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Abstract

In this paper, we propose a technique to solve L R-bipolar fuzzy linear system(BFLS), L R-complex bipolar fuzzy linear
(CBFL) system with real coefficients and L R-complex bipolar fuzzy linear (CBFL) system with complex coefficients of
equations. Initially, we solve the L R-BFLS of equations using a pair of positive(x) and negative(e) of two n x n L R-real
linear systems by using mean values and left-right spread systems. We also provide the necessary and sufficient conditions
for the solution of L R-BFLS of equations. We illustrate the method by using some numerical examples of symmetric and
asymmetric L R-BFLS equations and obtain the strong and weak solutions to the systems. Further, we solve the L R-CBFL
system of equations with real coefficients and L R-CBFL system of equations with complex coefficients by pair of positive(x)
and negative(e) two n x n real and complex L R-bipolar fuzzy linear systems by using mean values and left-right spread
systems. Finally, we show the usage of technique to solve the current flow circuit which is represented by L R-CBFL system
with complex coefficients and obtain the unknown current in term of L R-bipolar fuzzy complex number.

Keywords L R-bipolar fuzzy linear system - L R-bipolar fuzzy number - L R-complex bipolar fuzzy linear system - L R-bipolar

fuzzy complex number

1 Introduction

The concepts of fuzzy sets were introduced by Zadeh (1965,
1971, 1975). Fuzzy set theory is a useful mathematical model
for computing the uncertainty and vagueness. Dubois and
Prade (1978) discussed the basic arithmetic operations of
fuzzy numbers. Zhang (1998) introduced the idea of the term
Yin and Yang which were based on double-sided or bipolar
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judgmental thinking on a positive and negative side. Zhang
(1994) introduced the concept of bipolar fuzzy set in 1994
and bipolar fuzzy number in 1996 which was the extension
of fuzzy set. Akram (2011) introduced the concept of bipolar
fuzzy graph in 2011. Alghamdi et al. (2018) considered the
multi-criteria decision-making techniques in bipolar fuzzy
environment. The term simultaneous linear equations play
vital role in different kinds of fields including mathemat-
ics, physics, networking, circuit analysis, economic model
and attribute decision making. Fuzzy linear system (FLS) is
a powerful tool to measure the fuzziness and uncertainty. In
many places, a bipolar fuzzy linear system (BFLS) is used for
linear optimization of system when system is represented in
bipolar form. Complex fuzzy linear system is specially used
in circuit analysis to measure unknown current in complex
form. First the solution of FLS was examined by Friedman
et al. (1998), and they used the embedding method to solve
the system. They used the technique in which n x n FLS of
equations whose coefficient matrix is a real number matrix
and right side column vector is fuzzy number vector con-
taining parameter r is replaced by 2n x 2n real linear system.
Abbasbandy and Alavi (2005) also used another method to
solve n x n FLS of equations for which coefficient matrix
is a real number matrix and right side column vector is
fuzzy number vector containing parameter r. They used a
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procedure in which n x n FLS of equations is replaced by
two n x n real linear systems. Allahviranloo (2019) pro-
posed different methods to solve uncertain linear system of
equations. Some numerical techniques, to solve FLS of equa-
tions, for example, Jacobi, Gauss-Seidel, SOR iterative and
steepest descent method, are given in Allahviranloo (2005a,
2004, 2005b) and Abbasbandy and Jafarian (2006). Some
other numerical techniques are proposed by Akram et al.
(2019b,c,d) to solve BFLS equations, fully bipolar fuzzy
linear system FBFLS of equations and linear system of equa-
tions in m-polar fuzzy environment. In many cases, general
fuzzy linear system having unknown parameter in terms of
parametric form of fuzzy number containing parameter r and
to solve this system the system was extended into real linear
system. It is not an easy task to solve the extended fuzzy lin-
ear system containing parameter 7, 0 < r < 1, which makes
their calculation inconvenient in some sense. To make the
multiplication easy, Dubois and Prade (1978) introduced the
concept of LR fuzzy number. Dehghan et al. (2007) proposed
amethod to solve the fully fuzzy linear system A% = bwhose
coefficients matrix and right-side vector are L R fuzzy num-
bers. Allahviranloo et al. (2013) also discussed a method to
solve LR fuzzy linear systems based on a 1-level expansion.
The concept of fuzzy complex set and fuzzy complex num-
ber was introduced by Buckley (1989). Rahgooy et al. (2009)
studied the n x n complex fuzzy linear systems with complex
coefficients and proposed a method to solve complex fuzzy
linear system; it was applied on problem of circuit analysis
(CA) to find the current in terms of complex fuzzy num-
ber. Jahantigh et al. (2010) studied the n x n complex fuzzy
linear system and discussed the general technique to solve
the system. Behera and Chakraverty (2012) also proposed
a numerical method to solve FLS of equations and CFLS
system with complex coefficients by using fuzzy center and
width. Ghanbari et al. (2020) discussed the graph of gener-
alized fuzzy complex number and find algebraic and general
solutions of rectangular fuzzy complex linear system.

In this article, we present a technique to solve n x n LR-
BFLS of equations, L R-CBFL system with real coefficients
and L R-CBFL system with complex coefficients for which
coefficient matrix is a real and complex number and right-
hand side column vector is L R-bipolar fuzzy number (BFN)
and LR-bipolar fuzzy complex number (BFCN), respec-
tively. Initially, we propose a method to solve LR-BFLS
of equations we replace n x n LR-BFLS of equations by
pair of positive(x) and negative(e) of n x n LR-real lin-
ear system and then solve the system by using mean value
and left-right spread system which are free from param-
eters r and s. Some numerical examples are also discuss
to describe the efficiency of the technique. In the next sec-
tion, we discuss the solution of two different systems: one is
L R-CBFL system with real coefficients and the other is L R-
CBFL system with complex coefficients. First, we propose
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a method to solve L R-CBFL system with real coefficients
we replace n x n L R-CBFL system with real coefficients
by pair of real and imaginary parts of n x n LR-BFLS of
equation and then solve this system by using mean value and
left-right spread system. Further, we extent the technique of
Guo and Zhang (2016) to solve the L R-CBFL system with
complex coefficients in which coefficient matrix is complex
number and right side column vector is a L R-BFCN. In this
method, we can replace n x n L R-CBFL system with com-
plex coefficients by pair of positive(x) and negative(e) of
two 2n x 2n mean value system and 4n x 4n left-right spread
system. We utilize the current flow circuit system given in
Rahgooy et al. (2009) which is represented by L R-CBFL
system with complex coefficients to find unknown current in
the circuit in terms of L R-BFCN. In many real life problems,
we deal with uncertainty of two kinds, one for the positiv-
ity and other for the negativity. Bipolar fuzzy numbers and
more generally bipolar fuzzy system of linear equations are
used to handle such problems. In present paper, L R-bipolar
fuzzy systems of linear equations and bipolar fuzzy complex
system are studied. The study of L R-bipolar fuzzy systems
deal the problems that have uncertainty of two faces: cer-
tain property and its counter property. In addition, parametric
BFN and BFCN, containing parameters r and s are replaced
by LR-BFN and L R-BFCN for efficient mathematical cal-
culations. For other notions and applications, readers are
referred to Akram et al. (2021, 2020a, b), Koam et al. (2020),
Saqib et al. (2020a,b), Akram et al. (2019a), Allahviran-
loo et al. (2008, 2014), Amirfakhrian (2012), Amirfakhrian
etal. (2018), Ezzati (2011), Fariborzi Araghi and Fallahzadeh
(2013), Moloudzadeh et al. (2013), Zheng and Wang (2006)
and Rao et al. (2020a,b).

2 Preliminaries

In this section, we describe some basic definitions like
L R-bipolar fuzzy number (BFN), L R-bipolar fuzzy linear
system, L R-bipolar fuzzy complex number (BFCN) and L R-
complex bipolar fuzzy linear (CBFL) system of equations.

Definition 1 Abbasbandy and Alavi (2005) A fuzzy number
is a fuzzy set v : i — [0, 1] which satisfies:

1. v is upper semi continuous.

2. v(x) = 0 outside some interval [a,d].

3. There are real numbers b, ¢ : a < b < ¢ < d for which
(a) v(x) is monotonic non-decreasing on [a,b],
(b) v is monotonic non-increasing on [c,d],
c©)vix)=1,b<x<c.
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The membership function v(x) can be represented as:

0, ifx <a,
h(x), ifa<x<b,

v(x) =11, ifb<x<ec,
gx), ifc<x<d,
0, if x >d,

where /4 (x) is non-decreasing function, called left member-
ship function, and g(x) is non-increasing function, called the
right membership function.

The set of all fuzzy numbers on 9t is denoted by E!.

Definition 2 Guo and Zhang (2016) A fuzzy number H is
saidtobe a L R fuzzy number if there are real numbers i, p >
0 and v > O such that

L(ll;—"> ifx<h, u>0,

R(=E), ifx=h, v>0,

v

of(x) = {

where &, p and v are called the mean value and left and right
spreads of H, respectively.
The LR fuzzy number can also be represented as

H = (h, 1, v) Lk

A real number a can be denoted by a = (a, 0, 0) g

Let L and R both be decreasing functions from positive
real numbers i to the interval [0,1] such that the following
conditions:

1. L(x) < 1,forx > 0,
2. L(x) >0, forx <1,
3. LO)=1,L1)=0.

If the two functions L and R are in the form

1—x, if0<x<1,
T(x)=

0, Otherwise,
then the L R fuzzy number is called triangular fuzzy number.
H = (h, p, v)Lr is called symmetric fuzzy number if and
only if u = v.

Clearly, two LR fuzzy numbers H = (h, u,v)Lr and
G = (g, &, V)L are said to be equal if and only if & = g,
u = @ and v = v. Also, H= (h, i, v) g is called positive
(negative) if and only if 2 — . > O(h + v < 0).

Definition 3 Guo and Zhang (2016) For arbitrary two LR
fuzzy numbers H= (h, u, v)Lr and G = (g,a,B)rLr and
c is arbitrary scalar number, we define addition, subtraction,
product and scalar multiplication by ¢ as follows:

(i) Addition:

Ho®G = (h,u,v)Lr ® (g, o, B)LR,
=(h+g u+a,v+BLr,

(ii) Subtraction:
H—G=(h,jt,v)Lg — (g, o, BLR,
=th—-—g,u—PB,v—0a)LR,

(iii) Multiplication: _
IfH > 0and G > 0, then

H®G = (h, 1, v)Lr ® (g, @, B LR,
= (hg, ha + g, hB + gv) LR,

(iv) Scalar multiplication:

c®H=c® (h, 1, )R,
- {(ch, Cl, CV)LR, c>0,

(ch, —cv, —cu)rr, c¢<0.

Definition 4 Akram and Arshad (2019) A bipolar fuzzy num-
ber (BFN)

§ =< M, N === [my,mp, m3, mal, [n1, n2, n3, na] >
is a bipolar fuzzy set of the mapping o : R — [0, 1] x

[—1, 0], with satisfaction degree oj; and dissatisfaction
degree o such that:

aﬁ(/c), if « € [my, my],
)L if K € [mo, m3],
oK) = 015[(/(), if k € [m3, my],
0, otherwise,
aAL,(K), if « € [ng,na],
)L if k € [n2, n3l,
onlie) = oR). ifk e [n3.nal,
0, otherwise,
and

opp () < [mi, ma] — [0, 11, oi () = [m3, ma] — [0, 1],
ox ) s [n1,na] = [=1,01, o () : [n3, na] — [—1,0],
where o 1\61 (k) and o 16 («) represent the left membership func-
tions for o7 (k) and oy (k), respectively. Similarly, 0’151 (x)

and af\f («) represent right membership functions for o7 («)
and oy (r), respectively.
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A BFN in a parametric form is given as h =< [h*(r),
1" ()], [1*(s), 1" (5)] > of the mappings 1*(r), 1" (). h*(s)
and E.(s) where 0 <r <1, —1 < s < 0. A bipolar fuzzy
number in parametric form always contains some parameters
named r and s which create some difficulties to solve bipolar
fuzzy systems. For the alleviation of this problem, we have
introduced new class of bipolar fuzzy number which is called
L R-bipolar fuzzy number in this form parameters r and s are
eliminated.

Definition5 A bipolar fuzzy number H is said to be
a LR-bipolar fuzzy number of the form H =< [h*
wivEILR, [h®, ), v 1L R >, where h*, h® are real numbers
and pf, u7 > 0and v, v? > 0 such that

roYr

L (hL:K), if K < b, pf >0,

oK) = L
" R(K_h>, if k> h*, vF > 0,

¥
Vr

where h*, ;' and v are called the mean value and left and
right spreads of positive side of H, respectively. Also L and
R both are decreasing functions from positive real numbers
RT to the interval [0,1] such that the following conditions
hold:

(1) L(k) < 1,fork > 0,
(2) L(k) >0, forx <1,
(3) L(O)=1,L()=0.

and,

L(B25), itk <kt 1 >0,

Ofje (k) = R(K—h.)’ if k >h®, v? >0,

where h®, 7 and v} are called the mean value and left and
right spreads of negative side of H, respectively. Also, L and
R both are decreasing functions from positive real numbers
R to the interval [—1, 0] such that the following conditions
hold:

(1) L(k) > —1,forx <0,
) L(k) <0, fork > —1,
(3) LO)=—-1,L(1)=0.

If the two functions L and R for the positive(x) part are in
the form,

11—k, f0<k <1,

T() = .
0, Otherwise.
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for the negative(e) part

—1—x«, if —1<k<0,
T ()= .

0, Otherwise,
then the L R-bipolar fuzzy number (BFN) is called triangular
L R-bipolar fuzzy number.

H =< [*, ), vilLR, [h®, up, v 1R > is called sym-
metric L R-bipolar fuzzy number if and only if ©; = v and
uy =v'. _

Forexample, H =< [A*, u}, v¥ILr, [h®, 1}, v LR >=<
[7,2,3]1Lr, [5,3,2]Lr > is LR-bipolar triangular fuzzy
number and G =< g%, of, B LR, 8% ., BPlLr »==<
[5,2,2]pr, [1,2,2]g > is a symmetric L R-bipolar trian-
gular fuzzy number.

Definition 6 For arbitrary two L R-bipolar fuzzy numbers
H =< (A", ', vE]LR, [h®, u], v ILr > and G =<
g% of, BF1Lr. [8% f, BPlLr > and c is arbitrary scalar
number, we define addition, subtraction, product and scalar
multiplication by c as follows:

(i) Addition:

He&G =< [h* uf, viler, [h* uf, v leg >
® < [g% of, BFILr, [8°. &, B 1LR >,

=< [h*+g" u +of v+ Birr,

[h* 4+ g°, uf + o, v + BlLr >,

(i) Subtraction:

H-G

< [I*, i vi1LR, [h®, ul v LR >
— < [g% o, B LR, 8% . BP1LR >
=<[h"—g* u — B vi —af R,
[ —g® u] — B v — o/ lLr >,

(iii) Multiplication:
IfH > 0and G > 0, then

H®G =< [1*, 1}, v LR, [h® uf v2 LR >
® < [g% af, BFILr. [8°. o, BY1LR >,
= < [g* hraf + gl hB + g7 Lk,
[h°g®, h*a] + g°uy, h*B + 8°v 1Lk >,

(iv) Scalar multiplication:

c®H = c® < [IW*, 1}, vk, [, 1f, vk >,

< [eh™, cpuf, eviILR, [ch®, cpuf, evy LR >,

11

< [ch*, —cv}, —cuflLr, [ch®, —cv?, —cuflLr >, ¢ <O0.
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Definition 7 Jha (2018) Let ¢ be a complex set. Then, the
fuzzy subset Z is called fuzzy complex set of ¢ is defined by
the membership function uz : ¢ — [0, 1].

Definition 8 Buckley (1989) A fuzzy complex number(FCN)
His a fuzzy complex set with its membership function
£(h|H) is a mapping £ : C — [0, 1], which may be rep-
resented as H = u + iv, where u = (u(r), u(r)) and
v=(v(r),v(r)),forall0 <r < 1.

Definition 9 Let ¢ be a complex set. Then, the bipolar fuzzy
subset Z is called bipolar fuzzy complex set of ¢ is defined
by the membership function uz : ¢ — [—1, 0] x [0, 1].

Definition 10 A bipolar fuzzy complex number (BFCN) H
is bipolar fuzzy complex set with its membership func-
tion £(h|I-I) is a mapping £ : C — [—1,0] x [0, 1],
which may be represented as H = u+ iv, where u =<
[w*(r), w* (r)], [u®(s), u®(s)] > and

v =< [v*(r), v (M], [L°(s), 7°(s)] >
forall0<r <land —-1<s <0.

Definition 11 For any two arbitrary BFCN 711 = u;+ivyand
ﬁz = up+ivy (Whereuy, us, v; and vy are BFN), the bipolar
fuzzy complex arithmetic for addition and multiplication is
given as:

(1) hl -I—hz = (u1 +u2) +i(v1 + v2),
(i) by xhy = {(u1 x uz) — (1 x v2)}+i{(us x v2)+ (v1 X
uz)}.

Definition 12 An L R-BFCN should be represented as h =
u + iv, where u =< [u*,uf, uf]LR, [u® u}, u}lLrR >
and v =< [v*, v/, vf]Lr, [v*, v}, v} ]Lr >. Further, i
can be written as < [u*,ul, wflpr, [u® Jup,uplpr >+
< [v*, vl, vilLR, [v°, v[‘,vr']LR >.

Definition 13 For any two arbitrary L R-BFCN Ry = +i7
and i, = ii» + iV (Where ii], i[>, 71 and ¥, are L R-BFCN),
the LR bipolar fuzzy complex arithmetic for addition and
multiplication is given as:

() 7y 4+ hy = (@) +2) + i (@1 + D),
(i) ch = cli +icV, ceM,
(iil) 711 x hy = {(@) x W2) —

(V1 x u2)}.

(V1 x 1)} +i{(uy x v2) +

Definition 14 Consider the n x n Linear system of equations
is given by:

hihy +lohy + -+ liphy = 21,
bihy +bohy + -+ byhy, = 20,

()
Lyhy + Lppho + - + linhy =z,

where the coefficient elements (/;), 1 < p,q < nis areal
matrix of order n X n and each z;,1 < g <nisa LR form
of bipolar fuzzy number and each unknown h,,1 < p <n
is also LR form of bipolar fuzzy number, is known as the
L R-bipolar fuzzy linear system of equations (L R-BFLS).

The LR-BFLS of equations given in (1) can be written in
matrix form as:

LH =17, )

we can rewrite the above-mentioned L R-BFLS of Eqgs. (2)
as follows:

L < [h* ' vier. [h®, n) v LR >
=< [z" o, BFlLr. [2% 0, BPILR > - (3)

We separate the positive(x) and negative(e) parts of Eq. (3)
to obtain two L R-real linear systems:

L(h*, uf,v)er = @, of , BO LR,
Lh®, up,virr = (2% o, BYLR- 4)

Definition 15 A L R-BFNs vector H = (hy, ha, ... .hp)T is
the form of H, =< [hy, qu, vy LR, [hY, ,ul'q, v LR >
where 1 < g < n is called the solution of LR-BFLS of
Eq. (1) if:

Zq 1lpghyg =2,
Zq:l lpqﬂlq = Ollp’
> g=1lpqViy = ﬁfp’
Zq 1lpghg =z},
> a=1 lpgiy, = Ollp’

n
Zq:l Ipq l)r.q = ﬁ;p

)

Definition 16 For any L R-BFLS LH = Z we define a
matrix A obtained from non-negative entries of L and defined
a matrix B obtained from absolute of the negative entries of
L. Then, L = A — B and we define LT = A + B.
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Definition 17 Abbasbandy and Alavi (2005) A square matrix
is known as permutation matrix in which each row and col-
umn contain exactly one unit element and all other entries in
each row and column are zero.

Definition 18 Abbasbandy and Alavi (2005) A matrix L is
known as absolutely permutation matrix if absolute of the
entries of matrix L, i.e., (L") is a permutation matrix.

Remark 1 L ! is an absolutely permutation matrix if L is an
absolutely permutation matrix and LLT = 1.

Theorem 1 Minc (1988) The inverse of non-negative matrix
L is non-negative if L is a permutation matrix.

3 Solution procedure for n x n LR-BFLS of
equations

To solve the L R-BFLS of equations in (1), first we separate
the positive(x) and negative(e) parts of system of equations
to get two n x n L R-real linear systems given as

LW, pwf v)r = @5 of, B LR, (6)
L(h®, uf, v)Lr = %, af, B LR @)

To solve positive part of LR-BFLS of equations L(h*, uj,
viOLr = (2%, af, B))Lr, Weresolve this system into two real
linear systems, one is n x n mean value system and other is
2n x 2n left-right spread system.

The n x n mean value system for the positive part of (1)
is given as:

111//11k + l]zhi + -+ l]nh:
lth + 122h§ +-- 4+ lznh:

Il
IS

0% =%

®)

ln]l’fi< + ln2h§ + o lhy =2

The matrix notation of system (8) is given as
% __ %
LH; =Z,,

where 1 < p,qg <n.

To solve left-right spread system of Eq. (1), we must solve
the 2n x 2n real linear system and where the right side column
is function vector (ofj, afy, ... 0k, Bl Bl oo BiDT.
Now rearrange the left-right spread system, so the unknown
parameters are ufq, vr*q, 1 < ¢ < n and column of right side
vector are

* * * * * x\T
(@1 0 @ Bl Bl B
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We get first 2n x 2n left-right spread system of positive(x)

part of L R-BFLS of equations,

tipfy +tepfy + - g, + a1 (V) + g2 (=)
+e o (=) = o,

tnll/«?{l + thM?z +ot tnnl/«?{n + tn,n+1(_V;k1) + tn,n+2(_‘);{2)
ot (=) = ap,.

ln+1,ll'L[*] + tn+l,2ﬂ72 +- ln+l,nﬂ;kn + It 1n+1 (_V;kl)
+tn+1,n+2(_v;k2) +- 1t tn+1,2n(_vfn) = ﬂ;kl’

bn A1y w2ty + o n A, F nar1 (V) + a2
(_V;FZ) +---+ t2n,2n(_vjn) = /3:"7
where [, are determined as follows:

lpg 2 0= 1pg =lpg: tptngin =lpg.
lpg <0 =1ty qtn = =lpg: tptng = —lpg- (€))

where 1 < p,q < 2n and any ¢, which is not determined
from Eq. (9) is zero.
Using the matrix notation, we obtain

M(uf. vi) = (e, B, (10)

where M = 1,4, 1 < p,q <2n

* * * * T
s Mpys Ve Vias oo, V) and

T
s Bt By )

(s Ko - -

* *
(a7, oy, ..

We can also write the matrix form of Eq. (10) as:

A —B wi\ _ (o
GG o

In the similar way we can take the negative(e) part of the
L R-BFLS of equations given in (1).
To solve the negative part of LR-BFLS of equation
L, i,
vILr = (2% a7, B7) LR, we resolve this system into two
real linear systems, one is n x n mean value system and
other is 2n x 2n left-right spread system for negative part.
The n x n mean value system for the negative part of (1)
is given as:

lithy +lighs + -+ liyhy, =125,
121/’1; + 122/’15 + oo+ Duhy,

12)

Inthy + LiohS + - - + Linhy, = z5,.
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The matrix notation of system (12) is given as
LH; =Z},

where | < p,qg <n.

To solve negative part of left-right spread system of
Eq. (1), we must solve the 2n x 2n real linear sys-
tem and where the right side column is function vector
@, oy, g, Bl

s * )T Now rearrange the left-right spread system,
so the unknown parameters are ,u;q, ve .1 < g < nand

rq’
column of right side vector are

T
(@) 0oy B B B

We get first 2n x 2n left-right spread system of negative(e)
part of L R-BFLS of equations,

tipg +teppy + -+ tapg, a1 (V) + a2 (=)
+-+ ll,Zn(_Vr.y,) = a/’p

tnlllq.l + thMl‘z +o tnnl/«].n + tn,n+1(*V:1) + tn,n+2(*"'r‘2)
+---+ ln,Zn(_V;n) = al.n’

tn+l,1//v[.1 + tn+l4,2/'4[.2 +--+ zn+1,nll[.,, + g1 n+1 (=07
+tn+l,n+2(_vr’2) +- 4+ tn+l,2n(_vr.n) = /3:1»

t2n,],uf/.1 + [2n,2/1«[.2 +-- 4+ t211,nM/.n + n.n+1 (_v:]) + ton,n+2
(_V:z) + -+ t2n,2n(_vr.n) = ﬂ;m
where [, are determined as follows:

lpg 20 == tpg = lpg: tp+ng+n = lpg,
lpg <0 == tpgin = ~lpg: tptng = ~lpg; (13)

where 1 < p,q < 2n and any ¢, which is not determined

from Eq. (13) is zero.
Using the matrix notation, we obtain

Mg, vi) = (a7, B, (14)

where M = 1,4, 1 < p,q <2n

° ° ° o \T
S Vi Vs ooy Vo) and

° . ° o \T
-aalnv ﬂrlv ﬁr27~-'aﬂrn) .

(Ml.p llvl.z, S

L] L]
(CHR I

We can also write the matrix form of Eq. (14) as:

(5 ) (D) =) 0

To find the solution of LR-BFLS of Eq. (1), we can find
the solution of Egs. (8), (11), (12) and (15) by using matrix
inverse method.

Theorem 2 For any arbitrary LR bipolar fuzzy vector Z the
unique solution H is a LR bipolar fuzzy vector of LR-BFLS

of equations in (1) if and only if the matrix M= ( _2 _i )

and matrix L is non-singular, the necessary and sufficient
condition that the matrices (A + B)™' and (A — B)™! exist.

Example 1 Consider the 2 x 2 non-symmetric L R-BFLS of
equations

i —ha
ﬁl + 3%2

< [15 17 l]LRa [_27 27 2]LR >,
<[5, 1,2]cr. [4,2,3]r > .

To solve the above L R-BFLS equation first we put 71} =
< [th M;kl’ v;kl]LR’ [th H’[’lv V;l]LR > and h2 =< [h§7
whs vi51LR, [h3, 17y, v, 1R > in original system and get,

< [T, iy vAIer, [RY, 1y v LR >
= <[5, 12, VSILR [h3, wos v LR >
=< [1,1, g, [-2,2,2]Lr >,

< [hY, iy vATLR, [RY, 1y v LR >
+3 <[5, 1. v IR, [hS, ]y, vHILR >
=< [5, 1, Z]LR, [4, 2, 3]LR > .

To solve the L R-BFLS of equation in (1), first we take the
positive(x) part of the system (1) given as:

(hT7 M;k]s v:l)LR - (hga I’L;Es V:Z)LR = (17 11 1)LR1
(WY gy vEDLR + 35wy, v er = (5,1, 2) LR

To solve this positive part of L R-BFLS of equations we can
express this system into two systems, one is mean value sys-
tem and other is left-right spread system.

The mean value system for positive part is given as:

WE—h% =1,
i+ 3h% =5,

by solving above equations, we have 7] = 2 and hj = 1.
Now the extended 4 x 4 form of positive part of left-right
spread is given as:

L(ufy) +0(ufy) +0(wf) +1(vf) =1,
L) + 3(ufy) + 00 +0(v)) =1,
0(“71) + I(M;ﬁz) + I(V:ﬁl) + O(ij) =1,
0(17y) + 0(kpn) + 1)) +3(v5) = 2.
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The matrix form of the above-mentioned system is

100 1\ [uf 1
1300wyl |1
ot 1oflv |||
0013/ \v 2

this can also be written as:
M(uf,v)) = (af, B),

and the solution of above-mentioned system is,

1 1.1250 —0.1250  0.3750 —0.3750
wh | | —03750 03750 —0.1250  0.1250
v | T | 03750 —03750 11250 —0.1250
v —0.1250  0.1250 —0.3750  0.3750
1
1
1

2

wl = 0.6250, = 0.1250,

V¥ = 0.8750, v = 0.3750.

Similarly, we can take the negative(e) part of the system
(1) given as:

(hY, wfy, viDLr — (B3, wp, v R = (=2, 2, 2) 1R,
(hS, mp, viDLr +3(h5, uh, vi)Lr = (4,2, 3) L.

To solve this negative part of LR-BFLS of equations we
can express this system into two systems, one is mean value
system and other is left-right spread system.

The mean value system for negative part is given as:

B - hy = 2.
1+3n3 =4,

. . o _ —1 o 3
by solving above equations, we have h] = - and h3 = 5.

Now the extended 4 x 4 form of negative part of left-right
spread is given as:

L(u7) +0(u) + 0w + 1(v7,) =2,
L(ug) + 3(u) +0002) +0(v)) =2,
O(upy) + 1) + 107 +0(v7,) = 2,
O(ury) +0(ufn) + 17 +3(vh) = 3.

The matrix form of the above-mentioned system is
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100 1\ [ 2
1300]|luy| |2
ot to]lv T 2]
0013/ \v, 3

this can also be written as:
M(ug,v?) = (af, B?),

and the solution of above system is,

uy 1.1250 —0.1250  0.3750 —0.3750
up | | —0.3750  0.3750 —0.1250  0.1250
v 0.3750 —0.3750 1.1250 —0.1250
v —0.1250  0.1250 —0.3750  0.3750
2

2

2

3

wup = 1.6250,  uj, = 0.1250,

ve = 1.8750, v, = 0.3750.

Hence, the solution of L R-BFLS of equation in (1) is given
as:

hy =< [h], ufy, viler, (RS, up, v ek >

—1
==<[2,0.625,0.875] &, [7, 1.6250, 1.87501| >,
LR

hy =< [R5, uh, vi1eR, [hS. mhhs viHlLr >

3
==<[1,0.1250, 0.3750] g, I:E 0.1250, 0.3750:| > .
LR

Example 2 Consider the 2 x 2 symmetric L R-BFLS of equa-
tions

i —ho
ﬁl + 3}72

< [1,1,1]zr, (2,3, 3R >,
< [6, 2, 2]LR» [—2,7,7]LR > .

To solve the above LR-BFLS of equations first we put
hy =< [hy, ufy viler, hY, wpps viler > and hy =<
(A3, 1)y, v 1LR, [hS, 145, v 1R > in original system and
get,

< [hF, wiys Vi Iers TS, mgy, v Ier >
— < [h3, Mfzv volir, [h3, Kias VirlLR >
=< [1,1, g, [2,3,3]Lr >,

< [hF, ity Vi Iers TS, mgy, v Ier >
+3 < [h3, 735 Vo lLrs [hS, whh, vHILR >
=< 1[6,2,21r, [-2,7, TlLR > .
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To solve the L R-BFLS of equations in (2), first we take the
positive(x) part of the system (2) given as:

(Y, iy viDer — (B, s, vi)er = (1, 1, D g,
(hY, iy, viDLr + 35, )y, vi)Lr = (6,2,2) k.

To solve this positive part of L R-BFLS of equation we can
restructure this system into two systems, one is mean value
system and other is left-right spread system.

The mean value system for positive part is given as:

hE—h3 =1,
£ 43h% =6,

by solving above equations, we have h} = % and 1% = %.
Now the extended 4 x 4 form of positive part of left-right
spread is given as:

L(pufp) +0(up) +0(vr)) + 1(v)5) = 1,
1(ufy) +3(upn) + 07 + 0(vs) = 2,
0(ujy) + L(upy) + 1) +0(v5y) =1,
0(1u))) + 0(ify) + 1)) +3(v)) = 2.

The matrix form of the above-mentioned system is

100 1\ [/uf 1
1300|[unl| |2
ot tofllv|T|1]
00 13)\v 2

this can also be written as:
M), v)) = (of, B,

and the solution of above system is,

7 1.1250 —0.1250  0.3750 —0.3750
wy | | —0.3750  0.3750 —0.1250  0.1250
v - 0.3750 —0.3750 1.1250 —0.1250
v, —0.1250  0.1250 —-0.3750  0.3750
1
2
1
2
uf =05, puj=0.5,
V5 =05, v =05

Similarly, we can take the negative(e) part of the system (2)
given as:

(th Ml.l’ v;l)LR - (hE’ /Vl‘l.27 U;2)LR = (21 37 3)LR7

(hI9 Ml’lv U:])LR + 3(]1;’ H‘]’Zr V;Z)LR = (_27 7’ 7)LR'

To solve this negative part of L R-BFLS of equations given
in (2) we can restructure this system into two systems, one
is mean value system and other is left-right spread system.
The mean value system for negative part is given as:

hS —hS =2,
h$ +3h% = —2,

by solving above equations, we have h} = 1 and h5 = —1.
Now the extended 4 x 4 form of negative part of left-right
spread is given as:

L(f) +0(ufy) +008) + 1(vh) =3,
1(d)) + 3(udy) +0(08) +0(v%) =7,
0(if) + 1(uugy) + 1(vp)) 4+ 0(v) = 3,
O(uf)) + 0(1ufy) + L(vey) +3(v5) =17.

The matrix form of the above-mentioned system is

100 1\ [u 3
13o00|luyl| |7
ot toflv T3]
0013/ \v, 7

this can also be written as:
M(up, v = (af, B7),

and the solution of above system is,

W 1.1250 —0.1250  0.3750 —0.3750
up | | —0.3750  0.3750 —0.1250  0.1250
v | 0.3750 —0.3750  1.1250 —0.1250
v —0.1250  0.1250 —0.3750  0.3750
3
7
3
7
mip =1, np =2,
vy =1, v, =2

Hence, the solution of L R-BFLS of equation in (2) is sym-
metric given as:

hl =< [th :u/;kls V:(I]LR’ [hIs Ml.lv V;]]LR >
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9
=< [—,0.5,0.5i| 1,1, 10k >,
4 LR
hy = < [hév M;kza V;kz]LRa [h§, I’L].2s Vr.z]LR >

5
- [-,0.5, 0.5} =1,2,21k > .
4 LR

3.1 Weak LR-Bipolar Fuzzy Solution

We restrict our discussion to L R-bipolar fuzzy triangular
number, i.e., if 1, =< [h}, uj,, vy lLr, hy, w1, vi LR >
is the unique solution of (1) such that u;‘p > 0, > 0,
,u;p > Oandv,'p > Othen’, =< [h;, ,u;"p, v;"p]LR, [h;,, ,ul'p,
vr'p] LR > is called the strong L R-bipolar fuzzy solution of
(1). Meanwhile, if one of them from ,u;‘p, v;kp, H’l.p’ vr'p be
negative, then is said to be a weak L R-bipolar fuzzy solution
of system (1) so the strong solution is given as:

*
Urp

(R 17 Vi) LR, i, >0, v, >0,

ﬁ’* _ (h;’ 07 max{_ﬂ?},a vjp})LR’ M;kp < 0’ U;kp > 0’
! (hy, max{uy,, —vi b O)Lr, ), >0, v, <0,
(h%, —=viy, —I],)LR, 1y, <0, v, <0,

(h%s 1]ys VLR, ny, >0, vy, >0,

e _ (h%, 0, max{—pu7,. v, DLr. nj, <0, v, >0,
7| @ maxipg, —v3,) Ocke uf, >0, vy, <0,
(h%. =y —H],)LR- up, <0, v, <0,

where p =1,2,3,...,n.

Example 3 Consider the 2 x 2 symmetric L R-BFLS of equa-
tions

hy —hy = < [=3,2, 2]k, [=5, 1, 1Lk >,
hy —2hy = < [7,5,51Lr. (12,5, 510k > -

To solve the above LR-BFLS of equations first we put

hy =< [h7, s v eR, [hy mups v ler > and hy =<
(A3, 1)y, VIR, [hS, 145, v 1R > in original system and
get,

< [, ity v lers ThS, gy, v Ier >
— < (15, wip, v lers Th3, 147a, Vo 1R >
==<[-3,2,2]pr, [-5,1, 1R >,

< [h7, M;F]» valLrs [hY, I vilLr >
=2 < [h3, wp. v lirs S, 1ufa, v LR >
=< [7, 5, S]LRv [12, 5, S]LR > .

To solve the L R-BFLS of equation in (3), first we take the
positive(x) part of the system (3) given as:

(hT’ M?]s v;kl)LR - (hzv M;kz: U;kz)LR = (_3’ 27 Z)LR’
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(hT’ M;k]a v;-kl)LR - 2(]1;7 I‘LEKZa v;kZ)LR = (77 5’ S)LR'

To solve this positive part of LR-BFLS of equations we
can divide this system into two systems, one is mean value
system and other is left-right spread system.

The mean value system for positive part is given as:

hi —h% = =3,

hY —2h3 =1,

by solving above mentioned equations, we have hf = —13
and 75 = —10. Now the extended 4 x 4 form of positive part

of left-right spread is given as:

L) +0(ufy) + 0vf) + 10v7) =2,
1l + 0(uh) +0(v%) +2(v)) = 5,
0(uf) + 1) + 1) + 0(vfy) =2,
0(ufy) +2(uh) + 10 + 0(vy) = 5.

The matrix form of the above-mentioned system is

100 1Y\ [uf 2
1too2|luyl| |5
ot tollv | 2]
0210/ \v 5

this can also be written as:
M(uj, vi) = (o, B)),

and the solution of above system is,

1 2 -1 0 0\ /2
*

ol 0o 0o -1 15
v 0 0 2 -1]]2
vk -1 1 0 0/)\5
H’;klz 15 /'L;kz_3a

vi=-1 v,p=

Similarly, we can take the negative(e) part of the system (3)
given as:

(hI’ /"l'l.lv U;])LR - (h§7 :ul.z’ v;2)LR = (_5’ 11 1)LR7

(RS, ufy viDLR — 2(h5, 1), vih)Lr = (12,5,5) k.

To solve this negative part we can divide this system into
two systems, one is mean value system and other is left-right

spread system.
The mean value system for negative part is given as:

Y —h$ = -5,
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Y —2h% =12,

by solving above equations, we have h] = —22 and h3 =
—17. Now the extended 4 x 4 form of negative part of left-
right spread is given as:

L(up) +0(uf) +0(vs) + L(vs) = 1,
(g +0(up) + 0w +2(v,) =5,
0(uf) + 1(upy) + 1) +0(v%) =1,
0(f)) +2(ify) + 17 +0(v3) = 5.

The matrix form of the above-mentioned system is

100 1\ [/up 1
1too2|luyl| |5
ot 1roffle T |1]
0210/ \v, 5

this can also be written as:
M(up, v = (af, B7),

and the solution of above system is,

1, 2 -1 0 0\ /1
ph|_| 0 0 -1 1]f5s
Ve 0 0 2 1)1
ve, -1 1 0 0)\5
uh=-=3, up=4
V;IZ—S, v;2=4

Hence, the solution of L R-BFLS of equations in (3) is sym-
metric given as:

hy = < [h], ufy, v IR, [hY. mpys v o >
=< [—13, —1, —I]LR, [—22, —3, _3]LR >,

E2 =< [hzv H;kzs V;kz]LRa [hE, I’L].2s V;Z]LR >
=< [—10, 3, 3]LR; [—17, 4, 4]LR > .

It is clear to see the L R-bipolar fuzzy solution that uj; < 0,
v < 0, u7; < 0and v? < 0, so that L R-bipolar fuzzy
solution is a weak solution and now solution is given as:

hy = < [h], ufy, v IeR, [hY. mys v e >
=< [_137 15 1]LR7 [_225 37 3]LR >,

ﬁ2 =< [hzv ,U,;kz, v;kz]LRs [h§7 I’L].2s V;Z]LR >
= < [—10,3,3].r, [-17,4,4]Lr > .

4 Solution to LR complex bipolar fuzzy linear
system

In this section, we develop two different methods to solve
L R-CBFL system with real coefficients and L R-CBFL sys-
tem with complex coefficients in which unknown parameter,
right side vector are L R-BFCN and coefficients of unknown
are real and complex number, respectively. In the first
method, we suggest a technique to solve L R-CBFL system
with real coefficients. First we compare real and imaginary
parts of equation to get two L R-BFLS of equations and then
solve these L R-BFLS of equations by using mean value and
left-right spread linear systems. Guo and Zhang (2016) sug-
gested a method to solve n x n L R-complex fuzzy linear
system with complex coefficients in which coefficient matrix
is a complex number matrix and unknown and right side vec-
tor are L R-complex fuzzy number. In the next method we
extent the Xiaobin and Zhang technique to solve L R-CBFL
system with complex coefficients in bipolar fuzzy environ-
ment. To solve the system we can replace n x n L R-CBFL
system with complex coefficients by pair of positive(x) and
negative(e) of two 2n x 2n mean value system and 4n x 4n
left-right spread system. We use this technique to solve the
example of circuit flow and find the current which is calcu-
lated in terms of L R-BFCN.

Definition 19 Consider the n x n system of linear equations,

Lihy +lohy + -+ Liphy =21,
lathy +lpnhy + -+ + byhy, = 22,

(16)
lnlhl +ln2h2+"'+lnnhn = Zn,

is the L R-complex bipolar fuzzy linear (CBFL) system of
equation with real coefficients, if all the coefficient elements
Ipg» 1 < p,q < nis areal number matrix of order n x n
and each Z,, 1 < g < nisa LR-BFCN, and each unknown
parameter i, 1 < p < nisalso LR-BFCN.

The CBFL system in (16) can be written in matrix form
as:

~

LH =7, (17)
where H and Z are L R-BFCN.

We can rewrite the above L R-CBFL system(17) as fol-
lows:
L(U+iV)=E+iF, (18)

where each 5, ‘7, E and F are L R-BFN.
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If we compare the real and imaginary part of the given
equation, then we obtain two L R-bipolar fuzzy linear sys-
tems given as:

~ ~

LU = LV =F. (19)
Definition 20 A LR-BFCNs vector H = (hy, ha, ....J)"
is the form of H, =< [u 2, ufq, u:‘q]LR [ug, ulq, ur LR >
+i < [vq, v[q, v,q]LR, [vq, v,q, v,q]LR = uq+zvq,where
1 < g < nis called the L R-bipolar fuzzy complex solution
of L R-CBFL System of equations in (18) and (19) if,
ﬁl:(ﬁlagza"-vﬁn)a 2(51562,---,?);1)7

are the L R-bipolar fuzzy solution of L R-bipolar fuzzy linear
system in (19), respectively, if

~

LU =E, LV =F, (20)

and this solution vector also satisfied the system (16) given
as:

n * %
Zq 1lpguy =€,
n %
D= llpquzq = Cps

_ %
Zq:l lpgurg = erps Q1)
Zﬂ l ° — ,®
g=1tpgttq = €p>
n () — ,®
Zq:l quulq - elp’
n ° __ e
Zq:l ll’qurq =Crp-
n * _ *
g=1lpgvg =15
n * _ *
Zq 1lpqvlq = flp’
ZZ 1 Lpq V7, rq = r*;a’
: (22)
Ya=1lpgvy =17
n ° _ °
2 g=1 lpgviy = 1y
n ° _ °
Zq:l qu Vrg = Jrp-

4.1 Solution procedure to n x n LR-CBFL system
with real coefficients

To solve the L R-CBFL system of equation with real coeffi-
cients in (16), first we should compare the real and imaginary
part of system of equatlons togettwon xn LR- -bipolar fuzzy
linear (BFL) systems LU=FEandLV = F.

_To solve real part of LR-CBFL system of equation, i.e.,
LU = E, first we should separate the positive(x) and
negative(e) part of system of equations to get two n X n
L R-real linear systems given as

L, uf,uf) g = (e*, ¢/, ef)Lr, (23)

Lu®,uj,u)Lr = (e®, ¢, e})LR. (24)
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To solve LR-real linear system L(u*, uj, uf) g = (e*, e,
e’) L r, we resolve this system into two systems, one is n X n
mean value system and other is 2n x 2n left-right spread
system.

The n x n mean value system for the positive part of
LU =E is given as:

Iyul +housy + - -+ ljuy, = ef,
byut +lous + -+ + bau, =5,

(25)
Lnqut + Lpul + - - - + Lju) =ej.

The matrix notation of system (25) is given as
k ok
LU; = E),

where | < p,qg <n.
To solve left-right spread system of equation LU = E, we
must solve the 2n x 2n real linear system and where the right

side column is function vector (e}, e}, . . . ,
e* )T
rn

e, ek, e’
n>%rl> =r2> -
. Now rearrange the left—right spread system, so the

unknown parameters are u;“q, 1 < g < n and column of

right side vector are

rq’

* * * * * * \T
(ef1,€epps--ve, €015, . ..,€.,) .

We get first 2n x 2n left-right spread system of positive(x)
part of L R-BFLS of equations LU = E given as:

+ tlnuTn + tl,n+1(_uf1) R WES)
+ tl,2l’l(_u;"<n) = e;klv

toufy 4 toougy 4 -

talufy + tpauify + - -
(_M:Z) + ..
it 1,1U]) + 12Uy + <o
‘Hn+1,n+2(_uj2) +-

+ tnnu;kn + tn,n+l(_u:<1) + th n42

+ tnon (—uy,) = e;kn»

+ tht1 nu;kn + 1,041 (_u;k1)
O ol PR (= urn) rl’

t2n,lu?<1 + t2n,2u7<2 +---+ t2n,nu;k” + t2n,n+l(_u;’j1)

+t2n,n+2(_”;k2) +- t2n,2n(_u;kn) = e:n’
where [, are determined as follows:

lpg = 0= 1pg = lpg: tptn.g+n =lpg.

lpg < 0= 1p.g4n = —lpg. tptng = —lpq: (26)
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where 1 < p,q < 2n and any ¢, which is not determined
from Eq. (26) is zero.
Using the matrix notation, we obtain

Muf,uf) = (¢f, e)), (27)
where M =1,,,1 < p,qg <2n

* * * * \T d
c Upy Uy Uy o U, an

* *
(upy, up, -

* * * * * * \T
((31], €125 - €1y €415 €05 - vy ern)

We can also write the matrix form of Eq. (27) as:

A —B u¥ ek
(s ) () =(2)

In the similar way we can take the negative(e) part of the
LR-BFLS of equation given LU =E.

To solve LR-real linear system L (u®, ul', UP)LR =
(e, ¢,
er)Lr, we divide this system into two systems, one is n x n
mean value system and other is 2n x 2n left-right spread
system for negative part of LU=E.

The n x n mean value system for the negative part of
LU =Eis given as:

liul +houy + -+ liuy, =ef,

l2luI + 1221,{5 + o+ hyuy, = e§,

(29)

Inuf + Lpul + - -+ ljuuy = ey,
The matrix notation of system (29) is given as
LU; = E},

where | < p, g <n.

To solve negative part of left-right spread system of equa-
tion LU = E, we must solve the 2n x 2n crisp linear
system and where the right side column is function vec-
tor (ef, e, - - e® )T. Now rearrange the
left-right spread system, so the unknown parameters are

;q, 1 < g < n and column of right side vector are

L] L] { ]
€ Crls Cryy e s
]
Upy: Ut

.)T

(] L] L]
5 € €r15 €p0s - gy

L] (]
(egys epas - -

We get first 2n x 2n left-right spread system of negative(e)
part of LU = E of equation,

tiugy + tipugy + -+ U, + a1 (—ury) + g2
(—upy) + -+ tion(—up,) = e,

tnlul.l + tn2u[.2 +- tnnul.n + tn,n+l(_u;1) + th n42
(—upy) + -+ taon(—uy,) =,

tn+1,1u1.1 + tn+1,2u1.2 +oo 4+ tn+1,nul.n + tn+1,n+l(_u:1)
+tn+l,n+2(_u;2) + ot i on(—uyy,) = er.l’

t2n,1u1.1 + t2n,2”].2 +- 4+ t2n,nu].n + t2n,n+1(_u;1)

+t2n,n+2(_u;2) +--- t2n,2n(_u:n) = e,’n,
where [, are determined as follows:

lpg 2 0= 1pg = lpg: tptn.g+n = lpgs

lpg <0 = tpg4n = ~lpg: tptng = ~lpg, (30)

where 1 < p, g < 2n and any ¢, which is not determined
from Eq. (30) is zero.
Using the matrix notation, we obtain

M(uj, u7) = (e, €), (€29
where M =1p4,1 < p,qg <2n

o \T
uy,) and

° . ° o \T
<2 €y €r15€p05 - - "ern)

W]y, Uy, oo Upy Uy Uy,

o L]
(611, 612, .

We can also write the matrix form of Eq. (31) as:

(5 ) CH-(2) &

To find the solution of real part of L R-CBFL system with real
coefficients in (16), we can find the solution of Egs. (25), (28),
(29) and (32) by using matrix inverse method.

Similarly, we can solve imaginary part of LR-CBFL
system of equation, i.e., LV = F , first we separate the
positive(x) and negative(e) part of system of equations to
get two n x n L R-real linear systems given as

L™, v, v)r = (f* fi5 [er, (33)
L®, v, v)r =" 5 LR (34
To solve L R-real linear system L(v*, v/, v¥) g = (f7, fl*
£ LR, we restructure this system into two systems, one is

n x n mean value system and other is 2n x 2n left-right spread
system.
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The n x n mean value system for the positive part of L V=F
is given as:

I +lovy + -+l = ff,
L} +lovy + -+ + ey = f5,

(35)
lnlvik+ln2v§+"'+lnnv;lk zfy;k

The matrix notation of system (35) is given as
* _ ok
LV, =F,,

where | < p,q <n.

To solve left-right spread system of equation L V=F, we
must solve the 2n x 2n real linear system and where the right
side column is function vector ( fl”; f[;, e, ff:w 5

N ;;)T. Now rearrange the left-right spread system, so
the unknown parameters are vl*q, v;‘q, 1 < g < n and column
of right side vector are

* * * * * T
(fll’fIZ’""ﬁn’frl’fr2""’frn) .

We get first 2n x 2n left-right spread system of positive(x)
part of L R-BFLS of equation LV = F given as:

vy, + tavh + - 4 1), e (<))
+[1,n+2(_v;k2) +eet [1,2n(_v;kn) = flﬁ’

tnlvl*l + tn2v1*2 +ee 4+ tnnkan + thn+1 (_v;kl) + th n42
(=vi) + -+t on (=05 = fs
tn—t—l,lvl*l + ln+1,2vl*2 + 4+ tn—&-l,nvl*n + It 1,41 (_vjl)

*k

+tn+l,n+2(_v;‘j2) +--+ tn+l,2n(_v;kn) =Jr

t2n,lvl*] + t2n,2v1*2 + -+ t2n,nv1*n + t2n,n+1(_v;<1)

+t2n,n+2(_v;k2) +-- 4+ th,Zn(_vfn) = f:;u
where [, are determined as follows:

lpg 2 0= 1pg = lpg: tptn.gin = lpgs

lpq <0 - tp’q+n = _lp([’ tp+n,q = _lpqa (36)

where 1 < p, g < 2n and any ¢, which is not determined
from Eqs. (36) is zero.
Using the matrix notation, we obtain

M@y, v = (ff", 5, 37)
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where M =1,,,1 < p,qg <2n

* Kk * * \T
sV Upls Upns -+ -5 V)" and

T
co S B B D

* *
(RN

(fits fr2s -

We can also write the matrix form of Eq. (37) as:

(5 ) CH)= ()

In the similar way we can take the negative(e) part of the
L R-BFLS of equation given LV =F.

To solve LR-real linear system L(v®,v],v})Lr =
AR/
[0 LR, we divide this system into two systems, one is n X n
mean value system and other is 2n x 2n left-right spread
system for negative part of LV =F.

The n x n mean value system for the negative part of
LV =Fis given as:

(38)

vy +1pvs + -+l = f],
Lo} + vy + -+ vy = 1y,

(39)

lnlvf +ln2U5 + - +lnnvy.1 = fn.
The matrix notation of system (39) is given as
LV} = Fyp,

where 1 < p,g <n.

To solve negative part of left-right spread system of equa-
tion LV = F, we must solve the 2n x 2n real linear
system and where the right side column is function vector
XSS Fo £ 5oy £3)T. Now rearrange the
left-right spread system, so the unknown parameters are

vl‘q, v,'q, 1 < g < n and column of right side vector are

R 3o Fie P S S0

We get first 2n x 2n left-right spread system of negative(e)
part of LV = F of equation,
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vy + vy + -+ vy, s
(—=v2) +trps2(=v) + -+t (=) = £,

tnlvl.l + thU;Z +---+ tnnvl.n + tn,n+l(_v;1) + th,n42
(—0;2) + -+ tn,Zn(_vr.n) = fl;p

+tn+l,n+2(_v:2) + o 1 on(—0p,) = r.ls

t2n,lv[.1 + t2n,2vl.2 +- 4+ t2n,nvl.n + t2n,n+l(_vr.1)

+t2n,n+2(_v;2) +--+ t2n,2n(_v;n) = fr.nv
where [, are determined as follows:

lpg 2 0= 1pg = lpg: tptngtn = lpg.
lpg <0 =1pg4n = ~lpg,tptng = ~lpg> (40)

where 1 < p,q < 2n and any ¢, which is not determined
from Eq. (40) is zero.
Using the matrix notation, we obtain

M@, v = 1), 41)
where M =1p,,1 < p,qg <2n

o \T
vy,) and

AL

L] L] L]
Uy Upys Upgs e ey

L] L] L]
* fln’ frl’ fr2"'

vy, vy, -

il fi3s -

We can also write the matrix form of Eq. (41) as:

(—2 _§><Zl>:<{‘l> “2)

To find the solution of imaginary part of L R-CBFL system
with real coefficients in (16), we can find the solution of
equations (35), (38), (39) and (42) by using matrix inverse
method.

Theorem 3 Forany arbitrary L R-bipolar fuzzy complex vec-
tor Z the unique solution Hisa L R-bipolar fuzzy complex
vector of LR-CBFL system of equations with real coeffi-

A —B
(5 %)
is non-singular, the necessary and sufficient condition that
the matrices (A + B)~! and (A — B) ™! exist.

cients in (16) if and only if the matrix M=

Example 4 Consider the 2 x 2 L R-CBFL system with real
coefficients

hy —hy = < [-3,3,21Lr, [=3, 3,31k >

tn+1,1U1.1 + tn+1,2vl.2 + 4+ tn+1,nvl.n + tn+1,n+1(_v;1)

+l < [_4” 47 4’]LR5 [_57 21 3]LR >'7
hy 4 2hy = < (21,4, 31k, [15,6, 3]k >
+i < [32,7,41LRr, (25,3, 4]Lr >~ .

To solve this L R-CBFL system first we put =1 +iT
and iy = 1y + i, in original system and get,

(uy +ivy) — (U +i2)
==<1-3,3,21r,[-3,3,31r >
+i < [—4,4,4) r. [-5,2,3]LR >,

(1 +i0)) + 2(u2 + i02)
=< [21,4,3]1.r,[15,6,3]Lr >
+i < [32,7,4]1Lr, (25,3, 4]k >,

compare the real and imaginary parts to both side of the
equations and we obtain two L R-BFLS of equations given
as:

ﬁ‘l - ;/72 =< [_37 35 2]LR7 [_37 37 3]LR >, (43)
Uy + 2 =< [21,4,3]Lg, [15,6,31LR >,

and,
vVl — V2 =< [_47 47 4]LR7 [_55 27 3]LR >, (44)
Vi +2vp =< 32,7, 4R, [25,3,4]Lr >,

To solve real part of L R-CBFL system with real coeffi-
cients given in (43) ﬁrst~we put uy =< [u}, u);, ul 1R,
(uf, upp upylor > and uy =< [u3, ujy, ufh R, (U5, up,
uy, 1L g > in original system and get,

< [ul, upy, uiy e, [l ufy, ufy I >
— < [uy, upy, ufylr, (U3, upy, ulylir >
==<[-3,3,2]Lr. [-3,3,3]Lr >,

< [uf, upy, uiy e, [l ufy, uly I >
+2 < [u3, upy uplir, (U3, uly, uslir >
=< [21, 4, 3]LR7 [15, 6, 3]LR > .

To solve the L R-BFLS of equation in (43), first we take the
positive(x) part of the system (43) given as:

i ufy, uf DR — W, ufy, ufy)Lr = (—3.2,2) 1R,

i, ufy, ulf DL + 23, uly, wf)Lr = (21,4, 3)1r.

To solve this positive part we can divide this system into
two systems, one is mean value system and other is left-right
spread system.

The mean value system for positive part of (43) is given
as:

* *
ujy —us; = =3,
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by solving above equations, we have u} = 5 and u; = 8.
Now the extended 4 x 4 form of positive part of left-right
spread is given as:

1ufy) +0@ufy) + 0(uly) + 1(uly) = 3,
Lufy) + 2@ufy) + 0@u))) + 0(ufy) =4,
0(ufy) + L(ujy) + 1)) + 0(u),) =2,
O(ujy) + 0(up) + L(uyy) + 2(u);) = 3.

The matrix form of the above-mentioned system is

100 1\ [uf 3
1200 uy| |4
ot 1offu, |7 |2]
0012/ \u5 3

this can also be written as:
Muj,uf) = (¢f , e)),

and the solution of above system is,

u 13333 —0.3333  0.6667 —0.6667
wy | | —0.6667 0.6667 —0.3333  0.3333
w | 7| 06667 —0.6667 13333 —0.3333
ur —0.3333 03333 —0.6667  0.6667

3

4

2

3

Similarly, we can take the negative(e) part of the system
(43) given as:

(MT5 ul.la u;])LR - (u55 u[.25 M:Z)LR = (_35 37 3)LR7

uS, ufy, up )L +2@Ws, upy, uyy) g = (15,6,3) L.

To solve this negative part of L R-BFLS of equation we can
restructure this system into two systems, one is mean value
system and other is left-right spread system.

The mean value system for negative part is given as:

uj —uy = =3,
ui +2uy =15,

by solving above equations, we have u] = 3 and u3 = 6.
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Now the extended 4 x 4 form of negative part of left-right
spread is given as:

L(7y) + 0(upy) + 0(uyy)) + 1(ugy) =3,
L(up)) + 2(udy) + 0(u®)) + 0(usy) =6,
O(upy) + L(upy) + L(uyy) + 0(uyp,) = 3,
O(up)) + 0(up) + 1(ud)) +2(usy) = 3.

The matrix form of the above-mentioned system is

100 1\ [uf 3
1200|fuy] |6
ot 1oflu, |73
0012/ \us, 3

this can also be written as:
Muj,uy) = (e, ey),

and the solution of above system is,

up 1.3333 —-0.3333  0.6667 —0.6667
up, | | —0.6667 0.6667 —0.3333  0.3333
uy, 0.6667 —0.6667  1.3333 —0.3333
uy, —0.3333  0.3333 —-0.6667 0.6667

3

6

3

3

° L
up =2, up =2,

L] — L] —
Uy = 1’ Uy, = 1.

Hence, the solution for real part of L R-CBFL system of equa-
tion with real coefficients in (4) is given as:

Up = < [ul, ujy, uiog, [ ufy, up g >
==<1[5,2,11r.[3,2, 1R >,

(72 =< [uga M;kz, u;-kz]LR5 [M§7 u[.27 M;Z]LR >
==<[8,1,11Lr, [6,2,1]1r > .

Similarly, we can solve imaginary part of LR-CBFL sys-
tem with real coefficients given in (44) first we put v} =<
i v vl o7, v v leg - = and 2 =< [,
v, U 1LR, [V3, v, v5 ] g > in original system and get,

< o7, vy, v Ters o7, v, vi R -
- < [v3, Ul*z’ valLr, [V3, Vs U lLr >
=< [-4.4,4].r,[-5,2,3]Lr >,

< o7, vy, v Ters o7, v, o7 g -
+2 < [v3, v, v lLr, [V3, V), v LR >
==<1[32,7,4]Lr,[25,3,4]r > .
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To solve the L R-BFLS equation in (44), first we take the
positive(x) part of the system (44) given as:

(UT7 Ul*17 vj])LR - (U;7 Ul*za U;-kz)LR = (_49 47 4)LR5
W v, v LR + 205, v, v ) Lr = (32,7, 4) LR.

To solve this positive part we can divide this system into
two systems, one is mean value system and other is left-right
spread system.

The mean value system for positive part of (44) is given
as:

v — v = —4,
vl + 205 =32,

D %

by solving above equations, we have v} = 8 and v = 12.
Now the extended 4 x 4 form of positive part of left-right
spread is given as:

L(v}) + 0(v)) + 0(v) + 1(v}5) = 4,
1(v}}) + 2(v5) +0(v))) + 0(v5) =7,
0(v))) + 1(v)) + 1)) + 0(v)) = 4,
0(v}y) +0(vjh) + 1(vf)) +2(v)) = 4.

The matrix form of the above-mentioned system is

100 1Y (v 4
1200|fvy]| |7
ot 1ofle|T4]
0012/ \v 4

this can also be written as:
M@}, vi) = (ff, ),

and the solution of above system is,

v 1.3333 —-0.3333  0.6667 —0.6667
vhH | | —0.6667  0.6667 —0.3333  0.3333
vi | 0.6667 —0.6667  1.3333 —0.3333
v, —0.3333  0.3333 —-0.6667 0.6667
4
7
4
4
v =2, vh=1,
vi=1, v,=1

Similarly, we can take the negative(e) part of the system
(44) given as:

(U;’ U]’l’ U;I)LR - (U53 vl.27 U;Z)LR = (_5’ 27 3)LR7

(UI’ vl.l’ vy.-])LR + 2(U>2k, v[.25 U;Z)LR = (25’ 39 4)LR'

To solve this negative part of L R-BFLS of equation we can
divide this system into two systems, one is mean value system
and other is left-right spread system.

The mean value system for negative part is given as:

v] — vy = =5,
vy +2v5 =25,

by solving above equations, we have v} = 5 and v3 = 10.
Now the extended 4 x 4 form of negative part of left-right
spread is given as:

L(f) + 0(vh) + 0(ve)) + 1(v) =2,
L(vf)) +2(vpy) +0(v?y) +0(v},) =3,
0(vfy) + L(vpy) + 1(v})) + 0(v,) = 3,
0(v) +0(vp) + 1(v7)) + 2(v),) = 4.

The matrix form of the above-mentioned system is

100 1\ (/v 2
1200|fwy] |3
ot t1ofle T3]
0012\, 4

this can also be written as:
M@y, v) = (f 1),

and the solution of above system is,

v 1.3333 —0.3333  0.6667 —0.6667
v, | _ | —0.6667 0.6667 —0.3333  0.3333
v 0.6667 —0.6667 1.3333 —0.3333
v —0.3333  0.3333 —0.6667 0.6667
2
3
3
4
! . vp =1,
vi=2 vh=1

Hence, the solution for imaginary part of L R-CBFL system
of equations with real coefficients in (4) is given as:

Vi = <[], vy viers [0, vy, v e >
= < [8,3,2]Lr, [5,1,2]Lr >,

Vo = < [V3, v, v iR, [V3, V). v LR >
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=< [12,2, 1R, [10,1, 1] g > .

Hence, the solution for L R-CBFL system of equation with
real coefficients is given as:

H = +i% =< (5,2, U1g, [3.2, U1k >
+i < [8,3,2].r. [5, 1, 2] R >,

Hy = +it =< [8,1, 1118, [6,2, 1]z >
+i < [12,2, 11, [10, 1, 1],z > .

4.2 Solution procedure to n x n LR-CBFL system
with complex coefficients

Definition 21 Consider the n x n complex linear system of
equations given as:

Lihy +lohy + -+ Lihy =21,
lathy +lpnhy + -+ + byhy, = 22,

(45)
lnlhl +ln2h2+"'+lnnhn = Zn,

is the L R-complex bipolar fuzzy linear (CBFL) system of
equations with complex coefficients, if all the coefficient ele-
ments/p,, 1 < p,q < nisacomplex number matrix of order
n x n and each Z;, 1 < g < nis a LR-BFCN, and each
unknown parameter i,, 1 < p <n is also L R-BFCN.

The matrix form of the L R-CBFL system of equation with
complex coefficients in (45) given as:

LH,=Z,. (46)
A L R-bipolar fuzzy complex number vector

H=(,ho, o b)), (47)
where Eq = ﬁq + qu, 1 < g < nis called a L R-bipolar
fuzzy complex solution of the L R-CBFL system given in
(45), if H satisfies (46).

Definition 22 An arbitrary L R-bipolar fuzzy complex vec-
tor should be represented as h, = @, + iv,, where
U, =< [ug, u;‘q, uy LR ug, ul'q, uy,lLr > and v, =<
[vj]“, vl*q, qu]LR, [vg, v;q, v lr > are two LR-bipolar
fuzzy number vectors. The L R-bipolar fuzzy complex vector
can be written as:

Hq =< [MZ’ M;kqa M:q]LRv [I/l;, M[.qa M:q]LR >

. * * *
+l < [qu U]q’ vrq]LRv [U(;v vl.qv U;q]LR > .
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Theorem 4 The n x n LR-CBFL system of equations with
complex coefficients in (45) is equivalent to pair of 2n X 2n
order L R-bipolar fuzzy linear system

~ ~

th; ='z‘,j;, Mh:l :?;, (48)
where,
o) () m=(%)
M = , hr=(1), T={4),
(Lz L a Uy 4 1y
u* ex
+=(3). 2=(3)

Proof We defined L = Ly +iL, where L1, LryeR andZ, =
¢, +if,; where 2, and f, are LR-bipolar fuzzy number
vector. We also suppose the unknown vector H, = i, +i7,,
where i, and v, are two unknown L R-bipolar fuzzy number
vectors.

First we take the positive(x) part of the system given in
(46), ie.,

X %
LHq =Z4
the above-mentioned equation can also be written as

. ~x o SN - Tk
(Lq +1L2)(uq —i—zvq) =¢, +lfq.
That is,
(L\T, — LoT) +i(L\ T + Laiiy) =25 +i f;-

Compare real and complex coefficients of above equation we
get,

~% ~k o
Lluq szq =€,

LT} + Lol = fq*. (50)

The matrix form of above-mentioned system is give as

Ly —Lo\ () _ zg)
(Lz LJ(U;*) (f;’ eh

which is 2n x 2n order L R-BFLS equations.
we can express it in matrix form as:

~

* __ %
th—zq.

Similarly, we can take the negative (e) part of the system
given in (46), i.e.,

r7e _ ~e
LH; =z,
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the above-mentioned equation can also be written as
. ~e ~e\ __ ~e . 7o

(Ly +iL2)(ug +ivg) = e + lfq.

That is,

(L1M L2U )—}-l(LlU + Lout' )—e +lf

Compare real and complex coefficients of above equation we
get,

L]ﬁ. —Lz’f)" E:I’

L1U + L2u fq. (52)

The matrix form of above-mentioned system is give as

Ly —L, ’IZ; _ %;)
(Lz Ll)(ﬁ})_(fq‘ ’ 43

which is 2n x 2n order L R-BFLS of equation.
we can express it in matrix form as:

O

Theorem 5 The L R-bipolar fuzzy linear systems in (48) can
be extended into the following linear system of matrix equa-
tions:

(MT+M7)hy =z,  (MT+ M7 =z,
() )= ()

M~ M*)\h}, 2,
() G)=(3)

—M~ M-‘r he Z;q

where
+ _ —
M:(_M M>=M++M_,

M- Mt

< [y, hyy By ViR, [h bl B iR >

<((2) () ().
() (%) ()~

Zg = < lzg. 2y 274 ILR: (29, 20y 2 LR >
e e, er
—<((5) ’z) (Q))
(G2 (%)
e;> e;q> (e;q>>>
(( q <fz:, I

t

are determined as follow: if
=0,1=<p,q <2n
=01<p,qg <2n

»q andmpq

+
= mpq otherwise my
= m g otherwise m

where the elements mt
Mmpg >0, m
ifmpg <0, mpq

Proof We denote

Y ~ ad kK *
Hy =g +i0q =< [ug, ujg, uig1Lr, lug, ujy, u, 1 >
. * * * ° o o
+ i < [vg, vy, vy IR, [vg, vy v IR >,
~ o~ o~ * % * e o °
2g =g +ivg =< [eg, e, €0 1R, [eg. ey, €7 ILR >

+i=< [fq*v flzv fr*q]LRa [fq.» fl:]v fr.q]LR >,

where uq vq are the mean values and ulq, vlq uf and vy g are
left-right spread values of L R-bipolar fuzzy number vector
Uy, Uy, respectively.

First we take the positive(x) part of LR-bipolar fuzzy
linear system M ZZ =7ris

q
M (hy, hiy, by )R = (23, 2y, g LR- (54)
Let
(L1 —La2\ ., 4 _
w=(g )= (55)
where m 7, and m,, are determined as follows: if m,, > 0,
mb, = mpgotherwisem}, = 0,1 < p,q <2n;ifmp, <0,
my,, = mpq other m,, _0 1 <p,qg <2n.
Since
C;’qu _ (ch, Chlqv Chrq)LR’ c>0, (56)
(ch, — rqv Chlq)LRs c=<0,
we have
~ Gh}, Gh* Gh , G >0,
Gl = ( rq)LR > 57)
(Gh}, — Gh;"q, Gh;kq)LR, G <0.

Equation (54) becomes
M*T 4+ M(hE, iy i LR = (2. 21y 210 LR,
which is equivalent to,

M (g, hjy. hi) Lk +M ™ (hg. by bl Lk
= (2, Zy> Zrg)LR>
(M hg M iy MYl g + (M hg, =M™ hy, =M hj) LR
= (25 Zlgs Zrg) LR
(M*hy + M~ hy, MThiy, — M™hy,, MThY, — M™hj) LR

* % *
= 2y 2g» Zrg)LR>
by comparing we have,

+ VhF =
(M* + MRS =2z},
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M+h;"q —M"hy, =z, by comparing we have,
MTh* —M~h} =z* . 58
rq lg = <rq (58) (M++M_)h; = zg,
Representing the system of Eq. (58) in matrix form, we have M +hl.q -M _h;q = Zl.q’
MThy, = M™h}, =z}, (63)
" _ ”Z 62
(M™+ M) v;‘ - fq* ’ Representing the system of Eq. (63) in matrix form, we
X * have
u, el
Mt —M~ Ul* f* u® e®
q | = lq _ q q
<_M_ M+) u;'kq e;'kq (M++M )( (] =< o)a
vE * Vg q
rq rq
L]
Uiq el'q
Similarly, we can take the negative(e) part of L R-bipolar Mt —M~ v;q re
1 N. __ e = q
fuzzy linear system Mhg = 7 is M- Mt ut, e,
o e . o _o . v ;q
M(hg, by, hi)Lr = (23, Zjgs Z7g)LR- (59 rq
]
Let
Example 5 We consider a simple RLC circuit (Rahgooy et al.
L —L, 2009) in which current and source all are in terms of LR-
M= =MT+ M, (60) L .
L, L; BFCN. A circuit with L R-BFCN source and current is shown

where m;'q and m,, are determined as follows: if m,, > 0,

+ _ : + _ .
My, = Mpq 0therw1sempq =0,1<p,q <2n;ifmy, <0,

My, = Mpq otherwise my, = 0,1<p,q <2n.

Since

C;’Vl _ (ch, Chlqv Chrq)LR9 c>0, (61)
T | ch —chrg. —chig)Lr, ¢ <0,

we have
~ Gh®,Gh? , Gh® , G >0,

Ghy = (Ghg, Ghiy> Ghig)Lr (62)

(Gh?, —Ghrq, —Ghlq)LR, G <0.

Equation (59) becomes
(M* + M) (h, by, by LR = (25,20, 204 ) LR
which is equivalent to,

M (hy. hjy )k + M (g hiy )Lk
= (29, Zy> Zrg)LRs
(M*hy, MThy,, My ) LR
+(M~hy, —M~hy,, =M~ h},)Lr
= (29 Zy> Trg)LR>

+0 —70 +0 —70
(M*EhY +M~hy M hf, — M~ h

v M+h:q —M"hj,)LR

= (29, 2g» Zrg)LR>

@ Springer

in Figure 1. The source and current are in terms of bipolar
fuzzy number, the positive part shows likelihood of source
and current and negative part shows unlikelihood of source
and current.

We use Kirchhoff’s second law for the above circuit and
write the linear equations for first and second loop is given
as:

(10 —=7.50)11 — (6 = 5i) [, =< [5,1, 1] R, [4, 1, 1] R >
+i < [0, 1, 1zg, [=1, 1, 1R >,
—(6-=5)1+164+3i)L =<[-1,,1,1]Lg,
[—2,1, 1]pr > +i < [2, 1, LR, [3, 1, 1]LR > .

We can put I} = @] + i%) =< (. ufy, wl 1LR, (U, uy),
lﬁ;l]LR > +i < [, v, vf ek, [V}, vy vl Ier >, and
L = W +ivy =< [Mz, u;kz, M:Z]LR, [uz, ul°2, u:z]LR >
+i < [v3, 05, vi]LR, [V3, V), v, 1R >,inabove-mentioned
system then system become,
(10 = 7.50){=< [uy, ujy, wi iR, [l upy, ul log > +i <
o, v, vi Ik, o, vf, vi g >} — (6 = 5i) {< [u3, uf,
WiHlLr, U3, upy, upplog > +i < [v3, 05, vh1LR, [V3,
vl'z, v:z]LR >} =< [5 1, R, [4, 1, 1]Lr > +i <
[0, 1, 1rr, [=1, 1, 1Lr >, —=(6=5D){< [u], uj}, u} LR, [u],
uppupler > 4 < [of v v Ieks o] ofy ol der >
Y4 (16 + 30) {< [u3, ufy, w5 1R, (U5, upy, ulylLr > +i <
V3, v, v 1R, [V3, v, v R >} =< [=1,, 1, 1Lk,
[—2, 1, 1]LR =+ < [—2, 1, l]LRy [—3, 1, l]LR > .

First, we take the positive(x) part of the above-mentioned
system of equations,
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Fig.1 A circuit with LR-BFCN
source and current

[4+1, 6-1],[3-s, 5+s]@)
+i[-1+r, 1-r],[-2--s, ]

(10 — 7.50)((uy, ufy, wiDLr + iy, v, viDLr) — (6 —
SO{(u3y, ufy, uls)Lr + i(v3, v, v LRl = (5,1, D +
(0,1, Drr,
—(6 — SO){(ut, ufy, uy)rr + i, v, vi)Lr} + (16 +
3 {(us, ufy, uln) LR +i (03, V)5, )Ry = (—=1,, 1, D g+
i(—2,1, Drr.

According to Theorem (4), the L R-CBFL system of equa-
tion with complex coefficients is converted into positive part
of L R-bipolar linear system M IN[; = E;, given as

10 =6 7.5 =5\ (@} (5.1, Dk
—6 16 —5 =3 || (—1,1, g
~75 5 10 —6 || 0,1, Drr
5 3 -6 16) \7; (=2, 1, Drr

Applying Theorem (5), we get two linear system one is mean
value system and other is left-right spread system given as:

105
2.51 10 8i
——wwa— QR0 —AN—]
5i
6
,JB [-2-+1,-1],[-4-2s, 2s]

10i +i[-3+r, -1-1],[-5-25,-1+25]
10 =6 7.5 =5\ /[u} 5

6 16 =5 3| [us]| [ -1
-75 5 10 -6 || ]T| o

5 3 -6 16/ \v; -2

100750 0 6 0 5 uj| 1

0160 0 6 05 3 ufy 1

0 5100750 0 6 v, 1
5301600 6 0 - I

06 05100750 T

6 053 0160 0 ' 1
750 0 6 0 510 0 v 1
006053016/ \v% 1

Solution for mean value system is given as

u 0.0876  0.0389 —0.0328  0.0224) [ 5
wi | | 00389 00640 0.0224 —0.0325 | [ -1
of | T | 00328 —0.0224 00876 0.038 || 0
vl —0.0224 —0.0325  0.0389  0.0640 ) \ —2
0.3542
| 0.0654
= | 0.1086
~0.2072

Solution for left-right spread system given as

ul 0.1694 —0.0015 —0.0971 0.0061 0.0819 —0.0404 —0.0643 —0.0612) /1
uh —0.0015 0.0725 0.0061 0.0171 —0.0404 0.0085 —0.0162 —0.0154 | | 1
v, —0.0643 —0.0162 0.1694 —0.0015 —0.971 0.0061 0.0819 —0.0404 | | 1
v, | | —0.0162 —0.0154 —0.0015 0.0725 0.0061 0.0171 —0.0404 0.0085 | | 1
w | T | 0.0819 —0.0404 —0.0643 —0.0162 0.1694 —0.0015 —0.0971 0.0061 || 1 |
) —0.0404 0.0085 —0.0162 —0.0154 —0.0015 0.0725 0.0061 0.0171 || 1
v —0.0971 0.0061 0.0819 —0.0404 —0.0643 —0.0162 0.1694 —0.0015 | | 1
V¥ —0.0061 0.0171 —0.0404 0.0085 —0.0162 —0.0154 —0.0015 0.0725 ) \'1
ul 0.0378

uh 0.0307

v, 0.0378

v || 0.0307

w | T [ 0.0378

ut 0.0307

v 0.0378

V¥ 0.0307

@ Springer
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Similarly, we can take the negative(e) part of the LR- Solution for mean value system is given as
CBFL system of equations with complex coefficients,
(10 — 7.50){(u$, ufy, usDrr + i}, 07, v2)LR) — (6 — uf 0.0876  0.0389 —0.0328 0.0224\ [ 4
A R R o
i(=L 1L Dig. vs —0.0224 —0.0325 0.0389 0.0640) \ -3
—(6 = 5){(u}, upy, up)Lr +i(y, vy, v LR + (16 + 02382
3{3, upy, uy)Lr + i3, ), v LRY = (=2, 1, D + —0.0924
i(=3,1,Drr. —0.0283
According to Theorem (4), the L R-CBFL system of equa- —0.2552

tion with complex coefficients is converted into negative part
of L R-bipolar linear system M7 = Z(;, given as

Solution for left-right spread system given as

us, 0.1694 —0.0015 —0.0971 0.0061 0.0819 —0.0404 —0.0643 —0.0612 1

up, —0.0015 0.0725 0.0061 0.0171 —0.0404 0.0085 —0.0162 —0.0154 1

v —0.0643 —0.0162 0.1694 —0.0015 —0.971 0.0061 0.0819 —0.0404 1

v, | | —0.0162 —0.0154 —0.0015 0.0725 0.0061 0.0171 —0.0404 0.0085 1

ut; | | 0.0819 —0.0404 —0.0643 —0.0162 0.1694 —0.0015 —0.0971 0.0061 1

U, —0.0404 0.0085 —0.0162 —0.0154 —0.0015 0.0725 0.0061 0.0171 1

vy —0.0971 0.0061 0.0819 —0.0404 —0.0643 —0.0162 0.1694 —0.0015 1

v, —0.0061 0.0171 —0.0404 0.0085 —0.0162 —0.0154 —0.0015 0.0725 1

uj, 0.0378

uj, 0.0307

v 0.0378

vh | | 0.0307

uf | ] 0.0378

ur, 0.0307

vl 0.0378

v, 0.0307

10 —6 7.5 —5 it 4. 1. 1),z Hence, thf: solu.tion is LR-BFCN for the.LR—CBFL Sys-
6 16 -5 -3 e (=21, D1r tem of equation with complex coefficients given as

75 5 10 —6 5% (_1’ 1’ Dir I =< [0.3542, 0.0378, 0.0378] &, [0.2382, 0.0378,
. 1 ’ 9 .
5 3 _6 16 v (3.1, 1)1r 0.0378]r > +i < [0.1086,0.0378, 0.0378] &,

Applying Theorem (5), we get two linear system one is mean
value system and other is left-right spread system given as:

10 6 7.5 =5\ [us 4
-6 16 =5 =3 |[us| | -2
75 5 10 =6 || o || -1
5 3 -6 16/ \u3 -3
100750 0 6 0 5\ [up 1
016006 05 3 |[up 1
05100750 0 6 || o 1
530160060 o |1
0605100750 |/[us 1
6 0530160 0 |][u, 1
750 0 6 0 5100 || 1
006 0503016/ \v3, 1

@ Springer

[—0.0283, 0.0378, 0.0378].r >,
I, =< [0.0654, 0.0307, 0.0307] &, [—0.0924, 0.0307,
0.0307]Lr > +i < [—0.2072,0.0307, 0.0307] g,
[—0.2552,0.0307, 0.0307]Lr >,

The positive part of solution shows likelihood (in percent-
age) and negative part of solution shows unlikelihood (in
percentage) of current in circuit.

5 Conclusions

In real-world problems, most of the applications in different
areas are dealt with system of linear equations to find the
unknown parameters. In different situations the unknown
parameters of the systems are uncertain or vague. We rep-
resent the parameters in terms of BFN and BFCN which
contain parameters r and s. We usually face the problems
of calculation to solve these systems due to interruption of
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parameters r and s. We have discussed different methods to
overcome the problems of parameters and solved the system
in terms of L R-fuzzy numbers, L R-bipolar fuzzy numbers
and L R-bipolar fuzzy complex numbers which are free from
parameters r and s. We have discussed a technique to solve
LR-BFLS of equation, L R-CBFL system with real coeffi-
cients and L R-CBFL system with complex coefficients. In
the first section, we have discussed a technique to solve the
L R-BFLS of equations in which the n x n coefficient matrix
of the system is represented by real numbers and right side
vector is represented by L R-BFN. To solve the L R-BFLS
of equations we replace the original system into the pair of
positive(x) and negative(e) of twon x n L R-fuzzy linear sys-
tem and solve these system we use mean values and left-right
spread systems. In the next section, first we have discussed
a technique to solve the L R-CBFL system with real coef-
ficients in which we can replace n x n LR-CBFL system
with real coefficients by pair of real and imaginary parts of
n x n LR-BFLS of equation and then solve these systems by
using mean value and left-right spread systems. Further, we
have extended the technique (Guo and Zhang 2016) to solve
the L R-CBFL system with complex coefficients in which the
n x n coefficient matrix of the system is represented by regular
complex numbers and right side vector is represented by L R-
BFCN. To solve the system we can replace n x n L R-CBFL
system with complex coefficients by pair of positive(x) and
negative(e) of two 2n x 2n mean value system and 4n x 4n
left-right spread system. Some numerical examples have also
been solved to show the effectiveness of the technique. We
plan to extend our study to solve: (1) circuit analysis and
models of artificial intelligence, (2) numerical solution of
bipolar fuzzy initial value problems, (3) bipolar fuzzy lin-
ear programming problems, and (4) numerical solution of
m-polar fuzzy initial value problems.
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