 1)
0

is

T +
@) =S (exp (—/ rtlf"’dt —i—rT) — 1> .
0

+

From the expected value formula of the uncertain variable
(Liu 2007), we have

T +
fr=E [So (exp (—/(; rdt —i—rT) — 1) j|
+
1) d

1 T
:/ So (exp (—/ ridt +rT) - ) a.
0 0

The proof follows immediately.

When the price of receiver swaption shown in Eq. (4) can-
not be calculated explicitly, we present a numerical method
as follows.

Step 0 Fix o = 0, the fixed interest rate r, the initial inter-
est rate value rp, the notional principal Sp, and the
maturity data 7.

Step 1 Set o < «a + 1/N for a given large enough N.

Step 2 Use the numerical method to solve the correspond-
ing ordinary differential equation

Oldt

drf = f (¢, rf)dt + [g (1, 7f) |¢?§ln .

o = ro,

and get the partition #; and r[‘f with0 =1 <1 <
<t,=T.
Step 3 Repeat Steps 1 and 2 for N — 1 times.
Step 4 Calculate

-1 n—1 +
1 g
frzzN_l(exp(rT—Zr,f.v(t,-H—t,»))—1) ~

j=1 i=0

]

5 Examples

In this section, we document some numerical examples to
illustrate our methods. Recall the uncertain interest rate
model given by Chen and Gao (2013), i.e.,

dry = a(b — ry)dt 4+ o4/r/dC;, 5)

where a, b, and o are given constants, and C; is the Liu
process.

Example 1 Consider a payer swaption with a notional prin-
cipal So = 1, a fixed interest rate r = 0.03, and a floating
interest rate r, satisfying the uncertain interest rate model
(5) with a = 0.001, b = 0.03, 0 = 0.005, and ro = 0.03.
According to Theorem 1, the price of this payer swaption
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Fig. 1 The price f, for payer swaption with respect to the expiration
time 7 in Example 1

with a set of expiration time 7 can be calculated as

1 T +
fr= / So (1 — exp <—/ ridr + rT)) da,
0 0

where r{* is the solution of the corresponding ordinary dif-
ferential equation

o

dt.

3
drf =ab—r)dt +o rf‘iln 1
T

Results are shown in Fig. 1. As we can see, the payer swap-

tion’s price is increasing with respect to the expiration time
T under this parameter settings.

Consider a payer swaption with the expirationtime 7' = 2,
a notional principal So = 1, and a floating interest rate r;
satisfying uncertain interest rate model (5) with a = 0.001,
b =0.03,0 = 0.005, and ryp = 0.03. According to Theorem
1, the price of this payer swaption with a set of fixed interest
rates r is shown in Fig. 2. As we can see, the payer swaption’s
price is decreasing with respect to the fixed interest rate r
under this parameter settings.

Consider a payer swaption with the expiration time 7 = 2,
anotional principal Sy = 1, afixed interestrate r = 0.02, and
a floating interest rate r; satisfying the uncertain interest rate
model (5) with a = 0.001, b = 0.03, 0 = 0.005, and a set
of initial values ry. According to Theorem 1, the price of this
payer swaption with a set of initial values r( is shown in Fig. 3.
As we can see, the payer swaption’s price is increasing with
respect to the initial value ro under this parameter settings.

Example 2 Consider areceiver swaption with a notional prin-
cipal So = 1, a fixed interest rate r = 0.03, and a floating
interest rate r, satisfying the uncertain interest rate model
(5) with a = 0.001, b = 0.03, 0 = 0.005, and ro = 0.03.
According to Theorem 2, the price of this receiver swaption
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Fig.2 The price f), for payer swaption with respect to the fixed interest
rate r in Example 1
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Fig.3 The price f), for payer swaption with respect to the initial value
ro in Example 1

with a set of expiration time 7 can be calculated as

1 T +
fr = f So (exp <—/ ride +rT> — 1) do,
0 0

where r{* is the solution of the corresponding ordinary dif-
ferential equation

o
l—«a

dry :a(b—r,‘”)dt—}—o\/ﬁx/?g In dr.

Results are shown in Fig. 4. As we can see, the receiver
swaption’s price is decreasing with respect to the expiration
time 7 under this parameter settings.

Consider a receiver swaption with the expiration time
T = 2, a notional principal Sy = 1, and a floating inter-
est rate r; satisfying uncertain interest rate model (5) with
a =0.001,b =0.03, 0 = 0.005, and 9 = 0.03. According
to Theorem 2, the price of this receiver swaption with a set
of fixed interest rates r is shown in Fig. 5. As we can see,
the receiver swaption’s price is increasing with respect to the
fixed interest rate r under this parameter settings.

Consider a receiver swaption with the expiration time 7 =
2, a notional principal So = 1, a fixed interest rate r = 0.03,
and a floating interest rate r; satisfying the uncertain interest
rate model (5) with a = 0.001, » = 0.03, 0 = 0.005, and
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Fig.4 The price f, for receiver swaption with respect to the expiration
time 7 in Example 2
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Fig. 5 The price f, for receiver swaption with respect to the fixed
interest rate » in Example 2
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Fig. 6 The price f, for receiver swaption with respect to the initial
value r( in Example 2

a set of initial values ry. According to Theorem 2, the price
of this receiver swaption with a set of initial values rg is
shown in Fig. 6. As we can see, the receiver swaption’s price
is decreasing with respect to the initial value 7y under this
parameter settings.

6 Conclusion

Noting the paradox of stochastic finance theory, this paper
investigated swaption pricing problems under the framework
of uncertainty theory. We proposed pricing formulae for
swaptions, derived calculation formulae, and corresponding
numerical methods with the assumption that the interest rate
follows uncertain differential equations. Finally, some exam-
ples were given to illustrate our methods.
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