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Abstract

This paper presents an uncertain stock model under the multifactor uncertain volatility framework. Based on the uncer-
tainty theory, some closed-form and analytical formulas presented to value a European call and put option under the
multifactor uncertain volatility model. Numerical tests are reported to highlight how the proposed model provides inter-
esting results on pricing a European option. Finally, we summarize the theoretical results and some numerical experiments.
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1 Introduction

Option is an important instrument in financial markets
which derivates from underlying securities such as stocks
and gives its holder the opportunity to purchase or sell—
depending on the type of contract they hold—particular
underlying stock at a specified strike price on or before the
option expiration date. Option pricing models are mathe-
matical models to estimate the fair value of an option. The
valuation of the fair price of an option can help finance
professionals to adjust their trading strategies. Therefore,
option pricing models are powerful tools for finance pro-
fessionals involved in options trading. In stochastic
approach, the Black—Scholes model was one of the first
models for investors to derive a fair price for options. The
economists Fischer Black and Scholes (1973) provided this
model which assumed that volatility is constant, but in
reality, it is never constant in the long term. In fact, the
volatility of asset prices changes throughout the trading
day. Let us focus on Heston model and its extension. The
Heston model as a stochastic volatility model was devel-
oped by Steven Heston (1993). The point that volatility is
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arbitrary rather than constant is the key factor that makes
stochastic volatility models applicable. In order to match
precisely the market implied volatility surface, it turns out
that Heston model does not have enough parameters.
Hence, Christoffersen et al. (2009) introduced the model
providing more flexible modeling of the volatility term
structure which called double Heston model. A number of
articles in the literature are concerned with the develop-
ment of the double Heston model. See, for example, Saber
and Mehrdoust (2015) and Fallah and Mehrdoust
(2019a, b).

In probability theory, we need a large amount of his-
torical data to estimate a probability distribution and the
mentioned models are based on probability theory.
Besides, when no samples are available, some domain
experts estimate the belief degree for each event. Degrees
of belief represent the strength with which we believe the
truth of various propositions (Huber and Schmidt-Petri
2009). Uncertainty theory is interpreted as personal belief
degree, and it was founded by Liu (2007). This theory is a
branch of mathematics and based on normality, duality,
subadditivity and product axioms. The study of uncertain
process was started by Liu (2008). Then, he presented a
canonical Liu process as an uncertain counterpart of
Wiener process (2009). In 2014, Liu introduced the con-
cept of uncertainty distribution and inverse uncertainty
distribution to describe uncertain variable. Uncertain cal-
culus was developed by Liu (2009) to deal with differential
equations and integration of function of uncertain process.
Chen and Liu (2010), Yao (2013), Liu (2012), Wang
(2012) and Yao and Chen (2013) presented some analytical
and numerical methods to solve the uncertain differential
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equations. The proof of existence and uniqueness theorem
of solution of uncertain differential equation was devel-
oped by Chen and Liu (2010). Liu (2009) proved stability
of uncertain differential equation. Yao (2014) extended
uncertain calculus to multi-dimensional with Liu process.
Uncertain differential equation was proposed by Liu
(2008). Then, Li et al. (2015) proposed a type of multi-
factor uncertain differential equation throughout uncertain
theory.

In finance, Liu (2009) introduced first uncertain stock
model and provided some formulas for European option
value. Peng and Yao (2011), Yu (2012), Chen et al. (2013),
Yao (2015), Wang and Ning (2017), Sun et al. (2018), Jiao
and Yao (2015), Yang et al. (2019), Tian et al. (2019a, b),
Ji and Zhou (2015), Gao, Yang and Fu (2018) and Tian
et al. (2019a, b) investigated widely valuing derivatives in
uncertain financial markets. Also, Wang (2019) combined
stochastic calculus and uncertainty theory and proposed a
currency model, in which the exchange rate follows an
uncertain differential equation and the interest rates obey
stochastic differential equations. Hassanzadeh and Mehr-
doust (2018) proposed a new stock model which is an
uncertain counterpart of Heston model. The idea of mod-
eling the variance by a variable of higher dimension
motivates us to present double Heston model in uncertain
framework. Indeed, in order to acquire a more realistic
description of volatility dynamics in the Heston model, the
number of factors that drives the volatility levels must be
increased, and therefore, we extend the uncertain counter-
part of the Heston model to multifactor extensions of the
Heston model by incorporating two factors of volatility to
the Heston model.

The main goal of this work is to provide a new uncertain
stock model by using multifactor uncertain volatility
model. In fact, this stock model is an uncertain counterpart
of the two-factor Heston model. Uncertain volatility
models feature an instantaneous variance of the asset price,
the volatility. Multifactor uncertain volatility model is
defined throughout uncertain multi-dimensional dynamics.
We also study the behavior of European option price under
the proposed model. Some theorems are proved, and a
numerical method for price of a European option is
derived.

The rest of this paper is organized as follows. In Sect. 2,
we provide some basic definitions and theorems of uncer-
tainty theory. Uncertain differential equation is presented
in Sect. 3. Besides in Sect. 4, we defined two-factor
structure for the uncertain volatility and the new stock
model is presented. The value of a European call and put
options is discussed in Sect. 5. Finally, some algorithms
are provided in Sect. 6.

@ Springer

2 Preliminary

Liu (2007) established uncertainty theory as a branch of
mathematics based on normality, duality, subadditivity and
product axioms. In this section, we introduce some fun-
damental concepts and properties in uncertain theory.

Definition 1 (Liu 2007) Let £ be a g-algebra on a none-
mpty set I'. Each element A € £ is called an event. A set
function M : £ — [0, 1] is called an uncertain measure if it
satisfies the following axioms:

Axiom 1 (Normality axiom) M{I'} =1 for the universal
set I'.

Axiom 2 (Duality axiom) M{A} + M{A°} =1 for any
event A.

Axiom 3 (Subadditivity axiom) For every countable se-
quence of events Ay, Ay, ..., we have

M{[jA,} <3 M)
=1 =1

The triple (I', £, M) is called an uncertainty space.
Besides, the product uncertain measure on the product o-
algebra was defined by Liu (2009) as follows:

Axiom 4 (Product axiom) Let (I, Ly, M) be uncertainty
spaces for k = 1,2,.... Then, the product uncertain mea-
sure M is an uncertain measure on product o-algebra £; x
Ly X ... satisfying

M{ﬁ Ak} = 7\Mk{/1k}
k=1 k=1

where A; are the arbitrarily chosen events from L; for
k=1,2,..., respectively.

Definition 2 (Liu 2007) An uncertain variable is a func-
tion X from an uncertainty space (I', £, M) to the set of
real numbers such that {X € B} is an event for any Borel
set B of real numbers. The uncertainty distribution @ :
R — [0, 1] of an uncertain variable X is defined as

&(x) = M{X <x}
for any real number x.

Definition 3 (Liu 2010) An uncertainty distribution @(x)
is said to be regular if it is a continuous and strictly
increasing function with respect to x at which 0 < ®@(x) <1,
and

lim @(x) =0,

X——00

lim &(x) = 1.

xX—+400
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Definition 4 (Liu 2015) An uncertain variable X is called
normal if it has a normal uncertainty distribution

&(x) = (l +exp<n('uT3_ax)>>l, xeR

denoted by N (u,s) where u and ¢ are the real numbers
with ¢ > 0.

Definition 5 (Liu 2007) Let X be an uncertain variable
with regular uncertainty distribution @(x). Then, the
inverse function @~ '() is called the inverse uncertainty
distribution of X.

Definition 6 (Liu 2007) Let X be an uncertain variable.
Then, the expected value of X is defined by

E[X] = / ZOCM{XZx}dx— " MX<x)de

provided that at least one of the two integrals is finite.

Theorem 1 (Liu 2010) Let X be an uncertain variable with
regular uncertainty distribution ®. Then, we have

E[X] = /1<P_'(oc)doc.

0

An uncertain process is essentially a sequence of
uncertain variables indexed by time. The concept of
uncertain process was introduced by Liu (2008).

Definition 7 (Liu 2008) Let (I', £, M) be an uncertainty
space, and let T be a totally ordered set (e.g., time). An
uncertain process is a function X,(y) from T x (I', £, M)
to the set of real numbers such that {X, € B} is an event for
any Borel set B of real numbers at each ¢ € T. An uncertain
process X, is said to have independent increments if

X, X, = Xtys oo 0 Xy, — Xo

are independent uncertain variables where #,1,, ..
any times with t| <t < --- <t;.

. I are

Definition 8 (Liu 2014) An uncertain process X, is said to
have an uncertainty distribution &, (x) if at each time 7, the
uncertain variable X, has the uncertainty distribution @;(x).

Definition 9 (Liu 2009) Let X, be an uncertain process.
For any partition of closed interval [a,b] with
a=t<th<--- <trr1 = b, the mesh is written as

A= tiv1 — .
lrgtaék| i+1 1|

Then, the time integral of X; with respect to ¢ is

b k
/adet = iig});X,i.(tiH — l‘,‘)

provided that the limit exists almost surely and is finite. X,
is said to be time integrable.

Definition 10 (Liu 2009) An uncertain process C, is said
to be a canonical Liu process if.

(1) Cop =0 and almost all sample paths are Lipschitz
continuous,

(2) C; has stationary and independent increments,

(3) The increment of Cy,, — C, is a normal uncertain
variable with expected value 0 and variance 2.

The uncertainty distribution of C; is

@,(x) = <1 Jrexp(%))_l, xER

and its inverse uncertainty distribution is as follows

& (o) zﬁlnl > ~
- _

t

Definition 11 (Liu 2009) Let X, be an uncertain process,
and let C, be a canonical Liu process. For any partition of
closed interval [a,b] with a =t} <t < --- <ty = b, the
mesh is written as

A= tiv1 — |
lrglagk| i+1 1|

Then, Liu integral of X; with respect to C; is defined as

b k
/aXtdCt = E%;Xri (Crpy — C)

provided that the limit exists almost surely and is finite. By
this definition, the uncertain process X, is said to be
integrable.

Definition 12 (Chen and Ralescu 2013) Let C, be a
canonical Liu process, and let V; be an uncertain process. If
there exist uncertain processes g, and o, such that

t t
Vi=Vo+ / uds + / 0,dC,
0 0

for any 1 >0, then V, is called a Liu process with drift y,
and diffusion o;. Furthermore, V; has an uncertain differ-
ential as follows

dV[ = ,uldt + thct.

2.1 Uncertain differential equation
Uncertain differential equation is a type of differential

equation involving uncertain processes. In this section, we
discuss about existence and uniqueness of solutions of
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uncertain differential equations, Yao—Chen formula and
multifactor uncertain differential equation.

Definition 13 (Liu 2008) Suppose C; is a canonical Liu
process, and f and g are two functions. Then,

dX, :f(t,X,)dt—l—g(t,X,)dC, (1)

is called an uncertain differential equation. A solution is a
Liu process X, that satisfies (1) identically in .

Definition 14 (Yao and Chen 2013) Let o be a number
with 0 <a<1. An uncertain differential equation
dX, = f(t,X,)dr + g(r,X,)dC;

is said to have an a-path X7, if it solves the corresponding

ordinary differential equation
aX? = £ (0, X2)dt + [ (1. X7) |07 (2)dr

where @~ '(«) is the inverse standard normal uncertainty
distribution, i.e.,
\/§ o

@71(0() :71111 —O(.

In this case, X; is called a contour process.

Theorem 2 (Yao and Chen 2013) Let X, and X} be the
solution and o-path of the uncertain differential equation

dX)f == f(t, Xl)dt + g(t, X,)dCZ,
respectively. Then,

M{X, <X} vt} =a,
M{X, > X} Vi} =1—o.

Theorem 3 (Yao and Chen 2013) Let X, and X} be the
solution and o-path of the uncertain differential equation

dXt :f(taXt)dt + g(t7Xt)dCl7
respectively. Then, the solution X, has an inverse uncer-
tainty distribution ¥, ' (o) = X%

Theorem 4 (Yao and Chen 2013) Let X, and X} be the
solution and a-path of the uncertain differential equation

dX[ :f(t,X])dt + g(t,X[)dC[,

respectively. Then, for any monotone function J, we have

E[J(X,)] = / J(X?)da.

0

Definition
X1, Xt - -

15 (Liu 2014) The uncertain processes
., Xy are said to be independent if for any

@ Springer

positive integer k and any times 7,1, .. ., #, the uncertain

vector
éi - (Xill 7Xi127 .. '7Xitk)7

is independent, i.e., for any Borel sets B, B, ..
dimensional real vectors, we have

i=1,2,...,n

., By, of k-

M{ﬁ(f,- = Bi)} = lf<n.i2 M{¢; € B}

i=1

Theorem 5 (Liu 2014) Let Xy, X, - . ., X be independent
uncertain processes with regular uncertainty distributions
D1y, Doy, . . oy Py, respectively. If f(x1, X2, ..., x,) is strictly
increasing with respect to Xxi,Xa,.... X, and strictly
decreasing with respect t0 Xpi1,Xm12, - - -, Xn, then

X; :f(X]hXZt; B ~aXm)

has an inverse uncertainty distribution

(@) = (031 (2), - Ol (1), O (1= ),
@1 — ).

Definition 16 (Yao 2014) Let C; be an n-dimensional
canonical Liu process. Suppose f(z,x) is a vector-valued
function from T x R™ to R™, and g(¢,x) is a matrix-valued
function from 7 x R" to R" the set of m x n matrices.
Then,

dX, = f(z, X,)dr + g(r,X,)dC, (2)

is called a multi-dimensional uncertain differential equa-
tion driven by a multi-dimensional canonical Liu process.
A solution is an m-dimensional uncertain process that
satisfies (2) identically at each ¢ € R.

Theorem 6 (Li et al. 2015) Assume that f and g,
i =1,2,..,n, are continuous functions of two variables and
Ci, Cy, ..., Cyy are independent canonical processes. Let
X, and X} be the solution and o-path of the uncertain
differential equation

dX, = f(t,X,)dt + > g;(t,X,)dCy,
i=1

respectively. Then,

M{X, <X} Vi} =,

M{X, > X} Vi) =1—a.

Theorem 7 (Hassanzadeh and Mehrdoust 2018) Suppose
that Y; and Y? be the solution and a-path of an uncertain
differential equation



European option pricing under multifactor uncertain volatility model

8785

dY, =f,(¢,Y,;)dt + g,(¢, Y,;)dCy,,

respectively. Let |h(t,y)| be a continuous increasing func-
tion. Then, the solution X, of an uncertain differential
equation

dX; = f,(¢,X,)dt + h(t,Y,)g, (2, X,)dCy,

is a contour process with an o-path X! that solves the
corresponding ordinary differential equation

dx7 = £, (6, X7)dr + |h (2, Y7) ga (1, X)) [ @7 ()dt
where

o (o) = ﬁlnl "
- _

;€ (0,1)

and Cy, and Cy are the independent canonical Liu pro-
cesses. In other words,

M{X, <X} Vi) = a,
M{X, > X} Vi =1—o.

3 The stock model with a multifactor
uncertain volatility

Liu (2009) first supposed that the stock price follows an
uncertain differential equation and presented an uncertain
stock model as follows

dXt = }”Xtdl
dYt = ﬂY[dt + GY}dCt

where X, is the bond price, Y, denotes the stock price, r is
the riskless interest rate, u is the log-drift, ¢ is the log-
diffusion, and C, is a canonical Liu process. Volatility as a
measure for movement of underlying asset in short is
assumed to be constant, but it is never constant in the long
term and changes with time. Therefore, Hassanzadeh and
Mehrdoust (2018) proposed a stock model as an uncertain
counterpart of Heston model which uncertain volatility has
been described in an uncertain dynamic as follows

dB; = rB,dt
ds, = S, (udt + /3,dC),)
do; = x(0 — 0,)dt + 0,/5,dCy,

where Cy; and C,, are the two independent canonical Liu
processes, S; is the stock price at time 7, B, is the bond price
at time ¢, o, is volatility of the stock price, r is risk-free
interest rate, i denotes the log-drift of the stock price, « is
rate of reversion to the long-term price variance, 0 is long-
term price variance, and ¢ is volatility of the volatility.

In this paper, we consider that a stock price described as
an uncertain model which its behavior satisfies uncertain
differential equation and define two-factor structure for the
volatility as follows

dB; = rB,dt
dS; = uS,dt 4+ /01:5:dC1; 4+ /02:5:dCo; 3)
dO']t = K1(91 — O']t)dt+ U]w/GltdCy

doy = K2(02 — 02)dt + 621/52,dCy

where Cy;, Cy;, C3; and Cy, are the independent canonical
Liu processes. S; and o¢y,i = 1,2, denote the price and
volatilities of asset price at time #, B; is the bond price at
time ¢, r is the risk-free interest rate, u denotes the log-drift
of the stock price, x;,i = 1,2, are the rate of reversion to
the long-term price variance, 6;,i = 1,2, are the long-term
price variance, o;,i = 1,2, are the volatility of the
volatility.

We will study the numerical solution for this model by
the a-path method and generalize Yao—Chen formula in the
next theorem.

Theorem 8 Assume that for 1 <i<2,f,,8:1,8, and f are
continuous functions and Cj;; and Cp, are independent
canonical Liu processes. Suppose that Y; and Y}, be the
solution and a-path of an uncertain differential equation

dYy; :f”(l‘, Y,‘;)dl‘ + &i (l‘, Y,‘Z)dC,‘“,i =1,2

respectively. Let |hi(t,y)| be a continuous increasing
function. Then, the solution X, of an uncertain differential
equation

2
dX, = f(t, X,)dt + Y hi(t, Yi)gio (1, X1)dCiy
i=1

is a contour process with an o-path X} that solves the
corresponding ordinary differential equation

2
dX* = f (1, X*)dr + Z\h,- (£, Y2) g (1, X2) |07 (w)dt
i=1

where

3
o (a) :%mﬁ,ae 0,1).

In other words,

M{X, < X! Vi) =a
M{X, > X! Vi =1—a.

Proof Given o € (0,1). We define the following sets
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T)|hi(1,Y5) g (1,X]) > 0},
”hi(thiz)giz(thf) 0}7

i=1,2. Then, T UT; =[0,T] and T; NT; = & for
i =1,2. Also, for each 1 <i<2 and for s,c € [0, T], write

A = {,1|dc’;;<’1) <o (o), Ve € (o,s]},

A= {/1|dc+;”) >¢ (1 —a),Vi € (07s}},

={relo,
"l

A% = {M%’IW <& (), Vi€ (o,c]}

and

5= {s

where @~ ! is the inverse uncertainty distribution of
N(0,1). For 1 <i<2,T{ and T; are disjoint sets and C;;,
and Cj, are independent increment processes, and by
assumption, we have

M{Aj} =a, M{A;} =0,

M{A} =a, M{A,} =0,

CIC%;(/I) >d'(1—0),Vt e (Ovc]}’

M{AiNA; =0,
M{A5inA,} =

Let Ay =4 NA; and Ap=A5NA,. Since for
i=1,2, C;j;; and Cjy; are independent, we can write
M{An N Ap} = min{ M{A; N A}, M{A5 N A5} }

= o

For any 1 € A;; N Ap,i = 1,2, we have

dc; ” _
hi(tv Yit)gi2<taxt) ;;( |h (t7 Y?;)giz(ﬁxf)"p l(“)
Vie[0,T], i=1,2
Also,

2
M{ﬂ(A,-l a Aiz)} = min {M{A O A} M{AE DAL} =
i=1 -

For any f € ﬂiz:l(/lil N Ap), we have

2 .
Z hi(t,Yi)gin (1, X1) dCZ;(ﬁ)

2
< Jhi(1,Y2) g0 (1,X7) |07 (w),

Vt € [0,T]

vVt €10, T].

o
I

Hence, we can write

@ Springer
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M{X, <X}, V€0 T}>M{ (A ,10/1,.2)}:0(,

i=1

(4)

Besides, for each 1 <i<2 and for s,c € [0, T], define

5i = {150 > o e 0.1,

dr
= {ﬂ%;(” <o '(1—a),Vte (O,s]},
= {wdC#;(y) > @& (o), vt € (O,C]}
and
5= (1220 com11 o v e (0.4,

where @~! is the inverse uncertainty distribution of
N(0,1). For 1<i<2, Cy, and Cp, are independent
increment processes, and by assumption, we have
M{Zi=1—a, M{Zj}=1-u

M{Zinz }=1-0,

M{AL} =0, M{Ay} =0, M{A5NA;} =0

LetX; =2 NZX;and Xp =25 NZ;, i =1,2. Since for
i=1,2, C;yj; and Cj, are independent, we can write

M{Zi N Zp} =min{M{Z; Nz}, M{ZEnZ,}}
=1—-u

Forany y € X;; N2p,i = 1,2, we have

dc; _
hi(t7 Yit)giZ(taXl) ;;(y) > |hi(ta Yzo;‘)gﬂ(taxf{)‘¢ I(OC)
viel0,T], i=1,2.
Also,

DN

M{ (Zan Zi2)} = lgl_igz{/\/l{zﬁ N M{ZENZ5 ) =1—a
i=1 ==

For any { € ﬂ?zl(Z,-] NZXy), we have

- dCay
> it Yi)gn(t, X,) ét(C)

i=1
> Z|h (t,Y7)gn (1, X7)| @7 (

Then,
X, > XVt € [0,7].

),Vt € 0,T]

Hence, we can write
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2
M{X, > X} Vi € [O,T]}ZM{Q 1N Zn) } =1-a

i=1
(5)

By duality axiom,

M{X, <X7 V1 €[0,T]} + MS X, £X7,v1 € [0,T) p = 1.

Besides,
{X; > X7,V €[0,T]} C X, £X;,Vt € [0,7]

So, we have

M{X, <X} Ve e [0,T]} + M{X, > X}V € [0,T]} <1,
(6)

From inequalities (4), (5) and (6), we have

M{X, <XI Ve [0,T]} =1 —a,

M{X, > X!Vt e[0,T]} =1—o.

4 European option pricing

In this section, we propose a numerical method to value a
European option based on proposed stock model (3).
A European call option is a contract between a buyer and a
seller, which gives its buyer the right but not the obligation
to buy a prescribed stock in a certain price at a determined
time in future.

Assume the European call option with a strike price K
and maturity date 7. Then, the price of the call option is as
follows

C=e¢"E[Sr—K)'],
where S7 is the stock price at time 7.

Theorem 9 The price of a European call option for the
stock model (3) with expiration date T and strike price K
is as follows

1
C=e"" / (S
0

where

—K)+doc

1—a T —

T %\ /3 % /3
s;soexp<yT+/ (V GVt VAV e “>dt>
0 T

and of, and of, are the solution of the following ordinary
differential equations

JTN3
do?, = 1 (0, — o%)dr + 2 EINC N
Y

02+/0%V/3
+ 2 V3o dt,
T

11—«

d()’%t = Ky (92 — O'gt)dl‘

where k;, 0; and o; are the some constants with i = 1, 2.

Proof According to Theorem 6, S, is a contour process and
its a-path is the solution of the following ordinary differ-
ential equation

o 3 o 3
dS?ZS?(M-FVG;\/—ln o +\/Gzz\/_ln o )dt

1—o T 1 —o

where ¢f, is the solution of the following ordinary differ-
ential equation

do}, = 1 (0, — of,)dt

VI3
+ 0 G”\/_ln * dt,
i 1—a

and o3, is the solution of the following ordinary differential
equation

do, =12 (62 — a%‘t)dt + 62\/?\/51111 i ocdt'

Besides, the price of a European call option is
C=e¢"E[(ST—K)"].

Then, by Theorems 1 and 5, the theorem is proved. O

A European put option is a contract that gives its holder
the right but not the obligation to sell a prescribed under-
lying asset in a certain price at a determined time in future.

Assume a European put option with a strike price K and
maturity date 7. Then, its price is

P=c¢"TE[(K — S7)"]
where St is the stock price at time 7.

Theorem 10 The price of a European put option for the
stock model (3) with expiration date T and strike price K
is as follows

1
P= e”T/O(K — S;)+doc

where

@ Springer
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T % /3
S7 = Soexp (uT + / (V 7I[t\/‘]n : o
0

— o

N
VG AEIN )dr)
b |

and 6%, and &5, are the solution of the following ordinary
differential equations

g1v/05V3
dO'ol([ = K1 (91 — GTt)dt-f— ! ”\/_lnl x adl,
T _

3
gy VB3 e dr,
T

1—o

o o
d()’2t = K2 (02 - UZt)
where k;, 0; and o; are the some constants with i = 1,2.

Proof Based on Theorem 6, S; is a contour process and its
o-path is the solution of the following ordinary differential
equation

/o3 o
+ In
T 1

— o

A/ 053
+ 02’\/_ln i )dt
T 1 —o

sy =S¢ (#

where ¢, is the solution of the following ordinary differ-
ential equation

VT3
do?, = k1 (0, — o%)dt + 2 Glt\/_lnl z —dr
- -

and o3, is the solution of the following ordinary differential
equation

do’%t =K (62 - O-;r)

02+/0%\/3
dr + 2 2"[1111“ dr.
v

—o
Besides, the price of a European put option is
P=e""E[(K - Sr)"].

Then, by Theorems 1 and 5, the theorem is proved.

5 Numerical results

In what follows, we designed a numerical method for
calculating European call and put options based on Theo-
rems 9 and 10. All the numerical results have been per-
formed with the parameters in Table 1 which are selected
from Ahlip et al. (2018).

The following algorithm calculates the European call
option under the stock price model (3) (Fig. 1).

Step 0 Fix the exercise date at time 7, fix the volatility
at time zero ¢, = 010, 0%, = 020, and choose N = 100 and
seti=1,2,...,N— 1.

Step 1 Set o0 — +.

Step 2 Seti «— i+ 1.

Step 3 Solve the corresponding ordinary differential
equation via Runge—Kutta scheme (Shen and Yang 2015),

@ Springer

Table 1 The parameters

Risk-free interest rate 6.50 x 107
Log-drift of the stock price 6.50 x 107
Initial volatility 1 0.0179

Initial volatility 2 0.0221
Volatility of the volatility 1 0.9565
Volatility of the volatility 2 1.8167
Long-term price variance 1 0.0256
Long-term price variance 2 4.0097 x 107
Mean revision 1 2.7994

Mean revision 2 18.4552

aVOVE w
n b

dofi =K (91 - a‘f;)dt + [— o

e+ 2 Z?"ﬁm -

1—0(,‘

o o
dojl = K (92 -0,
and

o 3 ; o 3 ;
ds? = s (,,L VO3 Vo3, e
Y

dr
1 —o b 10(,-) ’

obtain ¢y, o5 and S7 for

respectively. Then,
i=1,2,...,99.

Step 4 Calculate the positive deviation between the
stock price and strike price at time T

(8% — K)" = max(0,57 — K).
Step 5 Calculate
exp(—1T)(S3 — K)™.

If i<N — 1, return to step 2.
Step 6: Calculate the value of the European call option
N-1

C — exp(—rT) > (S} —K)™,
i=1

N-—-1

Let us consider a European put option under the stock
model (3). According to Theorem 10, the following algo-
rithm is designed to price a mentioned option (Fig. 2).

Step 0 Fix the exercise date at time 7, fix the volatility
at time zero ¢%, = 019, 05, = 020, and choose N = 100 and
seti=1,2,...,N—1.

Step 1 Set o — +.

Step 2 Seti «— i+ 1.

Step 3 Solve the corresponding ordinary differential
equation via Runge—Kutta scheme (Shen and Yang 2015),
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Fig. 1 The algorithm of a
European call option pricing Start

T, 010, 020, S0, 7, K, K1, K
01,02,61,0,

oy /61”;\/3 @ 0, |05i3 @
dof = Ky (6, — 6f)dt + ———In—"—dt doy; = Ky(8; — og¢)dt + ———In——dt
1t 1t p 1-a t ¢ T 1-q

EAG + az";\/§l 5 Vae
n

A _ qa
ds, Sl u+ p lnl—ai p T—a

Calculate exp(—rT) (S& = K)*

No
i<N-1
Yes
) N-1
) +
c &N_lexp(—rT)Zl(S; —K)
=
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Fig. 2 The algorithm of a
European put option pricing Start

A

T, 010, 020, S0, 7, K, K1, K2
01,02,61,0,

ooV, oy oV3
doy} =K,(0, — 07})dt + ————1n —dt doyy = 16,(6; —O'g')dt-l——l]’l—ldt
1t 1t . 1-a t ¢ T 1-q

58, + 0;;\/?1 5 Vae
n

A _ ca
ds, Sflu+ p lnl—ai p T—a

Calculate exp(—rT) (K — 5$1)+

No
i<N-1
Yes
1 N-1
i +
P g 1exp(—rT)Zl(K—S;)
=
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%\ /3 :
doy = 1, (0, — o%)dr + 1Y TV g,
Y

1—0(,‘

o .
2 (05 — o%)dr + 22V Gz’ﬁln 5 e
T

dazt [—
and
o 3 o ;
ds* = s <u+ v “7';\[1 lfa V“if‘f lfa)dr,

respectively. Then, obtain oy, o3, and S7 for
i=1,2,...,9.
Step 4 Calculate the positive deviation between the

stock price and strike price K at time T
(K — $3)" = max(0,K — §%).

Step 5 Calculate
exp(—rT)(K — $2)".

If i<N — 1, return to step 2.
Step 6 Calculate the value of the European put option

1 N—-1
P —exp(= Z:K suy*

Example 1 Assume that spot price is 120, maturity date is
135 days, the risk-free interest rate and the log-drift are
6.50 x 10™* and strike price is 124. Let x; = 2.7994,
0, = 0.0256, o19 = 0.0179, o, = 0.9565, Kk, = 18.4552,
0, = 4.0097 x 107, 659 = 0.0221, o, = 1.8167. Then, the
price of a European call option is C = 7.3660.

Example 2 Assume that spot price is 120, maturity date is
135 days, the risk-free interest rate and the log-drift are
6.50 x 107 and strike price is 136. Let x; = 2.7994,
0, = 0.0256, a1 =0.0179, g, = 0.9565, x, = 18.4552,
0, = 4.0097 x 1074, 629 = 0.0221, 6, = 1.8167. Then, the
price of a European put option is P = 3.5013.

The market price of a call option with a lower strike
price will be higher than the market price for a call option
on the same security with the same expiration date but with
a higher strike price. Put options work in reverse to call
options. As we can see in Figs. 3 and 4, the y-axis is the call
option premium for each strike, and the x-axis is the strike
price. The numerical results show clearly the relation
between the strike price and the option price.

6 Remarks and conclusions
In this paper, we have introduced a new stock model as an

uncertain counterpart of double Heston model. Besides, we
extended Yao—Chen formula and also presented a

30

25

N
[=]

Call Option Price
B

10

5
100 105 110 115 120 125 130
Strike Price

Fig. 3 The price of European call option for 130-day period

18 T T T T T T T

16

14r

- -
(=3 N
T T

Put OptionPrice
=]

0 . " .
100 105 110 115 120 125 130 135 140
Strike Price

Fig. 4 The price of European put option for 140-day period

numerical method to find a fair price of European call and
put options when the underlying asset price is driven by
uncertain two-factor Heston model. To support the model,
we have provided some numerical examples. Numerical
results show that option pricing under two-factor uncertain
volatility model can be reasonable. The results that we
found in this research make us optimistic about the
knowledge that could obtain from further exploration of
this new model in uncertainty theory.
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