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Abstract

In transportation problems, the cost depends on various irresistible factors like climatic conditions, fuel expenses, etc. Con-
sequently, the transportation problems with crisp parameters fail to handle such situations. However, the construction of
the problems under an imprecise environment can significantly tackle these circumstances. The intuitionistic fuzzy number
associated with a point is framed by two parameters, namely membership and non-membership degrees. The membership
degree determines its acceptance level, while the non-membership measures its non-belongingness (rejection level). How-
ever, a person, because of some hesitation, instead of giving a fixed real number to the acceptance and rejection levels, may
assign them intervals. This new construction not only generalizes the concept of intuitionistic fuzzy theory but also gives
wider scope with more flexibility. In the present article, a balanced transportation problem having all the parameters and
variables as interval-valued intuitionistic fuzzy numbers is formulated. Then, a solution methodology based on goal program-
ming approach is proposed. This algorithm not only cares to maximize the acceptance level of the objective functions but
simultaneously minimizes the deviational variables attached with each goal. To tackle the interval-valued intuitionistic fuzzy
constraints corresponding to each objective function, three membership and non-membership functions, linear, exponential
and hyperbolic, are used. Further, a numerical example is solved to demonstrate the computational steps of the algorithm,
and a comparison is drawn amidst linear, exponential and hyperbolic membership functions.

Keywords Multi-objective programming - Interval-valued triangular intuitionistic fuzzy numbers - Fuzzy goal programming -
Expected value - Membership functions

Abbreviations IVTIFN  Interval-valued triangular intuitionistic fuzzy
TP Transportation problem number
LPP Linear programming problem IVTIF Interval-valued triangular intuitionistic fuzzy
DM Decision maker IVIFN Interval-valued intuitionistic fuzzy number
MOTP  Multi-objective transportation problem IVIFTP  Interval-valued intuitionistic fuzzy transporta-
GP Goal programming tion problem
MOLPP  Multi-objective linear programming problem
IF Intuitionistic fuzzy
IFTP Intuitionistic fu?zy Fr.ans.po.rtation problem 1 Introduction
IVIF Interval-valued intuitionistic fuzzy
A TP is one of the most significant applications of LPPs.
Communicated by V. Loia. Hitchcock (1941) had first developed the basic TP as a
standard LPP. The objective of TPs is to transport units of
& S.K. Gupta commodities from various origins to different destinations
skgiitr@gmail.com so as to minimize the total transportation cost. Simplex algo-
Manisha Malik rithm is not much suitable to solve a TP due to the structure
mmalik@ma.iitr.ac.in of its model; so, Charnes and Cooper (1954) had developed
' Department of Mathematics, Indian Institute of Technology the stepping stone method to solve a TP. Later, Diaz (1979)
Roorkee, Roorkee 247 667, India proposed an algorithm to tackle MOTP.

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00500-020-04770-6&domain=pdf

13956

M. Malik, S. K. Gupta

GP technique is a very powerful and effective tool for the
modelling and solution of multi-objective optimization prob-
lems. It was developed by Charnes and Cooper in 1961. It
requires to set the aspiration goals for the various objectives
involved in the problem. Ringuest and Rinks (1987) proposed
an interactive algorithm for solving the linear MOTP. Lee
and Li (1993) considered a MOLPP and used the ideal and
anti-ideal solutions to define the membership functions. Zan-
giabadi and Maleki (2013) applied the fuzzy GP approach by
adopting nonlinear membership functions to solve the MOTP.
Later, Singh and Yadav (2018) developed a method to handle
the IF MOLPP using various membership functions.

The customary TPs use the values of all the parameters
as crisp values. But in real-life situations, the various param-
eters of a TP are not exactly known as crisp values due to
various uncontrollable factors such as climatic conditions,
uncertainty in judgement, road conditions and economic con-
ditions. So, Zadeh (1965) introduced the concept of fuzzy sets
by associating the membership degree with each element of
the set. Many researchers had proposed various approaches to
deal with the TPs in fuzzy environment. Chanas and Kuchta
(1996) introduced a method for finding the optimal solu-
tion of the TP with coefficients as the fuzzy numbers. It was
observed that the limitation of the fuzzy sets is that they use
a unique or exact real number to represent the membership
grade. However in practical situations, the membership value
may not be known to us as a crisp number. Then, Atanassov
(1986) originated the notion of IF sets using the member-
ship as well as the non-membership functions. The IF sets
include the hesitation or uncertainty involved with an element
of the set. Angelov (1997) had broadened the fuzzy opti-
mization into IF optimization. Later on, Hussain and Kumar
(2012) solved a TP where supply and demand values were
given by IF numbers. Gani and Abbas (2013), Singh and
Yadav (2015) developed various approaches for finding the
optimal solution of the IFTP. Later, Ebrahimnejad and Verde-
gay (2018) proposed an efficient computation approach for
solving the balanced IFTP where cost, supply and demand
were expressed by trapezoidal IF numbers. Recently, Maha-
jan and Gupta (2019) introduced an efficient algorithm to
tackle the fully IF MOTP using various membership and non-
membership functions.

It was observed in several cases that membership and non-
membership degrees associated with an element may not be
available as exact values. Therefore, Atanassov and Gargov
(1989) established the idea of IVIF sets, so that membership
and non-membership degrees are represented by intervals
instead of crisp numbers. Many researchers had applied the
concept of IVIF sets in decision-making problems. Nayagam
et al. (2008) proposed the ranking of IVIF sets by making
use of an accuracy function. Later, Sahin (2016) proposed a
new accuracy function for IVIF sets and applied it on multi-
criteria decision-making problems in fuzzy environment.
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Bharati and Singh (2018) proposed the solution algorithm
for the TP where transportation costs, supply and demands
are represented by IVTIFNs. Recently, Bharati et al. (2017)
proposed an algorithm for solving fully fuzzy MOLPP based
on deviation degree between two trapezoidal fuzzy numbers.
Ishibuchi and Tanaka (1990) had first examined the multi-
objective programming problem where objective function
coefficients are given by intervals rather than crisp num-
bers. Later on, Jiuping (2011) considered a MOLPP based
on interval-valued fuzzy sets. Li (2010) applied the IVIF
sets theory in multi-attribute decision-making problems.
Narayanamoorthy and Anukokila (2014) used the fuzzy GP
technique for finding the solution of the MOTP with inter-
val cost. Recently, Bharati and Singh (2019) introduced an
approach for solving a MOLPP using IVIF environment.

In the literature, there exist several approaches to solve
MOTP which are described in Table 1.

In the present article, we have developed a powerful method
to solve MOTP by combining three approaches, viz inter-
active, GP and IVIF so as to treat the interval fuzziness in
the input data, achieving the aspiration levels given by the
DM and to quickly reach a preferred solution. This study is
organized as follows: Sect. 2 introduces some basic termi-
nologies related to fuzzy, IF and IVIF set theory. In Sect. 3,
the fully fuzzy-balanced MOTP under IVIF situations has
been formulated and some related theorems are established
in support of our proposed methodology. Sect. 4 includes
the major shortcomings of the existing studies. Sect. 5 deals
with the GP approach for obtaining the optimal solution of the
multi-objective fully IVIFTP (described in Sect. 3). Sect. 6
characterizes linear, exponential and hyperbolic membership
functions to tackle the IVIF constraints connected with each
objective. In Sect. 7, main advantages of our proposed algo-
rithm are discussed. Section 8 illustrates the applicability of
the proposed solution methodology by a practical example.
Finally, Sect. 9 includes the main conclusions of the study
along with the future research scope.

2 Preliminaries

In this section, we present basic definitions and notations
used in the paper.

Definition 1 (Zadeh 1965) A fuzzy set A in a non-empty
universe X is a set of the form A = {(e, wz(x)) :x € X}
where 1 7 (x) € [0, 1] represents the degree of membership
of the element x € X being in A, and wi X — [0, 1]is
called the membership function.

Definition 2 (Mahajan and Gupta 2019) An IF set Alin X is
a set of ordered triples A’ = {(x, mir(x), v (x)):x € X},
where pz;(x) @+ X — [0,1] and vz (x) © X — [0, 1]
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Table 1 Different approaches to solve MOTP

Approach References Features

Limitations

Interactive Ringuest and Rinks (1987)

Non-interactive  Diaz (1979), Isermann (1979) and

Kasana and Kumar (2000)

GP Lee and Moore (1973), Hemaida and
Kwak (1994)
goals

Fuzzy GP Zangiabadi and Maleki (2013),
Narayanamoorthy and Anukokila
(2014), Singh and Yadav (2018)
IF GP Mahajan and Gupta (2019)

Control of search direction is in the
hands of DM

Find the set of efficient solutions

Gives satisfactory solution and
simultaneously inspects the multiple

Effective tool to handle the incomplete
information given by the DM

Takes care of both acceptance and
rejection levels

Convergence of solution depends on DM

It is difficult to evaluate the set of efficient
solutions in large-scale problems

It may take long time to find the efficient
solutions

DM’s difficulty in selecting the preferred
solution due to inexperience or
incomplete information

Unsophisticated assigning of weights lead
to erroneous results

Problem may arise in determining the
aspiration levels also

It changes the well-known structure of a
TP model

It does not guarantee an efficient solution

Membership and non-membership
degrees are taken to be crisp real
numbers

represent the degree of membership and degree of non-
membership of the element x € X being in A’, respectively,
suchthatVx € X,0 < pj(x) +vi(x) < 1.

AnTFset Al = {(x, uz; (%), v (x)) 1 x € X}in X

o the value of 7, (x) = 1 — iz (x) — vz (x) is called
the degree of non-determinacy (hesitancy) of the element
x € XtoAl

e is normal if there exists xo, x; € X such that u 3, (xo) =
1 and vAI(xl) =1.

e isconvexifVxj,xx e X, 0<A <1,

pzr(Axr + (1 — A)x2) > min{w 37 (x1), p zr(x2)} and
vir(Axr + (1 = A)x2) < max{v;;(x1), v (x2)}.

Definition 3 (Ebrahimnejad and Verdegay 2018) An IF set
Al = {(x, g (x), vzr(x)) : x € R} of the real number R is
called an IF number if

@) A’ is normal and convex IF set,
(ii) w ;s is upper semicontinuous and v ;; is lower semicon-
tinuous and
(iii) SuppA’ = {x € R: v (x) < 1} is bounded.

Definition 4 (Atanassov and Gargov 1989) Let Int[0, 1]
denote the set of all subintervals of the interval [0, 1]. An
IVIF setis defined asaset A = {Go, z(x),vi(x) s x € X},
where p ; © X — Int[0, 1]and v; : X — Int[0, 1] represent
the interval-valued membership and non-membership func-

tions, respectively, provided Sup(u ;(x)) + Sup(v;(x)) < 1
VxelX.

Definition 5 (Bharati and Singh 2018) AnIVTIFN is denoted
by A = {(@V,al, ar,ak,al), bF, bV, ar, bY, bE)), and
its membership and non-membership degrees are defined as
follows:

e Lower and upper membership functions, respectively, are
defined as:

1, if x =apy,
d _alL e L
T if ay <x <ay,
L a —a
,uA(x) = 3 and
ay —x . I
7 , if ax <x <ay,
ay —ap
0, otherwise,
1, if x = ay,
X _“f] e U
—» if af <x <ay,
U ax — a,
wi(x) =
A aV —x
3 . U
> if ay <x <ay,
a; —ap
0, otherwise,

e Lower and upper non-membership functions, respec-
tively, are given by:

@ Springer
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Fig.1 Interval-valued triangular (2L 1Y)
intuitionistic fuzzy number (vaL, VoY)
N
1
0 L u
b, b,
0, if x=ay,
a —x .
T if bf <Xx <ap,
L a = by
vZ(x) = and
A a) — X X I
_ if ap <x < b3y,
L
ay — by
1, otherwise,
0, if x =ay,
X —az .
- if bij <X <ap,
U by —a;
vz(x) =
A X —dadp . U
- if ap <x <b3y,
b3 i ?)
1, otherwise,
U L

where bl < bV <aV <al <ap <ab <al <bY <
b3L. The diagrammatic representation of IVTIFN is given in
Fig. 1.

Remark 1 1If blL = b{], afj = aIL, ag‘ bgj

b3L, then the IVTIFN A reduces to a triangular IF number
{(afs a, a§)1 (bLs a, bé‘)}

U
:a3,

Definition 6 Let A = {(a1 cak ax, ak ay), (bF,bY, a,
by, b5y and B = {(¢V, ek, cr ek, V), (dF,dY, cr,dY,

d¥)} be two IVTIFNs. Then

(@) A® B={(aV+cV, al+ct, arter, ab+ck, al +cY),
0 +af by +dl . ar+c2, bY +d¥ b + ab)).
{(kaf], ka{“, kay, ka3L, kag),

. (kb kbY  kay, kbY , kbY)}, if k > 0,
(b) kA = U L L U
{(ka3 , kaz, kaz, kay', ka}),
(kb%, kbY  kay, kbY , kbL)}, ifk <O.

@ Springer
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a,Y

a, ast b, bt x
iAR U U L L
(¢) Ao B={(a] —c3 ,ay—c5,a2—ca, a3 C1 ,a3 ¥y,
L L LU U U
Ao D U L L U L U U L
(d) A®B={(€1 761 , €2, 63 ) 63 )7 (f] ) fl 5 €2, f3 ) f3 )}
where
eV =minf{al V', aV ey, a¥ cV, al Y,
egj = max{af]cij, a?céj, agcg, agjcgj},
elL = min{achlL,af‘cg‘,ag‘clL a%cé‘},
L.L L.L L.L

et = max{alcl, a I

ft = min{pldl, btak, vkal, biaky,
fs = max{b{di. byds . b5df . byds},
U =min{p¥Val, bVdy, bYaV, by a?},
¥ =max{pVaV, bV d¥ by al , bY al},

er = apcy.

1€3,a3€C,a3¢C3

Definition7 An IVTIFN A = {(@V, at, ay, a%,dY), (bF,
b?,az,bg ,b3L)} is said to be a nonnegative IVTIFN iff

bE>0.
Remark 2 If A and B be two nonnegative IVTIFNs, then

A n uvuU _L_L L.L U.U LjL U
A®B={(a1 C] ,alcl,0262,a3C3,a3 CS ), (bldl’bl
U U U L L
dl ,azcz,b3 d3 ,b3d3 )}

Definition 8 Two IVTIFNs A = {(@V,a}, a, ak,dY),
(bL,bY,az,béj,bg“)} and B {(c}],cf,cz,cé,cg),
@dF,dV, cy,d¥,dk)) are said to be equal, ie. A ~ B iff
af] = c{],af = cf‘,az = cz,ag‘ = c3L,a§] = cgj, bf =

dE, Y =dY, by =d¥ and bt = dF.
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Deﬁnition 9 (Bharati and Singh 2018) If A = {(aV, a}, o,
ak,al), L, bY, ar, bY, bk)} be a IVTIFN, then its expe-
cted value is given by:

al +at+bl+bY +8ar+ak+ai +bY + b

EV(A)= T

Theorem 1 (Bharati and Singh 2018) The expected value
function EV : IVIF(R) — R is a linear function, where
IVIF(R) denotes the set of all IVIFNs over R.

Definition 10 (Ordering of IVTIFNs) Let A and B be two
IVTIENS. Then,

EV(A) < EV(B).

(i) A <
A > EV(A) > EV(B).

EN —
(i) A > B

3 Fully IVIF multi-objective transportation
problem

The mathematical formulation of a TP having K-objectives
(MOTP) in crisp environment does not depict the real-life
situations appropriately, when there is vagueness/ambiguity
in the objectives and/or constraints of the model. In such
situations, the formulation of MOTP where all the involved
parameters and variables are expressed by IVIFNs seems to
be viable and gives more flexibility to the DM. The MOTP
under IVIF situation can be formulated as follows:

, Zk (x))

Zzgl{(j®ilj; k=1,2,....K

i=1 j=1

(IVIFTP) Minimize Z(x) = {Z1(x), Z>(x), ...

where Z r(x) =

n
subjectto » %y =d;. i=12,....m,
j=1

Y %ij=bj, j=12....n
i=1

Xij > 0,

where a,_{(all, ,lia apz, a l3a 1'3) (a,] s l/llj’ a2, 1/3 , )}
is the IVTIF supply of the commodity at the ith orlgln

= (Y, by bja, bl b, W B b, B, D)) s
the IVTIF demand of the commodity at the jth destination,

~k  _ kU kL k kL kL /kU k kU
Ci - {(ctjl’ 1]1’cij2’ ij3’ 1]3) (cljl’ ljl’cij2’cij3’

ij

1/1;3L)} is the IVTIF penalty associated with transporting a
unit of the commodity from ith origin to the jth desti-
nation according to the kth penalty criterion, and X;; =
{(xgl,xiel,xijz,xsyx%),(x{}l,xgjl]l,xijz,x{%,xl.’jl.“3)} is
the IVTIF quantity of the commodity that should be trans-
ported from the ith origin to the jth destination.

It is assumed that all the parameters involved in the prob-
K m n ~
lem (IVIFTP) are nonnegative and Zi:l a; = Z - bj.
Let Sr denote the feasible region for IVIFTP).
Now, using Remark 2 and putting Xij={ ()cg1 , xl.e 1 Xij2s xé.S,
113) (xljl, Ul L Xij2, X zﬂ’ 113)} the problem (IVIFTP) can
be rewritten as:

Minimize Z(x)

L 1 IL L 10 .U
’ZZ Ct]l'xljl’clflxlfl’ ,sz,,z, l_}"xl‘]’; 6113x113>

i=1 j=1

/1L nu U1 AU U /1L /L
(Cljlxljl’ctjlxl]l’CUZX’Iz’CU’j Xl/}’cl]'ﬁxtJS))

m n

2U0 U 2L 2 2L

ZZ(( tjlxljl Cljl'xljl Lt12x112 (‘lj3xlj3

i=l j=1

2U .U R2L.L 20 U 2 n”U U 2L /L
Cj"'xljz) <C1/lxtjl Ll_]lxlfl CtJZX’JZ CJ? ij3° Cﬂxzj"ﬂ))

KU U L K KL L KU U
ZZ(( l]l xl]l’ctjlxljl Cz/2x112’ 1]3xt/3’6113 x1/3)

i=1 j=1

/KL,/L /KU, /U JKU /U /KL /L
(Cljl xl]l’ct/l xljl’ l]Zx’IZ’ ij3 x1/3 {’113 xr]3))}

subject to qu =a;, i=12,.

Xij =0, foralliand j.

ey

Applying expected value function on all the components of
objective function and using definitions 7 and 8, we further
get

(IVIFTP1) Min EV (Z(x))
v .U L 1 IL L v U
'EV (ZZ((CUIXUI Cljl'xtjl Cuzxrﬂ Clj3xt/3 Ctj3x173)
i=1 j=I1

AL /L U U U U AL L
(lel'xlfl’cljl'xljl ctj2x172’ lj’;xtj%’clj’;xl]">)>

m n
20 .U 2L 2 2L L 20 .U
EV (ZZ ((Cljlxljl’ Cl]l’xl_]l’ CIJlelz’ lj?x1/3’cl]3x1/3)

i=1 j=1

2L L U U 2 U U 2L /L
<‘ij1xij1 Cij1 Xij1s CijoXij2, i3 Xij3s ‘;,3%,3)))

KU U L L KU U
EV ( Z(( z/l xul Ct/l xz/l CUZXUZ’ 1/3 'xlj3 Cx/? xlj3>
i=1 j=I1

/KL /L /KU U K /KU /U /KL /L
(CI/I xljl Cljl xl]l 61]2)61!2’01]3 xl]3 Ct/"ﬂ xr}"ﬂ))) l
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subject to

n
injl Zx”l—a thjz_alZ’ sz]3_a
j=1
n
U _ U _ L _ -
inj3_ai3' szjl dir> Z)‘ul aji’ Z)‘m ER
/L U _ U L _ L i — b
me—aw injl_bjl’ in.il_b.il’ Z"tﬂ—”ﬂ’
i=1
m
L _ L U _ U 4
inﬂ_bﬂ’ g = bl Zx i =0 qul_bjl’
i=I i=1

U /L
leﬂ bj3. thﬂ_bﬂ’

w U U
,/1 >0, Xij1 — xz]l =0, Xij1 — l/l 20, xljl Xij1 20,
L N v wo_ U
xijp = xfy 20, xfhy —xijp 2 0, xfy —xf3 =0, x5 —xll; =0,
xE — x>0, i=L2....m j=12,....n

ij3 ij3 =

@

In the rest of the paper, we denote EV (Zi(x)) = Z,/c x), k=
1,2,....K

= _q=U =L = _ =L =U ~/L  =1U
Theorem2 Ifx;; = {(xijl,xijl,x,jz,xij3,xl-j3), (xijl,xijl,

Xijo, )?1’5]3, )?l.’]%)} is the optimal solution of the problem (2),
then it is a nonnegative IVIFN.

Proof Let;ij ={()El'l{l’ _,'I;'ls )Eij2s _l'lj3a _il/{?:) (-i,/h’ _,{5]11 )Eij2s
l’jlé, ; 13)} be the optimal solution of (IVIFTPI). So, x, ]
satisfy the nonnegativity constraints of model (IVIFTP1).

Hence,

/L =1U -U =U
X1 =0, x5 — xl]l >0, x'jl — X1 =0,
- _U L -
Xij1 — X1 =0, x,jz—x >0, xl/3—xij220,
U _ =L U - —/L
X3 — X532 0, X3 — 113 >0, xijS 113 >0,
i=12,....m;, j=12,...,n
which implies that
IL o =U =L = =L
zjl >0, le = xul =X S X5 S X2 S XG53
U -U
S X3 = X3 = x,j3,
i=12,....m;, j=1,2,...,n
Hence, the result. O
Theorem 3 The optimal value of objectives Z_kz{(Z]fU, Z]f]“,

z5, 250, 23V, (Zth, WY 25, 28V 2 k= 1,2,
K, is a nonnegative IVIFN.

PrOOf Let-x:l] = {()ziljj‘ly _l'l;'la )EijZ’ _Z‘Lj3’ _l'l]]'g) (')zl/fl’ _l{jl'Jl’ )EijZ,
)Ei’j%, ! 13)} be the optimal solution of (IVIFTP1). By Theo-
rem 2, we have

L I o_ = _=U _ =L _ =  _ =L _ =U
Xii1 =0, xzjl S X S X5 S X5 S X2 S X3 S XG53
u
le/?) <'xl]3’
i=1L2,....m; j=1,2,...,n

@ Springer

Further, as Ef.‘j are also nonnegative IVTIFNs, therefore
L > kL kU kU kL k kL
il =0, o7 S ¢ =651 S 6t S Gjp S €3
kU kU /kL

<Clj3 <Cl]3 <Cl]3’

i=1,2,....m; j=1,2,...,nandVk=1,2,..., K
Hence,
kL = kL =/L kU =1U kU =U kL =L
cl]lxl/l 0, cl]lxljl = cl]l xl]l = cl]lxl_]] = Cijlxi/'l

kU U kU = < /kL

ko= kL
CijaXij2 = cij3xij3 = Ci3Xis =
i=1L2,....m; j=1,2,...,n

Cij3 xij3 =Gz X lj3’

The components of Z:k are given by

~'kL /kL 71kU kU =1U
Z chulxul’ Z ZZCUI Xij1s
i=1j=1 i=1 j=1
kU
Zj ZZ i1
i=1 j=I
m n
SkL kL-L 7k _ k<.
Z; chmxuv Z5=) ) cipiin.
i=1 j=1 i=1 j=1
m n
SkL _ kL =L
Z5h =3 ) e
i=1 j=1
kU zU /kU kU =1U
chlﬂxtﬂ’ chtﬂ Xij3
i=1 j=1 i=1 j=1
/kL tkL —/L _
ZZ fEEb k=12, K
i=1 j=1
It follows that
Zr=0Vk=1,2...,K
This proves the theorem. O

Definition 11 A point X is said to be an efficient or Pareto
optimal solution of IVIFTP if there does not exist any X € Sr
such that Z; (x) > Z;(xX) Vk and Z;(X) = Z;(x) for at least
one k.

Theorem 4 The efficient solution of problem (2) is an efficient
solution of model (1).

x AL A/L A/U
Proof Let x = {{(xljl, X Xijo, X ,]3, l]g) (i1 X1
~ AU ArL . Lo
R UL P = 1,2 = 1,2,...,n} be an

efficient solution of (2). Hence, by feasibility conditions, we
have

qul_a ijl_a th/Z—CZ:Z,
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thﬂ = aj3

leﬂ =aj

A/U _ A/U _ U
xul_ ll’ 1]] - ll ’ 1]3_ i3

n

~/L __ /L . __
Zx”3 az, i=1,2,...,m,
j=1

m
ZAUI _b

i=1

m
Z S_b Z 1]3
i=1

m
_ L S — .
injl_bjl’ > dijp=bp.

i=l1

m m

m

~rL /L AU U ~rU
Yosh=vh YoE =0l YR =
i=1

I

i=1 i=1

~7L /L :
'xij3=bj3’ J=1,2,...,n,

1

~/L aU oL U aU oL
X1 =0, X5 — X520, x5 — %720, X5 — X5, =0,
N ~L AL A
Xij2 = X;51 = 0, Xjj3 = Xij2 = 0,
AU oL SU AU
X3 —Xj3 =0, X3 —X;53=0,
)21(]1:3_)2[(/@’320, i=1,2,....m; j=1,2,...,n
The above constraints give
. n x ~
(1) Zj_l xl_] = a17 1= 172’ ’m’
.. m. ~ .
(11)Zi:1xij=bj, j=12,....n,
(111)x,]>0 i=1,2 m, j=1,2

Thus, (i): (ii) and (iii) give)% is a feasible solution of (1).
Now, as x is an efficient solution of (2), there does not exist
any IVTIEN X such that EV(Zk(x)) < EV(Zk(x)) for all

k=1,2,.

,Kand EV(Z; (X)) < EV(Zk(x)) for at least

one k, Wthh using definition (10) yields X is an efficient
solution of (1) also.
Hence proved. O

4 Shortcomings of the existing studies

Various researchers have studied the transportation problems
under fuzzy, IF and IVIF situations. Some of the major short-
comings of their studies are listed below:

1. Hussain and Kumar (2012) and Singh and Yadav (2016)

proposed the methodologies for finding the solution of
fully IFTPs. In their studies, all the parameters, i.e. trans-
portation costs, supply and demand, were taken to be

positive IF numbers. But their approaches yields nega-
tive quantities for some of the IF variables. Moreover,
negative terms are also appeared in the objective func-
tion values which have no physical meaning. But, our
study overcomes this limitation.

. The existing studies of dealing with multi-objective pro-

gramming models with IF (Singh and Yadav 2018) and
IVIF (Bharati and Singh 2019) environments encounters
non-membership degree in parameters of TP only; how-
ever, in real-life situations, the vagueness may also creep
in the variables. In the present formulation, the variables
are also considered as IVIFNs.

. The method in Bharati and Singh (2018) was developed

to deal with the single-objective balanced TP of the type:

m n
YN E®ux

i=1 j=1

n
S.t. E xijZ&i, i=1,2,...,m,

m
inijj, j=1,2,...,n,

i=1,2,...,m

min Z(x) =

x, ,' >0,
where all the parameters of a TP were represented by
IVTIFNs and the variables were assumed to be crisp.
However in the present study, we introduce a method-
ology to deal with multi-objective fully IVIFTPs which
are more general and have wide number of applications
in comparison with single-objective problems.

. Gupta and Kumar (2012) developed a solution methodol-

ogy for solving linear MOTP with parameters represented
by (X, p) interval-valued fuzzy numbers. A balanced TP
is always feasible, but the solution obtained by their
approach is not even feasible.

. The approach proposed by Mahajan and Gupta (2019)

deals with MOTPs in IF environment. But in practical sit-
uations, membership and non-membership degrees may
not be crisp. Our study takes care of this limitation by
considering the MOTP in IVIF scenario which is more
realistic and general.

. The method dealing with MOTPs given in Abd El-Wahed

and Lee (2006), all the constraints connected with the
objective goals become redundant, whereas the current
study takes care of it by minimizing the sum of all devi-
ational variables.

. The existing approaches (Narayanamoorthy and Anukok-

ila 2014; Singh and Yadav 2018; Mahajan and Gupta
2019) to solve multiple objective optimization problems,
either maximize the difference of acceptance and rejec-
tive level or minimize the sum of deviations but our
approach considers both the situations simultaneously.
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Table 2 Payoff table

X A A A e Zk

X1 Zy(X0) Z5(X1) Z3(X1) Z (X1)
X2 Z1(X2) Z5(X2) Z3(X2) Z (X2)
X3 Z\(X3) Z5(X3) Z5(X3) Z (X3)

Xk Z\(Xk) Z)(Xk) Z5(Xk) Z (Xk)

5 Proposed approach

In this section, we present the weighted GP approach in IVIF
environment for finding the optimal solution of the problem
(IVIFTP). All the optimization models in the paper are solved
directly by using a software “LINGO—17.0” on a MacBook
Air system with 1.8 GHz Dual-Core Intel Core i5 processor
and 8 GB RAM.

The steps involved in the algorithm to solve (IVIFTP) are as
follows:

Step 1 Develop the model as described in IVIFTP).

Step 2 Split the problem (IVIFTP1) in K -subproblems. The
kth subproblem is given by:

(IVIFTP-k) Minimize Z (x) = EV (Zx(x))

m n
kU U k kL L kU U
=EV (ZZ ((Cljl'xljl Cle'ijl CL/ZXllz Clﬂxlﬂ CL/%xLﬂ>

i=1 j=1

'k L kU k kU 1U  skL
(Cljl'xljl Cl]lxljl Cl]2xl/2 Clj3 'xlj3 Cl]3xlj'§)))

subject to all the constraints of (2).

Let the optimal solution of IVIFTP-k) be X. Find Z/1 (Xp),
Zy(Xi), - Zi (Xp).

Step 3 Continue Step 2 fork = 1, 2, ..., K, and assume that
the corresponding optimal solutions be X1, X2, ..., Xk.
If all the solutions X, k =1, 2, ..., K are same, then it is
the optimal compromise solution, otherwise go to Step 4.

Step 4 Construct a payoff matrix using all the solutions
obtained in Steps 2 and 3 as shown in Table 2.

Remark 3 For k = 1, X will be the optimal solution and
Z1 will be the required optimal transportation cost of the
corresponding single-objective TP. For k > 1, go to step 5.

Step 5 From the above payoff matrix of order K x K, whose

(i, j)thelementis equal to Z;. (X;) = EV(Z;(X;)),evaluate

Uy = max Z(Xp)and Ly = Z;(Xp), k=1,2,...,K
I<p=K

Here, we call Ly to be the most acceptable level and Uy

to be the worst acceptable level of achievement for the kth
objective function.

@ Springer

u L ... L U
Step 6 Formulate a model to find Xii1 Xij1s Xij2s Xii3e X3
/L U U L.
XXX 3 X o= 12,0,
such that

m, j = 1,2,...,n

(COP) Zy(x) ~ Ly, k=1,2,....K

along with the constraints of (2)

where Z,;(x) ~ Li, k = 1,2,..., K is an IVIF equality
which can be handled using a membership function. Choice
of this function depends on the DM. It can be taken as linear,
exponential or hyperbolic.

Step 7 Using a membership function and the concept of
IVIF decision, to achieve the aspiration level Gy for the kth
objective, we minimize the difference between Z; and Gy
(k=1,2,..., K) by including the deviational variables d,j

and d;_, which are defined as follows:
+ / 1 /
d = max{0, Z; — Gy} = E[Zk

— Gy +1Z; — Gil], and

1
di =max{0, Gy — Z;} = E[Gk — Z; + |Gk — Z;]-

Following Abd El-Wahed and Lee (2006), Bharati and Singh
(2019), the model (COP) reduces to:

(COM) Max (6 + (1 — )8 — 0y — (1 —0)8 — (wi (d; +d;")

fwa(dy +dy) + -+ wg(dy +dy)))

st uY (z,;(x)) > 0o + (1 — 6)B,
ut(zi0) z
v (Ziw) =6y +a -0,
v (ziw) =,
Z,(x) —d;" +d; = Gy,
o+ (1—0)B+0y +(1—0)5 <1,

B+d=<1l, B>a, 52>y,
y>0, «a>0, 0<6<1,
di,df =0, k=12,....K

and all the constraints of (2)

where « is the minimum degree of acceptance, y is the maxi-
mum degree of rejectionand wy, wa, ..., wg are the weights
based on the priority levels of objectives.

Step8F1nally,x_{{(xljl, ll}l,x,jz, K3 113) (x,jl, ;jfl,
Xij2, X lﬂ, 3)} i=1,2....,m; j=12,...,n} gives

IVIF optimal solution. Further, on substituting x in Zr(x) =

Zl 12] Eh®%y k=12,

objective function value of the multl—objective IVIFTP.
The flow chart in Fig. 2 depicts the proposed methodology.

, K, we get the optimal

6 Membership functions

(Bharati and Singh 2019; Mahajan and Gupta 2019)



Goal programming technique for solving fully interval-valued intuitionistic fuzzy... 13963

Fig.2 Flow chart depicting the
steps of proposed algorithm ( start )
\ 2

Formulate the mathematical
model as in (IVIFTP)

Y

Minimize Z;, (x) = EV (Z,(x)) subject to constraints
n m

chi,- =@; and Zfij =b;

=1 =1
foralliand j. Let its optimal solution be X},. Repeat the process for all k.

Yes

Find a payoff matrix whose (i, j)**
element is Z(X;) = EV (Z;(X;))

\ 4

Evaluate U, = max{Z,'\,_(Xp):p =1,2, ...,K}
and Ly = ZL(X,), k = 1,2, ..., K.

v
Construct a model by introducing IVIF
constraints Z,(x) ~ L,k =1,2,...,K,
along with the constraints of (2).

\ 4

Convert the problem into an equivalent crisp model by using suitable
membership and non-membership function and apply the weighted
goal programming to get the optimal compromise IVIF solution X.

Y

Using %in Z,(x),k = 1,2, ..., K the objective function values
can be determined as interval-valued intuitionistic fuzzy
numbers.

A 4

( Stop J<
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Fig.3 Lower and upper linear 4
membership and
non-membership functions U, "
1 Kk (Z)(x)) Vi (ZL(x))
N
/ M
Vie (Zy(x))
uk (Z ()
> .
u v H_ v
0 L, L ZL (%) Uy = Uk

To handle the IVIF constraints,
Zy(x)~ L, k=1,2,...,K,

one can take linear, exponential or hyperbolic member-
ship and non-membership functions. A linear membership
function is most commonly used because of its simplicity.
However, to deal with the real-life situations, the linear mem-
bership function may not be applicable. As a result, one can
opt for nonlinear membership functions which can depict the
practical situation in a better way.

6.1 Linear membership function

Upper and lower linear membership functions u,l(] (Z(x))
and ,u,f(Z,’( (x)) (Fig. 3) for the kth objective are defined as:

1 if Z),(x) < LY.,
Ul -7 (x
ny (Z,Q(x))z kﬂ—k(u) if LY < Z,(x) < U},
Uk - Lk
0 if Z,(x) = U},
1 if Zj(x) < LY,
Utz (x
M,’;(Z,Q(x))z (ku—ki)> if LI <Z,(x)< U/,
Uk _Lk
0 if Z,(x)>U}".

@ Springer

The upper and lower linear non-membership functions
v/ (Z}(x)) and v} (Z} (x)) (Fig. 3) for the kth objective are
given by:

0 if Z;(x) < Ly,
Z,(x)— L}
v,ﬁ’(Z,Q(x)) = % if L) < Z,(x) < Uy,
k k
1 if Z(x) > Uy,
0 if Z;(x) < L},
Z,(x)— L}
v,f(Z,/((x)) - <%) if LY < Z(x) < U,
k k
1 if Z,(x) > U},

where 0 <n <1,k=1,2,...,K and Lf: =L, L} =
L +1(U = L) 0<t<1.

Here, ¢ is called the tolerance. The approach used is pes-
simistic in which the decision maker is likely to be ready for
extra acceptance. In other words, if the degree of rejection is
zero, the DM is not accessible to accept it fully.

In the remaining part of the paper, we define U}' = U}’ =
Uyg.

The intervals [u” (x), u¥ (x)] and [vE (x), v (x)] denote
the acceptance and rejection degrees, respectively.

Now, on applying the above upper and lower membership
and non-membership functions in all the objectives and using
the concept of weighted GP, the problem (COM) is converted
to the following model:
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(LMF) Max (0(1 +(1-6)p—-0y—(1—-6)5— (wl(d]+ +d;)
+wy(dy +d5) 4+ wgdy +dy)))
s.t. U,f‘ —Zp(x) > (U,f — Lﬁ)(@a + (1 -6)8),
(U = Zp(x) = (U — L),
Z(x)— L} < (U = LHOy + (1 = 0)5),
n(Z(x) = L)) < (U = LYy,
Z,(x) —d;f +d; = Gy,
o+ (1-60)p+0y+(1—-6)5 <1,
B+s=1l, B=a, 5=y,
y=>20, >0, 0<6 <1,
di,df >0, k=12,....K
and all the constraints of (2).

6.2 Exponential membership function
The functions representing the two ends of exponential mem-

bership function p1f (Z} (x)) and pf (Z} (x)) (Fig. 4) for the
kth objective are given by:

! ()
1 if Zp(x) < Ly,
=1 ~S(Zo-LH/ Wl -LD) _ s
¢ ¢ it <z Ut
T if L, < () < [
0 if Z,(x) = U},
k(i)
1 if Z(x) < LY,

B (esk((zimLi‘)/(Uk“LQ‘))_
=17

e pa—t / w
o ) if L, <Z,(x) <U,

0 if Z,(x) > U}

Y (Z, @)

v

vU(Z,(x))

~N

WE(Z, ()
o S~ VLZ)
|

Zy(x) Uy=U;

Fig.4 Lower and upper exponential membership and non-membership
functions

The functions representing upper and lower exponential non-
membership functions v (Z (x)) and v (Z; (x)) (Fig. 4) for
the kth objective are defined by:

W (ziw)
o if Z(x) < LY,
_Nesw-goywp-1p) _g-se v
T—e % it Ly < 2, () < U,
| if Z} (x) = Uy,
ot (zi)
. if Z,(x) < L},

B —S(wr-zienwp-Ly) _
7 1 —e S

e Sk
) if L] < Z;(x) < Uy,

1 if Z,(x) = U,

where 0 < n < land S, k = 1,2,..., K are the shape
parameters decided by the DM.

Finally, applying the exponential membership function,
the model (COM) becomes:

(EMF) Max (6 + (1 — 0)8 — 0y — (1 — 0)8 — (i (d} +d})
+wa(dy +dy) + -+ wi(df +dg)))
s, e SHEO-LHIVE-LD) _ (1 _ =Sy o + (1 — 0)B)
> e %,

,7(e—sk((Z;<x>—L;‘>/<U£—Li‘>)) —(—e ) > gk,

efs/\((U{*Z,’\,(X))/(UA{’,LZ)) (1 - e—Sk)(gy +(1—=0)8)
<e %,

n(e—sk((U,:—Z;m)/(Uk”—Lif))) — (I —e Sy < ne 5,
Z,(x) —di" +d; = Gy,
Oa+(1—-60)B+0y+(1—-0)§ <1,

B+d=<1l, Bza, 5=,

y=0, «a>0, 0<60<1,

a_. df >0, k=12,...,K

and all the constraints of (2).

6.3 Hyperbolic Membership function

The upper and lower hyperbolic membership /LE (Z(x)) and
/L,f (Z,’( (x)) (Fig. 5) for the kth objective are defined by the
following functions:

i (Z;L(x)>
1 if Z(x) < LY,
1 Ul + Ly 1
={-tanh (o) E——%5 -Z0)) )+ LY <Z(x) <UL,
2 2 2
0 if Z,(x) > U}',
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W (Zye)

VU(Z()
N

WH(Z () — —VEH(Z, ()

Z,() Uh=U,

Fig.5 Lower and upper hyperbolic membership and non-membership
functions

/L;f(ZL(X))
1 if Z,(x) <L,
1 U +Ly 1
= r;(Etanh <a;< £ 3 k —z,g(x))>+§> if Ly < Z,(x)<U,
0 if Z,(x) > U}',
| 6
Whereotk = ey —— k= 1,2,...,K.
U, —L

k
The upper and lower hyperbolic ends of the non-
membership v,g (Z;(x)) and vkL (Z(x)) (Fig. 5) for the kth
objective are given by the following functions:

ka<Z,/((x))
0 if Z(x) < L},
1 Ul + L} 1
= { 5 tanh (aI%(Z]’((x) - £ 5 ")) +y WL <Z0 <Yy,
1 if Zj(x) = U},
v (zi)
0 if Zj(x) < L},
1 Ul +Ly 1
= n<§tanh <a,§<z,;(x)— - ">>+5> if LY < Z}(x) < U},
1 it Z, ()= U},
6
where 0 < n < landa,%: — k=1,2,..., K.
Ug = Lg

@ Springer

The model (COM) becomes:

(HMF) Max (0 + (1 —0)B — 0y — (1 —6)8 — (wi(d] +d))
twa(dy +dy) + -+ wdf +dy))
s.t. o) Z),(x) + tanh ™! (2(0c + (1 — 0)B) — 1)
1
o
< {(U,ﬁ‘ + L),
2 1
o Z; (x) + tanh ™! (—“ - 1) < 0%‘(Uk" +Ly).
n
a?Z} (x) — tanh~! 20y + (1 — 6)8) — 1)
2
o
< 7"(Uk” +L}),

a?Z; (x) — tanh~! (27)/ - 1)
a]% vV v
< T(U" + L),
Z(x) —df +d; =Gy,
b+ (1 —60)B+60y +(1—6)5<1,
B+é=1l, B=a 5=y,
y>20, >0, 0<0<1,
d_, df >0, k=12,....K
and all the constraints of (2),

1 6
k= 71 7o
Up — L

6
Uy =Ly

where o (x,%: k=1,2,..., K.
Remark 4 The above models are solved in IVIF environment
but they can be reduced into IF and fuzzy environment as

discussed below:

(1) If & = 1 and n = 1, the above models (LMF), (EMF)
and (HMF) become equivalent models in IF sense.

(i) If ¢ = B,y = 6 = 0 and n = 1, then the models
reduce to problems in fuzzy environment.

7 Major advantages of the proposed
algorithm

The main advantages of the proposed study over the existing
studies are as follows:

1. Because IVIF set theory is the more general concept,
consequently, the proposed method can be reduced for
solving both fuzzy transportation problems as well as
IFTPs.

2. Theranking method used is universal; hence, it can be uti-
lized for ordering of all IVIFNs. Therefore, the proposed
algorithm can be applied to solve a general IVIFTP.

3. In comparison with the existing studies, the proposed
approach can be successfully used for solving single-
objective as well as the multi-objective fully IVIFTP,
where all the parameters of the model are expressed by
IVTIFNS.

4. The proposed approach gives optimal solutions as non-
negative IVTIFNS, i.e. no negative part appears in the
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IVIF quantities of the commodity or in the values of
various objectives involved in the problem under con-
sideration.

5. The solution obtained are in the form of IVTIFNs and
transportation quantities are in IVTIFNs form instead of
crisp values. This provides the DM more freedom which
is very impressive in view of practical applications.

6. Inthe GP approach to solve MOTP, we not only maximize
the acceptance level of the objectives but also minimize
deviational variables associated with each goal, which
provide better solution to the problem in terms of satis-
faction level of DM.

8 Numerical illustration

The applicability and flexibility of the proposed approach is
authenticated by completing the optimal shipping plan from
two origins to three destinations along with the objectives
of minimizing the total transportation cost, labour working
hours and wastage of raw material based on uncertain data
represented by IVTIFNS.

Let us consider the problem of a company manager who
would like to transport the cartons of shoes from two different
factories situated at S; and S, to three different major retail
stores located at D, Dy and D3 (Fig. 6). The aim of manager
isto

(a) minimize the total transportation cost,

(b) minimize the total labour working hours,

(c) minimize the wastage of raw material used,

(d) find the number of cartons to be transported from differ-
ent origins to destinations.

The production of shoes depends on various factors such as
condition of machines, labourers skill and power cuts, and
the demand also varies due to various factors like seasons,
locality and lifestyle of locals. The cartons are to be trans-
ported by trucks. There are variations in the transportation
cost due to various irresistible factors such as climatic condi-
tions, diesel expenses and traffic jams. The data dealing with
the required labour working hours and the estimated data of
wastage of raw material are uncertain.

Table 3 summarizes all the data showing transportation
costs due to fuel expenses Ei]j, labour working hours 51.2]. and

wastage of raw material E;]

~1 =2 ~3 : R .
The values ofcl.j,cl.j andcl.j fori =1,2; j=1,2,3are:

¢l = {(15,20,25, 30, 35), (5. 10, 25, 40, 45)},
¢!y = {(40, 45, 50, 55, 60), (30, 35, 50, 65, 70)},
¢ly = {(75. 80, 85, 90, 95), (65, 70, 85, 100, 105)},

&b, = {(35.40,45, 50, 55), (25, 30, 45, 60, 65)},
&by = {(50, 55, 60, 65, 70), (40, 45, 60, 75, 80)},
by = {(25, 30, 35, 40, 45), (15, 20, 35, 50, 55)},
&, ={(6.8,10,12,14), (2,4, 10, 16, 18)},

&, = {(20, 25, 30, 35, 40), (10, 15, 30, 45, 50)},
&y = {(22,23,24,25,26), (20, 21, 24, 27, 28)},
&3, = {(30, 35,40, 45, 50), (20, 25, 40, 55, 60)},
3, = {(12, 16,20, 24, 28), (4,8, 20, 32, 36)},
&3y = {(25,35,45,55,65), (5,15, 45,75, 85)},
& =1{(3.4.5.6,7).(1,2,5,8,9)]},

&y = {(12, 14,16, 18, 20), (8, 10, 16, 22, 24)},
&y = {(15,20, 25, 30, 35), (5, 10, 25, 40, 45)},
&, = {(18,19,20,21,22), (16, 17, 20, 23, 24)},
&y = {(9,12,15,18,21), (3,6, 15, 24, 27)},
&, = {(26,28, 30, 32, 34), (22, 24, 30, 36, 38)}.

The availabilities @; fori = 1,2 and demands b j for j =
1, 2, 3 are given as:

a = {(110, 120, 130, 140, 150), (90, 100, 130, 160, 170)},
@, = {(50, 60, 70, 80, 90), (30, 40, 70, 100, 110)},

by = {(40, 50, 60, 65, 70), (30, 35, 60, 75, 80)},

by = {(40, 45, 50, 55, 60), (20, 30, 50, 65, 75)},

b3 = {(80, 85, 90, 100, 110), (70, 75, 90, 120, 125)}.

It is to be noted that a; + ax = 51 + l;g + 153.
Solution:

Step 1 Mathematically, the multi-objective IVIFTP is for-
mulated as follows:

(P1) Minimize Z(x) = {Z1(x), Za(x), Z3(x)}
2 3

where Z,(x) = 2255 ®%j; p=12.3
i—1 j=1
3

subject to Ziij =aq;, i =1,2,
Jj=1
2
Zilj = bj, j=1,2,3,
i=1

Xm0, Vi, j.
Step 2 Divide the problem (P1) into three subproblems,
(S1), (S2), (S3), and substitute ¥;; = {(xgl,xfjl,x,»,-z,

L U /L ' . U /L :
Xiizs xl.j3), (xl.jl s Xif1s Xij2s X3 xl.j3)}, with the common set
of constraints (3) given below:

@ Springer



13968

M. Malik, S. K. Gupta

Table 3 Data related to shoe
factory TP

Fig.6 Pictorial representation of the shoe company problem

@ Springer

Sources Destinations Availabilities
Dy Dy Ds a;
12 3 <1 2 3 1 2 X3 ~

S (SIS IRST) {C12: C1p- €10} {c13- 13- €13} ai
12 3 12 3 ~1 23 ~

$2 (CINCTRC {250 €350 €2} {C23. €23, €23} @

Demands (l; i)

by

b>

Destination-1

Destination-3
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Xy +xpyy xfy = 10, xfiy +xfy; +xfy; = 120,
X112 + x122 + x132 = 130,

xfiy +xhy +xfsy = 140, xfj5 +xpy; + x5 = 150,
xify + x5 +xif =90,

iy Fxyy +af) = 100, x5+ x84+ xifs = 160,
xfiy + x5 +xi5; = 170,
X5+ x5y x5y =50, x5 +xgy + x5y = 60,
X212 + X222 + x232 = 70,
X35+ Xy + 0353 = 80, x5y3 + x5y +x333 = 90,
x5y x5y + xlf; = 30,
Xy xdy +x =40, xgly 4 x4 x5 = 100,
xSy + x5y + xlfy = 110,

xf]“ +x2Ull =40, lell +x2L“ =50, x112 + x212 = 60,
xfi3 X535 = 65,

X+ x53 =70, xify +aghy =30, x() +x5]; =35,
iy + x5y =75,

iy xiy = 80, xfyy + x5y =40, xfy; +x55; =45,
X122 + x222 = 50,

Xfyy X593 =55, xhy + x5y = 60, xi5; +x55; = 20,
x{gl +x£lzjl =30,

x93 x5y = 65, xi5;y + x5y =75, xjy +x3; = 80,

L L o_
x5 + x5, =85,

X132 032 = 90, X3y +x333 = 100, x{33 + 335 = 110,

x{5) +x55 =70,

xSy x5, =75, x{5 + xg5 = 120,

xi5s + x5 = 125,

2 200 2 =i 200 ) —x(f; 20,

X = X1 2 00 xija —xip 20,

X3 = X122 0, x5 = xfi3 2 0, x5 — x5 > 0,

xing—xll3>O j=1,273,

w U
x2,1 >0, xyj; — x2,1 >0, x; — x2,1 >0,
U o
x2jl — X3, 20, x2j2 x2‘l =0,
L , U w
Xyp3 = X222 0, x55 — x2,3 0, x5i3 — x2,3 =0,

x2J3—x2j3>0 j=1,2,3.

The problems (S1), (S2) and (S3) are:

(S1) min Z|(x) = 16[15x111+20x111+30x113

+35x{)3 4 200x112 + 5x{f; 4+ 10x{F)
+40X113 + 45x113 + 40X121 + 45.x121 + 55x1L23

3

(S3) min Z3(x)

+60x 153 4 400x122 + 30x75; 4 35x79,

+65x15; + 70x55 + 75x %, + 80x1y, + 90xty,
+95x 55 + 680x132 + 65x75,

+70x15, + 100x15; + 105x15; + 35x%), + 40xd,
+50x215 + 55x5 + 360x212

+25x55, + 30x5], + 60x35 + 65x355 + 50x 5,
+55x51 + 65x%y3 + T0x5h5 + 480x22

+40x55, + 45x53, + 75x535 + 80x%55 + 25x %,
+30x35; + 40x%33 + 45x555 + 280x23,

+15x£é1 + 20x231 + 50x233 + 55X233]

subject to constraints (3).

1
(S2) min Z}(x) = —6[6x1U” +8xh 4 120,

+14x{)5 + 80x112 + 2x{5; +4x () + 16x(75
+18x113 + 2()x121 + 25x121 + 35x123 + 40x123
+240x122 + 10x75, + 15x15,

+45x15; +50x155 +22x%, + 23xy, + 25x ]y,
+26x133 + 192x13; + 20x5, + 21x131
+27x133 + 28x133 + 3Ox211 + 35x211 + 45x2Ll3
+50x3)5 + 320x212 + 20x55,

+25x3) 4 55x45 + 60x55 + 12x3); + 16333,
+24x353 + 28x3h3 + 160x202 + 4x55,

+8x55; 4 32x555 + 36x555 + 25x%5, + 35x%5,
+55x355 + 65x%53 + 360x232 + 5x55,

1505, + 75 + 8542

subject to constraints (3).
1
6 [3x111 +4xfiy + 6xij3 + Txi]3

+40x112 + 1y +2x(f) + 8x(f3 + iy
+12x5, + 14xty, + 18xhy 4+ 20x15 + 128x12
+8x15, + 10x7Y, 4 22x15; + 24x(5;

+15x 5, + 20xk, + 30xh; + 3555, + 20013,
+5x{5; + 10x]5; +40x{5; + 4515

+18x3), + 19x%;, + 21xdy5 +22x5 + 160x212
16357 + 17257, +23x575 + 24x305

+9x5, + 12x%5; + 18x55 + 21x0)3 + 120x220
F3x55) + 6355 + 24x555 + 273555

+26x %, + 28xk5, + 32xk5 4 34x Y5 + 240103,

+22:55) + 24288, + 36315 + 38x35s |

subject to constraints (3).
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Step 3 The optimal solutions of the models (S1), (S2) and (i) Using linear membership function:

(S3), respectively, are:
(LMF) Max (0 + (1 —0)p — 0y — (1 — 6)6 — 0.6d, — 0.6d,

11 = {(40, 50, 60, 65, 70), (30, 35, 60, 75, 80)}, —0.3d," —0.3d, —0.1dy" —0.1d;)
s.t. 11837.5 — Z| (x) > 2128.125(6a + (1 — 0) ),
X12 = {(30, 30, 30, 35, 40), (20, 25, 30, 45, 50)}, 5648.75 — Zb(x) > 1149.375(8a + (1 — 6)B),
3 3782.1875 — Z4(x) = 160.6275(6a + (1 — 6) ),
X0 = F13 = {(40, 40, 40, 40, 40), (40, 40, 40, 40, 40)}, p(11837.5 — 71 (x)) = 2128.1256,
%1 = {(0,0,0,0,0), (0,0,0,0,0)}, 1n(5648.75 — Z),(x)) > 1149.375a,
1(3782.1875 — Z}(x)) > 160.6275a,
X22 = {(10, 15, 20, 20, 20), (0, 5, 20, 20, 25)}, Z1(x) —9975.39 < 1862.11(9y + (1 — 6)8),
. Z}(x) — 4643.05 < 1005.7(0y + (1 — 6)3),
%23 = {(40, 45, 50, 60, 70), (30, 35, 50, 80, 85)}. Z0(x) — 3641.64 < 140.5475(0y + (1 — 0)9),
%11 = {(40, 50, 60, 60, 60), (30, 35, 60, 60, 65)}, n(Z(x) = 9975.39) = 1862.11y,
1(Z)(x) — 4643.05) > 1005.7y,
X12 ={(0,0,0,0,0),(0,0,0,0,0)}, n(Z}(x) — 3641.64) > 140.5475y,
_— Zi(x) —d +d; =11453.12,
o= %13 = {(70, 70, 70, 80, 90), (60, 65, 70, 100, 105)}, Zhr) —dr +d> = 47134375,
X21 ={(0,0,0,5,10), (0,0,0, 15, 15)}, Zi(x) —dy +dy =3692.8125,
fa+(1—0)B+0y+(1—06)8 <1,
%22 = {(40, 45, 50, 55, 60), (20, 30, 50, 65, 75)}, B+5<1, f=a, 5>y,
23 = {(10, 15, 20, 20, 20), (10, 10, 20, 20, 20)}. yz0 az0 0<6n=<1,

dy.df, dy, adf, dy, df >0,
11 = {40, 50, 60, 65, 70), (30, 35, 60, 75, 80)}, along with set of constraints (3), taking t=0.125.

x12 =1{(0,0,0,5,10), (0, 0,0, 15, 20)},
X13 ={(70, 70, 70, 70, 70), (60, 65, 70, 70, 70)},

(i1) Using exponential membership function:

X3 =
%21 =1{(0,0,0,0,0), (0,0,0,0,0)}, (EMF) Max (0o + (1 —6)8
%, = {(40, 45, 50, 50, 50), (20, 30, 50, 50, 55 ~8y — (1-6)8 ~0.6df —0.6d;
%22 = {(40, 45,50, 50, 50). (20, 30, 50, 50. 35)1. ~0.3d; — 03d; — 0.1dF — 0.1d5)
X23 = {(10, 15, 20, 30, 40), (10, 10, 20, 50, 55)}. st e—((z’1 (x)—9709.375)/2128.125)
(1 —e~! _ -1
Step 4 The payoff matrix a ) e )Oa+A—-0)p) e,
e—((Zz(x)—4499.375)/1149.375)
9709.375 5648.75 3782.1875 —1—eHa + (1 - )p) > e L
Z = | 11837.5 4499.375 3692.8125 e—((zg(x)—3621.56)/16o.6275)
where Z}(Xi) =EV(Z;j(X;))Viand j. n(e—((zj(x)—97o9.375)/2128.125))
1l -1
Step 5 From the payoff matrix Z, we get U; = 11837.5, L a e/ Joa = e,
— 9709.375,Us — 564875, L, — 4499.375,Us — n(e*((zz(”*““”'”” ”49'375))
3782.1875, L3 = 3621.56. Set G| = 11453.12,G, = —(—eNa > nel,
4713.4375, G3 = 3692.8125. n(e—((zg(x)—3621.56)/16o.6275))
L u U
Step 6 We find xl.ljj.l,xile,xijz,xiLj3,xl.(j].3,x/ij1,x’,-jl,x’ij3, —(l—eNa > pe !,
x’iLj3,i =1,2, j=1,2,3 such that ef((l1837.5721()6))/1862,11)
—(I—e DOy + (1 -6)5) <e !,
/
Z\(x) ~9709.375, (A) e7((5648,75725@))/1005.7)
!
Zg(x) 4499.375, (B) (- e’l)(éy (1 —0)8) < e,
Z3(x) ~ 3621.56, (C) o ((3782.1875-74,))/140.5475)
subject to constraints (3) A —e YOy +1—0)8) <e !,

—((11837.5-2/(x))/1862.11
where ~ is an IVIF equality, which can be handled using ’7(‘3 (( 10/ ))
1

different membership functions. —(1—e hHy = ne’!,

Step 7 The model (COM) can be formulated as crisp model n e_((5648'75_Zz(x))/1005'7))

given by: —(1—e Yy < pe !,
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Table 4 Value of objective function for (LMF) model

0 n

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95

0.1 —0.6129 —0.6129 —0.6129 —0.6129 —0.6129 —0.6129 —0.6129 —0.6129 —0.6129 —0.6129
0.2 —0.6248 —0.6212 —0.6176 —0.6140 —0.6129 —0.6129 —0.6129 —0.6129 —0.6129 —0.6129
0.3 —0.6437 —0.6382 —0.6328 —0.6274 —0.6220 —0.6166 —0.6129 —0.6129 —0.6129 —0.6129
04 —0.6625 —0.6553 —0.6480 —0.6408 —0.6336 —0.6264 —0.6191 —0.6129 —0.6129 —0.6129
0.5 —0.6813 —0.6723 —0.6633 —0.6542 —0.6452 —0.6362 —0.6272 —0.6181 —0.6129 —0.6129
0.6 —0.7002 —0.6893 —0.6785 —0.6677 —0.6568 —0.6460 —0.6351 —0.6243 —0.6135 —0.6129
0.7 —0.7190 —0.7064 —0.6937 —0.6811 —0.6684 —0.6558 —0.6431 —0.6305 —0.6179 —0.6129
0.8 —0.7378 —0.7234 —0.7089 —0.6945 —0.6801 —0.6656 —0.6511 —0.6367 —0.6150 —0.6222
0.9 —0.7567 —0.7404 —0.7242 —0.7079 —0.6916 —0.6754 —0.6591 —0.6429 —0.6266 —0.6185
0.95 —0.7661 —0.7489 —0.7318 —0.7146 —0.6975 —0.6803 —0.6631 —0.6460 —0.6288 —0.6202

n (e* ((3782.1875-Z3(x))/ 140.5475))

—(1—e by <pe!,

Z\(x) —di +d; = 11453.12,

Zh(x) —dyf +dy = 4713.4375,
Z(x) —di +d; =3692.8125,

O+ (1 —0)B+0y +(1—0)8 <1,
p+é=<1, Bza =y,

y=z0, =0, 06, n=1,
dy,di, dy, df, dy, df >0,
along with set of constraints (3), taking
t=0.125 S =1Vk.

(iii) Using hyperbolic membership function:

(HMF) Max

s.t.

(b + (1 —0)B—0y —(1—0)8 —0.6d

—0.6d; —0.3d;" —0.3d;, —0.1dy —0.1d;)

0.0028Z} (x) + tanh~! (2(0a + (1 — 6)B) — 1)
< 30.1656,

0.0052Z5(x) + tanh ™! 20 + (1 — 6)B) — 1)
< 26.3851,

0.0373Z4(x) + tanh~! 20 + (1 — 6)B) — 1)
< 138.08,

’ —1 2a
0.0028Z/ (x) + tanh — — 1) <30.1656,

n

, 1 [ 2«
0.0052Z5(x) + tanh — — 1) <26.3851,

n

2
0.0373Z}(x) + tanh ™! (—“ - 1) < 138.08,
. n

0.0032Z (x) — tanh ™" 20y + (1 — 6)8) — 1)
< 34.9006,

0.006Z} (x) — tanh~' 28y + (1 — 6)8) — 1)
< 30.8754,

0.0427Z}(x) — tanh =" 20y + (1 — 0)8) — 1)
< 158.4987,

2
0.0032Z/ (x) — tanh™! (—” - 1) < 34.9006,
Ui

2y

0.006Z} (x) — tanh ™! (7 - 1) < 30.8754,
n

2
0.0427Z4(x) — tanh™! (—V - 1> < 158.4987,
n

Zi(x) —df +d; = 11453.12,

Zh(x) —dy +d; =4713.4375,

Zi(x) —df +d; =3692.8125,
ba+(1—Op+0y+(1—-0)<1,
B+é<1l, B>a, 6>y,

y>0, «a>0, 0<6<1, 0<n<l,
dy,dt, dy, df, dy, df >0,

along with set of constraints (3), takingt=0.125.

Step 8 Solving the problems (LMF), (EMF) and (HMF) for
various values of parameters 6 and 7, the values of objective
function are tabulated in Tables 4, 5 and 6, respectively.
Performing the experimental simulation on the models
(LMF), (EMF) and (HMF), we have concluded that the max-
imum value of the objective function is obtained at

(i) & = 0.3 and n = 0.7 using linear membership function.

(i) & = 0.6 and n = 0.3 with exponential membership
function.

(iii) & = 0 and n = 0.6076 using hyperbolic membership
function.

The corresponding surface plots of objective function values
for (LMF), (EMF) and (HMF) models showing the variation
of objective function values with respect to 8 and 1 are shown
in Figs. 7, 8 and 9, respectively.

The IVTIF optimal point and the corresponding objective
function values for problem (P1) at 8 = 0.4 and n = 0.8,
using different membership functions for (LMF), (EMF) and
(HMF) models are given in Table 7.

Under IF environment:

In view of Remark 4 (i), the models (LMF), (EMF) and
(HMF) can be modelled in IF environment as follows:

(i) Using linear membership approach:
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Table 5 Value of objective function for (EMF) model
0 n
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
0.1 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897
0.2 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897
0.3 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897
0.4 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897
0.5 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897
0.6 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897
0.7 —0.6084 —0.6003 —0.5922 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897 —0.5897
0.8 —0.6367 —0.6275 —0.6183 —0.6091 —0.5998 —0.5906 —0.5897 —0.5897 —0.5897 —0.5897
0.9 —0.6651 —0.6547 —0.6443 —0.6340 —0.6236 —0.6132 —0.6028 —0.5925 —0.5897 —0.5897
0.95 —0.6792 —0.6683 —0.6573 —0.6464 —0.6355 —0.6245 —0.6136 —0.6026 —0.5938 —0.5897
Table 6 Value of objective function for (HMF) model
0 n
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
0.1 Infeasible infeasible Infeasible Infeasible —2180.7 —581.5 —506.3 —462.5 —431.7 —419.1
0.2 Infeasible Infeasible Infeasible Infeasible —2180.7 —581.5 —506.3 —462.5 —431.7 —419.1
0.3 Infeasible Infeasible Infeasible Infeasible —2180.7 —581.5 —506.3 —462.5 —431.7 —419.1
0.4 Infeasible Infeasible Infeasible Infeasible —2260.6 —581.5 —506.3 —462.5 —431.7 —419.1
0.5 Infeasible infeasible Infeasible Infeasible —2180.7 —581.5 —506.3 —462.5 —431.7 —419.1
0.6 Infeasible Infeasible Infeasible Infeasible —2221.9 —581.5 —506.3 —462.5 —431.7 —419.1
0.7 Infeasible Infeasible Infeasible Infeasible —2340.3 —581.5 —506.3 —462.5 —431.7 —419.1
0.8 Infeasible Infeasible Infeasible Infeasible —2448.4 —581.5 —506.3 —462.5 —431.7 —419.1
0.9 Infeasible infeasible Infeasible Infeasible —2524.6 —581.5 —506.3 —462.5 —431.7 —419.1
0.95 Infeasible Infeasible Infeasible Infeasible —2693.5 —581.5 —506.3 —462.5 —431.7 —419.1
Fig.7 Surface plot of objective surface plot
function for (LMF) model [ ]
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Fig.8 Surface plot of objective surface plot
function for (EMF) model 2 -0.59
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function for (HMF) model
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Table 7 Optimal solution of (LMF), (EMF) and (HMF) models for 6 = 0.4 and n = 0.8

(LMF) (EMF) (HMF)
11 {(35.,40,50,50,50), {(35.42,52,57,62), {(30,35,40,40,41),
(30,35,50,55,55)} (30,30,52,67,70)} (30,30,40,42,42)}
12 {(15,15,15,20,20), (0,5,15,25,30) } {(35,38,38,43,47), {(35,40,45,50,55),
(20,30,38,52,58)} (20,30,45,60,70)}
13 {(60,65,65,70,80), {(40,40,40,40,41), ((45,45,45,50,54),
(60,60,65,80,85)} (40,40,40,41,42)) (40,40,45,58,58)}
a1 {(5,10,10,15,20), (0,0,10,20,25)} {(5.,8,8,8,8), (0,5,8,8,10)} {(10,15,20,25.,29), (0,5,20,33,38)}
X2 {(25,30,35,35,40), {(5,7,12,12,13), (0,0,12,13,17)} {(5,5,5,5.,5), (0,0,5,5,5)}
(20,25,35,40,45)}
3 {(20,20,25,30,30), {(40,45,50,60,69), {(35.,40,45,50,56),
(10,15,25,40,40)} (30,35,50,79,83)} (30,35,45,62,67)}
Z1(x) {(7550,9325,10950,13125,15800), {(6350,7805,9430,11255,13340), {(6700,8175,9850,12025,14330),
(5000,6150,10950,18025,20925)} (3800,5000,9430,15565,18195)} (3800,5000,9850,16835,19435)}
Z5(x) ((2780,3720,4735,6215,7650), {(3000,4173,5430,7137,9063), ((3105,4320,5755,7475,9408),
(1390,1900,4735,9545,11390)} (1210,2060,5430,11300,13603)} (1210,2060,5755,11563,14035)}
75(x) {(2020,2780,3590,4665,5850),

(610,1230,3590,7050,8375) }

{(2300,2996,3708,4620,5604),
(1050,1685,3708,6660,7765) }

{(2320,3065,3870,4855,5924),
(1050,1685,3870,7087,8261) }

(LMF1) Max F = o — y — 0.6d;" —0.6d,

S.

—0.3dy —0.3d; —0.1d5" — 0.1d;

t. 2128.125¢ 4 Zj (x) < 11837.5,

1149.375a + Z)(x) < 5648.75,

160.6275a + Z4(x) < 3782.1875,

Z(x) — 1862.11y < 9975.39,

Z)(x) — 1005.7y < 4643.05,

Zj(x) — 140.5475y < 3641.64,

Z\(x) —d +d; = 11453.12,

Zy(x) — dyf +d;, =4713.4375,

Zi(x) —dy +d; =3692.8125,

at+y =<1, azy, y=0,

di, df, dy, df, dy, df >0,

along with set of constraints (3), taking

t=0.125.

(ii) Using exponential membership function:

(EMF1) Max F = — y — 0.6d;" — 0.6d;

@ Springer

S.t.

—0.3d} —0.3d;, —0.1df —0.1d

o (2 0)-9709.375) 2128.125) _ (1—eDasel
o ((Z4(0—4499.375)/1149.375) _ d—eVa>el
o (#5)-3621.56)/160.6275) _ (I—eDa>el,
o (18375-Z)on/1se.11) _ (1—el)y <el,

o (5648752, (1))/1005.7) _ (1—e by <el,

o— (378218752 (1)) /140.5475) _ (1 —ely <e !,

Zi(x) —d;f +d; = 11453.12,

Z)(x) —dy +d, =4713.4375,

Zi(x) —dy +d; =3692.8125,

at+y <1, a>y, y>0,

di, di, dy, df, dy, df >0,

along with set of constraints (3), taking
t=0.125 S =1, Vk

(ii7) Using hyperbolic membership function:

(HMF1) Max F = o — y — 0.6d," — 0.6d;
—0.3d —0.3d; —0.1d§ —0.1d;

s.t. 0.0028Z] (x) + tanh~! (2r — 1) < 30.1656,
0.0052Z5(x) + tanh~! (2o — 1) < 26.3851,
0.0373Z%(x) + tanh ™! (2o — 1) < 138.08,
0.0032Z/ (x) — tanh~! 2y — 1) < 34.9006,
0.006Z5(x) — tanh~' 2y — 1) < 30.8754,
0.0427Z}(x) — tanh~' 2y — 1) < 158.4987,
Zi(x) —d +d; =11453.12,

Zh(x) —dy” +dy =4713.4375,

Zi(x) —dy +dy =3692.8125,

a+y=1l azy, y=0,

dy,df, dy. dy, dy, df >0,

along with set of constraints (3), taking
t=0.125.

Solving (LMF1), (EMF1) and (HMF1) models, we get the
solutions shown in Table 8.

From Tables 7 and 8, the expected value of the objective
functions Z; (x), Z»(x) and Z3(x) under IVIF and IF environ-
ments using linear, exponential and hyperbolic membership
functions is given in Table 9.

It is clear from the Table 9 that in most of the cases, the
expected value of the objective functions Z 1(x), 22 (x) and
23 (x) under IVIF is either lesser or equal to the correspond-
ing values with IF environment. Hence, solving the problem
under IVIF situations provides better solution and more flex-
ibility.

It is to be noted that all the optimal solutions are presented
up to four decimal places. Using LINGO—17.0, the average
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Table 8 Optimal solution for (LMF1), (EMF1) and (HMF1) models

(LMF1) (EMF1) (HMF1)

F —365.2471 —365.2471 —407.8149

a 0.4667 0.3461 0.5

y 0.4667 0.3461 0.5

dy 608.7452 608.7452 679.6914

dy 0 0 0

dy 0 0 0

dy 0 0 0

dy 0 0 0

df 0 0 0

11 {(35.40,45,45 45), {(35.42,52,57,62), {(20,27,37.40,40),
(30,35,45,50,50)} (30,30,52,67.70)} (20,20,37,40,40)}

i1 {(35.35.,40.45,50), {(35.38,38.43.,47), {(39,41,42,44,48),
(20,25.40,55,60)} (20,30,38,52.58)} (19,29,42,54,64)}

13 {(40,45,45,50,55), {(40,40,40,40,41), {(51.51,51,56,61),
(40,40,45,55,60)} (40,40,40,41,42)} (51,51,51,66,66)}

X2 {(5,10,15,20,25), (0,0,15,25,30)} {(5.8.8.8,8), (0,5,8,8,10)} {(20,22,23,25,30),

(10,15,23,35.40)}

i {(5.10,10,10,10), (0,5,10,10,15)} {(5.7.12,12,13), (0,0,12,13,17)} {(LA8,11,11), (1,1,8,11,11)}

23 {(40,40,45,50,55), {(40,45,50,60,69), {(29.34,39,44,49),
(30,35,45,65.65)} (30,35,50,79.83)} (19,24,39,54,59)}

Zy(x) {(6350,8125,9800,11975,14350), {(6350,7805,9430,11255,13340), {(7160,8585,10240,12385,14700),
(3800,4950,9800,16575,19475)} (3800,5000,9430,15565,18195)} (4560,5760,10240,17335,19935) }

Zy(x) {(3000,4140,5555,7255.9165), {(3000,4173,5430,7137,9063), {(3359,4438,5689,7229,9059),
(1210,1920,5555,11330,13445)} (1210,2060,5430,11300,13603)} (1549,2329,5689,11179,13579)}

Z3(x) {(2300,2980,3790,4780,5870),

(1050,1590,3790,6965,8185) }

{(2300,2996,3708,4620,5604),
(1050,1685,3708,6660,7765) }

{(2416,3120,3882,4843,5932),
(1008,1677,3882,7161,8365)}

Table9 Expected value of
Z1(x), Z>(x) and Z3(x) under
IVIF and IF situations

Table 10 Average CPU time,

memory used and number of
solver iterations for various

models

(LMF) (EMF) (HMF)
Z, 11468.75 9796.875 10318.75
Z) 5154.375 5936.625 6201
Z; 3831.25 3896.5 4075.4375
(LMF1) (EMF1) (HMF1)
Z, 10250 9796.875 10771.25
Z; 5994.0625 5936.625 6139.5625
Z4 4002.5 3896.5 4098.625
Model Average CPU time Memory used (in Number of solver
(in's) KB) iterations
(LMF) 0.2535 55 12-17
(EMF) 0.2612 57 20-28
(HMF) 0.842 56 12-44
(LMF1) 0.19 50 13
(EMF1) 0.23 55 28
(HMF1) 0.19 50 10
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Table 11 Comparative study under IVIF environment

Membership function Range of objective function value

Linear —0.7661 to —0.6129
Exponential —0.6792 to —0.5897
Hyperbolic —2693.4920 to —407.8149

Table 12 Comparative study under IF environment

Membership o y The value of
function objective function
Linear 0.4667 0.4667 —365.2471
Exponential 0.3461 0.3461 —365.2471
Hyperbolic 0.5 0.5 —407.8149

elapsed runtime (CPU time), generator memory and number
of solver iterations used for solving the various problems are
listed in Table 10.

9 Conclusions and future direction

To the best of our knowledge, construction and develop-
ment of solution methodology for a balanced MOTP, in
which all the parameters and variables are IVTIFNs, have
not been discussed so far in the literature. Formulation
of such type of problems not only gives more flexibil-
ity to the DM but also generalizes the earlier results and
models. While assigning two parameters, membership and
non-membership associated with cost, demand and availabil-
ity in TP, a person due to some hesitation may allot incorrect
values, which may not yield satisfactory results for a realis-
tic problem. However, this deficiency has been removed by
giving the degrees of the membership and non-membership
in terms of intervals. In the present article, a goal program-
ming approach to tackle the fully IVIF balanced TP with
multiple objectives is proposed. The methodology not only
handles the maximization of the acceptance level but simul-
taneously minimizes the deviational variables along with
priorities attached with the aspiration levels corresponding
to each objective. The method is well-explained step-wise
by illustrating an example of shoe industry. To deal with the
IVIF constraints related with the objective functions, linear,
exponential and hyperbolic membership/non-membership
functions have been considered. The Tables 11 and 12 rep-
resent the comparative study using these three membership
and non-membership functions in IVIF and IF environments
for the numerical example considered in Sect. 8:

From Table 11 in the light of Tables 4, 5 and 6, we can
predict that

@ Springer

Exponential approach > Linear approach > Hyperbolic approach.
However, Table 12 yields
Exponential approach = Linear approach > Hyperbolic approach.

Therefore, one can observe that the exponential member-
ship function provides the more satisfaction to the DM in
contrast to linear or hyperbolic cases. However, on compar-
ing the corresponding results for all approaches in IVIF and
IF environments, IVIF equality constraints give much bet-
ter results than IF equality constraints. Moreover, the results
using IVIF constraints provides more flexibility to the DM
by considering membership and non-membership degrees as
intervals instead of crisp real numbers. The work presented
in the paper can be further extended to deal with unbalanced
IVIF multi-objective transportation problems.
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