
FUZZY SYSTEMS AND THEIR MATHEMATICS

A study of a lock fuzzy EPQ model with deterioration and stock
and unit selling price-dependent demand using preservation
technology

Mostafijur Rahaman1 • Sankar Prasad Mondal2 • Shariful Alam1
• Sujit Kumar De3

Accepted: 19 November 2021 / Published online: 11 February 2022
� The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2022

Abstract
This article deals with a deteriorated economic production quantity (EPQ) inventory model where the preservation

technology is applied to restore the significant loss of items during production. The demand function is unit selling price

and stock sensitive, and the production rate is also stock sensitive. Here we assume that the sum of percentage of

deterioration and the rate of preservation is 100%. First of all, we develop a profit function for EPQ model under given

assumptions, and then, we split the model into three different submodels by considering the unit selling price, unit cost

prices and taking both of them as lock fuzzy numbers, respectively. Numerical illustrations are done with the help of a

solution algorithm based on a� cuts of fuzzy numbers, and it has been compared with the results of general fuzzy cases of

each of the submodels. Graphical illustrations and sensitivity analysis are made to show the novelty of the new approach.

The managerial insights are also discussed followed by a conclusion.

Keywords EPQ model � Preservation � Deterioration � Lock fuzzy number � Defuzzification � Optimization

1 Introduction

1.1 Literature review on related inventory model

The word inventory stands not only for stock of goods

which may be of three types: raw materials’, semi-finished

good and finished good but also its management and

operations. Harris (1915) examined the establishment of

inventory control problem in field of operation research

which was the traditional economic order quantity (EOQ)

model. From the improvement in the EOQ model, a great

deal of research work has been made on the inventory

control problems which also included the economic pro-

duction quantity (EPQ) model. In practical sense, almost

all products loss their utility after certain period which

indicates that deterioration is an important factor to study.

Ghare and Schrader (1963) were the first who developed an

inventory model with constant deterioration. Then, several

works (see Li et al. 2010; Tan et al. 2013; Shaikh et al.

2019a, b, Lee et al. 2012; Bhunia et al. 2014; Jaggi et al.

2015) have been reported in this context.

Preservation is an important issue to resist the deterio-

ration of the items. Hsu et al. (2010) first used the concept

of preservation technique in the study of inventory control

problems. Following this work, more researches (see Pal

et al. 2018; Dye and Hsieh 2012; Hsieh and Dye 2013; Dye

2013) had carried out in this direction. Zhang et al. (2014)

considered preservation and deterioration for a problem

with stock-dependent demand. Also, selling price of items

plays a vital role on the demand of product. Mishra et al.

(2017) presented a preservation inventory model under the

price-dependent demand with shortage. Teng and Chang

(2005) proposed a model with stock- and price-dependent

demand. Hou and Lin (2006) also introduced a model with
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the demand related to price and stock of items. Some more

research works (see Yang 2012; Yang et al. 2015; Zhang

et al. 2016; Pal et al. 2013; Shaikh et al. 2019a, b; Li et al.

2019) are noted in this context. Recently, Rahaman et al.

(2020) described a fractional order model with stock- and

price-dependent demand and stock-dependent production

rate of deteriorated items.

1.2 Recent development of fuzzy decision-
making in inventory management problems

Zadeh (1965) introduced the concept of fuzzy set. Subse-

quently, the concept was utilized by Bellman and Zadeh

(1970) in decision-making problems. From that point for-

ward, numerous researches have been occupied by

describing the actual nature of the fuzzy set (see Dubois

and Prade 1978; Kaufmann and Gupta 1985; Baez-San-

cheza et al. 2012; Beg and Ashraf 2014; Deli and Broumi

2015; Kumar 2018). Also, Diamond (1989, 1990) has

discussed both k-type fuzzy numbers and star-type fuzzy

numbers. A means of finding the membership of general

fuzzy numbers was also developed by Chutia et al. (2010).

Roychoudhury and Pedrycz (2003) provided the functional

relationship among fuzzy complements. In addition, fuzzy

control theory was enriched by Bobeylev (1985, 1988) with

the help of the Cauchy problem. Buckley (1988) discussed

the generalization of fuzzy sets for practical applications.

To date, a number of researchers, including Roy and Maji

(2010), Molodtsov (1999), Cagman et al. (2011) etc., have

studied fuzzy soft sets; fuzzy rough sets were developed by

Pawlak (1982), and hesitant fuzzy sets have been improved

by Torra (2010), Karmakar et al. (2017a), De and Sana

(2015), etc., in real-world final decision-making problems.

Moreover, the concept of integrating the impact of

learning experiences into fuzzy sets, namely the triangular

dense fuzzy set (TDFS), along with new defuzzification

methods, was described by De and Beg (2016a, b), and

they also utilized this fuzzy set in philosophical contexts

also (see De and Beg 2016a, b). In their observations, the

Cauchy sequence was employed, which naturally con-

verges to zero. Using this property, they studied the tri-

angular dense fuzzy set, in which the ambiguity decreases

with time. De and Mahata (2016) discussed the cloudy

fuzzy set, which is an important extension of the triangular

dense fuzzy set using a continuous time variable. Recently,

Karmakar et al. (2017b, 2018) studied a pollution control

scheme for a sponge iron production plant model utilizing

the triangular dense fuzzy rule. Additionally, Rahaman

et al. (2021a, b) studied the joint impact of learning and

memory on the lot-sizing problem using fuzzy fractional

calculus under the dense fuzzy sense. A two-decision-

makers single-decision inventory model utilizes the con-

cept of the triangular dense fuzzy lock set. Recently,

Rahaman et al. (2021a, b) studied an EOQ model with

price-dependent demand rate under memory motivated

lock fuzzy scenario.

1.3 Motivation

After brief reviewing the EPQ model, our finding is that

(a) stock-, price-dependent demand and production rate,

(b) deterioration and preservation technology against

deterioration are rarely used in the literature. Focusing this

point of view, we develop an EPQ model where (a) demand

is a linear function of price and stock; (b) production rate is

a linear function of stock; (c) deterioration occurred,

(d) preservation technology is applied to prevent deterio-

ration. Again, basic objective of fuzzy theory is to reach the

goal under uncertain phenomena. De (2017) introduced the

novel idea of lock fuzzy set which enlightens the new

aspect of fuzziness. We have used this fact in decision-

making for our proposed model which has the capability to

give better optimization. Moreover, in a manufacturing

farm, if more stock is raised, then it is better to decrease the

production rate. Similarly, more selling price of items

reduces the interest of customers for certain items. But, the

displayed stock in showrooms makes a positive result on

demand pattern and some times over stock may reduce the

demand. Thus, this is an exceptionally intriguing and

needful study relating to the control of stocks of the

manufacturing farms.

2 Preliminaries

In this section, some important definitions and known

results regarding triangular dense fuzzy set (De and Beg

2016a, b) and triangular dense fuzzy lock set De (2018) are

presented here which are needful to describe the fuzzy

model.

Definition 2.1 Let ~A be fuzzy number whose components

are elements of the Cartesian product R�N, (where R and

N represent the set of real numbers and natural number,

respectively) with membership grade satisfying the func-

tional relation l : R�N ! ½0; 1�. If lðx; nÞ ! 1, as

n ! 1, for some x 2 R and n 2 N, then ~A is called dense

fuzzy set.

In particular, if ~A is triangular in the above definition, it

is called triangular dense fuzzy set (TDFS). Furthermore, if

lðx; nÞ attain the highest membership degree 1 for some

n 2 N, then it is called the normalized triangular dense

fuzzy set (NTDFS).

Example 2.1 Let us take a NTDFS as follows.
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~A ¼ \a 1� q
1þn

� �
; a; a 1þ r

1þn

� �
[ , where q; r 2

ð0; 1Þ, a be a real number and n be a natural number. Then,

its membership function is given by

l x; nð Þ ¼

0 ; for x\a 1� q
1þ n

� �
or x[ a 1þ r

1þ n

� �

x� a 1� q
1þ n

� �

aq
1þ n

; for a 1� q
1þ n

� �
� x� a

a 1þ r
1þ n

� �
� x

ar
1þ n

; for a� x� a 1þ r
1þ n

� �

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

Definition 2.2 Let ~A ¼ \a; b; c[ be a TDFS, and if

lðx; nÞ91, as n ! 1, for some x 2 R and n 2 N and

consequently its index value Ið ~AÞ9b, then ~A is called tri-

angular dense fuzzy lock set (TDFLS).

Definition 2.3 Let ~A ¼ \btn; b; bsn [ be a sequential

form of TDFS, where tn and sn are two sequence functions.

And if tn ! d1ð\1Þ and sn ! d2 ([ 1) as n ! 1, then
~A9fbg and ~A is called triangular dense fuzzy lock set

(TDFLS).

Definition 2.4 Let the sequential definition of TDFS is
~A ¼ \a 1� qtnð Þ; a; a 1þ rsnð Þ[ , where q; r 2 R and tn,

sn are two Cauchy sequence of functions having the point

of convergence 1
k1
and 1

k2
; respectively (k1 and k2 are two

nonzero real numbers). Then, ~A is called triangular dense

fuzzy lock set (TDFLS) with double keys k1 and k2;

respectively, and the keys depend upon q and r.

The membership function of TDFLS defined above is

given by

l x; nð Þ ¼

0; for x\a 1� qtnð Þorx[ a 1þ rsnð Þ
x� a 1� qtnð Þ

aqtn
; for a 1� qtnð Þ� x� a

a 1þ rsnð Þ � x

arsn
; for a� x� a 1þ rsnð Þ

8>>>><
>>>>:

Example 2.2 Let us take a TDFLS as follows. ~A ¼
\a 1� qð 1k1 �

1
1þnÞ

� �
; a; a 1þ rð 1k2 þ

1
1þnÞ

� �
[ , where

q; r 2 ð0; 1Þ, a be a real number and n be a natural number;

k1 and k2 are two nonzero real numbers. Here, k1 and k2 are

two keys of the TDFLS. Its membership function is given

by

3 Notations and assumptions

To describe our proposed problem, we use the following

notations with certain units and description given in

Table 1.

3.1 Assumptions

The following assumptions have been considered to be

used in the proposed model:

i) The production rate KðtÞ is assumed to be a linear

function of stock. Considering the intuitive facts

that the production is better to be decreased in the

presence of large stock is used here. Thus,

KðtÞ ¼ c� dIðtÞ, where c; d[ 0 and IðtÞ is the

on-hand inventory or stock.

ii) Demand of the production depends on price and

stock. Fact is that the demand increases and

decreases according as the selling price is decreases

and increases, respectively. Also, the presence of

the lot of stock may provide positive or negative

impact in demand. Sometimes, more displayed

l x; nð Þ ¼

0; for x\a 1� qð 1
k1

� 1

1þ n
Þ

� �
or a 1þ rð 1

k2
þ 1

1þ n
Þ

� �

x� a 1� qð 1
k1

� 1

1þ n
Þ

� �

aqð 1
k1

� 1

1þ n
Þ

; for a 1� qð 1
k1

� 1

1þ n
Þ

� �
� x� a

a 1þ rð 1
k2

þ 1

1þ n
Þ

� �
� x

arð 1
k2

þ 1

1þ n
Þ

; for a� x� a 1þ rð 1
k2

þ 1

1þ n
Þ

� �

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:
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stock attracts customer and increases the demand.

However, it also quite possible that customer’s

interest on products which are much available in

the market is gone decreasing. Therefore, DðtÞ ¼
g� fpþ nIðtÞ; where g; f are positive constant, n is

any constant and p is the price of the product.

iii) Deterioration of the product occurs both in the

production and non-production period. Also, to

decrease the deterioration, preservation technology

is applied to the system. The deterioration rate (h)
and preservation rate ð/Þ are constants satisfying

the relation hþ / ¼ 1.

iv) No shortage is allowed.

v) Replenishment rate is infinite, but lot size is finite.

vi) The time horizon is infinite.

vii) Lead time is zero.

4 Defining the EPQ inventory model
under several environments

4.1 Formulation of Crisp EPQ model

The inventory starts at t ¼ 0 with the production rate K:

During the time interval 0� t� T1, the inventory level

decreases meeting up the demand at the rate D and facing a

deterioration of the rate /. Also, the fresh production and

preservation at the rate h make a positive impact on the

growth of the inventory level. However, the total combine

effect makes a result of decreasing the level of stock during

this time interval. At time t ¼ T1, the production is stopped

after reaching the sufficient stock of the product. During

the time interval T1 � t� T , all the components except the

production remain same, and thus, in the second phase

(non-productive phase) of the cycle, the stock level

decreases gradually, and at the time t ¼ T , the inventory

cycle is stopped with zero level of stock after fulfilling the

demand. Figure 1 describes the change of inventory with

respect to time.

Then, the governing differential equations of the pro-

duction process are given below:

dIðtÞ
dt

þ /� hð ÞI tð Þ ¼ fc� dIðtÞg
� g� fpþ nIðtÞf g; 0� t� T1 ð1Þ

dJðtÞ
dt

þ /� hð ÞJ tð Þ ¼ � g� fpþ nJ tð Þf g; T1 � t� T

ð2Þ

With

I 0ð Þ ¼ 0

I T1ð Þ ¼ ImAX ¼ JðT1Þ
J Tð Þ ¼ 0

8<
: ð3Þ

Solving the Eqs. (1) and (2) and by using (3), we get

I tð Þ ¼ ðc� gþ fpÞ
ð/� hþ dþ nÞ 1� e� /�hþdþnð Þt

h i
; 0� t� T1 ð4Þ

J tð Þ ¼ ð�gþ fpÞ
ð/� hþ nÞ 1� e /�hþnð Þ T�tð Þ

h i
; T1 � t� T ð5Þ

Also, using the continuity condition at t ¼ T1 in (4) and

(5), we have I T1ð Þ ¼ J T1ð Þ

Table 1 Notations with their units and certain meaning for the pro-

posed model (crisp)

Notations Units Descriptions

ch $/unit Holding cost per unit time

cs $/unit Set up cost per cycle

cd $/unit Deterioration cost per unit time

cpr $/unit Preservation cost per unit time

cp $/unit Production cost per unit time

p $/unit Selling Price per unit time

K Unit Production rate per cycle

D Unit Demand rate per cycle

T Month Total time cycle

T1 Month Production time

Imax Unit Highest level of inventory

/ Unit Rate of deterioration in ½0; T �
h Unit Rate of preservation in ½0;T �
TAP $ Total average profit

Decision variables

T Month Total time cycle

T1 Month Production time

Imax Unit Highest level of inventory

Objective function

TAP $ Total average profit

Inventory 
level

Time

0
T

+ ( − − − ) ( ) − ( )

1

( )+ ( )

Fig. 1 Graphical representation of the EPQ model with preservation
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ðc� gþ fpÞ
ð/� hþ dþ nÞ 1� e� /�hþdþnð ÞT1

h i

¼ ð�gþ fpÞ
ð/� hþ nÞ ½1� e /�hþnð ÞðT�T1Þ�

i.e.,

T ¼ T1 þ
1

ð/� hþ nÞ ln

1� ðc� gþ fpÞð/� hþ nÞ
ð/� hþ dþ nÞð�gþ fpÞ f1� e� /�hþdþnð ÞT1g

� �

ð6Þ

Also, then

Imax ¼
ðc� gþ fpÞ

ð/� hþ dþ nÞ 1� e� /�hþdþnð ÞT1

h i
ð7Þ

Total sales revenue

TSR ¼ p

Z T1

0

g� fpþ nI tð Þf gdt þ
Z T

T1

g� fpþ nJ tð Þf gdt
� �

¼ p g� fpð ÞT þ npX

ð8Þ

where X ¼
R T1

0
IðtÞdt þ

R T
T1
JðtÞdt

¼
Z T1

0

ðc� gþ fpÞ
ð/� hþ dþ nÞ ½1� e�ð/�hþdþnÞt�dt

þ
Z T

T1

ð�gþ fpÞ
ð/� hþ nÞ ½1� e /�hþnð ÞðT�tÞ�dt

¼ ðc� gþ fpÞ
ð/� hþ dþ nÞ T1 �

1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �

þ ð�gþ fpÞ
ð/� hþ nÞ T � T1ð Þ � e /�hþnð ÞðT�T1Þ � 1

/� hþ nð Þ

� �

¼ Aþ pfB ð9Þ

and

A ¼ ðc� gÞ
ð/� hþ dþ nÞ T1 �

1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �

� g
ð/� hþ nÞ T � T1ð Þ � e /�hþnð ÞðT�T1Þ � 1

/� hþ nð Þ

� �

ð10Þ

B ¼ 1

ð/� hþ dþ nÞ T1 �
1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �

þ 1

ð/� hþ nÞ T � T1ð Þ � e /�hþnð ÞðT�T1Þ � 1

/� hþ nð Þ

� �

ð11Þ

Total setup cost ¼ cs
Total holding cost,

THC ¼ ch

Z T1

0

I tð Þdt þ
Z T

T1

J tð Þdt
� �

¼ chX ð12Þ

Total production cost

TPC ¼ cp

Z T1

0

fc� dI tð Þgdt

¼ cpcT1

� ðc� gþ fpÞcpd
ð/� hþ dþ nÞ T1 þ

e� /�hþdþnð ÞT1 � 1

/� hþ dþ nð Þ

� �

¼ M � Np

ð13Þ

where

M ¼ cpcT1 �
ðc� gÞcpd

ð/� hþ dþ nÞ T1 �
1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �

¼ cpcT1 �
c� g
f

� �
N

ð14Þ

N ¼ fcpd
ð/� hþ dþ nÞ T1 �

1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �
ð15Þ

Total deterioration cost

TDC ¼ cd/
Z T1

0

I tð Þ � DðtÞf gdt þ
Z T

T1

J tð Þ � DðtÞf gdt
� �

¼ cd/
Z T1

0

f �gþ fpð Þ þ 1� nð ÞIðtÞgdt
�

þ
Z T

T1

f �gþ fpð Þ þ 1� nð ÞJðtÞgdt
�

¼ cd/ �gþ fpð ÞT þ cd/ 1� nð ÞX
ð16Þ

Total preservation cost

TPRC ¼ cprh
Z T1

0

I tð Þ � DðtÞf gdt þ
Z T

T1

J tð Þ � DðtÞf gdt
� �

¼ cprh
Z T1

0

f �gþ fpð Þ þ 1� nð ÞIðtÞgdt
�

þ
Z T

T1

f �gþ fpð Þ þ 1� nð ÞJðtÞgdt
�

¼ cprh �gþ fpð ÞT þ cprh 1� nð ÞX
ð17Þ

So, the total profit per cycle is given by
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TP ¼ TSR� ðcs þ THC þ TPC þ TDC þ TPRCÞ
¼ nB� Tð Þfp2 þ gT þ nAð Þp
� ½cs þ chAþ chfBpþM � Np

þ cd/þ cprh
� 	

A 1� nð Þ � gTf g
þ cd/þ cprh
� 	

ffB 1� nð Þ þ Tgp�
¼ nB� Tð Þfp2 þ gT þ nAð Þ � chfB½
þN � cd/þ cprh

� 	
f B 1� nð Þ þ Tf g



p

� ½cs þ chAþM þ cd/þ cprh
� 	

A 1� nð Þ � gTf g�
ð18Þ

And thus, total average profit TAP ¼ TP
T ¼ F0p

2 þ
F1pþ F2 and the basic problem is given by

4.2 Particular Cases under crisp problem

Case 1: when deterioration is occurred completely in the

absence of preservation.

Let, h ! 0 then / ! 1 and then

TAP ¼ F0
0
p2 þ F1

0
pþ F3

0
; Imax

¼ 1

ð1þ dþ nÞ 1� e� 1þdþnð ÞT1

h i
ðc� gþ fpÞ

where F0
0 ¼ nB

0�Tð Þf
T , F1

0 ¼ gTþnA
0ð Þ�chfB

0 þN
0 �cdf B

0
1�nð ÞþTf g

T ,

F3
0 ¼�csþchA

0 þM
0 þcd A

0
1�nð Þ�gTf g

T ; A
0 ¼ ðc�gÞ

ð1þdþnÞ T1þ½
e� 1þdþnð ÞT1�1

1þdþnð Þ �� g
ð1þnÞ ðT�T1Þþ 1�e 1þnð ÞðT�T1Þ

1þnð Þ

h i
, B

0 ¼ 1
ð1þdþnÞ

T1þ e� 1þdþnð ÞT1�1
1þdþnð Þ

h i
þ 1

ð1þnÞ ðT�T1Þþ 1�e 1þnð ÞðT�T1Þ

1þnð Þ

h i

M
0 ¼ cpcT1 �

c� gð Þcpd
1þ dþ nð Þ T1 þ

e� 1þdþnð ÞT1 � 1

1þ dþ nð Þ

� �
;N

0

¼ fcpd
ð1þ dþ nÞ T1 þ

e� 1þdþnð ÞT1 � 1

1þ dþ nð Þ

� �

Case 2: when the demand is independent of the price.

If, f ! 0 then TAP ¼ F0
0
p2 þ F1

0
pþ F3

0
; Imax ¼

ðc�gÞ
ð/�hþdþnÞ 1� e� /�hþdþnð ÞT1

� 


F0
0 ¼ 0;F1

0 ¼
gT þ nA

0� 	
þ N

0

T
;F3

0

¼ �
cs þ chA

0 þM
0 þ cd/þ cprh

� 	
A

0
1� nð Þ � gT

� 
T

A
0 ¼ ðc� gÞ

ð/� hþ dþ nÞ T1 þ
e� /�hþdþnð ÞT1 � 1

/� hþ dþ nð Þ

� �

� g
ð/� hþ nÞ ðT � T1Þ þ

1� e /�hþnð ÞðT�T1Þ

/� hþ nð Þ

� �

B
0 ¼ 1

ð/� hþ dþ nÞ T1 þ
e� /�hþdþnð ÞT1 � 1

/� hþ dþ nð Þ

� �

þ 1

ð/� hþ nÞ ðT � T1Þ þ
1� e /�hþnð ÞðT�T1Þ

/� hþ nð Þ

� �

M
0 ¼ cpcT1 �

c� gð Þcpd
/� hþ dþ nð Þ ;N

0 ¼ 0

Case 3: when complete preservation confirms no

deterioration.

If, / ! 0, then h ! 1 and then TAP ¼ F0
0
p2þ

F1
0
pþ F3

0
, Imax ¼ ðc�gþfpÞ

ð�1þdþnÞ 1� e� �1þdþnð ÞT1
� 


, where

F0
0 ¼ nB

0�Tð Þf
T , F1

0 ¼ gTþnA
0ð Þ�chfB

0 þN
0 �cprf B

0
1�nð ÞþTf g

T ,

F3
0 ¼ � csþchA

0 þM
0 þcpr A

0
1�nð Þ�gTf g

T , A
0 ¼ ðc�gÞ

ð�1þdþnÞ T1þ½
e� �1þdþnð ÞT1�1

�1þdþnð Þ � � g
ð�1þnÞ ðT � T1Þ þ 1�e �1þnð ÞðT�T1Þ

�1þnð Þ

h i
, B

0 ¼

Maximize TAP ¼ F0p
2 þ F1pþ F2

Where;

where;F0 ¼
nB� Tð Þf

T

F1 ¼
gT þ nAð Þ � chfBþ N � cd/þ cprh

� 	
f B 1� nð Þ þ Tf g

T

F2 ¼
cd/þ cprh
� 	

gT � A 1� nð Þf g � cs � chA�M

T

Subject to Imax ¼
1

ð/� hþ dþ nÞ 1� e� /�hþdþnð ÞT1

h i
ðc� gþ fpÞ;

T ¼ T1 þ
1

/� hþ nð Þ ln 1þ c� gþ fpð Þ
g� fpð Þ

/� hþ nð Þ
/� hþ dþ nð Þ

� �
1� e� /�hþdþnð ÞT1

n o� �
;

N ¼ fcpd
ð/� hþ dþ nÞ T1 �

1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �
;M ¼ cpcT1 �

c� g
f

� �
N; hþ / ¼ 1

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

ð19Þ
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1
ð�1þdþnÞ T1 þ e� �1þdþnð ÞT1�1

�1þdþnð Þ

h i
þ 1

ð�1þnÞ ðT � T1Þþ½
1�e �1þnð ÞðT�T1Þ

�1þnð Þ �, M
0 ¼ cpcT1 � ðc�gÞcpd

ð�1þdþnÞ T1 þ e� �1þdþnð ÞT1�1
�1þdþnð Þ

h i

and N
0 ¼ fcpd

ð�1þdþnÞ T1 þ e� �1þdþnð ÞT1�1
�1þdþnð Þ

h i

Case 4: when deterioration does not occur, and hence,

there is no need of preservation.

If, h;/ ! 0 then TAP ¼ F0
0
p2 þ F1

0
pþ F3

0
Imax ¼ 1

ðdþnÞ

1� e� dþnð ÞT1
� 


ðc� gþ fpÞ

F0
0 ¼

nB
0 � T

� 	
f

T
;F1

0 ¼
gT þ nA

0� 	
� chfB

0 þ N
0

T
;F3

0

¼ � cs þ chA
0 þM

0

T
;A

0

¼ ðc� gÞ
ðdþ nÞ T1 þ

e� dþnð ÞT1 � 1

dþ nð Þ

� �

� g
n

ðT � T1Þ þ
1� enðT�T1Þ

n

� �
;B

0

¼ 1

ðdþ nÞ T1 þ
e� dþnð ÞT1 � 1

dþ nð Þ

� �

þ 1

n
ðT � T1Þ þ

1� enðT�T1Þ

n

� �

M
0 ¼ cpcT1 �

c� gð Þcpd
dþ nð Þ T1 þ

e� dþnð ÞT1 � 1

dþ nð Þ

� �
;N

0

¼ fcpd
ðdþ nÞ T1 þ

e� dþnð ÞT1 � 1

dþ nð Þ

� �

Case 5: when deterioration does not occur, and hence,

there is no need of preservation and neither demand nor

production depends on stock.

If, /; h; d; n ! 0 Then TAP ¼ F0
0
p2 þ F1

0
pþ F3

0
,

Imax ¼ lim
d!0

ðc�gþfpÞ
d 1� e�dT1

� 

¼ ðc� gþ fpÞT1, F0

0 ¼

�f, F1
0 ¼ gT�chfB

0þN
0

T , F3
0 ¼ � csþchA

0þM
0

T , A
0 ¼ lim

d!0

ðc�gÞ
d

T1 þ e�dT1�1
d

h i
� lim

n!0

g
n ðT � T1Þ þ 1�enðT�T1Þ

n

h i
¼ lim

d!0

ðc�gÞ
d2

dT1 þ e�dT1 � 1
� 


� lim
n!0

g
n2

nðT � T1Þþ½ 1� enðT�T1Þ�,

¼ c�gð ÞT1
2þgðT�T1Þ2
2

, B
0 ¼ lim

d!0

1
d T1 þ e�dT1�1

d

h i
þ lim

n!0

1
n

ðT � T1Þþ½ 1�enðT�T1Þ

n � ¼ lim
d!0

1
d2

dT1 þ e�dT1 � 1
� 


þ lim
n!0

1
n2

nðT � T1Þ þ 1� enðT�T1Þ
� 


¼ T1
2�ðT�T1Þ2

2
, M

0 ¼ cpcT1,

N
0 ¼ 0.

Case 6: when deterioration does not occur, and hence,

there is no need of preservation and demand and stock are

constant.

If, /; h; d; n; f ! 0 Then TAP ¼ F0
0
p2 þ F1

0
pþ F3

0
,

Imax ¼ lim
d!0

ðc�gpÞ
d 1� e�dT1

� 

¼ ðc� gÞT1, F0

0 ¼ 0,

F1
0 ¼ gTþN

0

T , F3
0 ¼ � csþchA

0 þM
0

T , A
0 ¼ lim

d!0

ðc�gÞ
d

T1 þ e�dT1�1
d

h i
� lim

n!0

g
n ðT � T1Þþ½ 1�enðT�T1Þ

n � ¼ lim
d!0

ðc�gÞ
d2

dT1 þ e�dT1 � 1
� 


� lim
n!0

g
n2

nðT � T1Þ þ 1�½ enðT�T1Þ�,

¼ c�gð ÞT1
2þgðT�T1Þ2
2

, B
0 ¼ lim

d!0

1
d T1 þ e�dT1�1

d

h i
þ lim

n!0

1
n

ðT � T1Þþ½ 1�enðT�T1Þ

n � ¼ lim
d!0

1
d2

dT1 þ e�dT1 � 1
� 


þ

lim
n!0

1
n2

nðT � T1Þ þ 1� enðT�T1Þ
� 


¼ T1
2�ðT�T1Þ2

2
, M

0 ¼

cpcT1, N
0 ¼ 0

That is, ¼ gp� fcsT þ ch
c�gð ÞT1

2þg T�T1ð Þ2
2T þ cpcT1

T g, Imax ¼
ðc� gÞT1 and this is the classical EPQ model (the profit

maximization sense).

4.3 Formulation of Fuzzy Mathematical Model

In real-life problem, very often it is observed that several

cost parameters associated with the problem (19) discussed

above are non-randomly uncertain. Thus, we consider

selling price and various cost prices as fuzzy parameters.

Three types of the fuzzy model may be developed as

follows:

i) Unit selling price of the items assumes R-triangular

lock fuzzy number.

ii) Only cost prices are assumed to be L-triangular

lock fuzzy number.

iii) Selling price of the commodities is assumed to be

R-triangular lock fuzzy number, and the cost prices

are assumed to be L-triangular lock fuzzy number.

These three models are defined as model-A, model-B

and model-C, respectively, and they are describing as

follows:

4.4 Model-A

Here, the selling price of the commodities is considered to

be the R-triangular lock fuzzy number given ~p given by its

membership functions

lð~pÞ ¼

0 if p� p0
p0ð1þ

r0
k0
Þ � p

p0
r0
k0

if p0 � p� p0ð1þ
r0
k0
Þ

1 if p� p0ð1þ
r0
k0
Þ

8>>>>>><
>>>>>>:

ð20Þ

where k0 is the key.

Other parameters of (19) are assumed to be crisps. Then,

right a-cut of the selling price ~p is given by
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p að Þ� p0 1þ r0
k0

� �
� ap0

r0
k0

ð21Þ

Then, the fuzzy model is given by

Thus, in terms of a-cuts our fuzzy problem reduced to

equivalent nonlinear problem as

Maximize eZ e¼ eF0ep2 þ eF1ep þ fF2

fF0 ¼
n eB � eT� 	

f
eT

fF1 e¼ g ~T þ n ~A
� 	

� chf ~Bþ N � cd/þ cprh
� 	

f ~B 1� nð Þ þ ~T
� 

~T

fF2
�
=

cd/þ cprh
� 	

g ~T � ~A 1� nð Þ
� 

� cs � ch ~A�M

~T

�
Q e¼ 1

/� hþ dþ nð Þ 1� e� /�hþdþnð ÞT1

h i
ðc� gþ f~pÞ;

~T e¼T1 þ
1

/� hþ nð Þ ln 1þ c� gþ f~pð Þ
g� f~pð Þ

/� hþ nð Þ
/� hþ dþ nð Þ

� �
1� e� /�hþdþnð ÞT1

n o� �

~A e¼ ðc� gÞ
ð/� hþ dþ nÞ T1 �

1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �
� g
ð/� hþ nÞ

~T � T1

� 	
� e /�hþnð Þð ~T�T1Þ � 1

/� hþ nð Þ

" #

~B e¼ 1

ð/� hþ dþ nÞ T1 �
1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �
þ 1

ð/� hþ nÞ
~T � T1

� 	
� e /�hþnð Þð ~T�T1Þ � 1

/� hþ nð Þ

" #

M ¼ cpcT1 �
c� g
f

� �
N;N ¼ fcpd

ð/� hþ dþ nÞ T1 �
1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �

hþ / ¼ 1

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð22Þ

Maximize a

Subject to Z�F0 að Þ p0 1þ r0
k0

� �
� ap0

r0
k0

� �2

þF1 að Þ p0 1þ r0
k0

� �
� ap0

r0
k0

� �
þ F2 að Þ

F0 að Þ ¼ nB að Þ � T að Þð Þf
T að Þ ;

F1 að Þ ¼
gT að Þ þ nA að Þð Þ � chfB að Þ þ N � cd/þ cpr að Þh

� 	
f B að Þ 1� nð Þ þ T að Þf g

T að Þ

F2 að Þ ¼
cd/þ cprh
� 	

gT að Þ � A að Þ 1� nð Þf g � cs � chA að Þ �M

T að Þ

Q að Þ ¼ 1

/� hþ dþ nð Þ 1� e� /�hþdþnð ÞT1
h i

c� gþ f p0 1þ r0
k0

� �
� ap0

r0
k0

� �� �

A að Þ ¼ c� gð Þ
/� hþ dþ nð Þ T1 �

1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �
� g

/� hþ nð Þ T að Þ � T1ð Þ � e /�hþnð ÞðT að Þ�T1Þ � 1

/� hþ nð Þ

� �

B að Þ ¼ 1

/� hþ dþ nð Þ T1 �
1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �
þ 1

/� hþ nð Þ T að Þ � T1ð Þ � e /�hþnð ÞðT að Þ�T1Þ � 1

/� hþ nð Þ

� �

T að Þ ¼ T1 þ
1

/� hþ nð Þ ln 1þ
c� gþ f p0 1þ r0

k0

� �
� ap0

r0
k0

� �� �

g� f p0 1þ r0
k0

� �
� ap0

r0
k0

� �� � /� hþ nð Þ
/� hþ dþ nð Þ

� �
1� e� /�hþdþnð ÞT1

n o
2
664

3
775;

N ¼ fcpd
/� hþ dþ nð Þ T1 �

1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �
;M ¼ cpcT1 �

c� g
f

� �
N; hþ / ¼ 1

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:
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4.5 Model-B

In this second type of problem, we consider all the cost to

be the L-triangular lock fuzzy number. The selling price

and other parameters in (19) are considered to crisps. The

costs are denoted �
ci
ði ¼ 1; 2; 3; 4; 5Þ, where �

c1
¼ �

cp
,

�
c2

¼ �
cd
, �
c3

¼ �
ch
, �
c4

¼ �
cs

and �
c5

¼ �
cpr

and the membership

function is given by

Start

Apply general fuzzy rule on Model A, Model B and Model C

Find ∗, ∗ and ∗

∗ = max� 1
∗, 2

∗ , 3
∗�

Is

∗ < ∗?

No∗ = ∗

∗ = ∗

Apply lock fuzzy rule on Model A, Model B and Model C

Find ∗, ∗ and ∗

∗ = max{ ∗, ∗ , ∗}

Is
∗ <
∗?

∗ = ∗

∗ = ∗

Yes 

Stop

Solve the crisp problem and find ∗ for the crisp problem

No

Yes

Input the values of 
crisp parameters

Fig. 2 Flow chart for solution

methodology
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lð�
ci

Þ ¼

0 if ci � ci0ð1�
ri
ki
Þ

ci � ci0ð1�
ri
ki
Þ

ci0ri=ki
if ci0ð1�

ri
ki
Þ� ci � ci0 i ¼ 1; 2; 3; 4 and 5

1 if ci � ci0

8>>>>>><
>>>>>>:

ð24Þ

The left a-cut of the costs �
ci
ði ¼ 1; 2; 3; 4; 5Þ is given by

ci að Þ ¼ ci0 1� ri
ki

� �
þ aci0ri=ki ð25Þ

where kiði ¼ 1; 2; 3; 4; 5Þ are the corresponding keys.

Then, the fuzzy optimization problem will be

Thus, using a-cuts the fuzzy problem (26) reduces to

equivalent nonlinear problem as

Maximize eZ e¼F0p
2 þ fF1pþ fF2

F0 ¼
nB� Tð Þf

T

fF1 ~¼
gT þ nAð Þ � echfBþ eN � ecd/þ fcprh

� 	
f B 1� nð Þ þ Tf g

T

fF2 ~¼
ecd/þ fcprh

� 	
gT � A 1� nð Þf g � ecs � echA� eM

T

Q ¼ 1

/� hþ dþ nð Þ 1� e� /�hþdþnð ÞT1
h i

c� gþ fpð Þ;

T ¼ T1 þ
1

/� hþ nð Þ ln 1þ c� gþ fpð Þ
g� fpð Þ

/� hþ nð Þ
/� hþ dþ nð Þ

� �
1� e� /�hþdþnð ÞT1

n o� �

A ¼ c� gð Þ
/� hþ dþ nð Þ T1 �

1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �
� g

/� hþ nð Þ T � T1ð Þ � e /�hþnð ÞðT�T1Þ � 1

/� hþ nð Þ

� �

B ¼ 1

/� hþ dþ nð Þ T1 �
1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �
þ 1

/� hþ nð Þ T � T1ð Þ � e /�hþnð ÞðT�T1Þ � 1

/� hþ nð Þ

� �

~M ¼ ecpcT1 � c� g
f

� �
~N; ~N ¼ f ecpd

/� hþ dþ nð Þ T1 �
1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �

hþ / ¼ 1

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð26Þ

Maximize a

Subject to Z�F0p
2 þ pF1ðaÞ þ F2ðaÞ

F0 að Þ ¼ nB� Tð Þf
T

; ci að Þ ¼ ci0 1� ri
ki

� �
þ ari; i ¼ 1; 2; 3; 4 and 5

F1ðaÞ ¼
gT þ nAð Þ � chfBþ NðaÞ � cdðaÞ/þ cprðaÞh

� 	
f B 1� nð Þ þ Tf g

T

F2ðaÞ ¼
cdðaÞ/þ cprðaÞh
� 	

gT � A 1� nð Þf g � csðaÞ � chðaÞA�MðaÞ
T

Q ¼ 1

/� hþ dþ nð Þ 1� e� /�hþdþnð ÞT1

h i
ðc� gþ fpÞ;

T ¼ T1 þ
1

/� hþ nð Þ ln 1þ c� gþ fpð Þ
g� fpð Þ

/� hþ nð Þ
/� hþ dþ nð Þ

� �
1� e� /�hþdþnð ÞT1

n o� �
;

NðaÞ ¼ fcpðaÞd
/� hþ dþ nð Þ T1 �

1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �
;MðaÞ ¼ cpðaÞcT1 �

c� g
f

� �
NðaÞ; hþ / ¼ 1

8>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>:
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4.6 Model-C

In this third type of problem, we consider all the cost to be

the L-triangular lock fuzzy number and the selling price to

be R-triangular lock fuzzy number and other parameters in

(19) are considered to crisps. Then, the fuzzy model will be

given by

Table 2 Optimal solution for different models under crisp and fuzzy system

Model T1
	 T	 Imax

	 a	 TAP	

Crisp 2.194 3.306 108.78 7397.47

Model-A (general fuzzy) 1.920 3.015 105.94 0.6 8119.46

Model-A (Lock fuzzy) 1.920 3.016 105.95 0.6 9153.38

Model-B(general fuzzy) 1.920 3.015 105.93 0.9 8190.38

Model-B(Lock fuzzy) 1.920 3.015 105.93 0.65 8569.80

Model-C(general fuzzy) 1.920 3.015 105.93 0.8 8769.80

Model-C(Lock fuzzy) 1.921 3.016 105.95 0.65 10,440.38

Table 3 Sensitivity analysis for the model-C (% changes in the value of key vector)

Key vector Percentage Change T1
	 T	 Imax

	 a	 TAP	
Relative change ¼ TAP	�TAP	 crispð Þ

TAP	 crispð Þ

n o
� 100%

k0
k1
k2
k3
k4
k5

2
666664

3
777775
¼

0:5
0:75
1:0
1:25
1:5
1:75

2
666664

3
777775

? 30% 1.920 3.015 105.93 0.95 8467.63 14.47

? 20% 1.920 3.015 105.93 0.95 8583.71 16.04

? 10% 1.920 3.015 105.93 0.99 8532.42 15.34

-10% 1.921 3.016 105.95 0.7 10,526.05 42.29

-20% 1.921 3.016 105.95 0.7 10,957.10 48.12

-30% 1.921 3.016 105.95 0.65 11,820.19 59.79

Maximize eZ e¼fF0 ep2 þ fF1 ep þ fF2

fF0 ¼
n eB � eT� 	

f
eT

fF1 ~¼
g eT þ n eA

� �
� echf eB þ N � ecd/þ fcprh

� 	
f eB 1� nð Þ þ eT� 

eT
fF2 ~¼

ecd/þ fcprh
� 	

g eT � eA 1� nð Þ
n o

� ecs � ech eA �M

eT
eQ e¼ 1

/� hþ dþ nð Þ 1� e� /�hþdþnð ÞT1
h i

c� gþ fepð Þ

eT ~¼T1 þ
1

/� hþ nð Þ ln 1þ c� gþ fepð Þ
g� fepð Þ

/� hþ nð Þ
/� hþ dþ nð Þ

� �
1� e� /�hþdþnð ÞT1

n o� �

eA ~¼ c� gð Þ
/� hþ dþ nð Þ T1 �

1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �
� g

/� hþ nð Þ
eT � T1

� 	
� e /�hþnð ÞðT�T1Þ � 1

/� hþ nð Þ

� �

eB ~¼ 1

/� hþ dþ nð Þ T1 �
1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �
þ 1

/� hþ nð Þ
eT � T1

� 	
� e /�hþnð ÞðeT�T1Þ � 1

/� hþ nð Þ

" #

~M ¼ ecpcT1 � c� g
f

� �
~N; ~N ¼ f ecpd

/� hþ dþ nð Þ T1 �
1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �

hþ / ¼ 1

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:
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Table 4 Sensitivity of the objective function with the changes of individual keys

Key vector Percentage T1
	 T	 Imax

	 a	 TAP	 Relative change

¼ TAP	�TAP	 crispð Þ
TAP	 crispð Þ

n o
� 100%

k0 ¼ 0:5 ? 30% 1.920 3.015 105.94 0.65 10,022.82 35.49

? 20% 1.920 3.015 105.94 0.65 10,138.81 37.06

? 10% 1.920 3.015 105.95 0.65 10,275.89 38.91

-10% 1.920 3.015 105.95 0.65 10,641.43 43.85

-20% 1.921 3.016 105.95 0.65 10,892.76 47.25

-30% 1.921 3.016 105.95 0.65 11,215.89 51.62

k1 ¼ 0:75 ? 30% No feasible solution

? 20%

? 10%

- 10% 1.921 3.016 105.95 0.65 10,615.31 43.50

- 20% 1.921 3.016 105.95 0.65 10,833.97 46.45

- 30% 1.921 3.016 105.95 0.6 11,313.12 52.93

k2 ¼ 1 ? 30% 1.921 3.016 105.95 0.65 10,457.94 41.32

? 20% 1.921 3.016 105.95 0.65 10,453.07 41.31

? 10% 1.921 3.016 105.95 0.65 10,447.30 41.23

- 10% 1.921 3.016 105.95 0.65 10,431.92 41.02

- 20% No feasible solution

- 30%

k3 ¼ 1:25 ? 30% No feasible solution

? 20%

? 10%

- 10% 1.920 3.015 105.93 0.9 9148.95 23.68

- 20% 1.920 3.015 105.93 0.9 9153.97 23.74

- 30% 1.920 3.015 105.93 0.9 9160.43 23.83

k4 ¼ 1:5 ? 30% 1.921 3.016 105.95 0.65 10,435.28 41.07

? 20% 1.921 3.016 105.95 0.65 10,436.70 41.08

? 10% 1.921 3.016 105.95 0.65 10,438.37 41.11

- 10% 1.921 3.016 105.95 0.65 10,442.84 41.17

- 20% 1.921 3.016 105.95 0.65 10,445.91 41.21

- 30% 1.921 3.016 105.95 0.65 10,449.86 41.26

k5 ¼ 1:75 ? 30% 1.920 3.014 105.93 0.9 9145.54 23.63

? 20% 1.920 3.015 105.93 0.95 8886.18 20.12

? 10% 1.920 3.015 105.93 0.9 9145.30 23.63

- 10% 1.920 3.015 105.95 0.7 10,180.82 37.63

- 20% 1.920 3.015 105.94 0.7 10,180.35 37.62

- 30% 1.920 3.015 105.94 0.75 9920.58 34.11
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Table 5 Sensitivity analysis for non-fuzzy parameters

Non fuzzy parameter %

change

T1
	 T	 Imax

	 a	 TAP	 Relative change

¼ TAP	 � TAP	 crispð Þ
TAP	 crispð Þ

� �
� 100%

c ¼ 200 ? 30% 2.876 4.239 157.76 0.8 14,033.03 89.70

? 20% No feasible solution

? 10%

-10% 1.587 2.563 87.35 0.6 9033.51 22.12

-20% 1.238 2.069 67.76 0.6 7428.34 0.42

-30% No feasible solution

n ¼ 1:8 ? 30% 1.739 2.515 78.24 0.65 10,297.70 39.21

? 20% No feasible solution

? 10%

-10%

-20%

-30%

f ¼ 0:001 ? 30% 1.922 3.017 105.98 0.85 9406.21 27.15

? 20% 1.921 3.016 105.96 0.85 9405.40 27.14

? 10% No feasible solution

-10% 1.920 3.015 105.93 0.65 10,439.43 41.12

-20% 1.919 3.014 105.92 0.65 10,438.48 41.11

-30% 1.920 3.013 105.90 0.65 10,376.25 40.27

g ¼ 50 ? 30% 1.126 1.904 79.87 0.6 9076.30 22.69

? 20% 1.356 2.238 89.26 0.65 9435.86 27.56

? 10% 1.617 2.604 97.97 0.6 10,182.76 37.65

-10% 2.280 3.487 113.14 0.9 9556.83 29.19

-20% No feasible solution

-30%

d ¼ 0:2 ? 30% 1.876 2.945 101.75 0.9 8908.76 20.43

? 20% 1.890 2.968 103.11 0.95 8730.64 18.02

? 10% 1.906 2.992 104.52 0.65 10,349.32 39.90

-10% No feasible solution

-20% 1.951 3.063 108.92 0.8 9838.51 33.00

-30% No feasible solution

Fig. 3 Optimal solution or models under crisps and fuzzy system
Fig. 4 Variation in total average profit ($) with respect to the change

of the key vector
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Then, a-cuts of the fuzzy functions (28) are given by

Thus, using a-cuts the fuzzy functions (29) reduces to

equivalent nonlinear problem as

4.7 Solution methodology

We solve the optimization problem (crisp, general fuzzy

and lock fuzzy) using the following algorithm.

4.8 Solution Algorithm

Step-1 Input the values of the parameters corresponding to

the crisp problem.

Step-2 Solve the crisp problem and find the total average

profit TAP	 for the crisp problem.

Z að Þ ¼ F0 að Þ p0 1þ r0
k0

� �
� ap0

r0
k0

� �2

þ F1ðaÞ p0 1þ r0
k0

� �
� ap0

r0
k0

� �
þ F2ðaÞ

F0 að Þ ¼ nBðaÞ � TðaÞð Þf
TðaÞ ; ci að Þ ¼ ci0 1� ri

ki

� �
þ ari; i ¼ 1; 2; 3; 4 and 5

F1ðaÞ ¼
gTðaÞ þ nAðaÞð Þ � chðaÞfBðaÞ þ NðaÞ � cdðaÞ/þ cprðaÞh

� 	
f BðaÞ 1� nð Þ þ TðaÞf g

TðaÞ

F2ðaÞ ¼
cdðaÞ/þ cprðaÞh
� 	

gTðaÞ � AðaÞ 1� nð Þf g � csðaÞ � chðaÞAðaÞ �MðaÞ
TðaÞ

A að Þ ¼ c� gð Þ
/� hþ dþ nð Þ T1 �

1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �
� g

/� hþ nð Þ TðaÞ � T1ð Þ � e /�hþnð ÞðTðaÞ�T1Þ � 1

/� hþ nð Þ

� �

B að Þ ¼ 1

/� hþ dþ nð Þ T1 �
1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �
þ 1

/� hþ nð Þ T að Þ � T1ð Þ � e /�hþnð ÞðTðaÞ�T1Þ � 1

/� hþ nð Þ

� �

NðaÞ ¼ fcpðaÞd
/� hþ dþ nð Þ T1 �

1� e� /�hþdþnð ÞT1

/� hþ dþ nð Þ

� �

MðaÞ ¼ cpðaÞcT1 �
c� g
f

� �
NðaÞ

T að Þ ¼ T1 þ
1

/� hþ nð Þ ln 1þ
c� gþ f p0 1þ r0

k0

� �
� ap0

r0
k0

� �� �

g� f p0 1þ r0
k0

� �
� ap0

r0
k0

� �� � /� hþ nð Þ
/� hþ dþ nð Þ

� �
1� e� /�hþdþnð ÞT1

n o
2
664

3
775

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð29Þ

Maximize a
Subject to Z� Z að Þ
wherea� cut are is given byð30Þ

Q að Þ ¼ 1

/� hþ dþ nð Þ 1� e� /�hþdþnð ÞT1

h i
c� gþ f p0 1þ r0

k0

� �
� ap0

r0
k0

� �� �

T að Þ ¼ T1 þ
1

/� hþ nð Þ ln 1þ
c� gþ f p0 1þ r0

k0

� �
� ap0

r0
k0

� �� �

g� f p0 1þ r0
k0

� �
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r0
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n o
2
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3
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>>>>>>>>>>>>:
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Step-3 Apply the general fuzzy rule considering the

following cases:

(a) Only p to be R- triangular fuzzy number (Model-A)

(b) Only ci(i ¼ 1:2; 3; 4; 5) to be L-Triangular fuzzy

number (Model-B)

(c) p to be R- triangular fuzzy number and

ci(i ¼ 1:2; 3; 4; 5) to be L-Triangular fuzzy number

(Model-C)

Step-4 Find the total average profits TAPfA
	, TAPfB

	 and

TAPfB
	 for the Model-A, Model-B and Model-C,

respectively.

Step-5 Find TAPf
	 ¼ max TAPfA

	; TAPfB
	;TAPfC

	� 
:

Step-6 Check whether TAP	\TAPf
	. If yes go to Step-7

else go to Step-8.

Step-7 Store TAPopt
	 ¼ TAPf

	. Go to Step-9.

Step-8 Store TAPopt
	 ¼ TAP	. Go to Step-15.

Step-9 Apply the lock fuzzy rule considering the fol-

lowing cases:

i) Only p to be R-triangular lock fuzzy number

(Model-A)

ii) Only ci(i ¼ 1:2; 3; 4; 5) to be L-triangular lock

fuzzy number (Model-B)

iii) p to be R- triangular lock fuzzy number and

ci(i ¼ 1:2; 3; 4; 5) to be L-triangular lock fuzzy

numbers (Model-C)

Step-10 Find the total average profits TAPlA
	, TAPlB

	

and TAPlC
	 for the Model-A, Model-B and Model-C,

respectively.

Step-11 Find TAPl
	 ¼ max TAPlA

	; TAPlB
	; TAPlB

	f g:
Step-12 Check whether TAPopt

	\TAPl
	. If yes go to

Step-13 else go to Step-14.

Step-13 Store TAPopt
	 ¼ TAPl

	. Go to Step-15.

Step-14 Store TAPopt
	 ¼ TAPopt

	. Go to Step-15.

Step-15 End.

The flow chart of the algorithm mentioned above is

presented in Fig. 2.

5 Numerical simulation

For numerical illustration, we consider the following val-

ues of the input parameters:

Fig. 5 Cycle time (T) vs total average profit (TAP)

Fig. 6 Cycle time (T) vs maximum inventory level

Fig. 7 Maximum inventory

level vs cycle time (T) and
production time (T1)
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(1) For the crisp model, we take ch ¼ 3:5, cs ¼ 500,

cd ¼ 1:2, cpr ¼ 4:5, cp ¼ 50, p ¼ 80, / ¼ 0:15,

h ¼ 0:85, c ¼ 200, n ¼ 1:8, f ¼ 0:001, g ¼ 50,

d ¼ 0:2.

(2) For the fuzzy model-A, we takech ¼ 3:5, cs ¼ 500,

cd ¼ 1:2, cpr ¼ 4:5, cp ¼ 50, p0 ¼ 80, / ¼ 0:15,

h ¼ 0:85, c ¼ 200, n ¼ 1:8, f ¼ 0:001, g ¼ 50, d ¼
0:2; r ¼ 0:2 and the key k0 ¼ 0:5 for fuzzy lock

values of selling price. Also, taking k0 ¼ 1, the

model reduces to the corresponding general fuzzy

model.

(3) For the fuzzy model-B, we takech0 ¼ 3:5, cs0 ¼ 500,

cd0 ¼ 1:2, cpr0 ¼ 4:5, cp0 ¼ 50, p ¼ 80, / ¼ 0:15,

h ¼ 0:85, c ¼ 200, n ¼ 1:8, f ¼ 0:001, g ¼ 50, d ¼
0:2; r ¼ 0:2 and the key vector

as½k1; k2; k3; k4; k5�T ¼ ½0:75; 1; 1:25; 1:5; 1:75�T ,-
where kiði ¼ 1; 2; 3; 4; 5Þ are the corresponding keys

for the fuzzy lock values of production cost,

preservation cost, holding cost, set up cost and

deterioration cost, respectively. Also, taking k1 ¼
k2 ¼ k3 ¼ k4 ¼ k5 ¼ 1 the model is reduced to the

corresponding general fuzzy model.

(4) For the fuzzy model-C, we take ch0 ¼ 3:5, cs0 ¼ 500,

cd0 ¼ 1:2, cpr0 ¼ 4:5, cp0 ¼ 50, p0 ¼ 80, / ¼ 0:15,

h ¼ 0:85, c ¼ 200, n ¼ 1:8, f ¼ 0:001, g ¼ 50, d ¼
0:2; r ¼ 0:2 and the key vector as

Fig. 8 Total profit ($) vs cycle

time (T) and production time

(T1)

Fig. 9 Maximum inventory

level vs cycle time (T) and
aspiration level
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½k0k1k2k3k4k5�T ¼ ½0:5; 0:75; 1; 1:25; 1:5; 1:75�T ,wh-
ere kiði ¼ 0; 1; 2; 3; 4; 5Þ are the corresponding keys

for the fuzzy lock values of selling price, production

cost, preservation cost, holding cost, setup cost and

deterioration cost, respectively. Also, taking k0 ¼
k1 ¼ k2 ¼ k3 ¼ k4 ¼ k5 ¼ 1 the model is reduced to

the corresponding general fuzzy model.

The optimum value of the objective function TAP	 and

the values of the decision variables.

T1, T , Imax and a for the above-mentioned models are

given in Table 2.

Table 2 gives the optimal results of the proposed model

under various scenarios. Throughout the whole table, we

see the profit value becomes maximum for the model

where all the unit costs as well as unit selling prices are

assumed to be lock fuzzy parameters. The range of maxi-

mum inventory lies within [105.93, 108.78] units with

respect to the production time period zone [1.92, 2.14]

months and the cycle time interval [3.015, 3.306] months,

respectively. The crisp model is much inferior to all other

submodels.

6 Sensitivity analysis

For sensitivity analysis, we consider the model-C with lock

fuzzy approach which has given maximum total average

profit compared to other models discussed in this study. In

Table 3, the changes of the optimal value of total average

profit along with the decisions variables with respect to the

change (- 30% to ? 30%) in value of the key vector for

optimal solution are presented.

Table 3 indicates that whenever a positive change up

to ? 30% is performed the average profit value increases

up to ? 16.04% and that decreases up to -30%, then the

profit value reaches to ? 59.79% more with respect to the

crisp optimal solution. The values of the other decision

variables like maximum inventory, production run time and

cycle time get around 105.95 units, 1.92 months and

3.015 months, respectively.

Also, we perform a sensitivity analysis of the same

Model- C by considering the individual change of the keys

and it is presented in Table 4.

From the sensitivity analysis as shown in Table 4, it is

seen that the key vector ðk0; k4 and k5Þ is highly sensitive

for the profit function that enhances the range 20.12% to

51.62% exclusively. For the keysk1 and k3, no feasible

solution is obtained for the changes ? 10% to ? 30%

alone, and whenever the key k2 assumes a change - 30%

to - 20%, the value of the profit function has also no

feasible solution; the other cases give high sensitivity of the

profit function explicitly. The values of the other decision

variables are kept almost same as per Table 3.

However, we may perform a sensitivity analysis for non-

fuzzy parameters which is stated in Table 5.

In Table 5, we see that all the nonfuzzy parameters have

restricted feasible zone for which the profit function has no

feasible solutions. For the initial demand parameter c; no
feasible zone is the change ? 10%, ? 30% and -30%; the

parameter n has no feasible zone within the change interval

(-30% to ? 20%); the parameter f has no feasibility

Fig. 10 Total profit vs cycle

time (T) and aspiration level
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at ? 10% change;g has nonfeasibility in the change range

(-30% to -20%); and finally, the parameter d has non-

feasibility at -10% and -30%, respectively. The maxi-

mum profit in such cases may be hiked from 0.42% to

89.7%; the maximum inventory enhances from 67.76 to

157.76 units; the production run time assumes values

within 1.126–2.876 months, and the cycle time gets the

value range 1.904–4.239 months, respectively. The overall

study indicates that, in most of the cases, the profit function

increases around (20–40) %.

7 Graphical illustrations

In this section, we shall discuss several graphical

representations.

In Fig. 3, a comparison on the optimal value of the total

average profit for different models under crisp and fuzzy

(both general and lock) is presented. Here we see that the

crisp model has profit value near $7400; for Model -A, the

gap between general fuzzy and the lock fuzzy result covers

around $ 1200; for Model B, that gap also reaches to $ 400

approximately; and finally for model-C, it becomes around

$ 2000 keeping the highest peak over all the graphs.

Figure 4 shows the change of total average profit with

respect to the change (-30% to ? 30%) of the key vector

with respect to the base values. The lower values of the

keys give the higher values of the profit function; around

the changes (-10% to ? 10%) the profit curve has a

sudden fall, but after that the curve gets horizontal for

further changes of the keys.

From Fig. 5 and Fig. 6, we see the changes of the total

average profit and the maximum inventory level with

respect to variation in cycle time, respectively.

In Fig. 5, if we consider the cycle time more than

3.487 months, then the average profit of the model will be

always up but within the time span 2.238 to 3.487 months

the profit modes around $9500. At 2.069 months of cycle

time, the profit decreases to $ 7500 and the time around

2.069 months the profit function gets a ‘V’ shape.

If we see Fig. 6, then we notice that the amount of

maximum inventory curve is becoming a monotonic

increasing starting from the cycle time 2.069 months with

inventory level 70 units on wards. But below that cycle

time the inventory level curve gets a decreasing function

with bounds (65–80) units exclusively.

Figure 7 expresses a cap like three-dimensional surface

representation of the maximum inventory level under the

variation in cycle time and the production run time. It is

observed that low production run time and high cycle time

correspond to the maximum inventory level. But low

production run time and low cycle time are associated with

low inventory level.

Figure 8 represents a surface like structure of the aver-

age inventory profit over the variation in production run

time and cycle time. If the production run time assumes

value around 2 months and the cycle time assumes value

near 3 months, then the average inventory profit becomes

minimum. Lower production run time and lower cycle time

are also giving the minimum profit, but all other cases

always give higher inventory profit alone.

The relational dependency of the maximum inventory

level and the total average profit with respect to the cycle

time and aspiration level are shown in Fig. 9 and Fig. 10,

respectively. Figure 9 gives a spoon-like surface structure;

the higher aspiration level (cases of strong fuzzy numbers)

and lower cycle time are becoming a part of higher

inventory level. A sudden slope has been occurred if the

cycle time assumes value within the range 3–4.5 months.

Figure 10 discusses a spoon like surface where the

changes of average inventory profit are taken care of with

respect to the change of aspiration level and the cycle time.

The overall profit due to all strong aspiration level becomes

within the range $(13,000–14,000). Taking the cycle time

within 1.5–2.5 months, the profit value runs across lower to

higher then higher to lower (taking range $7000–11,000)

for increasing aspiration levels explicitly.

8 Conclusion

We have studied a deteriorated EPQ model with unit

selling price and stock-sensitive demand under the main-

tenance of preservation technology and fuzzy systems. The

novelty of this article is that we have considered a new

demand function which is the functions of unit selling price

and stock of items and the production rate itself is stock

sensitive simultaneously. Then, we extend its basic struc-

tures into fuzzy environments. Our findings reveals that the

lock fuzzy approach is an intelligent approach with respect

to the traditional crisp and fuzzy approaches, respectively,

when the unit selling prices and all cost components are

assumed to be lock fuzzy numbers. However, the man-

agerial insights are stated as follows:

a) Higher aspiration level and higher cycle time might

give more profit and more stock of the model

b) More production run time and low cycle time give

more profit and more stock.

c) Lock fuzzy system is the more appropriate approach

to follow all the time.

d) Crisp parameters are highly sensitive. So cares

should always be taken.

e) General fuzzy system is better but not the best with

respect to crisp model.
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f) Selling prices and cost prices have to be taken as

fuzzy parameters.
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