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Abstract
The non-degeneracy is one of the conditions to check for bifurcation analysis. Therefore, we need to compute the critical
normal form coefficients to verify the non-degeneracy of the listed bifurcations. Using the critical normal form coefficients
method to examine the bifurcation analysis makes it avoid calculating the central manifold and converting the linear part of the
map into Jordan form. This is one of the most effective methods in the bifurcation analysis that has not receivedmuch attention
so far. So in this article, we turn our attention to thismethod. In this study, the dynamic behaviors of the discreteBonhoeffer–van
der Pol (BVP) model are discussed. It is shown that the BVP model undergoes codimension one (codim-1) bifurcations such
as pitchfork, fold, flip (period doubling) and Neimark–Sacker. Besides, codimension two (codim-2) bifurcations including
resonance 1:2, 1:3, 1:4 and Chenciner have been achieved. For each bifurcation, normal form coefficients along with its
scenario are investigated thoroughly. Bifurcation curves of the fixed points are drawn with the aid of numerical continuation
techniques. Besides, a numerical continuation not only confirms our analytical results but also reveals richer dynamics of the
model especially in the higher iteration.

Keywords BVP model · Neimark–Sacker · Resonance · Bifurcation · Numerical continuation · Period doubling

1 Introduction

Neurons are the basic elements in the nervous system; they
depend on each other and are responsible for stimulating
and directing emotions. There are approximately 1011 neu-
rons in the human’s brain and 109 in spinal nerve, and each
one has nearly 104 synaptic connections with other neurons.
Every neuron consists of Axon, Myelin, and Dendrite as its
main components. Action potential or the firing of the neuron
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sourcing from abrupt changes of the cell’s electrical potential
has a prominent role in the connection between the neurons
which gets to the other cells through Axon and synaptic rela-
tions after production.

The abrupt changes of cell’s membrane usually take place
due to ions displacement including sodium (Na+), calcium
(Ca2+) and potassium (K+). These ions are present in the
neuron’s cell membrane, and through sodium, calcium and
potassium valves called voltage gates, they are allowed to
enter and exit the cell membrane. The first neural model,
Hodgkin–Huxley (H–H), was introduced in 1952 by the pio-
neers named Hodgkin and Huxley. This model is based on
the electrophysiological experiments conducted on the Axon
of a squid-like creature called the squid giant. See Izhikevich
(2000a, b),Wang andWang (2011), Guchenhermer andOliva
(2002), Hodgkin and Huxley (1952) and their references.

The BVPmodel was developed by FitzHugh and Nagumo
by simplifying the Hodgkin–Huxley (H–H) model in 1961,
see FitzHugh (1961), Nagumo et al. (1962). They reduced
the four-dimensional H–H model to a two-dimensional one
which might be considered as a reasonable extension of van
der Pol equation because the BVPmodel can be examined by
a circuitry Rocsoreanu et al. (2000). Besides, this equation
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Fig. 1 BVP oscillator

can be achieved using a nonlinear conductor in a circuitry.
Nowadays, BVP equation has turned into a well-known non-
linear oscillator.

A full investigation from the BVP model with the non-
linearity of cubic order was carried out by Bautin (1975).
In Kitajima et al. (1998) the bifurcation diagrams of this
system were studied and a great diversity of nonlinear phe-
nomena was observed compared to the van der Pol equation.
The applications of the BVP equation with the mentioned
background could be observed in Hoque and Kawakami
(1995), Papy and Kawakami (1996), Tsumoto et al. (1999).
More bifurcations of the model can be found in Rocsoreanu
et al. (2001), Flores (1991), Freitas and Rocha (2001), Jones
(1984), Jing et al. (2002). Figure 1 shows the main BVP
model, and the circuit equations are as follows:

{
C dV

dt = −I − g(V ),

L dI
dt = V − RI + E .

(1)

We presume that g(V ) is an odd function and E is skipped.
Therefore, the above equation is symmetry under (V , I ) →
(−V ,−I ) permutation. Thus, E as a voltage source applies
to eliminate the symmetric feature of the model.

In this paper, nonlinear conductance is considered as

g(V ) = −A

(
BV − 1

3
(BV )3

)
,

and the model turns into a discrete one by applying the Euler
scheme. Then, we examine the dynamics of the discrete-time
BVP oscillation equation and we have:

{
ẋ = −y + γ x − 1

3 (γ x)3,

ẏ = x − ky + β,
(2)

where

ẋ = dx

dτ
, ẏ = dy

dτ
, x = V

A

√
C

L
,

y = I

A
, τ = t√

LC
, k = R

√
C

L
,

γ = AB

√
L

C
, β = E

A

√
C

L
.

In Wang and Guangqing (2010), the authors propose the fol-
lowing discrete-time BVP model:

{
xn+1 = xn + ε(−yn + γ xn − 1

3 (γ xn)3),

yn+1 = yn + ε(xn − kyn + β),
(3)

where ε is the integral step size and k, γ, ε are positive con-
stants and β ∈ R.

The existence and stability of the fixed points of model
(3) as well as some bifurcations of it, through the numeri-
cal method, have been investigated in Wang and Guangqing
(2010). In this paper, we study all of the codim-1 bifurcation
analysis such as pitchfork, fold, flip (period doubling) and
Neimark–Sacker, analytically by regarding k as bifurcation
parameter; also, all of the codim-2 bifurcations of the sys-
tem are extracted by regarding ε and k as free parameters.
It will be shown that the system undergoes some bifur-
cations like Chenciner, resonance 1:2, resonance 1:3 and
resonance 1:4 bifurcations under change of these two param-
eters. Moreover, all the bifurcation curves for the model will
be drawn with the aid of numerical continuation methods.
The numerical results prove the analytic results and reveal
more complicated dynamic of the system.

The bifurcation theory allows us to identify and predict
changes or metamorphoses in the dynamics of a system.
Hence, bifurcation theory is one of the important branches
of dynamic systems. Bifurcations in a dynamic model are
examined from both analytical and numerical aspects. Many
methods have proposed to study the bifurcations in each of
these two aspects, among which some methods are more
efficient than others. One of the most effective analytical
methods in the bifurcation theory is the computation of the
critical normal form coefficients. This method is more prone
to be noticed in many dynamical systems. In this paper, the
computation of the normal form coefficients is done analyti-
cally which is also confirmed numerically using MatContM;
for more details, see Kuznetsov and Meijer (2005), Govaerts
et al. (2007). Furthermore, this paper provides an efficient
analytical and numerical method for extensive implementa-
tion on different discrete-time models.

The paper structure is organized as follows: In Sect. 2, the
basic assumptions are introduced and the existence of the
fixed points of (3) is presented. In Sect. 3, all of the codim-
1 bifurcations of (3) by considering k as a free parameter
are investigated. In Sect. 4, the codim-2 bifurcations are dis-
cussed by considering ε and k as free parameters. In Sect. 5,
the numerical continuations are provided. Finally, this paper
ends with some concluding remarks.
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2 Existence of the fixed points and
bifurcation analysis

The fixed points (x∗, y∗) of (3), are satisfied in the following
equation:

{−y∗ + γ x∗ − 1
3 (γ x∗)3 = 0,

x∗ − ky∗ + β = 0.

The conditions of asymptotic stability of the fixed point
E∗ = (x∗, β+x∗

k ) of (3) can be found inWang andGuangqing
(2010).

First, let us consider model (3) as follows:

(
x
y

)
�→ N (ξ, ϑ) =

(
x + ε(−y + γ x − 1

3 (γ x)3)

y + ε(x − ky + β)

)
, (4)

where ξ = (x, y)T and ϑ = (ε, γ, k, β)T . The Jacobian
matrix of the map (3) is given by:

J (ξ, ϑ) =
(−ε γ 3x2 + ε γ + 1 −ε

ε −ε k + 1

)
.

Similar to Kuznetsov andMeijer (2005), the second and third
multi-linear forms of (3) can be expressed as

Bi (Γ ,Σ, ϑ) =
2∑

j,k=1

∂2Ni (ξ, ϑ)

∂ξ j∂ξk
γ jσk,

Ci (Γ ,Σ,Υ , ϑ) =
2∑

j,k,l=1

∂3 fi (x, y, λ, μ)

∂ξ j∂ξk∂ξl
γ jσkυl ,

where

Γ = (γ1, γ2)
T , Σ = (σ1, σ2)

T , Υ = (υ1, υ2)
T .

Then, the multi-linear forms corresponding to the model (3)
are given by

B(Γ ,Σ, ϑ) =
(−2 ε γ 3xγ1σ1

0

)
,

C(Γ ,Σ,Υ , ϑ) =
(−2 ε γ 3xγ1 σ1 υ1

0

)
.

Since N is smooth enough, it can be written as follows:

N (ξ, ϑ) = J (ξ, ϑ)ξ + 1

2! B(ξ, ξ, ϑ) + 1

3!C(ξ, ξ, ξ, ϑ).

3 Codim-1 bifurcations

In this section, we consider γ, β, ε as fixed parameters and
k as a free parameter. We have the following theorems for
local codim-1 bifurcations.

Theorem 1 E∗ experiences a non-degenerate limit point
bifurcation, at k = − 1

γ (γ 2x∗2−1)
, provided

x∗ �= 0,
ε γ 6x∗4 − 2 ε γ 4x∗2 − γ 3x∗2 + ε γ 2 − ε + γ

γ
(
γ 2x∗2 − 1

) �= ±1.

Proof There is a fixed point of (3) with multiplier +1 if

{N (ξ, ϑ) = ξ,

det(J (ξ, ϑ) − I2) = 0.
(5)

Clearly

tL P : (x, y, k) =
(

x∗,
1

k
(x∗ + β),− 1

γ
(
γ 2x∗2 − 1

)
)

,

satisfies the algebraic system (5). The Jacobian matrix at the
curve tL P has a simple multiplier λ1 = +1 and the other
multipliers are not on the unit circle provided

ε γ 6x∗4 − 2 ε γ 4x∗2 − γ 3x∗2 + ε γ 2 − ε + γ

γ
(
γ 2x∗2 − 1

) �= ±1. (6)

The center manifold at k = − 1
γ (γ 2x∗2−1)

can be considered
as

M(ν) = νv + m2ν
2 + O(ν3), M : R → R

2,

m2 = (m21, m22)
T , (7)

where

J v = v, J T w = w, 〈w, v〉 = 1,

and

v =
(

− 1
γ (γ 2x∗2−1)

1

)
,

w =
⎛
⎝ γ

(
γ 2x∗2−1

)
γ 6x∗4−2 γ 4x∗2+γ 2−1

γ 2
(
γ 2x∗2−1

)2
γ 6x∗4−2 γ 4x∗2+γ 2−1

⎞
⎠ .

The restriction of the map (3) on (7) has the following form:

ν �→ G(ν) = ν + aL Pν2 + O
(
ν3

)
.
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The center manifold invariance requires

N (M(ν), ϑ∗) = M(G(ν)). (8)

The following linear system is obtained by collecting the
ν2−terms in (8):

(J − I2)m2 = 2aL P − B(v, v, ϑ∗), (9)

where ϑ∗ = (ε, γ,− 1
γ (γ 2x∗2−1)

, β)T .

The solvability condition (9) is as follows:

〈w, 2aL P − B(v, v, ϑ∗)〉 = 0;

therefore,

aL P = − ε x∗(
γ 2x∗2 − 1

)3 .

So the fold bifurcation is non-degenerate provided x∗ �= 0.

�

Theorem 2 On the curve

tPitch : (x, y, k) =
(
0, 0,

1

γ

)
,

there is a pitchfork bifurcation provided ε �= 2γ
1−γ 2 , γ �= 1.

Proof Clearly themap (3) has afixedpointwithmultiplier+1
on the curve tPitch . Since aL P = 0, a pitchfork bifurcation
is expected on this curve.

Let us consider the center manifold at k = 1
γ
as follows:

MP (ι) = ιv + m2ι
2 + m3ι

3 + O(ι4), MP : R → R
2,

mi = (m21, m22)
T , i = 2, 3, (10)

where

J v = v, J T w = w, 〈w, v〉 = 1,

and

v =
(

γ −1

1

)
,

w =
(− γ

γ 2−1
γ 2

γ 2−1

)
.

The map (3) can be restricted to (10) as follows:

ι �→ G P (ι) = ι + cPitchι
3 + O(ι4).

Due to the center manifold properties the following equation
can be obtained:

N (MP (ι), ϑ∗) = MP (G P (ι)) . (11)

The following linear systems are obtained by collecting the
power of ι terms up to the cubic order:

(J − I2)m2 = −B(v, v, ϑ∗), (12)

(J − I2)m3 = 6cPitch − C(v, v, v, ϑ∗) − 3B(v, m2, ϑ∗),
(13)

where ϑ∗ = (ε, γ, k, β)T = (ε, γ, 1
γ
, β)T .

Since

〈w, B(v, v, ϑ∗)〉 = 0,

the system (12) is solvable and m2 = (
0
0

)
is its solution

obtained by the bordering technique. The system (13) is solv-
able if

〈w, 6cPitch − C(v, v, v, ϑ∗) − 3B(v, m2, ϑ∗)〉 = 0;

therefore,

cPitch = − ε

3γ
.


�
Theorem 3 There is a non-degenerate period doubling bifur-

cation of E∗ at k = 2 ε γ 3x∗2−ε2−2 ε γ−4
ε (ε γ 3x∗2−ε γ−2)

, provided

ε2γ 6x∗4 − 2 ε2γ 4x∗2 − 3 ε γ 3x∗2 + ε2γ 2 − ε2 + 3 ε γ + 2

ε γ 3x∗2 − ε γ − 2
�= ±1.

Proof There is a fixed point with multiplier +1 for the map
(3) if

{N (ξ, ϑ) − ξ = 0,
det(J (ξ, ϑ) + I2) = 0.

(14)

Clearly, the curve

tP D : (x, y, k) =
(

x∗,
1

k
(x∗ + β),

2 ε γ 3x∗2 − ε2 − 2 ε γ − 4

ε
(
ε γ 3x∗2 − ε γ − 2

)
)

,

satisfies the system (14). Let us consider

MP D(φ) = vφ + m2φ
2 + m3φ

3 + O(φ4), MP D : R → R
2,

mi = (mi1, mi2)
T , i = 2, 3, (15)

as the center manifold corresponding to the map (3) at k =
2 ε γ 3x∗2−ε2−2 ε γ−4

ε (ε γ 3x∗2−ε γ−2)
, where
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J v = −v, J T w = −w, 〈w, v〉 = 1,

in which

v =
(

− ε
ε γ 3x∗2−ε γ−2

1

)
,

w =
⎛
⎝

(
ε γ 3x∗2−ε γ−2

)
ε

ε2γ 6x∗4−2 ε2γ 4x∗2−4 ε γ 3x∗2+ε2γ 2−ε2+4 ε γ+4(
ε γ 3x∗2−ε γ−2

)2
ε2γ 6x∗4−2 ε2γ 4x∗2−4 ε γ 3x∗2+ε2γ 2−ε2+4 ε γ+4

⎞
⎠ .

The map (3) can be restricted to (15) as follows:

φ �→ G P D = −φ + bP Dφ3 + O(φ4), (16)

the center manifold property implies that

N (MP D(φ), ϑ∗) = MP D (G P D(φ)) .

Collecting the power of φ terms up to the third order gives

(J − I2)m2 = −B(v, v, ϑ∗), (17)

(J + I2)m3 = 6bP D − C(v, v, v, ϑ∗) − 3B(v, m2, ϑ∗),
(18)

where ϑ∗ =
(
ε, γ,

2 ε γ 3x∗2−ε2−2 ε γ−4
ε (ε γ 3x∗2−ε γ−2)

, β
)
.

The system (17) is non-singular and

m2 =
⎛
⎝−

(
2 ε γ 3x∗2−ε2−2 ε γ−4

)
ε2γ 3x∗

(ε γ 6x∗4−2 ε γ 4x∗2−2 γ 3x∗2+ε γ 2−ε+2 γ )(ε γ 3x∗2−ε γ−2)
2

− ε3γ 3x∗
(ε γ 6x∗4−2 ε γ 4x∗2−2 γ 3x∗2+ε γ 2−ε+2 γ )(ε γ 3x∗2−ε γ−2)

⎞
⎠ .

is its solution. The singular system (18) is solvable provided

〈w, 6bP D − C(v, v, v, ϑ∗) − 3B(v, m2, ϑ∗)〉 = 0.

Thus,

bP D = b1(γ, ε, x∗)
b2(γ, ε, x∗)

,

where

b1(γ, ε, x∗) = −
(
5 ε γ 6x∗4 − 3 ε2γ 3x∗2 − 4 ε γ 4x∗2

−10 γ 3x∗2 − ε γ 2 + ε − 2 γ
)

γ 3ε5,

b2(γ, ε, x∗) = 3
(
ε γ 6x∗4 − 2 ε γ 4x∗2 − 2 γ 3x∗2 + ε γ 2

−ε + 2 γ
) (

ε γ 3x∗2 − ε γ − 2
)2

(
ε2γ 6x∗4 − 2 ε2γ 4x∗2 − 4 ε γ 3x∗2 + ε2γ 2

−ε2 + 4 ε γ + 4
)

.

The flip bifurcation is non-degenerate provided bP D �= 0. If
bP D is positive, the bifurcation is supercritical and the double
period cycle is stable. When bP D < 0, it is subcritical and
unstable. 
�
Theorem 4 On the curve

tN S : (x, y, k) =
(

x∗,
1

k
(x∗ + β),− −γ 3x∗2 + ε + γ

ε γ 3x∗2 − ε γ − 1

)
,

there is a non-degenerate Neimark–Sacker bifurcation.

Proof The map (3) has a fixed point with a pair complex
multiplier on the unit circle if

{N (ξ, ϑ) = ξ,

det(J � J ) = 1,
(19)

where � is the bi-alternate matrix product. Clearly the curve
tN S satisfies the algebraic system (19).

Along the curve tN S there is a pair of complex multipliers
on the unit circle

λ1,2 = 1

2

−γ 6x∗4ε2 + 2 γ 4x∗2ε2 + 2 γ 3x∗2ε − γ 2ε2 − 2 γ ε + ε2 − 2

γ 3x∗2ε − γ ε − 1
± iu

2 γ 3x∗2ε − 2 γ ε − 2
,

that satisfy on the non-resonance conditions, where

u =
√

− (
γ 6x∗4 − 2 γ 4x∗2 + γ 2 − 1

)
ε2

(
γ 6x∗4ε2 − 2 4x∗2ε2 − 4 γ 3x∗2ε + γ 2ε2 + 4 γ ε − ε2 + 4

)
.

The center manifold at k = − −γ 3x∗2+ε+γ

ε γ 3x∗2−ε γ−1
, can be consid-

ered as

MN S(ς, ς̄) = vς + ς̄ v̄ +
∑

2≤k+l

1

(k + l)!mklς
k ς̄ l ,

ς ∈ C, mkl ∈ C, (20)

where
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J v = eiθ0v, J T w = e−iθ0w, 〈v,w〉 = 1,

and

v =
(

1

− 1
2

6x∗4ε2−2 γ 4x∗2ε2−2 γ 3x∗2ε+γ 2ε2+iu+ε2+2 γ ε

ε (γ 3x∗2ε−γ ε−1)

)
,

w = 1

pq

(
1

− 1
2

−γ 6x∗4ε2+2 γ 4x∗2ε2+2 γ 3x∗2ε−γ 2ε2+iu−ε2−2 γ ε

ε (γ 3x∗2ε−γ ε−1)

)
,

pq = (pq)1(ε, γ, x∗)
4 ε2

(
γ 3x∗2ε − γ ε − 1

)2 ,

(pq)1(ε, γ, x∗) = 2 γ 6x∗4ε4 − 4 γ 4x∗2ε4 − 4 γ 3x∗2ε3

− γ 12x∗84 + 4 γ 10x∗6ε4 + 4 γ 9x∗6ε3

− 6 γ 8x∗4ε4 − 12 γ 7x∗4ε3 + 4 γ 6x∗24

+ 12 γ 5x∗2ε3 − 2 iu ε2 − 2 iγ 2u ε2

− 4 iγ u ε − ε4 + u2 − 4 γ 6x∗4ε2

+ 8 γ 4x∗2ε2 − 4 γ 2ε2 + 4 ε2 − 2 iγ 6u x∗4ε2

+ 4 iγ 4u x∗2ε2 + 4 iγ 3u x∗2ε
+ 2 γ 2ε4 + 4 γ ε3 − γ 4ε4 − 4 γ 33.

The restriction of the map (3) on (20), at the critical value k
has the form

ς �→ G N S = eiθ0ς + dN Sς |ς |2 + O(ς4), ς ∈ C, (21)

where dN S is a complex number. Given the properties of the
center manifold, the following equation is obtained

N (MN S(ς, ϑ∗) = MN S (G N S(ς)) . (22)

The following equations can be foundby collecting the power
of ς terms up to the third:

(J − e2iθ0 I2)m20 = −B(v, v, ϑ∗), (23)

(J − I2)m11 = −B(v, v̄, ϑ∗), (24)

(J − e3iθ0 I2)m30 = −C(v, v, v, ϑ∗) − 3B(v, m20, ϑ∗),
(25)

(J − eiθ0 I2)m21 = 2dN Sv − C(v, v, v̄, ϑ∗)
− B(v̄, m20, ϑ∗) − 2B(v, m11, ϑ∗).

(26)

where , ϑ∗ =
(
ε, γ,− −γ 3x∗2+ε+γ

ε γ 3x∗2−ε γ−1
, β

)
. Equations (23)–

(25) have a unique solution because 1, e2iθ0 and e3iθ0 are
not eigenvalues of J . To avoid the complexity of the com-
putation, we consider

γ = 1.32, β = 1, ε = 0.7.

The solutions of (23)–(25) can be calculated as

m20 = −(J − e2iθ0 I2)
−1B(v, v, ϑ∗)

⇒ m20 =
( −1.5298 − 0.86186 i

−0.14670 − 0.95607 i

)
,

m11 = −(J − I2)
−1B(v, v̄, ϑ∗)

⇒ m11 =
(

1.0487 − 0.00000021703 i
0.41699 − 0.000000086299 i

)
,

m30 = (J − e3iθ0 I2)
−1 (−C(v, v, v, ϑ∗) − 3B(v, m20, ϑ∗))

⇒ m30 =
(
0.59123 − 9.3739 i
−1.6095 − 3.7344 i

)
.

The system (26) is singular; therefore, it is solvable if

〈w, 2dN Sv − C(v, v, v̄, ϑ∗) − B(v̄, m20, ϑ∗)
− 2B(v, m11, ϑ∗)〉 = 0.

So we conclude that

dN S = 3.2480 + 0.86940 i .

The first Lyapunov coefficient of the Neimark–Sacker bifur-
cation is

cN S = �
(

e−iθ0dN S

)
= −1.716436045.

Since cN S < 0, the Neimark–Sacker bifurcation is supercrit-
ical and the closed invariant curve is stable. 
�

4 Codim-2 bifurcations

In this section we consider γ, β as fixed parameters and k
and ε as free parameters. The system (3) has the following
local codim-2 bifurcations.

Theorem 5 There is a non-degenerate 1:2 resonance bifur-
cation of the fixed point E∗ at the parameter values k =
γ 3x∗2 − γ + 2 and ε = 2 (γ 3x∗2 − γ + 1)−1.

Proof The map (3) has a fixed point with two multipliers −1
if⎧⎨
⎩
N (ξ, ϑ) = 0,
det (J (ξ, ϑ) � J (ξ, ϑ) − I2) = 0,
κ + 1 = 0,

(27)

where κ is the real part of the critical multipliers e±iθ0 along
the Neimark–Sacker curve. The exact solution of (27) is

x = x∗, y = 1

k
(x∗ + β),
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k = γ 3x∗2 − γ + 2, ε = 2
(
γ 3x∗2 − γ + 1

)−1
.

The center manifold of the map (3) at k = γ 3x∗2−γ +2 and
ε = 2

(
γ 3x∗2 − γ + 1

)−1
can be considered as follows:

MR2(η1, η2) = η1v0 + η2v1

+
∑

2≤ j+k≤3

1

j1k!m jkη
j
1η

k
2, (28)

where

J v0 = −v0, J v1 = −v1 + v0

J T w0 = −w0, J T w1 = −w1 + w0,

〈w0, v1〉 = 〈w1, v0〉 = 1, 〈w0, v0〉 = 〈w1, v1〉 = 0,

v0 =
(
1
1

)
, v1 =

(
0
1
2

)
,

w0 =
(−2

2

)
, w1 =

(
1
0

)
.

The map (3) can be restricted to (28) as follows:

(
η1
η2

)
�→ G R2(η) =

( −η1 + η2
−η2 + CR2η

3
1 + DR2η

2
1η2

)
,

η = (η1, η2) ∈ R
2. (29)

Given the invariance property of the central manifold, we
concluded that

N (
MR2(η), ϑ∗

) = MR2

(
G R2(η)

)
. (30)

The following equations are obtained from (30):

(J − I2)m20 = −B(v0, v0, ϑ∗)

⇒ m20 =
⎛
⎜⎝−2

(
γ 3x∗2−γ+2

)
γ 3x∗

(γ 3x∗2−γ+1)
2

−2 γ 3x∗
(γ 3x∗2−γ+1)

2

⎞
⎟⎠ ,

(J − I2)m11 = −B(v0, v1, ϑ∗) − m20

⇒ m11 =
⎛
⎜⎝− γ 3x∗

(
3 γ 3x∗2−3 γ+7

)
(γ 3x∗2−γ+1)

2

−4 γ 3x∗
(γ 3x∗2−γ+1)

2

⎞
⎟⎠ ,

(J − I2)m02 = −B(v1, v1, ϑ∗) − 2m11 + m20

⇒ m02 =
⎛
⎜⎝− γ 3x∗

(
2 γ 3x∗2−2 γ+7

)
(γ 3x∗2−γ+1)

2

−5 γ 3x∗
(γ 3x∗2−γ+1)

2

⎞
⎟⎠ .

The cubic part of (30) gives

(J + I2)m30 = 6CR2v1 + C(v0, v0, v0, ϑ∗)

− 3B(v0, m20, )ϑ∗, (31)

(J + I2)m21 = 2 DR2v1 + m30 − C(v0, v0, v1, ϑ∗)
− 2B(v0, m11, ϑ∗) − B(v1, m20, ϑ∗), (32)

(J + I2)m12 = 2m21 − m30 − C(v0, v0, v0, ϑ∗)
− 2B(v1, m11, ϑ∗) − B(v0, m02, ϑ∗), (33)

(J + I2)m03 = 3(m12 − m21) + m30

− C(v1, v1, v1, ϑ∗) − 3B(v1, m02, ϑ∗),
(34)

whereϑ∗ =
(
2

(
γ 3x∗2 − γ + 1

)−1
, γ, γ 3x∗2 − γ + 2, β

)
.

The solvability condition of the singular system (31) implies
that

〈w0, 6CR2v1 + C(v0, v0, v0, ϑ∗) − 3B(v0, m20, ϑ∗)〉 = 0;

thus,

CR2 =
−4γ 3

(
5 γ 6x∗4 − 4 γ 4x∗2 + 10 γ 3x∗2 − γ 2 + 2 γ − 1

)
3

(
γ 3x∗2 − γ + 1

)3 .

The singular system (32) has an unique solution provided

〈w0, 2 DR2v1 + m30 − C(v0, v0, v1, ϑ∗) − 2B(v0, m11, ϑ∗)
− B(v1, m20, ϑ∗)〉 = 0.

Since

〈w0, m30〉 = −〈w1, 3 B(v0, m20, ϑ∗) + C(v0, v0, v0, ϑ∗)〉

= −4
γ 3

(
5 γ 6x∗4 − 4 γ 4x∗2 + 10 γ 3x∗2 − γ 2 + 2 γ − 1

)
(
γ 3x∗2 − γ + 1

)3 ,

the third-order coefficient of (29) can be calculated as

DR2 = −2
γ 3

(
7 γ 6x∗4 − 8 γ 4x∗2 + 18 γ 3x∗2 + γ 2 − 2 γ + 1

)
(
γ 3x∗2 − γ + 1

)3 .

The non-degeneracy conditions of this bifurcation are C1 =
4CR2 �= 0 and D1 = −2DR2 − 6CR2 �= 0. The sign of
C1 determines the type of the critical point. The bifurcation
scenario is indicated by the coefficient D1. 
�
Theorem 6 There is a non-degenerate 1 : 3 resonance bifur-
cation of the fixed point E∗ at

k = −−γ 6x∗4 + 2 γ 4x∗2 + γ 3u x∗2 − γ 2 − γ u + 2

γ 3x∗2 − γ + u
,

ε = 1

2

γ 3x∗2 − γ + u

γ 6x∗4 − 2 γ 4x∗2 + γ 2 − 1
,
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where

u =
√

−3 γ 6x∗4 + 6 γ 4x∗2 − 3 γ 2 + 4.

Proof The map (3) has a fixed point with a pair of complex

conjugate multipliers e±i 2π3 if

⎧⎨
⎩
N (ξ, ϑ) − ξ = 0,
det (J (ξ, ϑ) � J (ξ, ϑ) − I2) = 0,
κ + 1

2 = 0,
(35)

where κ = cos(θ0) along the Neimark–Sacker curve. The
exact solution of (35) is

x = x∗, y = 1

k
(x∗ + β),

k = −−γ 6x∗4 + 2 γ 4x∗2 + γ 3u x∗2 − γ 2 − γ u + 2

γ 3x∗2 − γ + u
,

ε = 1/2
γ 3x∗2 − γ + u

γ 6x∗4 − 2 γ 4x∗2 + γ 2 − 1
.

Let us consider

MR3(ζ, ζ̄ ) = vζ + ζ̄ v̄ +
∑

2≤k+l

1

(k + l)!mklζ
k ζ̄ l ,

ζ ∈ C, mkl ∈ C, (36)

as the centermanifold of (3) at k = − −γ 6x∗4+2 γ 4x∗2+γ 3u x∗2−γ 2−γ u+2
γ 3x∗2−γ+u

and ε = 1/2 γ 3x∗2−γ+u
γ 6x∗4−2 γ 4x∗2+γ 2−1

, where

J v = e
2π
3 iv, J T w = e

−2π
3 iw, 〈w, v〉 = 1,

and

v =
(

− γ 3x∗2−γ+u
iγ 6x∗4

√
3−2 iγ 4x∗2

√
3+γ 3u x∗2+iγ 2

√
3−i

√
3−γ u+1

1

)
,

w = 1

wv

(
γ 3x∗2−γ+u

−iγ 6x∗4
√
3+2 iγ 4x∗2

√
3+γ 3u x∗2−iγ 2

√
3−γ u+i

√
3+1

1

)
,

vw = −
(
γ 3x∗2 − γ + u

)2
(

iγ 6x∗4
√
3 − 2 iγ 4x∗2

√
3 + γ 3u x∗2 + iγ 2

√
3 − i

√
3 − γ u + 1

)2 + 1.

The restriction of the map (3) on (36) has the form

ζ �→ G R3(ζ ) = e
2π
3 iζ + BR3 ζ̄

2 + CR3ζ |ζ |2 + O(ζ 4),

ζ ∈ C.

The invariance property of the center manifold cause to

N (
MR3(ζ ), ϑ∗

) = MR3

(
G R3(ζ )

)
, (37)

where ϑ∗ =
(
1/2 γ 3x∗2−γ+u

γ 6x∗4−2 γ 4x∗2+γ 2−1
), γ,

−−γ 6x∗4+2 γ 4x∗2+γ 3u x∗2−γ 2−γ u+2
γ 3x∗2−γ+u

, β
)
. The quadratic terms

of (37) gives

(J − e
4π
3 i I2)m20 = 2 BR3v − B(v, v, ϑ∗), (38)

(J − I2)m11 = −B(v, v̄), (39)

(J − e
−4π
3 i I2)m02 = 2 BR3v − B(v̄, v̄, ϑ∗). (40)

Applying the Fredholm condition to singular system (40),
we have

〈w, 2 BR3v − B(v̄, v̄, ϑ∗)〉 = 0 ⇒ BR3 = B1R3(γ, x∗)
B2R3(γ, x∗)

,

where

B1R3(γ, x∗) = −(γ 3x∗2 − γ + u)4(iγ 6x∗4
√
3 − 2 iγ 4x∗2

√
3

+ γ 3u x∗2 + iγ 2
√
3 − i

√
3 − γ u + 1)γ 3x∗,

B2R3(γ, x∗) = 2 (−3 γ 12x∗8 + 2 i
√
3γ u + 12 γ 10x∗6

+ 2 iγ 6x∗4
√
3 − 6 i

√
3γ 7u x∗4 − 18 γ 8x∗4

+ γ 6u2x∗4 + 2 i
√
3γ 9u x∗6 + 5 γ 6x∗4 − 2 i

√
3γ 3u x∗2

+ 6 i
√
3γ 5u x∗2 + 12 γ 6x∗2

− 2 γ 4u2x∗2 − 2 i
√
3γ 3u − 10 γ 4x∗2 − 4 iγ 4x∗2√

3 − 2 i
√
3 − 3 γ 4 + γ 2u2 + 2 iγ 2

√
3

+ 5 γ 2 − u2 − 2)(γ 6x∗4 − 2 γ 4x∗2 + γ 2 − 1)

(iγ 6x∗4
√
3 − 2 iγ 4x∗2

√
3 − γ 3u x∗2

+ iγ 2
√
3 − i

√
3 + γ u − 1)2.

The unique solution of the singular system is obtained as
follows:
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m11 =
⎛
⎜⎝

2 x∗ γ 3
(
γ 3x∗2−γ+u

)2(
γ 6x∗4−2 γ 4x∗2−γ 3u x∗2+γ 2+γ u−2

)
m11R3

2
(
γ 3x∗2−γ+u

)3
γ 3x∗

m11R3

⎞
⎟⎠ ,

where

m11R3 =
(
γ 3x∗2 − γ − u

) (
γ 6x∗4 − 2 γ 4x∗2 + γ 2 − 1

)
(

iγ 6x04
√
3 − 2 iγ 4x∗2

√
3 + γ 3u x∗2 + iγ 2

√
3 − i

√
3 − γ u + 1

)
(

iγ 6x∗4
√
3 − 2 iγ 4x∗2

√
3 − γ 3u x∗2 + iγ 2

√
3 − i

√
3 + γ u − 1

)
,

The ζ 2ζ̄−terms in (37) gives:

(J − e
2π
3 i I2)m21 = 2CR3v + e− −2π

3 i BR3m02

− 2B(v, m11, ϑ∗) − B(v̄, m20, ϑ∗) − C(v, v, v̄, ϑ∗).
(41)

The singular system (41) can be solved if

〈w, 2CR3v + e− −2π
3 i BR3m02 − 2B(v, m11, ϑ∗)

− B(v̄, m20, ϑ∗) − C(v, v, v̄, ϑ∗)〉 = 0;

therefore, CR3 can be obtained as follows:

CR3 = C1R3(γ, x∗)
C2R3(γ, x∗)

,

whereC1R3(γ, x∗) = ζ1+ζ2+ζ3+ζ4+ζ5+ζ6+ζ7+ζ8+ζ9,
and

ζ1 = (γ 3x∗2 − γ + u)5γ 3(2 i
√
3γ 2u2

− 214 γ 9u x∗6 + 354 γ 7u x∗4 − 66 γ 5u x∗2

− 38 i
√
3γ 21u x∗14 + 218 i

√
3γ 19u x∗12

− 14 i
√
3γ 18u2x∗12 + 38 i

√
3γ 18u x∗12

− 510 i
√
3γ 17u x∗10 + 64 i

√
3γ 16u2x∗10

+ 14 i
√
3γ 15u3x∗10 − 180 i

√
3γ 16u x∗10

+ 14 i
√
3γ 15u2x∗10 + 30 i

√
3γ 15u x∗10

+ 610 i
√
3γ 15u x∗8 − 110 i

√
3γ 14u2x∗8

− 54 i
√
3γ 13u3x∗8 + 8 i

√
3γ 12u4x∗8

+ 330 i
√
3γ 14u x∗8 − 50 i

√
3γ 13u2x∗8

− 14 i
√
3γ 12u3x∗8 − 92 i

√
3γ 13u x∗8

+ 28 i
√
3γ 12u2x∗8 − 30 i

√
3γ 12u x∗8

ζ2 = −370 i
√
3γ 13u x∗6 + 80 i

√
3γ 12u2x∗6

+ 76 i
√
3γ 11u3x∗6 − 22 i

√
3γ 10u4x∗6

− 280 i
√
3γ 12u x∗6 + 60 i

√
3γ 11u2x∗6

+ 40 i
√
3γ 10u3x∗6 − 8 i

√
3γ 9u4x∗6

+ 68 i
√
3γ 11u x∗6 − 76 i

√
3γ 10u2x∗6

+ 10 i
√
3γ 9u3x∗6 + 62 i

√
3γ 10u x∗6

− 28 i
√
3γ 9u2x∗6 + 78 i

√
3γ 11u x∗4

− 10 i
√
3γ 10u2x∗4 − 44 i

√
3γ 9u3x∗4

− 6 i
√
3γ 9u x∗6 + 18 i

√
3γ 8u4x∗4

+ 90 i
√
3γ 10u x∗4 − 20 i

√
3γ 9u2x∗4

− 36 i
√
3γ 8u3x∗4 + 14 i

√
3γ 7u4x∗4

+ 48 i
√
3γ 9u x∗4 + 60 i

√
3γ 8u2x∗4

− 24 i
√
3γ 7u3x∗4 + 3 i

√
3γ 6u4x∗4

− 6 i
√
3γ 8u x∗4 + 48 i

√
3γ 7u2x∗4

ζ3 = −10 i
√
3γ 6u3x∗4 − 3 γ 8 + 30 i

√
3γ 24x∗16

− 198 i
√
3γ 22x∗14 − 30 i

√
3γ 21x∗14 + 546 i

√
3γ 20x∗12

+ 168 i
√
3γ 19x∗12 − 135 i

√
3γ 18x∗12

− 798 i
√
3γ 18x∗10 − 378 i

√
3γ 17x∗10

+ 645 i
√
3γ 16x∗10 + 135 i

√
3γ 15x∗10

+ 630 i
√
3γ 16x∗8 + 420 i

√
3γ 15x∗8

− 1200 i
√
3γ 14x∗8 − 510 i

√
3γ 13x∗8

− 210 i
√
3γ 14x∗6 + 150 i

√
3γ 12x∗8

− 210 i
√
3γ 13x∗6 + 1050 i

√
3γ 12x∗6

+ 690 i
√
3γ 11x∗6 − 42 i

√
3γ 12x∗4

− 424 i
√
3γ 10x∗6 − 150 i

√
3γ 9x∗6

− 375 i
√
3γ 10x∗4 − 360 i

√
3γ 9x∗

+ 54 i
√
3γ 10x∗2 + 372 i

√
3γ 8x∗4

4

ζ4 = 42 i
√
3γ 9x∗2 + 274 i

√
3γ 7x∗4

− 15 i
√
3γ 8x∗2 − 56 iγ 6x∗4

√
3

+ 15 i
√
3γ 7x∗2 − 10 i

√
3γ 7u

+ 6 i
√
3γ 6u2 − 72 iγ 6x∗2

√
3 + 2 i

√
3γ 5u3

− 2 i
√
3γ 4u4 − 10 i

√
3γ 6u + 6 i

√
3γ 5u2

− 98 i
√
3γ 5x∗2 + 2 i

√
3γ 4u3

− 2 i
√
3γ 3u4 + 28 i

√
3γ 5u − 8 i

√
3γ 4u2

+ 48 iγ 4x∗2
√
3 − 4 i

√
3γ 3u3

+ 2 i
√
3γ 2u4 + 28 i

√
3γ 4u − 8 i

√
3γ 3u2

+ 56 i
√
3γ 3x∗2 − 4 i

√
3γ 2u3

+ 2 i
√
3γ u4 − 26 i

√
3γ 3u + 2 i

√
3γ u3

− 26 i
√
3γ 2u + 2 i

√
3γ u2

+ 8 i
√
3γ u + 22 i

√
3γ 9u x∗2

− 16 i
√
3γ 8u2x∗2 + 6 i

√
3γ 7u3x∗2
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ζ5 = −14 i
√
3γ 7u x∗4 − 2 i

√
3γ 6u4x∗2

− 14 i
√
3γ 6u2x∗4 + 12 i

√
3γ 8u x∗2

− 10 i
√
3γ 7u2x∗2 + 8 i

√
3γ 6u3x∗2

+ 6 i
√
3γ 6u x∗4 − 4 i

√
3γ 5u4x∗2

− 82 i
√
3γ 7u x∗2 − 4 i

√
3γ 6u2x∗2

+ 18 i
√
3γ 5u3x∗2 − 5 i

√
3γ 4u4x∗2

− 54 i
√
3γ 6u x∗2 − 12 i

√
3γ 5u2x∗2

+ 14 i
√
3γ 4u3x∗2 − 3 i

√
3γ 3u4x∗2

+ 46 i
√
3γ 5u x∗2 + 12 i

√
3γ 4u2x∗2

− 2 i
√
3γ 3u3x∗2 + 20 i

√
3γ 4u x∗2

+ 14 i
√
3γ 3u2x∗2 − 8 i

√
3γ 3u x∗2

+ 24 γ + 24 u + 214 γ 6u x∗4

ζ6 = −140 γ 4u x∗2 + 78 γ 6u x∗2 − 3 γ 7

− 238 γ 9x∗6 + 426 γ 7x∗4 − 22 γ u2

+ 22 γ 3u2x∗2 + 29 γ 5 + 6 γ 3u4x∗2

+ 75 γ 18u x∗12 + 20 γ 10u3x∗6 + γ 9u4x∗6

+ 1564 γ 11u x∗6 + 78 γ 10u2x∗6 + 2 γ 9u3x∗6

+ 45 γ 11u x∗4 + 180 γ 10u2x∗4

− 8 γ 9u3x∗4 − 6 γ 8u4x∗4 + 9 γ 7u5x∗4

+ 105 γ 10u x∗4 + 184 γ 9u2x∗4

− 12 γ 8u3x∗4 − 3 γ 7u4x∗4 + 5 γ 6u5x∗4

− 786 γ 9u x∗4 + 6 γ 8u2x∗4

− 10 γ 7u3x∗4 − 9 γ 6u4x∗4 + 87 γ 9u x∗2

+ 24 γ 8u2x∗2 − 8 γ 7u3x∗2

ζ7 = 4 γ 6u4x∗2 − 3 γ 5u5x∗2 + 60 γ 8u x∗2

+ 4 γ 7u2x∗2 − 4 γ 6u3x∗2 + 3 γ 5u4x∗2

− 4 γ 4u5x∗2 + 4 γ 7u x∗2 − 86 γ 6u2x∗2

+ 14 γ 5u3x∗2 + 8 γ 4u4x∗2 − 2 γ 3u5x∗2

+ 3 γ 21x∗14 − 84 γ 20x∗12 − 21 γ 19x∗12

− 71 γ 18x∗12 + 168 γ 18x∗10

+ 63 γ 17x∗10 + 326 γ 16x∗10 − 210 γ 16x∗8

− 105 γ 15x∗8 − 565 γ 14x∗8

+ 168 γ 14x∗6 + 105 γ 13x∗6

+ 420 γ 12x∗6 − 84 γ 12x∗4 − 63 γ 11x∗4

− 65 γ 10x∗4 + 24 γ 10x∗2 + 21 γ 9x∗2 − 74 γ 8x∗2

− 27 γ 7u − 20 γ 6u2 + 4 γ 5u3 − γ 4u4 − γ 3u5

− 27 γ 6u − 20 γ 5u2 + 4 γ 4u3 − γ 3u4

− γ 2u5 + 77 γ 5u + 42 γ 4u2 − 6 γ 3u3

ζ8 = γ 2u4 + γ u5 + γ u4 − 138 γ 5x∗2

− 3γ 24x∗16 + 24 γ 22x∗14 − 75 γ 21u x∗14

+ 423 γ 19u x∗12 + 76 γ 18u2x∗12

− 963 γ 17u x∗10 − 360 γ 16u2x∗10

+ 8 γ 15u3x∗10 − 348 γ 16u x∗10 − 76 γ 15u2x∗10

+ 312 γ 15u x∗10 + 1095 γ 15u x∗8

+ 660 γ 14u2x∗8 − 28 γ 13u3x∗8

− γ 12u4x∗8 + 615 γ 14u x∗8 + 284 γ 13u2x∗8

− 8 γ 12u3x∗8 − 1171 γ 13u x∗8 − 40 γ 12u2x∗8

− 585 γ 13u x∗6 − 560 γ 12u2x∗6 + 32 γ 11u3x∗6

+ 4 γ 10u4x∗6 − 5 γ 9u5x∗6 − 480 γ 12u x∗6

− 376 γ 11u2x∗6 − 2 γ 3u3x∗2 + 2 γ u3 + 2 u3

− 44 γ 7x∗2 + 77 γ 4u + 42 γ 3u2

ζ9 = −6 γ 2u3 + 72 x∗10γ 15 − 259 x∗8γ 13

+ 316 x∗6γ 11 − 114 x∗4γ 9 − 42 γ 5u2x∗2

+ 42 γ 9u2x∗6 − 42 γ 7u2x∗4 − 696 γ 8u x∗4

+ 10 γ 4u3x∗2 − 4 γ 6u3x∗4

− 309 γ 12u x∗8 + 850 γ 10u x∗6 + 29 γ 6

− 50 γ 4 − 50 γ 3 + 24 γ u

− 24 γ 3u x∗2 + 24 γ 2

+ 144 γ 4x∗2 + 168 γ 3x∗2 − 168 γ 6x∗4

− 22 γ 6u2x∗4 + 44 γ 4u2x∗2 − 74 γ 3u

+ 238 γ 12x∗8 − 664 γ 10x∗6 + 564 γ 8x∗4

− 22 γ 2u2 − 88 γ 6x∗2 + u5 − 74 γ 2u

− 12 i
√
3γ 8 − 12 i

√
3γ 7 + 30 i

√
3γ 6

+ 30 i
√
3γ 5 − 26 i

√
3γ 4 − 26 i

√
3γ 3

+ 2 i
√
3u3 + 8 iγ 2

√
3 + 8 i

√
3γ + 8 i

√
3u)

C2R3(γ, x∗) = 2 (γ 3x∗2 − γ − 1)(γ 6x∗4 + 4 iγ 6x∗4
√
3

− 2 γ 4x∗2 − 8 iγ 4x∗2
√
3 + γ 2 + 4 iγ 2

√
3 − 4 i

√
3 − u2)

(3 γ 12x∗8 + 2 i
√
3γ 9u x∗6 − 12 γ 10x∗6

+ 6 i
√
3γ 5u x∗2 − 2 i

√
3γ 3u + 18 γ 8x∗4 − γ 6u2x∗4

+ 2 i
√
3γ u − 5 γ 6x∗4 + 2 iγ 6x∗4

√
3 + 2 iγ 2

√
3 − 12 γ 6x∗2

+ 2 γ 4u2x∗2 − 2 i
√
3γ 3u x∗2 + 10 γ 4x∗2

− 6 i
√
3γ 7u x∗4 − 4 iγ 4x∗2

√
3 + 3 γ 4

− γ 2u2 − 2 i
√
3 − 5 γ 2 + u2 + 2)

(γ 3x∗2 − γ − u)(iγ 6x∗4
√
3 − 2 iγ 4x∗2

√
3

− γ 3u x∗2 + iγ 2
√
3 − i

√
3 + γ u − 1)

(iγ 6x∗4
√
3 − 2 iγ 4x∗2

√
3 + γ 3u x∗2 + iγ 2

√
3

− i
√
3 − γ u + 1)

(γ 6x∗4 − 2 γ 4x∗2 + γ 2 − 1)2

(−3 γ 6x∗4 + 2 i
√
3γ 3u x∗2 + 6 γ 4x∗2

− 2 i
√
3γ u + 2 i

√
3 − 3 γ 2 + u2 + 2)
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The stability of the bifurcating closed invariant curve is deter-
mined by

�
(
1

3

(
e
4π
3 i C1

|B1|2 − 1

))
.


�

Theorem 7 There is a non-degenerate 1 : 4 resonance bifur-
cation of the fixed point E∗ at

k = γ 6x∗4 − 2 γ 4x∗2 − u γ 3x∗2 + γ 2 + u γ − 2

γ 3x∗2 − γ + u
,

ε = γ 3x∗2 − γ + u

γ 6x∗4 − 2 γ 4x∗2 + γ 2 − 1
,

where

u =
√

−γ 6x4∗ + 2γ 4x2∗ − γ 2 + 2.

Proof The map (3) has a fixed point with a pair of complex
conjugate multipliers e±i π

2 if

⎧⎨
⎩
N (ξ, ϑ) − ξ = 0,
det (J (ξ, ϑ) � J (ξ, ϑ) − I2) = 0,
κ = 0,

(42)

where κ = cos(θ0) along the Neimark–Sacker curve. The
exact solution of (35) is

x = x∗, y = 1

k
(x∗ + β),

k = γ 6x∗4 − 2 γ 4x∗2 − u γ 3x∗2 + γ 2 + u γ − 2

γ 3x∗2 − γ + u
,

ε = γ 3x∗2 − γ + u

γ 6x∗4 − 2 γ 4x∗2 + γ 2 − 1
.

Suppose that

MR4(�, �̄) = v� + �̄v̄ +
∑

2≤k+l

1

(k + l)!mkl�
k �̄l ,

� ∈ C, mkl ∈ C, (43)

as the center manifold of (3) at the

k = γ 6x∗4 − 2 γ 4x∗2 − u γ 3x∗2 + γ 2 + u γ − 2

γ 3x∗2 − γ + u
,

ε = γ 3x∗2 − γ + u

γ 6x∗4 − 2 γ 4x∗2 + γ 2 − 1
,

where

J v = e
π
2 iv, J T w = e

π
2 iw, 〈w, v〉 = 1,

and

v =
(

− γ 3x∗2−γ+u
iγ 6x∗4−2 iγ 4x∗2+u γ 3x∗2+iγ 2−u γ+1−i

1

)
,

w = 1

vw

(
γ 3x∗2−γ+u

−iγ 6x∗4+2 iγ 4x∗2+u γ 3x∗2−iγ 2−u γ+1+i
1

)
.

The restriction of the map (3) to (43) has the form

� �→ G R4(�) = i � + CR4�
2�̄ + DR4 �̄

3 + O(�5), � ∈ C.

(44)

The invariance property of the center manifold cause to

N (
MR4(�), ϑ∗

) = MR4

(
G R4(�)

)
, (45)

where ϑ∗ =
(

γ 3x∗2−γ+u
γ 6x∗4−2 γ 4x∗2+γ 2−1

, γ,

γ 6x∗4−2 γ 4x∗2−u γ 3x∗2+γ 2+u γ−2
γ 3x∗2−γ+u

, β
)
. The quadratic terms of

(45) gives

(J + I2)m20 = −B(v, v, ϑ∗),

⇒ m20 =
⎛
⎝ 2

(
γ 2x∗2−1

)
γ 4

(
γ 3x∗2−γ+u

)3
x∗

m201

−2
(
γ 3x∗2−γ+u

)3
γ 3x∗

m201

⎞
⎠ ,

(J − I2)m11 = −B(v, v̄, ϑ∗),

⇒ m11 =
⎛
⎝ 2 x∗ γ 3

(
γ 3x∗2−γ+u

)2(
γ 6x∗4−2 γ 4x∗2−u γ 3x∗2+γ 2+u γ−2

)
m111

2
(
γ 3x∗2−γ+u

)3
γ 3x∗

m111

⎞
⎠ ,

where

m201 = (
γ 3x∗2 − γ − u

) (
γ 6x∗4 − 2 γ 4x02 + γ 2 − 1

)
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Fig. 2 Phase portraits of (3) for γ = 1.32, β = 1, ε = 0.7. a Attractor before a Neimark–Sacker bifurcation for k = 2.48. b Neimark–Sacker
bifurcation for k = 2.514. c The invariant closed curve created after Neimark–Sacker bifurcation for k = 2.9. d The breakdown of the closed
invariant curve for k = 3.1

(
iγ 6x∗4 − 2 iγ 4x∗2 + u γ 3x∗2 + iγ 2 − u γ + 1 − i

)2
,

m111 = (
γ 3x∗2 − γ − u

) (
γ 6x∗4 − 2 γ 4x∗2 + γ 2 − 1

)
(
iγ 6x∗4 − 2 iγ 4x∗2 + u γ 3x∗2 + iγ 2 − u γ + 1 − i

)
(
iγ 6x∗4 − 2 iγ 4x∗2 − u γ 3x∗2 + iγ 2 + u γ − 1 − i

)
.

Collecting the resonance terms of (45), we get

(J − e
π
2 i I2)m21 = 2CR4v − C(v, v, v̄, ϑ∗) − 2B(v, m11)

− 2B(v, m11, ϑ∗) − B(v̄, m20, ϑ∗),
(46)

(J − e
π
2 i I2)m03 = 6 DR4v − C(v̄, v̄, v̄, ϑ∗)

− 3B(v̄, m02, ϑ∗). (47)

The solvability conditions of the singular systems (46) and
(47) are as follows:

〈w, 2CR4v − C(v, v, v̄, ϑ∗) − 2B(v, m11, ϑ∗)

123



Codimension two bifurcations of discrete Bonhoeffer–van der Pol oscillator model 5273

Fig. 3 a Continuation of fixed point in (k, x)-space. The Neimark–Sacker (ns) and period-doubling (pd) points. b pd curve of the first iterate
consists of r2 point, rooted at the pd point

0 1 2 3 4 5
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0.7

0.8

0.9

1

1.1

1.2

1.3
R4  

R3  

CH  

CH  

R2  R2  

Fig. 4 Neimark–Sacker bifurcation curve consists of resonance 1:2
(r2), resonance 1:3 (r3), resonance 1:4 (r4) and Chenciner (ch) bifur-
cation

−2B(v, m11, ϑ∗) − B(v̄, m20, ϑ∗)〉 = 0,

〈w, 6 DR4v − C(v̄, v̄, v̄, ϑ∗) − 3B(v̄, m02, ϑ∗)〉 = 0.

Thus,

CR4 = C1R4(γ, x∗)
C2R4(γ, x∗)

, DR4 = D1R4(γ, x∗)
D2R4(γ, x∗)

,

where

C1R4 (γ, x∗) = (γ 9x∗6 − γ 7x∗4 − 5 γ 6u x∗4 − γ 5x∗2

+ 4 γ 4u x∗2 − 7 γ 3x∗2 + γ 3 + γ 2u − γ − u)

γ 3(γ 3x∗2 − γ + u)5,

Fig. 5 Neimark–Sacker bifurcation curves of the first and third iterate

C2R4 (γ, x∗) = (iγ 6x∗4 − 2 iγ 4x∗2 + u γ 3x∗2

+ iγ 2 − u γ + 1 − i)(γ 3x∗2 − γ − u)(iγ 6x∗4

− 2 iγ 4x∗2 − u γ 3x∗2 + iγ 2 + u γ − 1 − i)

(γ 6x∗4 − 2 γ 4x∗2 + γ 2 − 1)2(−γ 12x∗8

− 4 iγ 4x∗2 + 4 γ 10x∗6 + 6 iγ 5u x∗2 − 6 γ 8x∗4

+ γ 6u2x∗4 − 6 iγ 7u x∗4 + γ 6x∗4

− 2 iγ 3u + 4 γ 6x∗2 − 2 γ 4u2x∗2 + 2 iγ 2

+ 2 iγ u − 2 γ 4x∗2 − 2 iu γ 3x∗2 − γ 4

+ γ 2u2 + 2 iγ 6x∗4 + 2

iγ 9u x∗6 + γ 2 − u2 − 2 i)

D1R4(γ, x∗) = −(γ 3x∗2 − γ + u)5

(iγ 6x∗4 − 2 iγ 4x∗2 + u γ 3x∗2 + iγ 2 − u γ + 1 − i)
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Fig. 6 Continuation of fixed point in (k, x)-space. The fold point (lp),
Neimark–Sacker point (ns) and period-doubling (pd) point

γ 3(7 γ 9x∗6 − 15 γ 7x∗4 + 5 γ 6u x∗4 + 9 γ 5x∗2

− 4 γ 4u x∗2 − γ 3x∗2 − γ 3 − γ 2u + γ + u)

D2R4 (γ, x∗) = 3 (−γ 12x∗8 − 4 iγ 4x∗2 + 4 γ 10x∗6 + 6 iγ 5u x∗2

− 6 γ 8x∗4 + γ 6u2x∗4 − 6 iγ 7u x∗4

+ γ 6x∗4 − 2 iγ 3u + 4 γ 6x∗2 − 2 γ 4u2x∗2 + 2 iγ 2

+ 2 iγ u − 2 γ 4x∗2 − 2 iu γ 3x∗2

− γ 4 + γ 2u2 + 2 iγ 6x∗4

+ 2 iγ 9u x∗6 + γ 2 − u2 − 2 i)(γ 6x∗4 − 2 γ 4x∗2 + γ 2 − 1)2

(iγ 6x∗4 − 2 iγ 4x∗2 − u γ 3x∗2 + iγ 2 + u γ − 1 − i)3

(γ 3x∗2 − γ − u)

The bifurcation scenario near the R4 point is determined by

A0 = − iCR4

|DR4 |
.


�

5 Numerical continuation

In this section, we perform a continuation method in order to
numerically illustrate the dynamical behavior of system (3)
by using the matlab package matcontm.

We consider two cases:
Case 1: We fix γ = 1.32, β = 1, ε = 0.7 and then vary k

as a free parameter. Phase portraits of system (3) for different
values of k are depicted in Fig. 2. When k varies as a free
parameter, the matcontm report is as follows:

label=PD, x=(-1.292804 -0.049974 5.859166),
normal form coefficient of PD=4.107218e+00,
label=NS, x=(-1.269509 -0.107168 2.514818),
normal form coefficient of NS=-1.716436e+00.

Fig. 7 Neimark–Sacker bifurcation curve consists of resonance 1:2
(r2), resonance 1:3 (r3) points

By Theorem 3, the fixed point E∗ has period-doubling
bifurcations in which period-doubling point is detected as a
pd. By Theorem 4, the fixed point E∗ has Neimark–Sacker
bifurcations andNeimark–Sacker detected asns. See Fig. 3a.

Bifurcation curves for two control parameters k and ε and
keeping γ = 1.32, β = 1 fixed are presented in Figs. 3b
and 4. pd curve of the first iterate consisting of r2 point is
presented in Fig. 3b, and thematcontm report is as follows:

label=R2,
x=(-1.287227 -0.063957 4.490942 0.572911),
normal form coefficient of R2:
[c,d]=3.737458e+00, -1.798414e+01.

Continuation of the Neimark–Sacker curve is presented
below, and the ns curve is plotted in Fig. 4:
label=R4,
x=(-1.087626 -0.449298 0.195028 1.253345 -0.000000),
normal form coefficient of R4:
A=-5.074101e-01+6.715665e-01i,
label=R3,
x=(-1.198018 -0.263155 0.752476 1.097495 -0.500000),
normal form coefficient of R3:
Re(c_{1})=-5.334834e-03,
label=CH,
x=(-1.202052 -0.255120 0.791989 1.080684 -0.510406),
normal form coefficient of CH=4.071841e+00,
label=CH,
x=(-1.219442 -0.219442 1.000000 1.000000 -0.550071),
normal form coefficient of CH=-2.826399e-07,
label=R2,
x=(-1.287227 -0.063957 4.490942 0.572911),
normal form coefficient of R2:
[c,d]=3.737458e+00,-1.798414e+01.

See Theorems 5, 6 and 7.
By selecting r3 point to start the continuation Neimark–

Sacker bifurcation curves of the third iterate are depicted in
Fig. 5 and matcontm report is as follows:
label=R1,
x=(-0.166447 0.876093 1.213314 1.331092 1.000000),
normal form coefficient of R1:s=1,
label=R2,
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x=(-0.155198 0.913682 1.210112 1.321448 -1.000000),
normal form coefficient of R2:
[c,d]=-1.432277e+03,3.689239e+01,
label=R3,
x=(-0.156869 0.905841 1.210583 1.324738 -0.500000),
normal form coefficient of R3:
Re(c_{1})=1.652629e-02,
label=R4,
x=(-0.159336 0.896925 1.211271 1.327411 -0.000000),
normal form coefficient of R4:
A=5.019181e-02-7.855733e-01i.

Case 2: We fix γ = 2.2, β = .5, ε = 0.7 and then vary k
as a free parameter, the matcontm report is
label=PD, x=(0.088608 0.192468 3.058207),
normal form coefficient of PD=5.207281e-03,
label=LP, x=(0.371683 0.635454 1.371749),
normal form coefficient of LP=-4.777712e+00,
label=NS, x=(0.652943 0.448438 2.571018),
normal form coefficient of NS=-1.104228e+01.

By Theorem 1, the fixed point E∗ has fold bifurcations in
which fold point is detected as a lp. By Theorem 3, the fixed

point E∗ has period-doubling bifurcation in which period-
doubling point is detected as a pd, and by Theorem 4, the
fixed point E∗ has Neimark–Sacker bifurcations detected as
ns. see Fig. 6.

Bifurcation curves for two control parameters k and ε are
presented in Fig. 7, and the matcontm report is as follows:

label=R2,
x=(0.730187 0.224601 5.477220 0.446706 -1.000000),
normal form coefficient of R2:
[c,d]=1.177514e+01,-6.499689e+01,
label=R3,
x=(0.588187 0.571752 1.903248 0.885721 -0.500000),
normal form coefficient of R3:
Re(c_{1})=-9.566540e-01.

Given that R3 = (0.5881870.5717521.9032480.885721−
0.500000) phase portraits of system (3) for k = 1.9, β =
0.5, ε = 0.88 and different values of γ are depicted in Fig. 8.
Curve of “Neutral Saddle” of the third iterate is presented in
Fig. 9.

Fig. 8 Phase portraits of (3) for
k = 1.9, β = 0.5, ε = 0.88. a
Attractor for γ = 2.2. b
resonance 1:3 bifurcation for
γ = 2.31. c Chaotic attractor for
γ = 2.33
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Fig. 9 Curve of “Neutral Saddle” of the third iterate

6 Conclusion

In thiswork,we studied theBVPdiscretemodel introduced in
[14]. The bifurcation conditions of this model along with the
computation of normal formcoefficients are done through the
reduction of the model to the center manifold. Then, with the
aid of the numerical continuation method, all of the bifurca-
tion curves of the model was drawn and the numerical results
confirmed our analysis results.
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