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Abstract

. Hasan Bulut? - Haci Mehmet Baskonus3

In this work, we attempt to construct some novel solutions of nematicons within liquid crystals including three types of
nonlinearity namely Kerr, parabolic, and power law, using the generalized exponential rational function method. The inves-
tigation of nematic liquid crystals, using the proposed method, shows that there is diversity between the solutions gained via
this method with those obtained via different methods. Further, we use the constraint conditions to guarantee the existence of
the solutions. The W-shaped surfaces, dark soliton, bright soliton, singular soliton, period singular soliton, periodic waves,
and complex solutions of the studied equations are successfully constructed. Moreover, some obtained solutions are drawn
to a better understanding of the characteristics of nematicons in liquid crystals.

Keywords Nematic liquid crystals - Nonlinearity terms - Exact solutions - W-shaped surfaces

1 Introduction

Recently, nonlinear sciences have received considerable
attention. In general, the nonlinear dynamics and the phys-
ical phenomena of waves are major aspects of the natural
sciences. These often take place in the integrated system of
nonlinear soliton forms, especially in crystals, meta-surfaces,
nonlinear optical fibers, liquid crystals, and meta-materials,
and so on. Particular physical phenomena in the field of
liquid crystals have given rise to common interest among
experts with a well-known name: nematicons that first intro-
duced by Assanto in Assanto et al. (2003a,b) and Alberucci
and Assanto (2007). In optics, spatial optical solitons in
nematic liquid crystals, also defined as nematicons, are now
an excellent issue and have been discussed in a collection of
publications and published studies. Spatial optical solitons
construct a special theme, as the optics in space describe
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diffraction instead of dispersion, beam size instead of pulse
duration, one or two transverse dimensions instead of one in
the temporal domain (Raza and Zubair 2018). Researchers
have recently addressed a significant number of reports on
solitons, and in particular, on space solitons, based on their
importance and wide range of applications. For this pur-
pose, variety of schemes have been constructed to solve
different types of nonlinear evolution equations analytically
and numerically, such as the sine-Gordon expansion method
(Ali et al. 2020d, a; Eskitascioglu et al. 2019), the extended
sinh-Gordon expansion method (Dutta et al. 2020; Gao
et al. 2019a), the 9- dressing method (Dubrovsky and Lisit-
syn 2002), the inverse scattering method (Vakhnenko et al.
2003), the generalized exponential rational function method
(GERFM) (Osman and Ghanbari 2018; Ali et al. 2020c;
Ghanbari 2019), the Bernoulli sub-ODE method (Abdulka-
reem et al. 2019; Ali et al. 2020b; Ismael and Bulut 2019), the
extended Jacobi’s elliptic function approach (Biswas et al.
2018b), the modified Kudryashov method (Hosseini et al.
2019; Aksoy et al. 2016), the multiple exp-function method
(Wan et al. 2020), the tan (%)-expansion method (Aghdaei
and Manafian 2016; Manafian et al. 2016; Hammouch et al.
2018), the modified auxiliary expansion method (Gao et al.
2020), the decomposition-Sumudu-like-integral-transform
method (Yang et al. 2017), the Riccati—-Bernoulli sub-ODE
method (Yang et al. 2015; Abdelrahman and Sohaly 2018),
the modified exp (—¢ (§))-expansion function method (Ilhan
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et al. 2018; lhan OA, Esen A, Bulut H, Baskonus HM, 2019;
Sulaiman et al. 2019), the (m + G'/G)—expansion method
(Ismael et al. 2020; Gao et al. 2019b), the Darboux transfor-
mation (Guo et al. 2014; Ling et al. 2018; Ye et al. 2019),
the modified trial equation method (Bulut et al. 2013; Man-
afian et al. 2017; Biswas et al. 2018a), the solitary ansatz
method (Seadawy and Lu 2017), the shooting method (Ismael
2017; Zeeshan et al. 2018; Ismael and Arifin 2018; Ali
etal. 2017), the Adomian decomposition method (Gonzalez-
Gaxiolaetal. 2019; Ismael and Ali 2017), the finite difference
method (Yokus et al. 2018; Pandey and Jaboob 2018; Yokus
and Giilbahar 2019), the Adams—Bashforth—-Moulton method
(Baskonus and Bulut 2015), and the improved Adams Bash-
forth algorithm (Owolabi and Atangana 2019).

The dimensionless form of the system that represents the
dynamics of nematicons in liquid crystals can be expressed
as (Ekici et al. 2017):

iA;+ad, +bOA =0, (1)
€Oy + 2O + aF(|A])?> = 0. )

The function A (x, t) is the wave profile and @ (x, ¢) is the
angle of the tilt of the liquid crystal molecule. In Eq. (1), the
first and second terms symbolize the temporal evolution of
nematicons, and the group velocity dispersion, respectively.
The functional F represents the nonlinearity term of equa-
tions, and a, b, ¢, A, o all are scalars.

Many researchers investigated the soliton solutions of
Egs. (1) and (2) via different methods. Raza et al. (2019) used
the exp (—¢ (§))-expansion method to study Eqgs. (1) and
(2) and hyperbolic, periodic as well as rational soliton solu-
tions along with their combo type solutions constructed for
both Kerr and parabolic law nonlinearity. Kumar et al. (2019)
used the extended sinh-Gordon equation expansion method
to reveal dark soliton, bright soliton, mixed dark—bright soli-
ton, singular soliton, mixed singular optical, periodic waves,
and dipole optical soliton solutions. Ekici et al. (2017) stud-
ied the nematicons in liquid crystals by using the extended
trial equation method and some soliton solutions regarding
the singular solitons, periodic singular types, shock waves,
snoidal waves, plane waves were successfully constructed.
Arnous et al. (2017) investigated four types of nonlinear-
ity for Egs. (1) and (2) via the modified simple equation
method and bright soliton, dark soliton, and singular soli-
ton wave solutions to the studied system were derived. Ilhan
etal. (2020) used the tan (%) -expansion method and derived
the optical dark soliton, optical bright soliton, mixed opti-
cal dark-bright, singular waves, traveling wave, and solitary
wave solutions for four types of nonlinearity.

In this research, we use the GERFM to study the optical
soliton solutions of nematicons with three laws of nonlin-
earity namely: Kerr, parabolic, and power law. The GERFM

@ Springer

not only has the opportunity to provide a unified formulation
to obtain the exact solutions for traveling waves, but it also
guides the classification of the types of these solutions. To
our knowledge, the W-shaped soliton solutions aren’t con-
structed beforehand for the suggested equations.

This article has been designed as follows: in Sect. 2,
the structures of the GERFM are presented. In Sect. 3, the
solutions to the nematic liquid crystals with three laws of
nonlinearity are presented, while in Sect. 4, the physical
dynamics of the solutions are discussed. In last Sect. 5, the
conclusions will be drawn.

2 Method descriptions

Suppose we have nonlinear partial differential equations as
the form:

) —0, 3)
. ) —0. @

2
Pl (M, U, Uy, U Uy, Ug, Uxx,

2
P (v,u,vx,v Vx, Uz, Uxx,

To investigate the analytical solutions of Egs. (3—4), we define
the wave transformation as:

u,t) =U(E), v(x,t)=V (), & =kx — vt. 5)

Here, & is the symbol of the wave variable and «, v are
nonzero constants. Plugging Eq. (5) on Egs. (3—4), we get
nonlinear ordinary differential equations (NLODE)

0 (U, V.U 1V, U, iV ) —0 6)
0, (v, U, kV', U V", 2U”, ) —o. %)

Now consider the trial solutions of Egs. (6—7) have the fol-
lowing forms:

UE =ao+ Y axy©&" + ) by 7k, ®)
K=1 K=1

VE =co+ Y ek ®F + > deve) 7K, ©)
K=1 K=1

where 11, m are calculated by the homogeneous balance prin-
ciple and Eqgs. (8) and (9) are used to find the exact solutions
to the ordinary differential Eqs. (6) and (7) as an auxiliary
solution. The function ¥ (§) is defined as

r1et€ 4 rpe’t
r3e838 4 ryesss’

V(&) = (10)

where 7, s, (1 <n < 4) are real/complex constants and a,
ag, bk, ck, dr are constants to be determined later. Putting
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Egs. (8-9) into Egs. (6-7) with utilizing Eq. (10), as a
result, we get the system of polynomial equations. After this,
we solve the system via equaling the terms that have the
same order and we will determine the values of constants
ap, ak, bk, ck, dx. Finally, we can easily obtain the exact
solutions of Egs. (3—4).

3 Mathematical analysis

To derive optical soliton solutions of nematicons in liquid
crystals, we define the traveling wave transformation as fol-
lows:

A =UE, 0@ n=VEe), (1D
where & (x,7) = k (x —vt) and ¢ (x,t) = —kx + ot +
0o. Here v represent the speed of the soliton, and describe
the functional form of the wave profile. On the other hand,
k,w and 6y are the soliton frequency, the wavenumber of
the soliton, and a phase constant, respectively. Substituting
Eq. (11) into Egs. (1-2) and then splitting them into real and
imaginary parts leads to a pair of relationships as follows

ak*U" — (aicz + w) U+bUV =0, (12)
ck V”+w+aF( )—0 (13)
—kvU' = 2ak*U’ = 0. (14)

From Eq. (14), to find the nearby solution, we can obtain the
constraint condition and read
v = —2ak. (15)

Nematicons can now be examined for the functional F in the
presence of three laws of nonlinearly.

3.1 Kerr law

Kerr law is the basic form of nonlinearity observed in the
nonlinear optics sense. In this situation, the refractive index
of light is dependent on intensity, as formulated by the so-
called Kerr law. The nonlinearity of the Kerr rule arises if

F (s) =s. (16)
By using Eqgs. (16) and (2) can be rewritten as

O + 10 +alA]? = (17)
So, Eq. (13) reduces to

V" + AV +aU? = 0. (18)

Balancing U” with UV in Eq. (9) and V” with U? in Eq.
(15), we get n = 2 and m = 2. Applying these values on
Egs. (8-9), we set up

UE) =ag+ary &) + by €)' +aav(E)* + bayr (6) 2,

(19)

VE) =co+ay @) +diy @) + v @) +dyE)

(20)

Putting Egs. (19) and (20) into Egs. (12) and (18), we can
study the solutions for the following families:

Family 1. When we set r = {—1,-2,1,1}, s =
{1, 0, 1, 0}, then Eq. (10) becomes:
_eb _
e 2
R — 21
VO =y 1)

Inserting Egs. (19-20) with Eq. (21) into Egs. (12) and (18),
we can investigate the following cases of solutions.

Case 1. When A = 5%, =0, ¢y = -3, p, =,
Ay = 3‘%,32=0,C2— 82 Dy =0, Ag = 1\3/;/770:\’
Co= lif)‘, K= %,w = 2‘” then
i(c@ofx/axfhz}»t) \/—
aie c (cosh (M> — 2)
C
A= . (22)
Vbca (l + cosh (M))
0 = 2 (35ecn? l\ﬂ L 23)
2be \ 776 Nt ’

These are W-shaped and bright optical solutions to Egs. (1)
and (2) as shown in Fig. 1.

Case 2. When A; = 0, Blz%, C, =0, D =
__36air _ _24ﬁk _ _ 2daxr _
13 /ax _ _13ar , _ [rx . _ _ 2ax

M,C —b‘é,K— %, 0 = —=2= then

i((cop—v/chx—2akr) M I 4a)

A=
2
2a).,
vbea (2 + e‘/_x+ ¢ )
(24
ai (4 - Se\/gﬂrz%kt + e‘/zzx—‘_“ikt)

0=- . (25)

2
bc<2 + e\F”M’)

Egs. (24) and (25) are W-shaped and bright optical soliton
solutions to the studied system as seen in Fig. 2, respectively.
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o(x,t)

o 40 -40 t

(b) Bright optical soliton solution plotted under Eq. (23).

Fig. 1 3D surfaces of Egs. (22) and (23) are drawn whena = 1, ¢ =
2,A=02,0=1,b=0.1,00 = 1 and r = 2 for 2D

Family 2. When we choose r = {—2 —i, -2+, 1, 1},
s = {i, —i,i, —i}, then Eq. (12) becomes:

vE) = sin (§) — 2 cos (é)‘ 26)
cos (§)

Inserting Egs. (19-20) with Eq. (26) into Egs. (12) and (18),
we can investigate the solutions for the following families:

— _6yar — _3ar — _ 6ar
Case 1. When A = W’A = 5 Jabe C1 = —%=,
_ _3a) _ _ _ _ 15Jax
Cr = —5-,B,=0,D; =0,D, =0, A = ~ 3 Jbea’
Co=—5gt k= —3% 0= 3 B = Othen
i(4cf+2v/chx—5art)
Y 3A\/Eeo47cse02 (ﬂg;a1t> )
B 24/ bca '
3ar A/ CAX — aht
6 = _LS c? VeAX —aM . (28)
2bc 2c

Eqgs. (27) and (28) are dark and bright periodic singular solu-
tions to the studied system, respectively.
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() Effect of the parameter a on W-shaped surface.

2

O(x,t)

(b) Effect of the parameter @ on bright optical soliton solution.

Fig.2 Effect of the parameter a is drawn under Eqs. (22) and (23) when
c=2,A=02,a=1,b=0.1,0=1,t=2

_ _ _DiJiw _ _ 3w
Case 2. When B; = 0, A; = N Ay = =,
Cr=%2,C =%, B =0,Dy =0,D2=0,K=2iﬁ,

Ay = ——3%i, Co = 67‘0, a= —45C—)Lw then

(200 V2
3«/)\wie%1<260_7ix+2wt) csc? (zﬁx - %“’t)

NG

A=- . (29
Sha
6w N/ 2w

0 =—csc? | —=x— —1]. 30
55 (wzx 5 ) (30)

Egs. (29) and (30) are dark periodic singular solutions to the
studied system.

Family 3. Whenr = {2,0, 1, 1},s = {—1,0, 1, —1}, then
Eq. (12) becomes:

¥ (§) = sech (&) (cosh (§) — sinh (§)). 3D

Inserting Eqgs. (19-20) with Eq. (31) into Egs. (12) and (18),
we can study the following cases of solutions.

. __3Jar _ 3 ax _
Case 1. When B1 =0, A| = \/IE’A = zm,cl =
3ak _ _ 3ar _ _ _ _ Aar
l;lc’CZ__ZZC’BZ_()’ Dl _0’ DZ—O, AO_ \/bac()l’
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air _ Jx

— _akx ~A o Sak
Co= 4Kk =3/00= then

4c

i(4cfg—2/exv/a—5arn)
Jare o w o (Suanh? (Yepter) )

A= 2bea ’
(32)
o ax (1 — 3tanh? (—C*;j““)). .

2bc

These are W-shaped and dark optical soliton solutions to the
nematic liquid crystals.

Case 2. When Ag = 0, Cyp = 0, A = 3ar Ay =

Vbea’
__3Jar — _3ar — 3ar = =
zﬁﬁﬁscl_ bc,C2—2bc,Bl—O,BZ—O,
Dy =0,Dy =0,k = 372 © = — %% then

i((4ctp—2xv/=cr—3a12.)
7/ 2 [ v/—cix—ath
31/ ae 4 sech <—2c‘ )

A= , 34)
24/ bca ¢
3a) sech? (X—V_;ﬁ_“”>

2bc

providing that & < 0. Egs. (34) and (35) are bright soliton
solutions to Egs. (1) and (2).

3.2 Parabolic law

The nonlinearity of the parabolic rule arises when

F (s) = Cos + Cys°. (36)
By using Egs. (36 and 2) can be rewritten as

O +26 +a (ColAP +Ci1A1F) =0. (37)
So, Eq. (13) reduces to

K2V + AV +a (COU2 + C1U4> —0. (38)

Balancing U” with UV in Eq. (9) and V” with U* in Eq.
(38), we get n = 1 and m = 2. Applying these values on
Egs. (8-9), we get

UE) =ao+a1yy €) + b1y ()", (39)
VE) =cot+eay ) +dip@E) " +aypE)? +dyE)
(40)

Putting Eqgs. (39) and (40) on Egs. (12) and (38), we can
conclude the following families of solutions:

Family 1. If we select r =
{1,0, 1,0}, then Eq. (12) becomes:

{_17_271’1}7 s =

—ef -2

v (E) = Er 41)

Inserting Egs. (39—40) with Eq. (41) into Egs. (12) and (38),
we can construct the following cases of solutions.

_ _ — _ V3ar _ 3a
Case 1. When A1 =0,C; =0, B = -2 N o
D =L (6a1~/\/%lbcot —6ak>,D2 =L (4(11\/\/?%17001 _4“),
_ _ 3 | Baxr 3
€2 =0,40= 2 «/agaa - aizl’

_ 1 (34Bawai | 3ai’a¢ _ 35ai
Co = 16( Jabe T pe ) then

ei(Bo—rkx+or) (el{(x+2alct) _ 2) J% . %
A= 2 (2 + exCi2axn) . 42
. 3a12a B ai (12 _ ZOeK(x+2aKl) +362K(X+ZGKI))
" 16ax) l6bc(2 + el((x+2a/(t))2
. a1/3xarabe(4 — 126X 2axn) y odic(x+2axt)y @)
8arbe(2 + eK(x+2aK’))2 ‘

These are dark soliton solutions to the suggested system of
equations (see Fig. 3).

Case 2. When A| = _VBar_ _ 3a; D, =0,B =0,

Jarvbca @’
_ 1 3a1+/3abca _ 1 (ai/3abca
1 m (B ). o = (2L )
— _ 3 | _3ax 3a
Dy =0, Ao = 5,/ 00 — 4

Co = 1 (34a1v/3aa 3a12a _ 35ax
0= 16 /arbc ayi bc )’

0 = 1 <10a1«/3aba + 3L112b0l _ H_ak)
— 16 Jaxe ayh c ’
\/,— Racbeo
— Vamh—ary3aazhea %C;Mzbm , then we have
i(Go—kx+wt) (ak(x4+2axt) _ M3a 3ap
A e (e 1) Jaybca az 44
B 2 (1 + exGt2axn) )
36112(1 ar (3 _ 10eK()C+2£ZKl) + 362K(x+2a/<t))
- 16az A B 16bC(1 + eK(x+2aKt))2
a]W 1— 6e/<(x+2a/(t) +62K(X+2akl‘)
+ ( ) 45)

8azbe(1 + e¥ (X+2am))2

Egs. (44) and (45) are dark and bright soliton solutions to the
nematic liquid crystals as shown in Fig. 3.
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05 ‘ Ao’a (25A0%ar — 60ay) 48)
----- b=0.2 .
04l + b=04T, -~ 96A(sin 2k (x + 2axt)) — 2 cos 2k (x + 2axt)))?
= -b=08] *
S 03l These are period singular solutions to the studied system of
= T equations.
= 4A1%(4A2ar -3
= Case 2. When B; = 0, C; = w, D =0,
A2a(441%a-3
G = W7Dz = 0, A = 2A1, Gy =
A2(174 20— 12a))a  Arybe(3a1—441%a)
. . . 3 K= A 6ar ’
-40 -20 0 20 40 o = Aba(3ai-241%a)
X ol ’
= 3a@l” _ thep
(@) Effect of the parameter a on W-shaped surface. (3a1—44, 2a2)2 ba
0.5 i T 2 2
..... b=0.1 %i(690+A1 (301244 az)batiazx)
A
- b=0.3 A= Ae tan (a1t + azx),
- =b=0.5
— (49)
2 Ar’a 2 2 2
2 0 =" <A1 ar + (4A1 as — 3a1) tan? (11 +ot2x)> .
(50)
1 “““‘; . Where ay = 6a1A1%ba—8A b, _ A1,/6bar(3a1—4A1%ay)
- = 61 w2 = 6r/a :
-40 -20 0 20 40 Egs. (49) and (50) are dark and bright periodic solutions to
X

(b) Effect of the parameter a on bright optical soliton solution.

Fig.3 Effect of the parameter a is drawn under Egs. (22) and (23) when
a=1,c=2,12=02,a=1,6p=1,r=2

Family 2. If we select r = {-2—i,—-2+4+1i,1,1}, s =
{i, —i,i, —i}, then Eq. (12) becomes:

vE) = sin (§) — 2 cos (é)' 46)
cos (§)

Inserting Eqgs. (39—40) with Eq. (46) into Eqgs. (12) and
(38), we can reveal the following cases of solutions.
2042,
Case 1. When A; = 0, B; = %, D = w,
25402 (Ao%ar—3ar)a _ A*(17Ap%ar—48a;)

Ci=0,D,= 2% » Co N ’
c Ao?ba(3a—Ag%az) Ao (Ao%ar—6ay)x

2 =0,k = T @ T T m
c= 3“#)‘22 , we get

ba(A02a2—3a1)

A= ei(@g—xt(+a)t)

Ao+ 5Aqcos (k (x + 2axt)) )
0 2 (sin (k (x + 2akt)) — 2cos (k (x + 2axt))) )’
47)
5 5 12 sin (2« (x + 2akt))
Ao’ (AO @ 4a1) (—9 cos 2k (x + 2a/<t)))

T 96 (sin (2« (x + 2aK1)) — 2c0s (2k (x + 2aK1)))>

)
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Egs. (1) and (2), respectively.
Family 3. If we choose r = {—(2+1i),2 —i,—1,1},s =
{i,—i,i, —i}, then Eq. (12) becomes:

vE) = cos (S).—}- 2 sin (5). 51)
sin (&)

Inserting Egs. (39—40) with Eq. (51) into Egs. (12) and (38),
we can study the following cases of solutions.

Case 1. When A] = —40, B; = 0, C; = Sabkz, Dy =
0.Cr = _zabkz, Co = 4(1/{2(2,;2_2)\)’ a = %’ o =
aK2(4iK2+A)’ ar = SaKZ(iichz-&-A)’ Dy = 0 then
A = elGo—icx+on)
(Ao 3 5A¢ sin (k (x +.2a/<t)) > 7
2 (cos (k (x + 2axt)) + 2sin (k (x + 2akt)))

(52)
9cos (2« (x + 2akt)) —
2 2
Ao*e (Ao*az —dar) (12 sin (2« (x + 2akt)) )
B 962.(cos (2 (x + 2akt)) + 2 sin 2k (x + 2akt)))?
25A0%a; — 60a;

+ 961 (cos (2 (x + 2akt)) + 2 sin 2k (x + 2axt)))*
(53)

These are period singular soliton solutions to Egs. (1) and

2).
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Case 2. When A1 =0, B| = SAO ,C1 =0, D 402" ,
Cy=0,Dp = Soikz,c’:%, = ak +%,
ay = A032a2 + Sagbf;( Co A(ﬁﬁza SaK  then
Aee (00 KX+(aK +M)t>
(Ao 3 5A¢sin (x (x +.2a/<t)) >
2 (cos (k (x + 2axt)) + 2sin (k (x + 2akt)))

(54)
B 5 (Ao4a2boz — 96ax2k) N
N 96bX(cos 2k (x + 2atk)) + 2 sin 2k (x + Zatic)))2

4sin 2k (x + 2atk))
—3cos 2k (x + 2atk))

96bA(cos (2k (x + 2atk)) + 2 sin 2« (x + 2atk)))?>
(55)

(A()4a2bot + 966”(2)») <

These are singular soliton solutions to the system of nematic
liquid crystals.

3.3 Power law nonlinearity

The nonlinearity of the power rule arises if

F(s) =s". (56)
By using Eqgs. (56 and 2) can be rewritten as

Oy + 1.0 + a(|A|2>" —0. (57)
So, Eq. (13) reduces to

ek>V" + AV +aU? = 0. (58)
Assume that

U=Hr, (59)

then Egs. (9) and (58) can be rewritten as

i©? (nHH” + (1 —-n) (H’)Z) _
n*bR*V =0,
ck>V" + AV +aH? = 0.

n? (aK2 + a)) H? +
(60)
(61)

Balancing HH” with R?V in Eq. (60) and V" with H? in
Eq. (61), we getn = 2 and m = 2. Applying these values on
Egs. (8-9), we get

UE) =ag+ary &) + by (€)' + aav (6)* + bayr (6) 2,
(62)

VE) =co+eay E)+divE) " +ay@E) +dyE)
(63)

Inserting Egs. (62) and (63) into Egs. (60) and (61), we can
study the following families of solutions:

Family 1. If we setr = {—1, -2, 1,1}, s ={1,0, 1,0},
then Eq. (12) becomes:
V(&) = e -2 (64)
es+1 -

Inserting Eqgs. (62-63) with Eq. (64) into Egs. (60) and (61),
we can successfully reveal the following cases of solutions.

Case 1. When Dy = 0, By = 0, C; = 4L¢ p; = 0,
2
do= A By = 0.0 = A, Ay = 2 Co = A,

2
2
i /A _ Artba _Albcna
k= 1\/; @ = TJograrn 0 4= Togi2aga) HEN

iA12b(n2=1)a

JRT: S B Uik PR/
56190"‘ 08 Fmr LT Y

A=3"
1
Ay 2bn? Alba VR Alzbnzu WE, n

AleS4(2+"))~ Je eS4(2+n))L +e f ,(65)

A 2 Alzhn at+1[ /‘\12’7"zm f 2
etz <e st e Ve ) . (66)
54x

Q) —

These are complex solutions to the studied system.
2
Case 2. When A; = 0, Ay = 0, C; = 0, Dy = — 24240

bn? ’
8a(2+n)k? B — 12K1«/3ak(2+n) By = _ 8ki/3ar(2+n)

Dy = — bn? - ba nv/ab ’
2
Ag = HSIEE ¢ _dax Q) ) = gye2 (L _ 1>,
ba bn n’
c= _KZ’ Cz = 0 then

s g msesa (1))
A= 374561(00 Kx+tak ) 1)t

1
ik/ar (2 + n)eK(X+20Kt) n ©
ba (2 + eK(x+2aKt))2
_ 4a (2 + n) KZe/c(x+2aKt) (68)

b(2 + ek (x+2aKt))2n2

Egs. (67) and (68) are bright soliton solutions to Egs. (1) and
(2).

Family 2. If we choose r = {—2 —1i,—-2+1i,1,1},s =
{i, —i,i, —i}, then Eq. (12) becomes:

sin (§) — 2 cos (&)

cos (§) (©9)

v(é) =

Inserting Eqs. (62-63) with Eq. (69) into Egs. 60) and (61),
we can obtain the following cases of solutions.

Case 1. When A, = 0, Ay = 0, C; = 0, D =
40ax®(2+n) D 50ak2(2+n) B 20k /3ar(2+1)
_T’ 2 _T» 1 = 7»
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(b) Effect of the parameter ¢ on bright optical soliton solution.

Fig.4 Effectof the parameter a is drawn under Egs. (22) and (23) when
a=1,b=01,A=02,a=1,00=1,t =2

2
By = 25/(«/3(1)\,(2"1‘")’ Ao = 5K«/jiz/);%+n)’ Co= — 10ax=(2+n)

nv/ba bn? ’
ar? (4+n2)
n2

05 1 i(eo—x(x+“(4+§2)“r))
A=3n5ne "

( k+/ar (2 + n)

1
nv/ba(sin (k (x + 2axt)) — 2 cos (k (x + 2a/ct)))2> '
(70)

= %, Cy = 0, then

w=— €= 7

. 10ax? (2 + n)

T bn2(sin (i (x + 2ak1)) — 2cos (k (x + 2ak1)))?
(71)

Egs. (70) and (71) are dark and bright periodic singular solu-
tions to the suggested system of equations as shown in Fig. 4.

Case 2. When By = 0, Ay = 44, ) = — 22102 ) —
0, Dy =0, B =0,Cy = —“CHE A) = 54;, Cp =
5a@4n). . a(d+n®r VA 3a@+m)?
T 2ben? Y T T 4en? k= 2./c’ @ = 4A,%ben? then
2 1
li<4907fo7“(4+n )Az> verx +ant \
A=c¢" Ve on? Azsec2 B ye— 2)
C
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(a) Effect of the parameter A on W-shaped surface.

2

..... A=0.2 ¢
| - x=04
= =)=0.6

o(x,t)

-20 0 20 40

(b) Effect of the parameter A on bright optical soliton solution.

Fig.5 Effectof the parameter a is drawn under Eqs. (22) and (23) when
a=1,b=01,c=2,a=1,00=1,t =2

Fig. 6 Effect of the parameter « is drawn under Eq. (22) when a =
1,e=2,2=02,2=02,b=0.1,p=1,t =2

a4+n)ir
———"—sec

73
2bcn? (73)

2c

2 (\/C_)\.x —l—a)»t)

These are dark and bright periodic singular solutions to the
nematic liquid crystals, respectively.
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(a) W-shaped surface plotted under Eq. (24).
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(b) Bright optical soliton solution plotted under Eq. (25).

Fig. 7 3D surfaces of Egs. (24) and (25) are drawn whena = 1, ¢ =
05, =02, a=1,b=0.1,6p = 1 and t = 1 for 2D

Family 3. If we chooser = {—1,0, 1, 1},s = {0, 0, 1, 0},
then Eq. (12) becomes:

V()= (74)

1t et

Inserting Eqs. (62-63) with Eq. (74) into Egs. 60) and (61),
we can investigate the following cases of solutions.

2
Case 1. When D, =0, B, = 0, C = —2CH0<C ) =,
Bl =0, Ay = AL C = —2ZE 40— 0,Cy = 0,

_ _ 1 2 _ 12a(2+n)K2A
a)—a< 1+n2)K»Ol— AT
get

A= ei(&g—lcx—ka(niz—l)Kzt) (_

2a (2 4 n) KZCK(X+2HKZ)
O = .
an(l + eK(X+2aKl))2

A
,C = —K—Z,thenwe

Alek(x+2atlc) n
—— ], (5
(1 + eK(x+2aKt))2

(76)

Eqgs. (75) and (76) describe the bright optical soliton solutions
to the studied system of equations.

4
3 V
50
N—
=2
X
=
0 = =
40 Wl
20 40
0 0 20
-20 20
¢ -40 .40
X

(a) Dark optical solution.

-40

-40
(b) Bright optical solution.
Fig. 8 3D figures of Eqgs. (42) and (43) drawn whena = 1, ¢ = 0.1,

A=02,0a=1,b=01,6 =1,a, = —0.1,ap = 0.1, « = 0.2,
w = 1andt = 2 for 2D

Case 2. When B; =0, B, =0, A| = 23/Cnie -

NOCGEE
202+tnw_ - _ _ 23/CHmie _
b(—1+n2)’ Dl - O’ D2 - 0’ A2 - \/m 5 C2 -
2Q2+mo_ — — ___rw _x
b(—11n?)’ Ap=0,Co=0,a= et then

ezt )
-2+ n)we " " 0?1

A= 2%3ﬁei(0071cx+wt)
2120

b (n2 — 1) a<e"x + en?-1

2
)
77
22w
202 Kx+ﬁt
o — 2+ n)we ' (78)

2n2wt 2
b (n2 — 1) <ex" + en?-1 )

The above equations are bright and dark optical solutions to
the nematic liquid crystals, respectively.
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Fig. 9 3D figures of Egs. (70-71) whena = 1, A = 02, = 1,
b=0.1,00=1,n=3,k =1and ¢t = 2 for 2D

4 Graphical analysis and discussion

In this section, the graphical representation of some new
traveling wave solutions has been illustrated. A family of
W-shaped, bright, dark, periodic and singular solitons are
displayed for a set of values for various parameters. Matlab
software is used to carry out simulations and the 3D plot
visualizes the behavior of nematic liquid crystals with three
nonlinearity terms constructed from Egs. (1) and (2).

Figure 1 illustrates | A(x, 1) |2 and © (x, t) established in Eqgs.
(22)and 23)fora = 1,c =2,A=02,0 = 1,b =0.1,6p =
1, respectively; Fig. 2 represents the effect of free parameter
a and shows that increase the value of a increases the peak of
the solutions on |A(x, 1) |2 and @ (x, t) found in Egs. (22) and
(23), whereas Fig. 3 determines the effect of a parameter b on
|A(x, 1)|2, ©(x, t) and has the opposite effect of parameter
a, while Fig. 4 shows the effect of a parameter ¢ found in
Egs. (22) and (23) and shows that the parameter is look like
a decreases coefficient on |A(x, 7)|*> and O (x, t); likewise
Fig. 5 demonstrates the effect of the parameter A and look
like a increases coefficient; Fig. 6 gives the effect of o and

@ Springer

show that increasing its value will decreases the peak of the
optical soliton solutions.

Figure 7 demonstrates | A(x, z‘)|2 and @ (x, t) found in Egs.
(24) and 25) fora = 1, ¢ = 05,12 =02, 0 = 1, b =
0.1, 6p = 1, whereas Fig. 8 illustrates | A(x, )% and O (x, 1)
established in Egs. (42) and (43) fora = 1,¢ = 0.1,A = 0.2,
a=1,b=0.1,6=1,a; = —0.1,ap = 0.1, «k = 0.2,
o = 1,and Fig. 9 determines | A(x, ) |2and O (x, 1) observed
in Egs. (70) and (71) fora = 1, A =02, = 1, b = 0.1,
hp=1,n=3,k=1.

5 Conclusion

In the present paper, the GERFM utilized to derive some
novel optical soliton solutions to the nematic liquid crystals
includes Kerr law, parabolic, and power law nonlinearities.
Three families of solutions for each nonlinearity are shown.
W-shaped surfaces, dark soliton, bright soliton, singular soli-
ton, period singular soliton, periodic waves, and complex
solutions are successfully obtained via this method. The
outcomes illustrate that the proposed technique is highly
accurate and gives different solutions compare with those
obtained via other methods, as well as we can construct more
different types of solutions. All gained solutions are inserted
into the system that represents the dynamics of nematicons in
liquid crystals and they satisfy it. Graphically, the effects of
free parameters on the peak of soliton solution are also pre-
sented. Moreover, we use the constraint conditions to verify
their existence. The solutions gained in this research paper
may help us to better understand the molecules of soliton in
liquid crystals.
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