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Abstract
In this paper, we propose a numerical method based on new fractional-order Jacobi polynomials for solving nonlinear

fuzzy fractional integro-differential equations. Some operational matrices are used to reduce the problem to the system of

algebraic equations. The convergence analysis of the method is provided. The accuracy of the method is illustrated by

solving some numerical experiments.
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1 Introduction

In order to analyze a real-world phenomenon, it is also

necessary to deal with uncertain factors. In this situation,

the theory of fuzzy sets may be one of the best non-sta-

tistical approach, which leads us to investigate theory of

fuzzy fractional calculus. Several scientists in their earliest

works introduced fuzzy fractional calculus as an uncertain

fractional calculus to consider fractional-order systems

with uncertain initial values or uncertain relationships

between parameters. The basic concept as a Riemann–

Liouville fractional integral, Riemann–Liouville H-differ-

entiability, Caputo type fractional derivative based on

Hukuhara and generalized Hukuhara difference and

strongly generalized differentiability are defined in fuzzy

fractional calculus (see, e.g., Agarwal et al. 2010;

Allahviranloo et al. 2014; Armand and Mohammadi 2014;

Arshad and Lupulescu 2011; Mazandarani and Vahidian

Kamyad 2013; Mazandarani and Najariyan 2014; Salah-

shour et al. 2012). Fuzzy theory of fractional differential

equations and integro-differential equations is a new and

important branch of fuzzy mathematics. The topic of fuzzy

fractional integro-differential equations (FFIDEs) has

gained the attention of researchers in recent times because

it is considered a powerful tool by which to present vague

parameters and to handle with their dynamical systems in

natural fuzzy environments (Long 2018a, b; Long et al.

2017, 2018). Indeed, it has a great significance in the fuzzy

analysis theory and its applications in fuzzy control mod-

els, artificial intelligence, quantum optics, measure theory,

and atmosphere (Alaroud et al. 2019; Son et al. 2020a, b).

In Alikhani and Bahrami (2013), Allahviranloo (2020),

Armand and Gouyandeh (2015), Balasubramaniam and

Muralisankar (2001), the existence and uniqueness theo-

rems for a fuzzy fractional integro-differential equation by

considering the type of differentiability of solutions were

proved. Most FFIDEs problems cannot be solved analyti-

cally, and hence, finding good approximate solutions using

numerical methods will be very valuable. Recently,

numerous scholars have devoted their interest to studying

and investigating solutions to FFIDEs utilizing different

numerical and semi-analytical techniques; these solutions

include the Fuzzy Laplace transforms technique
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(Priyadhasini et al. 2016), two-dimensional Legendre

wavelet technique (Shabestari et al. 2018a), Bernoulli

wavelet method (Shabestari et al. 2018b) Adomian

decomposition technique (Padmapriya et al. 2017), varia-

tional iteration technique (Matinfar et al. 2013), and the

fractional residual power series technique (Alaroud et al.

2019).

In this paper, we consider the fuzzy Fredholm nonlinear

fractional integro-differential equations of the second kind

ðgHDa
�;0yÞðtÞ ¼ f ðtÞ þ

R 1

0
jðt; sÞGðyðsÞÞds;

yð0Þ ¼ ~y0 2 RF

8
><

>:
ð1Þ

where RF be the set of all fuzzy numbers on R, 0\a� 1,

G : RF ! RF , f : ½0; 1� ! RF is a given continuous

fuzzy-number-valued function, and jðt; sÞ : ½0; 1� �
½0; 1� ! R is a positive ordinary kernel function, and the

operator gHDa
�;0 denotes the fuzzy Caputo type fractional

generalized derivative of order a. The main goal of this

paper is to extend an accurate numerical method for

approximating the solution of Eq. (1). The proposed

method is based on matrix formulation of spectral method

as Tau method (Canuto et al. 2006) to approximating the

solution of Eq. (1). It is known that the singular behavior of

solution of fractional differential and/or integral equations

makes the direct application of the spectral methods with

standard orthogonal polynomials such as Legendre, Che-

byshev, and Jacobi with poor convergence rates. Therefore,

the rate of convergence of the numerical solutions will not

be acceptable. To overcome this problem, we employ a

new basis functions by replacing t ! ta in the standard

Jacobi polynomials, which is called fractional-order Jacobi

polynomials (see Bhrawy and Zaky 2015 for more detail).

The simplicity of implementation proposed method and

good approximation is addressed by some theorems and

numerical examples.

The paper is organized as follows: Some basic proper-

ties of fuzzy calculus and fuzzy fractional calculus are

given in Sect. 2. Section 3 discusses the existence and

uniqueness of solution for Eq. (1). In Sect. 4, shift frac-

tional Jacobi polynomials approximation and operational

matrix for fractional integral have been derived. Section 5

is dedicated to propose a technique in order to apply the

shifted Jacobi fractional operational matrices for solving

the nonlinear fuzzy fractional Fredholm integro-differential

equations. In Sect. 6, we discuss about error bound and

convergence analysis of proposed method. Section 7 con-

tains some numerical examples which confirm the appli-

cability and efficiency of the proposed method. Section 7

states the conclusion of this paper.

2 Preliminaries

In the current section, the essential notations, definitions

and the basic results relating to fuzzy calculus and fuzzy

fractional calculus are presented.

Definition 1 (Dubois and Prade 1987) A fuzzy number is a

function v :¼ R ! ½0; 1� which satisfies the following

properties:

• v is upper semi-continuous function.

• v is normal, that is, 9t0 in R for which vðt0Þ ¼ 1.

• v is fuzzy convex, that is,

vðkt þ ð1 � kÞsÞ�minfvðtÞ; vðsÞg

for all t; s 2 R, k 2 ½0; 1�.
• supp v :¼ ft 2 RjvðtÞ[ 0g is the support of v, and its

closure, i.e., clðsupp vÞ is compact.

The r-level set of a fuzzy number v denoted by ½v�r is

defined as

½v�r :¼ ft 2 RjvðtÞ� rg ¼ ½vr; vr�; 0\r � 1 ð2Þ

where vr :¼ vðrÞ and vr :¼ vðrÞ are bounded left-continu-

ous, non-decreasing and non-increasing function in (0, 1],

respectively, and vð0Þ ¼ clðsupp vÞ. For u; v 2 RF ; k 2 R,

the addition and scalar multiplication are defined in terms

of r-level sets, as follows:

– ½u þ v�r ¼ ½u�r þ ½v�r ¼ ½ur þ vr; ur þ vr�,

– ½ku�r ¼ k � ½u�r ¼ kur; kur½ �; k� 0;
kur; kur½ �; k\0:

�

The Hausdorff distance between two fuzzy numbers u; v 2
RF is defined by D : RF � RF ! Rþ,

Dðu; vÞ ¼ sup
r2½0;1�

maxfjur � vrj; jur � vrjg:

It is easy to see that D is a metric in RF and has the

following properties (Wu and Gong 2001)

1. Dðu þ v;w þ vÞ ¼ Dðu;wÞ, 8u; v;w 2 RF ,

2. Dðku; kvÞ ¼ jkjDðu; vÞ, 8u; v 2 RF 8k 2 R;

3. Dðu þ v;w þ eÞ�Dðu;wÞ þ Dðv; eÞ;
8u; v;w; e 2 RF

4. ðRF ;DÞ is a complete metric space.

Definition 2 (Bede and Gal 2005) Let u; v 2 RF . If there

exists w 2 RF such that u ¼ v þ w, then w is called the

Hukuhara difference of u and v, and it is denoted by u 	 v.

Definition 3 (Bede and Stefanini 2013) The generalized

Hukuhara difference of two fuzzy number u; v 2 RF (gH-

difference) is w 2 RF , which is defined as follows;
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u 	gH v ¼ w ,
ðiÞ u ¼ v þ w

or ðiiÞ v ¼ u þ ð�1Þw:

�

Definition 4 (Congxin and Cong 1997) A fuzzy-valued

function f : ½a; b� ! RF is said to be continuous at t0 2
½a; b� if for each e[ 0 there is d[ 0 such that

D f tð Þ; f t0ð Þð Þ\e whenever t � t0j j\d. If f is continuous

for each t 2 ½a; b� then we say that f is fuzzy continuous on

[a, b].

On the set

CF ½a; b� ¼ f : ½a; b� ! RF jf is continuousf g:

Definition 5 (Bica and Popescu 2014) Let f ; g 2 CF ½a; b�,
the uniform distance between f and g is defined by

D�ðf ; gÞ ¼ sup
t2½a;b�

Dðf ðtÞ; gðtÞÞ

CF ½a; b�;D�ð Þ is a complete metric space and we can

derive corresponding properties of metric D for metric D�.
(see Bica and Popescu 2014).

Definition 6 (Bede and Stefanini 2013)(gH-differentiable)

Let f : ða; bÞ ! RF and t0 2 ða; bÞ. The generalized

Hukuhara differentiable for f at t0 is defined as follows: If

there exists an element f 0gHðt0Þ 2 RF , such that

f 0gHðt0Þ ¼ lim
h!0

f ðt0 þ hÞ 	gH f ðt0Þ
h

: ð3Þ

Definition 7 (Congxin and Ming 1992) The fuzzy-valued

function f : ½a; b� ! RF is fuzzy Riemann integrable in I if

for any �[ 0, there exists d[ 0 such that for any division

P ¼ f½u; v�; ng with the norms DðPÞ\d, we have

D
X�

p

ðv � uÞf ðnÞ; I
 !

\�;

where
P�

p denotes the fuzzy summation. We choose to

write

I :¼
Z b

a

f ðtÞdt:

Note that, for the fuzzy Riemann integrable function

f : ½a; b� ! RF where ½f ðtÞ�r ¼ f rðtÞ; f
rðtÞ

h i
, we have

Z b

a

½f ðtÞ�rdt ¼
Z b

a

f rðsÞds;

Z b

a

f
rðsÞds

� �
ð4Þ

for all r 2 ½0; 1�.

Throughout this paper, we denote the space of all inte-

grable fuzzy-valued functions on the bounded interval

[a, b] by LF ½a; b�, the space of fuzzy-valued functions that

are absolutely continuous by AF ½a; b� .

Definition 8 (Salahshour et al. 2012) Let f 2 LF ½a; b�. The

fuzzy Riemann–Liouville integral of fuzzy-valued function

f is defined as follows:

Iq
�;af ðtÞ :¼ 1

CðqÞ

Z t

a

f ðsÞds

ðt � sÞ1�q
; a\s\t; ð5Þ

where 0\q� 1:

Lemma 1 (Salahshour et al. 2012) Let f 2 LF ½a; b� and

½f ðtÞ�r ¼ f rðtÞ; f
rðtÞ

h i
;

then the parametric form of the fuzzy Riemann–Liouville

integral of f can be expressed by

½Iq
�;af ðtÞ�r ¼ Iq

a f rðtÞ; Iq
a f

rðtÞ
h i

; 0\q� 1

where

Iq
agðtÞ :¼ 1

CðqÞ

Z t

a

gðsÞds

ðt � sÞ1�q
; a\s\t;

for a real function g : ½a; b� ! R.

Definition 9 (Shabestari et al. 2018a; Allahviranloo et al.

2014) Let f 2 AF ½a; b� and q 2 Rþ. The Caputo fractional

gH-derivative of f is defined by

gHDq
�;af ðtÞ :¼ 1

Cðdqe � qÞ

Z t

a

ðt � sÞdqe�q�1f
dqe
gH ðsÞds: ð6Þ

Definition 10 (Shabestari et al. 2018a; Allahviranloo et al.

2014) Let f 2 AF ða; bÞ that is Caputo fractional gH-dif-

ferentiable at t0 2 ða; bÞ. We say that f is cf ½ðiÞ � gH�-dif-

ferentiable at t0 if

½gHDq
�;af Þðt0Þ�r ¼ ½ðDq

af rÞðt0Þ; ðDq
af

rÞðt0Þ�;

and that f is cf ½ðiiÞ � gH�-differentiable, if

½gHDq
�;af Þðt0Þ�r ¼ ½ðDq

af
rÞðt0Þ; ðDq

af rÞðt0Þ�;

where

Dq
agðtÞ :¼ 1

Cðm � qÞ

Z t

a

ðt � sÞm�q�1gðmÞðsÞds;

m � 1\q�m;m 2 N;

for a real function g : ½a; b� ! R.

Lemma 2 (Shabestari et al. 2018a; Allahviranloo et al.

2014) Let 0\q� 1 and f 2 AF ½a; b�. Then,
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Iq
�;aðgHDa

�;af ÞðtÞ ¼ f ðtÞ 	gH f ðaÞ: ð7Þ

3 Existence and uniqueness

In this section, we prove the existence and uniqueness of

solutions for Eq. (1) under Caputo gH-differentiability. We

are going to utilize the ideas presented in Shabestari et al.

(2018a).

Theorem 1 Assume that real function jðt; sÞ be continuous

and positive on 0� t; s� 1, f 2 CF ½0; 1� and G : RF ! RF
in Eq. (1) satisfies in Lipschitz condition

DðGðuÞ;GðvÞÞ� L � Dðu; vÞ; 8u; v 2 RF ;

with constant L[ 0. If Lc0

Cð1þaÞ\1 such that

c0 :¼ max jjðt; sÞj
t;s2½0;1�

. Then, Eq. (1) has a unique solution on

the interval [0, 1].

Proof From Lemma 2, the fuzzy integro-differential

equation (1) is equivalent to

yðtÞ 	gH yð0Þ ¼ Ia�;0f ðtÞ þ Ia�;0

Z 1

0

jðt; sÞGðyðsÞÞds;

and from Lemma 3.2 in Shabestari et al. (2018a), we have

yðtÞ ¼ yð0Þ þ Ia�;0f ðtÞ þ Ia�;0

Z 1

0

jðt; sÞGðyðsÞÞds ð8Þ

when y(t) be cf ½ðiÞ � gH�-differentiable and

yðtÞ ¼ yð0Þ 	 ð�1Þ Ia�;0f ðtÞ þ Ia�;0

Z 1

0

jðt; sÞGðyðsÞÞds

� �

ð9Þ

for y(t) be cf ½ðiiÞ � gH�-differentiable.

First, consider the case cf ½ðiÞ � gH�-differentiable of

y(t). The operator F : CF ½a; b� ! CF ½a; b�, defined as

FyðtÞ ¼ yð0Þ þ bf ðtÞ þ 1

CðaÞ

Z t

0

ðt � sÞa�1ðMyÞðsÞds;

ð10Þ

transform Eq. (8) into a fixed point problem yðtÞ ¼ FyðtÞ;
where

bf ðtÞ ¼ Ia�;0f ðtÞ; MyðtÞ ¼
Z 1

0

jðt; sÞGðyðsÞÞds:

Let fyng be a sequence in CF ½0; 1� which yn ! y for

n ! 1. Then,

DðFyn;FyÞ

¼ 1

CðaÞDð
Z t

0

ðt � sÞa�1ðMynÞðsÞds;

Z t

0

ðt � sÞa�1ðMyÞðsÞdsÞ

� 1

CðaÞ

Z t

0

ðt � sÞa�1D MynðsÞ;MyðsÞð Þds

� �

� 1

CðaÞD�ðMyn;MyÞ
Z t

0

ðt � sÞa�1
ds

¼ ta

Cð1 þ aÞD�ðMyn;MyÞ:

ð11Þ

Since the operator M is continuous [0, 1], (see Theorem 5

in Ezzati and Ziari 2013) we obtain

DðFyn;FyÞ� ta

Cð1 þ aÞD�ðMyn;MyÞ
� �

! 0; n ! 1:

Thus, F is a fuzzy continuous operator. Also, for every

y1; y2 2 CF ½0; 1�, we have

D My1ðsÞ;My2ðsÞð Þ

¼ D

Z 1

0

jðt; sÞGðy1ðsÞÞds;

Z 1

0

jðt; sÞGðy2ðsÞÞds

� �

�
Z 1

0

jjðt; sÞjD Gðy1ðsÞÞ;Gðy2ðsÞÞð Þds

� Lc0D�ðy1; y2Þ:
ð12Þ

From (12), we have

DðFy1;Fy2Þ

� 1

CðaÞ

Z t

0

ðt � sÞa�1D My1ðsÞ;My2ðsÞð Þds

� �

� Lc0D�ðy1; y2Þ
CðaÞ

Z t

0

ðt � sÞa�1
ds

� Lc0

Cð1 þ aÞD�ðy1; y2Þ:

ð13Þ

Thus, if
Lc0

Cð1þaÞ\1, the operator F is a contraction on the

Banach space ðCF ½0; 1�;D�Þ. Consequently, the Banach

fixed point principle implies that F has unique fixed point

which is cf ½ðiÞ � gH�-differentiable solution of Eq. (8). The

proof for the case cf ½ðiiÞ � gH�-differentiable will be

obtained in similar manner and hence is omitted. h

4 Shifted fractional-order Jacobi functions

The Jacobi polynomials, denoted by J
ða;bÞ
n ðtÞ; a; b[ � 1,

are the eigenfunctions of the singular Sturm–Liouville

problem (see Canuto et al. 2006 for more detail)
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d

dt
ð1 � tÞaþ1ð1 þ tÞbþ1 d

dt
f ðtÞ

� �

þ cð1 � tÞað1 þ tÞbf ðtÞ ¼ 0;

ð14Þ

where t 2 ½�1; 1� and corresponding eigenvalues are

cða;bÞn ¼ nðn þ a þ b þ 1Þ, and satisfy the following

orthogonality:

Z 1

�1

J
ða;bÞ
i ðtÞJða;bÞ

j ðtÞxða;bÞðtÞdt ¼ kða;bÞj di;j ð15Þ

where xða;bÞðtÞ ¼ ð1 � tÞað1 þ tÞb
is the Jacobi weight

function and

kða;bÞi ¼ 2aþbþ1Cði þ a þ 1ÞCði þ b þ 1Þ
ð2i þ a þ b þ 1Þi!Cði þ a þ b þ 1Þ

is the normalization factor and di;j is the Kronecker delta

function. The three-term recursion formula is given by

J
ða;bÞ
0 ðtÞ ¼ 1; J

ða;bÞ
1 ðtÞ ¼ a þ b þ 2

2
t þ a � b

2
; ð16Þ

J
ða;bÞ
nþ1 ðtÞ ¼ ðcða;bÞn t � hða;bÞn ÞJða;bÞ

n ðtÞ � #ða;bÞ
n J

ða;bÞ
n�1 ðtÞ;

ð17Þ

for n ¼ 1; 2; . . ., where

cða;bÞn ¼ ð2n þ a þ b þ 1Þð2n þ a þ b þ 2Þ
2ðn þ 1Þðn þ a þ b þ 1Þ ;

hða;bÞn ¼ ðb2 � a2Þð2n þ a þ b þ 1Þ
2ðn þ 1Þðn þ a þ b þ 1Þð2n þ a þ bÞ ;

#ða;bÞ
n ¼ ðn þ aÞðn þ bÞð2n þ a þ b þ 2Þ

ðn þ 1Þðn þ a þ b þ 1Þð2n þ a þ bÞ :

The shifted Jacobi polynomials are defined on [0, 1] as

bJ ða;bÞ
n ðtÞ ¼ Jða;bÞ

n ð2t � 1Þ;

with weight function bxða;bÞðtÞ ¼ ð1 � tÞatb. The orthogo-

nality condition of the shifted Jacobi polynomials is as

follows:

Z 1

0

bJ ða;bÞ
i ðtÞbJ ða;bÞ

j ðtÞbxða;bÞðtÞdt ¼ bkða;bÞj di;j ð18Þ

where bkða;bÞj ¼ kða;bÞj

2aþbþ1. Moreover, the analytic form of the

shifted Jacobi polynomials on [0, 1] is given by

bJ ða;bÞ
n ðtÞ ¼

Xn

i¼0

ð�1Þn�iCðn þ b þ 1ÞCðn þ a þ b þ 1 þ iÞ
i!ðn � iÞ!ÞCði þ b þ 1ÞCðn þ a þ b þ 1Þ ti;

ð19Þ

for n ¼ 0; 1; . . .. The shifted fractional Jacobi functions

(SFJFs) of order m on [0,1] are given by replace t ! tm in

(19) as follows (Bhrawy and Zaky 2015):

bJ ða;b;mÞ
n ðtÞ ¼

Xn

i¼0

ð�1Þn�iCðn þ b þ 1ÞCðn þ a þ b þ 1 þ iÞ
i!ðn � iÞ!ÞCði þ b þ 1ÞCðn þ a þ b þ 1Þ tim:

ð20Þ

These new fractional polynomial basis form a complete

space L2
vða;b;mÞ ½0; 1� with the following weighted inner pro-

duct condition

\bJ ða;b;mÞ
i ðtÞ; bJ ða;b;mÞ

j ðtÞ[ va;b;mðtÞ ¼ bk
ða;bÞ
j di;j; ð21Þ

where va;b;mðtÞ ¼ mð1 � tmÞatmbþm�1.

4.1 Function approximation

We define

PN;m ¼ spanfbJ ða;b;mÞ
n ðtÞ : 0� n�Ng;

as the finite-dimensional fractional-polynomial space. By

the orthogonality (21), any u 2 L2
vða;b;mÞ ½0; 1� can be expan-

ded in terms of SFJFs as (Bhrawy and Zaky 2015)

uðtÞ ¼
X1

i¼0

ui
bJ ða;b;mÞ

i ðtÞ; ð22Þ

ui ¼
�bkða;bÞj

��1
Z 1

0

uðxÞbJ ða;b;mÞ
i ðtÞva;b;mðtÞdt ð23Þ

and they hold the Parseval identity:

kuk2
va;b;mðtÞ ¼

X1

i¼0

bkða;bÞi juij2:

Consider the u 2 L2
vða;b;mÞ ½0; 1�-orthogonal projection upon

PN;m, defined by

u � uN ; vð Þvða;b;mÞ¼ 0; 8v 2 PN;m

By definition, we have

uNðtÞ ¼
XN

i¼0

ui
bJ ða;b;mÞ

i ðtÞ ¼ UTUðtÞ: ð24Þ

where

U ¼ ½u0; u1; u2; . . .; uN �T ;
UðtÞ ¼ ½bJ ða;b;mÞ

0 ðtÞ; bJ ða;b;mÞ
1 ðtÞ; . . .; bJ ða;b;mÞ

N ðtÞ�T ¼ XXðtÞ;
ð25Þ

and

XðtÞ ¼ ½1; tm; t2m; . . .; tNm�T ;

where X ¼ ½/i;j�ðNþ1Þ�ðNþ1Þ is the lower triangular matrix

and is defined as follows:
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/i;j ¼
ð�1Þi�jCði þ bÞCði þ j þ a þ b � 1Þ
ðj � 1Þ!ði � jÞ!Cðj þ bÞCði þ a þ bÞ ; j� i

0; i\j

8
>><

>>:

for i; j ¼ 1; . . .;N þ 1.

Similarly, we can approximate jðt; sÞ by SFJFs as

follows:

jðt; sÞ ’
XN

i¼0

XN

j¼0

ki;j
bJ ða;b;mÞ

i ðtÞbJ ða;b;mÞ
j ðsÞ ¼ UTðtÞKUðsÞ;

ð26Þ

the coefficients ki;j can be calculated by

ki;j ¼
1

bkða;bÞi
bkða;bÞj

Z 1

0

Z 1

0

jðt; sÞbJ ða;b;mÞ
i ðtÞbJ ða;b;mÞ

j ðsÞ

va;b;mðtÞva;b;mðsÞdtds:

ð27Þ

Lemma 3 (Kamali and Saeedi 2018) If uNðtÞ 2 PN;m is the

best approximation of smooth function u(t), then

ku � uNk1 � C

22Nþ1ðN þ 1Þ! ; ð28Þ

that, C ¼ max
t2½0;1�

jd
Nþ1uðtÞ
dtNþ1 j.

Lemma 4 (Bhrawy and Zaky 2016) If

U ¼ ½u0; u1; . . .; uN �T , then

UðtÞUTðtÞU ’ bUUðtÞ; ð29Þ

with

bU ¼ ½bui;j�Ni;j¼0; bui;j ¼
XN

l¼0

ulli;l;j: ð30Þ

and li;l;j will be defined throughout the proof.

Proof Form left side of (29), we have

UðtÞUTðtÞU ¼

PN
j¼0 uj

bJ ða;b;mÞ
0 ðtÞbJ ða;b;mÞ

j ðtÞ
PN

j¼0 uj
bJ ða;b;mÞ

1 ðtÞbJ ða;b;mÞ
j ðtÞ

..

.

PN
j¼0 uj

bJ ða;b;mÞ
N ðtÞbJ ða;b;mÞ

j ðtÞ

0

B
B
B
B
B
B
@

1

C
C
C
C
C
C
A

: ð31Þ

Approximating

bJ ða;b;mÞ
i ðtÞbJ ða;b;mÞ

j ðtÞ ’
XN

k¼0

li;j;k
bJ ða;b;mÞ

k ðtÞ

for i; j ¼ 0; . . .;N, we have

XN

j¼0

uj
bJ ða;b;mÞ

i ðtÞbJ ða;b;mÞ
j ðtÞ

’
XN

j¼0

uj

XN

k¼0

li;j;k
bJ ða;b;mÞ

k ðtÞ
 !

¼
XN

k¼0

XN

j¼0

ujli;j;k

 !

bJ ða;b;mÞ
k ðtÞ

¼
XN

k¼0

bui;k
bJ ða;b;mÞ

k ðtÞ:

ð32Þ

Inserting (32) into (31) leads to the desired result. h

4.2 Operational matrix of the fractional-order
integration

Theorem 2 (Bhrawy and Zaky 2016) Let UðtÞ be frac-

tional Jacobi polynomials vector defined in (25). Then, for

a[ 0

Ia0UðtÞ ’ PaUðtÞ;

where Pa ¼ XDE and

D ¼ diag½ Cð1Þ
Cðaþ 1Þ ;

Cðmþ 1Þ
Cðaþ mþ 1Þ ; . . .;

Cðnmþ 1Þ
Cðnmþ aþ 1Þ�:

and E will be defined throughout the proof.

Proof Since Ia0 tm ¼ Cðmþ1Þ
Cðaþmþ1Þ tmþa, we have

Ia0UðtÞ ¼ Ia0XXðtÞ ¼ XIa0XðtÞ
¼ X½Ia01; Ia0 tm; Ia0 t2m; . . .; Ia0 tnm�T

¼ XD½ta; tmþa; . . .; tnmþa�T :
ð33Þ

By approximating timþa by n þ 1 terms of fractional Jacobi

polynomials, we get that

timþa ’
Xn

j¼0

ni;j
bJ ða;b;mÞ

j ðtÞ; ð34Þ

where ni;j is given from (21) as follows:

ni;j ¼
1

bkða;bÞj

Z 1

0

timþa bJ ða;b;mÞ
j ðtÞva;b;mðtÞdt: ð35Þ

Therefore, by setting E ¼ ½ni;j�ni;j¼0, the desired result can

be obtain. h

Lemma 5 Let u 2 C½0; 1� and jðt; sÞ be a continuous

function on 0� t; s� 1, operator L : C½0; 1� ! C½0; 1�, de-

fined as

LuðtÞ ¼ Ia0

Z 1

0

jðt; sÞunðsÞds

� �

;

then,
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LuðtÞ ’ UTðtÞPT
aKWðUnÞT U ð36Þ

where the matrix PT
a and K are defined above.

Proof Let uðtÞ ’ UTUðtÞ, where U ¼ ½u0; . . .; uN �T . From

Lemma 4, unðtÞ ’ UT bU
n�1

UðtÞ. By substituting matrix

representation (26) and using Theorem 2 we obtain

ðLuÞðtÞ

¼ 1

CðaÞ

Z t

0

Z 1

0

ðt � sÞa�1jðs; xÞunðxÞdxds

’ 1

CðaÞ

Z t

0

ðt � sÞa�1UTðsÞds

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
UT ðtÞPT

a

K

Z 1

0

UðxÞUTðxÞdx

|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
W

ð bUn�1ÞTU

¼ UTðtÞPT
aKWð bUn�1ÞT U;

ð37Þ

which completes the proof. h

5 Numerical method

Consider the following fuzzy Fredholm nonlinear frac-

tional integro-differential equation, under the conditions of

Theorem 1,

ðgHDa
�;0yÞðtÞ ¼ f ðtÞ þ

R 1

0
jðt; sÞynðsÞds;

yð0Þ ¼ ~y0 2 RF :

8
><

>:
ð38Þ

Applying Ia�;0 on both sides of Eq. (38). To find the

numerical solution of the initial value problem (38), we

will the following expressions:

Case 1. Let assume that y(s) is cf ½ðiÞ � gH�-differentiable

and ynðsÞ½ �r¼ yrðsÞ

 �n

; yrðsÞð Þn
h i

. It means that ynðsÞ is a

fuzzy number-valued function. So by Eq. (8), we have the

following fractional integro-differential equations system:

~Yðt; rÞ ¼ ~Yð0; rÞ þ Ia0
~Fðt; rÞ þ Ia0

Z 1

0

jðt; sÞ ~Ynðs; rÞðsÞds

ð39Þ

where

~Yðt; rÞ ¼ yrðtÞ
yrðtÞ

� �

; ~Ynðt; rÞ ¼ yrðtÞ

 �n

yrðtÞð Þn

 !

and ~Fðt; rÞ ¼ f rðtÞ
f

rðtÞ

� �

.

It is clear that

yrðtÞ ¼ yr
0
þ Ia0 f rðtÞ þ Ia0

R 1

0
jðt; sÞ yrðsÞ


 �n

ds

yrðtÞ ¼ yr
0 þ Ia0 f

rðtÞ þ Ia0
R 1

0
jðt; sÞ yrðsÞð Þn

ds
ð40Þ

Now, we explain the propose method to solve Eqs. (40). In

order to apply SFJFs in (40), from Theorem 2, we can write

Ia0 f rðtÞ ’ Ia0F
T
r UðtÞ ¼ FT

r Ia0UðtÞ ¼ FT
r PUðtÞ;

Ia0 f
rðtÞ ’ Ia0F

T

r UðtÞ ¼ F
T

r Ia0UðtÞ ¼ F
T

r PUðtÞ;
ð41Þ

and for fuzzy initial condition y0 we can write

yr
0
’ YT

0;rUðtÞ ; yr
0 ’ Y

T

0;rUðtÞ: ð42Þ

Also, the unknown functions yrðtÞ; yrðtÞ are approximated

by SFJFs as follows:

yrðtÞ ’ UTðtÞYr; yrðtÞ ’ UTðtÞYr ð43Þ

where Yr ¼ ½yr
0
; yr

1
; . . .; yr

N
�T , and Yr ¼ ½yr

0; yr
1; . . .; yr

N �
T
.

By inserting matrix relations (36) and (41)–(43) in (40) ,

we get

UTðtÞYr ¼ UTðtÞY0;r þ UTðtÞPTFr

þ UTðtÞPTKWð bY n�1ÞTYr þ RrðtÞ;
UTðtÞYr ¼ UTðtÞY0;r þ UTðtÞPTF

r

þ UTðtÞPTKWð bY
n�1

ÞTYr þ RrðtÞ:

ð44Þ

in which the terms RrðtÞ;RrðtÞ are ‘‘residual function’’.

Now, based on spectral Tau method, we must have

\RrðtÞ; bJ
ða;b;mÞ
i ðtÞ[ vða;b;mÞ ¼ \RrðtÞ; bJ ða;b;mÞ

i ðtÞ[ vða;b;mÞ ¼ 0;

ð45Þ

for i ¼ 0; . . .;N, where r 2 ½0; 1�. Then, a simple rear-

rangement of Eqs. (44) yields

Yr � Y0;r � PTFr � PTKWðð bY n�1ÞTYr ¼ 0;

Yr � Y0;r � PTF
r � PTKWð bY

n�1

ÞTYr ¼ 0:
ð46Þ

with unknown vectors Yr and Yr (see Ahmadian et al.

2013; Canuto et al. 2006 for more detail). By solving this

system of equations, the approximate solution yr
NðtÞ will be

obtained for r 2 ½0; 1�.

Case 2. Let assume that y(t) is cf ½ðiÞ � gH�-differentiable

and ynðtÞ½ �r¼ yrðtÞ

 �n

; yrðtÞð Þn
h i

, so by Eq. (9), we have the

following fractional integro-differential equations system:

~Yðt; rÞ ¼ ~Yð0; rÞ

	 ð�1Þ Ia0
~Fðt; rÞ þ Ia0

Z 1

0

jðt; sÞ ~Ynðs; rÞðsÞds

� �

ð47Þ

Using definition of Hukuhara difference, system (47) can

be written as follows:
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yrðtÞ ¼ yr
0
þ Ia0 f

rðtÞ þ Ia0
R 1

0
jðt; sÞ yrðsÞð Þn

ds

yrðtÞ ¼ yr
0 þ Ia0 f rðtÞ þ Ia0

R 1

0
jðt; sÞ yrðsÞ


 �n

ds
ð48Þ

Similarly as the Case 1, we obtain

Yr ¼ Y0;r þ PTF
r þ PTKWð bY

n�1

ÞTYr;

Yr ¼ Y0;r þ PTFr þ PTKWð bY n�1ÞTYr:
ð49Þ

6 Error analysis

Assume that the fuzzy function yNðtÞ is the approximate

solution of Eq. (1) which obtained by means of SFJFs, then

½yNðtÞ�r ¼ ½yr
N
ðtÞ; yr

NðtÞ� ¼ UTðtÞYr;U
TðtÞYr

� 

¼
XN

i¼0

yr
i
bJ ða;b;mÞ

i ðtÞ;
XN

i¼0

yr
i
bJ ða;b;mÞ

i ðtÞ
" #

¼
X

i2Jþ
yr

i
bJ ða;b;mÞ

i ðtÞ þ
X

i2J�
yr

i
bJ ða;b;mÞ

i ðtÞ;
"

X

i2Jþ
yr

i
bJ ða;b;mÞ

i ðtÞ þ
X

i2J�
yr

i
bJ ða;b;mÞ

i ðtÞ
#

for all t 2 ½0; 1�, where

J� ¼ i ¼ 0; . . .;NjbJ ða;b;mÞ
i ðtÞ\0; t 2 ½0; 1�

n o

Jþ ¼ i ¼ 0; . . .;NjbJ ða;b;mÞ
i ðtÞ� 0; t 2 ½0; 1�

n o
:

Therefore

½yNðtÞ�r ¼
X

i2J�
bJ ða;b;mÞ

i ðtÞ½yr
i ; yr

i
� þ
X

i2Jþ
bJ ða;b;mÞ

i ðtÞ½yr
i
; yr

i �

¼
XN

i¼0

½xi�r bJ ða;b;mÞ
i ðtÞ;

that is yNðtÞ ¼ UTðtÞ ~XN , where ~XN ¼ x0; x1; . . .; xN½ � is a

fuzzy vector, such that ½xi�r ¼ ½xr
i ; xr

i � and

xr
i ¼

yr
i
; bJ ða;b;mÞ

i ðtÞ� 0

yr
i ; bJ

ða;b;mÞ
i ðtÞ\0

(

;

xr
i ¼

yr
i ;
bJ ða;b;mÞ

i ðtÞ� 0

yr
i
; bJ ða;b;mÞ

i ðtÞ\0

(

Now, based on shift fractional-order Jacobi polynomials

approximation, we obtain the error bound for (22).

Theorem 3 The error bound for the fuzzy Jacobi

approximation yNðtÞ ¼ UTðtÞ ~XN of fuzzy-valued function

y : ½0; 1� ! RF in (22) is presented as follows:

D�ðy; yNÞ�
C

22Nþ1ðN þ 1Þ!

Proof From Definition 5 and Lemma 3 we can get

D�ðy; yNÞ
¼ sup

t2½0;1�
DðyðtÞ; yNðtÞÞ

¼ sup
t2½0;1�

sup
r2½0;1�

maxfjyrðtÞ � yr
N
ðtÞj; jyrðtÞ � yr

NðtÞjg

¼ sup
r2½0;1�

maxfkyrðtÞ � yr
N
ðtÞk1; kyrðtÞ � yr

NðtÞk1g

¼ sup
r2½0;1�

maxf Cr

22Nþ1ðN þ 1Þ! ;
Cr

22Nþ1ðN þ 1Þ!g

� C

22Nþ1ðN þ 1Þ!
ð50Þ

that C ¼ maxfCr;Crg, which completes the proof. h

The obtained error bound shows the convergence of

approximation solution yN to the y(t) as N ! 1.

7 Numerical examples

In this section, we solve some examples in order to show

the accuracy of the proposed method. All of them were

computed with Maple 16 with Digits = 40.

Example 1 Consider the fractional integro-differential

equation,

ðgHD
1=2
�;0 yÞðtÞ ¼ ½r þ 1; 5 � 3r�

15
ffiffiffi
p

p ð48t
5
2 �

ffiffiffi
p

p
tÞ þ

Z 1

0

st

3
yðsÞds;

yð0Þ ¼ ~0:

8
>><

>>:

ð51Þ

where the exact solution is yðtÞ ¼ t3½r þ 1; 5 � 3r�. Let

N ¼ 6, a ¼ b ¼ 0, and the absolute errors of our method

with Jacobi polynomial (m ¼ 1=2) are presented in Table 1.

In Figs. 1, 2, 3 and 4 we plot the absolute error functions

for m ¼ 1 and m ¼ 1=2; respectively. This comparison

shows the accuracy of proposed method when using the

fractional Jacobi polynomials.

Example 2 Consider the fuzzy fractional integro-differ-

ential equation,

ðgHD
1=3
�;0 yÞðtÞ ¼ f ðtÞ � 1

20

Z 1

0

ðt þ sÞyðsÞds;

yð0Þ ¼ ~0:

8
>><

>>:
ð52Þ
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where the function f(t) is chosen such that the exact solu-

tion is yðtÞ ¼ sinðt2=3Þ½2 þ 3r; 8 � 3r�. Let N ¼ 5,

a ¼ �b ¼ 1=2, and the absolute error for m ¼ 1; 1=2; 1=3 is

shown in Tables 2, 3. From these tables we can conclude

that the approximate solution is in good agreement with the

exact solution for fractional value of m.

Example 3 Consider the fuzzy fractional integro-differ-

ential equation,

Table 1 Numerical results for Example 1

r t Abs. Err. of yðt; rÞ Abs. Err. of yðt; rÞ

0.2 0.2 2.80e-18 1.02e-17

0.4 3.54e-18 1.53e-17

0.8 1.56e-17 7.80e-17

0.4 0.2 3.69e-18 1.06e-17

0.4 8.69e-19 1.05e-17

0.8 7.87e-18 4.65e-17

0.8 0.2 4.83e-18 7.29e-18

0.4 5.40e-19 3.80e-19

0.8 1.46e-17 2.82e-17

Fig. 1 Plot of absolute error for yrðtÞ for m ¼ 1=2

Fig. 2 Plot of absolute error for yðt; rÞ for m ¼ 1=2

Fig. 3 Plot of absolute error for yrðtÞ for m ¼ 1

Fig. 4 Plot of absolute error for yðt; rÞ for m ¼ 1

Table 2 Absolute error of yrðtÞ in Example 2

r t m ¼ 1 m ¼ 1=2 m ¼ 1=3

Abs. Err. Abs. Err. Abs. Err.

0.2 0.2 6.0e-03 1.1e-03 3.1e-05

0.4 4.7e-03 2.1e-03 8.0e-06

0.8 8.4e-04 2.7e-03 5.4e-05

0.4 0.2 7.4e-03 1.3e-03 3.9e-05

0.4 5.8e-03 2.6e-03 9.0e-06

0.8 1.1e-03 3.3e-03 6.9e-05

0.8 0.2 1.0e-02 1.8e-03 5.5e-05

0.4 7.9e-03 3.7e-03 1.1e-05

0.8 1.5e-03 4.5e-03 9.7e-05
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ðgHD
1=2
�;0 yÞðtÞ ¼ 2

ffiffi
t

p
ffiffiffi
p

p ½1 þ 2r; 8 � 5r�

� 1

45
½ð1 þ 2rÞ2; ð8 � 5rÞ2� þ 1

15

Z 1

0

y2ðsÞds;

yð0Þ ¼ ~0:

8
>>>>>>><

>>>>>>>:

with the exact solution is yðtÞ ¼ t½1 þ 2r; 8 � 5r�. Let

N ¼ 5, a ¼ b ¼ 1=2, and the numerical results for different

values of m are shown in Tables 4, 5. Obviously, the

accuracy of our method is very high, while only a few

terms of fractional Jacobi polynomials are needed.

8 Conclusion

In this paper, we extend a spectral method with fractional

Jacobi polynomials for solving a fuzzy nonlinear integro-

differential equation. The proposed method is more accu-

rate than those obtained by standard Jacobi polynomials.

This method is easy to implement and yields satisfactory

results only a few number of bases. In addition, numerical

results have been presented to show the accuracy of the

proposed method. As a further work, we develop this

method for system of fuzzy nonlinear integro-differential

equation.
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