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Abstract

In this paper, triangular cubic linguistic uncertain fuzzy averaging (geometric) operator, triangular cubic linguistic
uncertain fuzzy weighted averaging operator, triangular cubic linguistic uncertain fuzzy weighted geometric operator,
triangular cubic linguistic uncertain fuzzy ordered weighted averaging operator, triangular cubic linguistic uncertain fuzzy
ordered weighted geometric operator, triangular cubic linguistic uncertain fuzzy hybrid averaging operator, and triangular
cubic linguistic uncertain fuzzy hybrid geometric operator for triangular cubic linguistic uncertain fuzzy numbers have
been introduced. Furthermore, by using these aggregation operators an approach to multiple attribute group decision
making with triangular cubic linguistic uncertain fuzzy information has been developed. Finally, a numerical example is

constructed to validate the established approach.

Keywords Triangular cubic linguistic uncertain fuzzy sets - Aggregation operators on triangular cubic linguistic uncertain
fuzzy information - Multiple attribute group decision making - Numerical application

1 Introduction

Multi-criteria decision-making (MCDM) approaches are
widely used to find optimal alternatives with multiple cri-
teria. However, carrying out exact evaluations for alterna-
tives is challenging for decision makers when the problems
involve uncertainty. Zadeh (1965) introduced the concept
of fuzzy set (FS); it had been widely applied to deal with
the multiple attribute group decision-making (MAGDM)
problems and had been continuously improved and devel-
oped. Atanassov (1986) introduced the intuitionistic fuzzy
sets (IFSs), which are based on membership and non-
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membership degrees which describe uncertainty more in
detail.

According to Liang et al. (2017), inadequate opinions
are then finished with data vaccinated from reliable
experts. In adding with respect to Liang et al. (2017), such
thoughts are more adopted by simulating their evolution
due to social influence. It is also observed that, under
certain assumptions, the development of feelings due to
effect joins to a final collective opinion. If expectations are
not met, standard aggregation approaches are used to select
the best alternative. The three widely adopted group deci-
sion-making methods are TOPSIS, VIKOR, and GRA (You
et al. 2015; Wang et al. 2009; Hashemi et al. 2014). Sal-
meron et al. (2012) integrated Delphi analysis, FCMs, and
TOPSIS methods for scenario-based decision-making
problems.

Hesitant fuzzy set (HFS) and the statement of fuzzy set
were proposed by Torra (2010) and Torra and Narukawa
(2009). Later, it is popular for collaborating variability;
HFS is drawn further attentions from investigators. Yu
exhibited triangular hesitant fuzzy set and its application to
training quality assessment in Yu (2013). Jun et al. (2011)
considered cubic sets which include a IVF (Zadeh 1975)
with the fuzzy set (Zadeh 1965). Chen et al. (2013) intro-
duced a building which calculations active the possibility
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of HFS (Torra 2010) to IVHFS that type believable the
membership assessment of a module into numerous pos-
sible interval numbers.

Dong et al. (2013) proposed linguistic computational
model based on 2-tuples and intervals, which they writers
entitled an interval version of the 2-tuple fuzzy linguistic
demonstration classical. The proposed model was com-
prised of three steps: (1) interval numerical scale; (2)
computation based on interval numbers; and (3) a gener-
alized inverse operation of the interval numerical scale. In
the first step, the linguistic terms transform into interval
numbers, founded on which the second step is executed
with output as an interval number. Finally, this number is
then mapped into the interval of the linguistic 2-tuples by
the generalized opposite action.

Dong et al. (2015) developed consensus issue in the
hesitant linguistic group decision-making (GDM) problem.
Chen et al. (2015) developed three types of fusion
approaches: the indirect approach, the optimization-based
approach, and the direct approach for group decision
making in a survey. Dong et al. (2016) proposed a con-
sensus reaching model in the complex and dynamic
MAGDM problems. Dong et al. (2016) developed a con-
nection between linguistic hierarchy and the numerical
scale for the 2-tuple linguistic model, and it is used to deal
with hesitant unbalanced linguistic information. Liu et al.
(2017) proposed the preference relation with self-confi-
dence by taking multiple self-confidence levels into con-
sideration. Dong et al. (2017) proposed a managing
consensus based on leadership in opinion dynamics. Dong
et al. (2018) proposed a series of mixed O-1 linear pro-
gramming models (MLPMs) to show the process of
designing a strategic attribute weight vector. Li et al.
(2017) developed personalized individual semantics by
means of an interval numerical scale and the 2-tuple lin-
guistic model. Zhang et al. (2017) investigated the 2-rank
MAGDM problem under the multigranular linguistic con-
text and proposed a 2-rank consensus reaching framework
with the minimum adjustments. Zhang et al. (2017) pro-
posed a novel consensus reaching model for the hetero-
geneous large-scale GDM with the individual concerns.

Fahmi et al. (2017) developed the Hamming distance for
triangular cubic fuzzy number and weighted averaging
operator. Fahmi et al. (2017) proposed the cubic TOPSIS
method and gray relational analysis set. Fahmi et al. (2018)
defined the triangular cubic fuzzy number and operational
laws. Amin et al. (2017) defined the generalized triangular
cubic linguistic hesitant fuzzy weighted geometric
(GTCHFWG) operator, generalized triangular cubic lin-
guistic hesitant fuzzy ordered weighted average
(GTCLHFOWA) operator, generalized triangular cubic
linguistic hesitant fuzzy ordered weighted geometric
(GTCLHFOWG) operator, generalized triangular cubic
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linguistic hesitant fuzzy hybrid averaging (GTCLHFHA)
operator, and generalized triangular cubic linguistic hesi-
tant fuzzy hybrid geometric (GTCLHFHG) operator.
Fahmi et al. (2017) developed trapezoidal linguistic cubic
hesitant fuzzy TOPSIS method to solve the MCDM method
based on trapezoidal linguistic cubic hesitant fuzzy TOP-
SIS method. Fahmi et al. (2018) defined aggregation
operators for triangular cubic linguistic hesitant fuzzy sets,
which include cubic linguistic fuzzy (geometric) operator,
triangular cubic linguistic hesitant fuzzy weighted geo-
metric (TCLHFWG) operator, triangular cubic linguistic
hesitant fuzzy ordered weighted geometric (TCHFOWG)
operator and triangular cubic linguistic hesitant fuzzy
hybrid geometric (TCLHFHG) operator. Fahmi et al.
(2018) defined the trapezoidal cubic fuzzy weighted
arithmetic averaging operator and weighted geometric
averaging operator. Expected values, score function, and
accuracy function of trapezoidal cubic fuzzy numbers are
defined. Fahmi et al. (2018) defined the triangular cubic
fuzzy weighted arithmetic averaging operator and weighted
geometric averaging operator. Fahmi et al. (2018) devel-
oped three arithmetic averaging operators, which is trape-
zoidal cubic fuzzy FEinstein weighted averaging
(TrCFEWA) operator, trapezoidal cubic fuzzy FEinstein
ordered weighted averaging (TrCFEOWA) operator and
trapezoidal cubic fuzzy Einstein hybrid weighted averaging
(TrCFEHWA) operator, for aggregating trapezoidal cubic
fuzzy information. Fahmi et al. (2018) developed three
arithmetic averaging operators, which is cubic fuzzy Ein-
stein weighted averaging (CFEWA) operator, cubic fuzzy
Einstein ordered weighted averaging (CFEOWA) operator
and cubic fuzzy FEinstein hybrid weighted averaging
(CFEHWA) operator, for aggregating cubic fuzzy
information.

Abualigah and Hanandeh (2015) proposed researcher
explored problems embedded process, attempted to find
solutions such as the way of choosing mutation probability
and fitness function. Abualigah and Khader (2017) pro-
posed the hybrid of particle swarm optimization algorithm
with genetic operators for the feature selection problem.
Abualigah et al. (2018) proposed the novel feature selec-
tion method, namely feature selection method using the
particle swarm optimization (PSO) algorithm (FSPSOTC),
to solve the feature selection problem by creating a new
subset of informative text features. Abualigah et al. (2018)
proposed the k-mean clustering algorithm, and the clus-
tering decision is based on two combined objective func-
tions. Abualigah et al. (2018) proposed the purpose of the
experiments; six versions are thoroughly investigated to
determine the best version for solving the text clustering.
Abualigah (2019) proposed the four krill herd algorithms
(KHAs), namely the (a) basic KHA, (b) modified KHA,
(c) hybrid KHA, and (d) multi-objective hybrid KHA.
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Ju and Yang (2015) introduced the top improvements on
SFLA for solving multi-objective optimization problems,
enhancing local and global exploration, avoiding being
trapped into local optima, declining computational time
and improving the quality of the initial population. Malik
and Shabir (2017) introduced some new aggregation
operators, such as intuitionistic trapezoid fuzzy linguistic
weighted geometric operator, intuitionistic trapezoid fuzzy
linguistic ordered weighted geometric operator, intuition-
istic trapezoid fuzzy linguistic hybrid weighted geometric
operator, intuitionistic trapezoid fuzzy linguistic general-
ized weighted averaging operator, intuitionistic trapezoid
fuzzy linguistic generalized ordered weighted averaging
operator and intuitionistic trapezoid fuzzy linguistic gen-
eralized hybrid weighted averaging operator. Ren et al.
(2016) introduced the relationship between these two
classes of integrals by giving two Newton—Leibniz for-
mulas for SIVIFFs. Ju et al. (2016) introduced the new
method for multiple attribute group decision making under
a 2-tuple linguistic environment based on the proposed
operators. Sarkheyli et al. (2015) defined some structural
properties of rough fuzzy bipolar soft sets and studied the
effects of the equivalence relation in Pawlak approximation
space on the roughness of the fuzzy bipolar soft sets. Alam
and Baulkani (2019) introduced the centroid information
issue solved by compactness measure, and the OP measure
is used to handle the geometric structure of the clustering
problem. Additionally, in the proposed clustering
approach, the concept of opposition-based generation
jumping and opposition-based population initialization is
used with the standard GWO to enhance its computational
speed and convergence profile. Rajab and Sharma (2019)
introduced the efficient and interpretable neuro-fuzzy sys-
tem for stock price prediction using multiple technical
indicators with a focus on interpretability—accuracy trade-
off. Ren and Wang (2019) extended to deal with the fuzzy
bi-level linear programming problem through the nearest
interval approximation.

Despite having a bulk of related literature on the prob-
lem under consideration, the following aspects related to
trapezoidal cubic linguistic uncertain fuzzy sets and their
aggregation operators motivated the researchers to carry
out an in-depth inquiry into the current study.

(1) The main advantages of the proposed operators are
these aggregation operators provided more accurate
and precious result as compared to the above-
mentioned operators.

(2) We generalized the concept of triangular cubic
linguistic uncertain fuzzy numbers and triangular
intuitionistic linguistic uncertain fuzzy sets and
introduce the concept of triangular cubic linguistic
uncertain fuzzy numbers. If we have only one

element in the membership degree of the triangular
cubic linguistic uncertain fuzzy numbers, i.e., instead
of interval, then we get triangular intuitionistic
linguistic uncertain fuzzy numbers; similarly, if we
take membership degree as fuzzy number and non-
membership degree equal to zero, then we get
triangular linguistic uncertain fuzzy numbers.
(3) The objective of the study is to:

Propose triangular cubic linguistic uncertain fuzzy
numbers, operational laws, score value and accuracy value
of TrCLUFSs.

Propose six aggregation operators, namely triangular
cubic linguistic uncertain fuzzy weighted averaging oper-
ator, triangular cubic linguistic uncertain fuzzy weighted
geometric operator, triangular cubic linguistic uncertain
fuzzy weighted ordered averaging operator, triangular
cubic linguistic uncertain fuzzy ordered weighted geo-
metric operator, triangular cubic linguistic uncertain fuzzy
hybrid weighted averaging operator, triangular cubic lin-
guistic uncertain fuzzy weighted geometric operator and
triangular cubic linguistic uncertain fuzzy hybrid weighted
geometric operator.

Establish an MADM program approach based on trian-
gular cubic linguistic uncertain fuzzy information.

Mlustrative examples of MADM program are con-
structed to strengthen our approach.

(4) In order to testify the application of the developed
method, we apply the triangular cubic linguistic
uncertain fuzzy number in the decision making.

(5) The initial decision matrix is composed of LVs. In
order to fully consider the randomness and ambiguity
of the linguistic term, we convert LVs into the
triangular cubic linguistic uncertain fuzzy informa-
tion, and the decision matrix is transformed into the
triangular cubic linguistic uncertain fuzzy decision
matrix.

(6) The operator fully expresses the uncertainty of
qualitative concept, and trapezoidal cubic linguistic
uncertain fuzzy operators capture the interdependen-
cies among any multiple inputs or attributes by a
variable parameter. The aggregation operators take
into account the importance of attribute weights.
Nevertheless, sometimes, for some MAGDM prob-
lems, the weights of attributes are important factors
for the decision process.

(7) Moreover, in many multiple attribute group decision-
making (MAGDM) problems, considering that the
estimations of the attribute values are triangular
cubic linguistic uncertain fuzzy sets, it is necessary
to give some aggregation techniques to aggregate the
triangular cubic linguistic uncertain fuzzy informa-
tion. However, we are aware of the fact that the
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present aggregation techniques have difficulty in
coping with group decision-making problems with
triangular cubic linguistic uncertain fuzzy informa-
tion. Therefore, in the current paper we propose a
series of aggregation operators for aggregating the
triangular cubic linguistic uncertain fuzzy informa-
tion and investigate some properties of these oper-
ators. Then, based on these aggregation operators, we
develop an approach to MAGDM with triangular
cubic linguistic uncertain fuzzy information. More-
over, we use a numerical example to show the
application of the developed approach.

The rest parts of this paper are organized as follows:
Section 2, we give some fundamental thought and prop-
erties of cubic set. Section 3 exhibits triangular cubic lin-
guistic uncertain fuzzy numbers and operational laws.
Section 4 exhibits a series of aggregation operators for
triangular cubic linguistic uncertain fuzzy information and
observes the associations among these aggregation opera-
tors. Section 5 develops an approach to group decision
makings with triangular cubic linguistic uncertain fuzzy
data. Section 6 shows the application of the developed
approach in group decision-making problems, which is
shown by an illustrative example. Section 7 discusses the
comparison analysis. Finally, we give the conclusions in
Sect. 8.

2 Preliminaries

Definition 2.1 (Zadeh 1965) Let H be a universe of dis-
course. The fuzzy set is defined as follows: J =
{h, w;(h)|h € H}. A fuzzy set in a set H is defined u,

H — I, which is a membership function u, (%) denoted by
the degree of membership of the element 4 to the set H,
where I = [0, 1]. The collection of all fuzzy subsets of H is
denoted by I. A relation on I is defined as follows:

(Vu, n € ") (u<n & (Vh € H)(u(h) <n(h))).

Definition 2.2 (Jun et al. 2011) Let H be a non-empty set.
By a cubic set in H, we mean a structure F =
{h, a(h), p(h) : h € H} in which o is an IVF set in H and
f is a fuzzy set in H. A cubic set F = {h, a(h), f(h) :
h € H} is simply denoted by F = (o, f5). The collection of
all cubic sets in H is denoted by C¥.

Definition 2.3 (Jun et al. 2011) Let H be a non-empty set.
A cubic set F = (o, §) in H is said to be an internal cubic
set if o~ (h) < f(h) <at(h) for all h € H.

Definition 2.4 (Jun et al. 2011) Let H be a non-empty set.
A cubic set F = («, ff) in H is said to be an external cubic
set if
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B(h) & (o (h), ot (h)) for allh € H.

3 Triangular cubic linguistic uncertain fuzzy
numbers

In this section, the TCLUFNSs, operational laws, score, and
accuracy values are introduced.

Definition 3.1 Let b be the triangular cubic linguistic
uncertain fuzzy number on the set of real numbers, and its
interval value triangular linguistic uncertain fuzzy number
is defined as follows:

[Sop)» Se(w)]s {(ﬁ,hi”; 5, (ﬁj’.’,‘f‘))} (b=, a ) <h<(b*, a")
el b ) <h<(et, o)
0 otherwise

N
S
—~
=
Ny
)
=2
=
i
=
—
=
{

and its triangular linguistic uncertain fuzzy number is

{[So<b), Su())s (Zi?} a<h<b

)
Fg(h) = {[SO(b)7 St(b)]a é:Z;} b<h <c
0 otherwise
where 0<2;(h)<1,0< (k) < 1. Then, the
TCLUFN  p~ is  basically denoted by:b =

[Soeb)» Suwy), ([(@a™5 b7, ¢7)],
[(a*, b*, ")),
[(a, b, c)])

gular cubic linguistic uncertain fuzzy number.

. Then, b is called trian-

Definition 3.2 Let h = [at, bT, cT],
a, b, c
<s0(h1)7 St(hl)v [afa b177 617}1
h1 = [CZYL, bT, CTL and hz =
ap, bl , C1 >
<50(/12)7 St(hy) s [agv b;v C;]v
lay, by, 5], be three TCLUFNS; then,
as, by, ¢2)
i = {of]n € h}
= <a7 b7 C? [a7’ b77 Ci]’ [a+7 b+’ C+:|7 SG) S[>7
(S0()0 () Se(m)vs() * laT Uz, by U by, 7 U],
hUhy = [af Uad, bT UBS, ¢f UCT],
ag ﬂa27 b] ﬂbz, (o] ﬂCz)
(S00n)n0(hn) » St()ne(n)» @7 Nay , by N by, c7 Ney],
hiNhy = laf Nag, by NbT, cf NeFl, ;

ap U(lz7 b] Ubg, C1 UC2>
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hy @ hy =

(S00h,)+0(h)» St(i)+e()» a7 +ay —ayay, by +by —byby, ¢y +¢5
ai +aj —aja;, bTerJr b*bwcl +cf —cfef],

6102,}

ayay, biby, cic2)

@ =
{<S0(m>x0<hz>v~Vr<h1>xz<hz)~,[afaz’ . brby, ciey. afay, byby, cf 3], }
01+a2—01[l2,b]+b2—b1b2,£‘1+€2—€]€2> ’

A= {Jhla € h} =
(o> Seas (1= (1 =a )L, 1= (1 =b7) ], 1 = (1= )],
1-( fa*)’j],[l - fb+)’f], ;
(1= (=] (@) 1), (c))
W = {a*|a € h} =
{ (Sacttny Smeains (@) (0 () (@) (6%, (e, }
T=(=a)y, 1= (1 =0) 1= (1= ¢)]) |

<S(9; Sty [(17, b y € ]7

Theorem 33 Let h= [at, BT, ], ,h =
a, b, c)
<50(h1)7 St(hy)> [ara b177 Cf]v
lal, b, cf], and hy =
a, by, cy)

(S0(h2)s Si(n) la, by 5 €3],
a3, by, c3],
a, by, c3)
score  function S(o) :{<‘““<“)"‘Y’“)“[”4"7*”7]*9[“”"”&]’['”h*”” )}
Accuracy Sfunction G(a) =
{(S"“"S’“‘W*b’“’7]f;[”wbw‘#]*[”b*"”>}. Give an order relation
between two TCLUFNs oy and oy as follows:

(1) If s
2) If s(oy
(@) If g(ou
(b) If g(oy
(©) If gy

be three TCLUFNs. Then

) > s(op), then s(oy) > s(oq).

) = s(o2), then the following hold.
) > g(on), then o > 0.

) = g(aa), then op = 0.

) > g(op), then oy > op.

<S()7 St
[a77 bi, C7]7
[(1+, b+a C+]7 ’ hl -
a, b, c)

<Se(h2), St(hy)s
IE [y, by, 3],
are three
‘1"’, bi‘” }’ [a;’ b;’ C;],
ap, bl; Cl> as, b27 C2>
TCLUFNs and 2, A1, 2> 0. Then

Theorem 3.4 Let h=

(So(h)» St(ny)
[a
a

1701}7 and hy =

() hUh = Nh)S,

@ hNh = (/’ll U hz)c,

3) () = (h),
@A) = (),
O moh=Mmeh),
©) hy+hy=hy + hy,
D hhy=h Qhy,

®) A @ hy) = 2y @ b, 130

©) A+ hay = (b + hy)ay, Ay, A2 > 0;

(10)  hy @ hy = ()", Jy, 22 >0;
A1) by @ hy = (hy @ h)™, 4 > 0;
(12) h @hy = (h & hy)".

Proof

():

({ar, b, e, lay, by, erllaf, by, ¢, 50,5 54 }U
{az, b2, C27[“2 by, ‘2] [az»b;-, CZ+]7 505 St}

hiUhy, = {aIUaz,bIsz C]UCz[ Nay, by Nby, ¢y N5,
laf Naj, bf Nby, cf ﬂcz] S0(h)N0(hs) > St(in)e(ha) }
= (h] ﬂhz)
(2):
<{a1= by, e, [afv bf% Cf], [“Ta hl+! Cﬂv S0y Yn}ﬁ
{a1, by, e, lay, by, il laf, b7, €f1, 50,5 50}
hiNhy =< ={aiNax, by N by, ci Nerlay Uay, by Uby, ¢y Ucy ],
[af Uay, bl UbY, ¢ U],
S0 )U0(h2)s St(hnon(in) b = (A1 U h2)”
(3):
<{<{[a7 b’ C]7 [a_7 b~ s € ] [a+ b+ C+]} S0(2) s St(x) ‘O{ € h}
() = = {S0), Si( 1= (1 *0)/ -1 *b)/ 1—(1-c¢)
[(a™)", @)% (") (@), Y,
= (2h)°)
4):
Mla, b, el fam, b7, 7] [at, b7, <Y s, sl € BY)
—Gh-(-a,
Mh°) = 1—(1-b), 1—(1—0) T [(a)", (07", ()],

[(a™)", ("), (C+)/7‘3(0(h)) Suoyl)
= (h¥*
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(5):
(a1, b, e, [aﬂ by, "T}v [‘W bT, cﬂa S(’(hu)}>@
({{aZv by, Cz], [a;, b; C{}, [a;rv b2+» Czﬂv S()(hz)}> =
hy @ hy = (la1 + a2 — araz, by + by — bbby, ¢1 4 ¢2 — c1¢2),
lavay, byby, cresl,lafaf, bybs, cfcll, sow),Soqm))
= (]‘l] ®hz)[.
(6):
({ar, by, c1,[ay, by, er s [af, b1+7 11y Som)s S H®
({az, b2, 2], a3, by, 3 },la3, b3, 31, Soqna)s Sty })
By @ hy = = {{S00)+0010). S1(h) +1(0).[aT + a5 —ayaz,
1 ®h bf""b — by b,,cl+cz—clcz][al+a;—al+az+,_
by + by — hrh? cf + ¢ —cfcfl [amay, biby, c160]})
= (l ®h)
(7:
(S00) 400 St(h) +1(). AT +az aray, by +b; —biby,
i ¢ -yl laf +af —ataf, b +bf — bib,
o i —cfeil, lman, biba, cica)) —
hi+hy = (S00m)+0(h2), S1()+10),» a7 + a3 —ayay, by +by

et i T S Y
—byby, ey +¢; —eqllaf +a; —ajag,

by + by
—biby, cf +¢c5 =] c2] [a1az, byba, cica])

Thus, we have that = hy + hy.

Definition 3.5 For a TCLUFN £, s(h) = Y 5. Q/#h is
called the score function of i, where ##h stands for cardi-
nality of 4. For two TCLUFNS h; and hy, if s(hy) > s(ha),
then hy > hy, if S(h]) = S(hg), then hy = hs.

4 Aggregation triangular cubic linguistic
uncertain fuzzy information

In this section, we exhibit a series of operators for aggre-
gating the triangular cubic linguistic uncertain fuzzy
information and investigate some desired properties of
these operators.

4.1 The TCLUFWA and TCLUFWG operators

In this subsection, the definitions and theorems of
TCLUFWA and TCLUFWG operators are introduced.

(S0, ¢
[aivbivci]v (i_
[at, BT, cT],

a, b, c)
1,2,...,n) be the collections of TCLUFEs and 1=
(t1, 125+ - - rn)T be the weight vector of TCLUFEs h;(i =
1,2,...,n) where 7, € [0, 1], 37, 7; = 1. Then, the tri-
angular cubic linguistic uncertain fuzzy weighted averag-
ing operator is a mapping " — h

Definition  4.1.1 Let h; =

@ Springer

TCLUFWA(hl, I’lz, c ey hn) = (‘Eihi).

Tos

I

Ift=(@ 1. .., )" and the TCLUFWA operator reduces

n

to the triangular cubic linguistic uncertain fuzzy averaging

Operat()r.'
n (1
TCLUFA(hy, ha, ..., hy) = & (—h,-).
i=1\Nn

Fi’ Z+ E }’ be a collection

a, b, c)

Theorem 4.1.2 Let h; =

of TCLUFEs. Then the aggregated value is calculated by

using the TCLUFWA operator which is also a TCLUFE

and
TCLUFWA(1, ho, ..., hn)
_@(71 l) <HS0,HS,,
- ﬁ(l —ar), [ =TI - by,

i=1
n

- lj“ — ) - 110 - )7

- TT(1 - b)),
1= TT01 =)7L, TT@)", TG0,

Proof will be proved by induction on n. The results hold
for n = 1 because

TCLUFWA (hy, ha, ...
= <s0<a1)5 Sl(l])? [1 -

1= (1-¢,)",
1= (1 —a))", 1= (1=b})",
L= (1=ep)™],
[(aoci)rlv (boc,)rl7 (ca;)rl]>

Let us suppose that it holds for n =k, i.e.,
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(h17 h27 sy hn) =
TCLUFWA(/’l], hz, , hn) = < Sk y Sk n A\ n N
i o) ai ' bl 17
g()(m) Ez( ) ) Y 11;[1( ) [11;[1( )
k k “TToe % “TT (e n )
1= 1101 —ap)™, 1= [1(1 - by)", [Toe™ T MTle)”
i=1 i=1 i=1
k ’ n . n .
- H(l - C;)r’ H(a?)w.> H(b;r)%v
i=I i=I i=I
k k k n N )
IRV R (IR B (Ll ("
i=1 i=1 i=1 i=1
k k " ) n . .
|:l_[1(ao<,)r’> l_[l(bxl)rly 1_[1(6'%)1:| > 1— H(l —al-)q”, 1— H(l _ h[_)’ﬂ} 1— H(l _ Cl_)'l’>
= = = i=1 i=1 i=1
Now, we prove that the result holds for n = k + 1
TCLUEWA (i1, a, .., Iy dier) = 0 (v1lhe) = (é‘)(zJi,-)) ({[s2, 4],
) o Example 4.1.5 Suppose that h; = 04,06, 0.8, {.
o )T(“*kéf*(“) e ple %02 Supp =19 (0.6, 0.8, 0.10], (°
= Kt 5 Skt ,]— 1—;1',1— 1—b;1', . . .
SH()(«,)'/ ' er(g,)” i s i=1 ' 05,070 9}>
e - k+1 k+1 <{[S37 S4L <{[s17 SG]’
- l:[l(l =) L[ = _1:[1(1 —a)" 1 - _1:[1(1 =b)" h — [0.3,0.5,0.7], | . and h — [0.5, 0.7, 0.9],
Tk ke 273 105,07,09], ( >~ ) 107,09, 0.11],
1= THO = )™ T @)™, T1)", T (ex)™} 0.4, 0.6, 0.8}) 0.6, 0.8, 0.10}

Hence, the result follows.

(s0, st
o o, =12
a, b, c)

.,n) be a collection of TCLUFNs, and let Y=
('1""17 ¥, ..., w,l)T be the weight vector of TCLUFEs #;
(i=1,2,...,n), where ¥;€[0,1], 37 ¥ =1. The
cubic triangular linguistic uncertain fuzzy weighted geo-

Definition 4.1.3 Let & =

metric operator is a mapping A" — h such that:
TCLUFWG(hy, hy, ..., hy) = @ (K. If
¥ = (11 ..., 17, then the TCLUFWG operator reduces to

the triangular cubic linguistic uncertain fuzzy averaging

operator: TCLUFWG(hy, hy, ..., h,) = @, ().
<S97 St
) a7, b7, 7], .
Theorem 414 Let h; = [at, b+, ¢, (i=
a, b, c)

1, 2,...,n) be a collection of TCLUFEs. Then the aggre-
gated value is calculated by using the TCLUFWG operator
which is also a TCLUFE and TCLUFWG

are three TCLUFEs and t = {0.25, 0.50, 0.25} is their
weight vector. Then, by definition above, we can obtain
TCLUFWA;(hy, ha, h3) =
([$2.0597, S4.4267],[0.3808, 0.5838, 0.7941],
[0.5838, 0.7941, 0.7008], ,
[0.4681, 0.6700, 0.4898])

TCLUFWG(hy, hy, h3)
([$2.0507, Sa.4267], [0.3662, 0.5692, 0.7706],
= [0.5692, 0.7706, 0.3072],
04819, 0.6869, 0.7551])

<S(97 St
o [a, b, c], .
Theorem 4.1.6 Let h; = lat, b, ¢t], be a collection
a, b, c)
of TCLUFNs having the weight vector ¥ =

(Py, ¥,..., )" such that ¥; € [0, 1] and Y. ¥; =1,

i=1

2> 0.
Then TCLUFWG  (hy, hy, ..., h,)< TCLUFWA
(hy, ha,. .., hy).

4.2 The TCLUFOWA and TCLUFOWG operators

In this subsection, the definitions, theorems of TCLU-
FOWA and TCLUFOWG operators are introduced.

@ Springer
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(s0, ¢ using the TCLUFOWG operator which is also a TCLUFN
. ) e, b7, 7], . and
Definition 421 Let h; = lat. b+, ], (i=
a, b, c) TCLUFOWG (hy, ha, ..., hy) =
i = S ) S n )
1,2,...,n) b? a collection of TCLUFEs and t= { qToern” " [T
(t1, 12,--., 7o)  is the aggregation-associated vector of . o
triangular cubic linguistic uncertain fuzzy ordered weigh- [1(a;, ())“, H(a;(l))f,
ted averaging operator 7; € [0, 1]and >/, 7; = 1. i" — h. ’:1 i:I
The triangular cubic linguistic uncertain fuzzy ordered [1(5,, ())", . | T, ())’ .
weighted averaging operator is a mapping h" — h, such '=n] '=nl
that TCLUFOWA (hy, ha, ..., hy) = ©L (Tihe())- ]:[l(c;m)” ]:[1( )
. [ ,<§31 St ,] <1 - 1:[1(1 afla(i))ri>7 (1 - 1:[1(1 - bflo-(i))ri)7
Theorem 4.2.2 Let h; = a+, i C+ " % be a collection = =
[a ?b i c ]7 1 n 1 T h
a, b, c) - i:l_Il( = Coy)" | ota(1)s Fo(2)s - o(n) € hay)

of TCLUFEs. Then the aggregated value is calculated by
using the TCLUFOWA operator which is also a TCLUFE
and

TCLUFOWA (hy, hy, . .., h,)

—_
I
—=
—
—_
I
Q
N
;\_/
2

Il
—_

/\
[
.
[
.
=
=
R
&
~
N
—
|
=
—
-
|
S
K|
\:/\_/
2

Ju—
I
=
—~
—
I
o
K|
\:\/
2

I
SN

H
|
—=
—
=
|
£t
v\./
Rl

- i=1
Z T = bt )"
- TT0 -6, )"
) (K

<S93 St
. _)a b,
Definition 4.2.3 Let h; = at, b+, o), (i=1,2,
a, b, c)
..,n) be a collection of TCLUFNs and 1=

(t1, 125+ - T,,)T is the aggregation-associated vector of
TCLUFNs, such that 1; € [0, 1] and Y}, t; = 1. The tri-
angular cubic linguistic uncertain fuzzy ordered weighted
geometric operator is a mapping h" — h, such that
TCLUFOWG (hy, hy, ..., h,) = ;’:l(h;"<i)).

(50, St
[a, b, c],
[aJF, b+’ C+]?

a, b, c)
of TCLUFNs. Then the aggregated value is calculated by

Theorem 4.2.4 Let h; = be a collection

@ Springer

<[S3, Sl]a
[0.3, 0.5,
_}0.7],]0.5, _
Example 4.2.5 Suppose that h; = 0.7,09], (’ hy =
0.4, 0.6,
0.8)
<[527 S2], <[S4, Sz],
[0.6, 0.8, [0.24, 0.26,
0.10],[0.12, ] 028,032,
0.14, 0.16], { M4 =Y 034, 0.36); [ ¥ three
0.8, 0.10, 0.28, 0.30,
0.12) 0.32)

TCLUFNSs. Then, we can define score function (Fig. 1)

s(hl) _ [53.51],[{[0.3,0.5‘0.7]}+{0.59+0.7+0.9}]7{0.4+0.6+0.8} _

[s3, 80, [L.54+2.1]-1.8] __ [s3,5],[1.8] __ s,
9 9 0.65
s(hy) = [52.52).[{0.6+0.8+0.10}+{0.12+0.14+0.16}]—{0.8—0.10-0.12}

9
— [sz,:2],[1.5+90.42]—[l.02] — [:2,:29],[0.9] = S04,
S(h3) _ [54.52].{0.24,0.26,0.28}+{0.32,0.34,0.36} {0.28,0.30,0.32}

9
— [x4,.Yz],[0.783+1.02]70.9] — [.v4.szsl‘[0.9] = Sog.
0.9
0.8
0.7
0.6
0.5
0.4
03
0.2
0.1
0
s(hy) s(ha) s(hs)

Fig. 1 Different score values of TCLUFOWG operator exhibited
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(s0, s
Theorem 426 Let h; = {Z*: Z+: 243 (i=
a, b, c)
1,2,...,n) be a collection of TCLUFNs, and let 1=
(t1, T2y« - - rn)T be the aggregation-associated vector such
that t; € [0, 1] and Y"1, = 1; then, the TCLUFOWA

operator is monotonically increasing with respect to the
parameter.

<59, St
Theorem 427 Let I = {Z{ Zl;: i%: (i=
a, b, c)
1, 2,..., n) are the collections of TCLUFNs, and let 1 =
(t1, T2, - - - rn)T be the aggregation-associated vector such
that 7; € [0, 1] and Y, t; = 1,; then, the TCLUFOWG

operator is monotonically decreasing.

<5(-); St
Theorem 428 Let hi = {Z{ Z*: i%: (i=
a, b, c)
1, 2,..., n) are the collections of TCLUFNs, and let 1 =
(t1, T2y« - - ‘En)T be the aggregation-associated vector such
that t; € [0, 1] and Y7 tv; = 1 then

TCLUFOWG(hy, ha, . . ., hy) < TCLUFOWA(hy, hy, ..
4.3 The TCLUFHA and TCLUFHG operators

In this subsection, the definitions, theorems of TCLUFHA
and TCLUFHG operators are introduced.

Definition 43.1 Let
<S97 St
[a, b, c], | .. .
h; = [t b+, ¢*] (i=1,2,...,n) be the collection
a, b, c)

of TCLUFNs. The triangular cubic linguistic uncertain
fuzzy hybrid averaging operator is defined by the mapping
H'— h that, TCLUFHA (M, ha,..., h,) =
QL (r,-h(,(i)), where hg(;) is the largest i of hy = ntihg)
(k=1,2,...,n) and where 7= (1q, 12,..., ‘c,,)T is the
weight vector of TCLUFNs, with t; € [0, 1] and
>, i = 1, nis the balancing coefficient. Then, we define
the following aggregation operators, which are all based on
the mapping 4" — h with an aggregation-associated vector
T= (71, T2,..., T,)" suchthatt; €[0, 1]and 30 7 = 1.

such

B,

11519
(50, 51

Theorem 4.3.2 Let h; = {ZJF’ lb]+’ E%’ be a collection
a, b, c)

of TCLUFNs. Then the aggregated value is calculated by
using the TCLUFHA operator which is also a TCLUFN
and

TCLUFHA (hy, hs, ..., hy,)

))

(I—c, )"

N
—
|
=
’_‘/\
—
|
Q
S|
B

i

:1 =
—
—

[
&

—
R
N
—
V\_;
N~ —

7 N

P

|
=
=

—

| P
Q

£+ !
= IT=

< =
—

is3

_ (1guw%w
(1-f10-c,07)
i=1 o
(f1.07).
(H(bdn(z))ri)a |aa(l)7 %g(2)s y %o(n) € h.ac,(,,)>
(f1?)
Definition 4.3.3 For a collection of TCLUFNs
<S(), St
a77 bi’ C7 b
h; = {Cﬁ,b*,fr}, (i=1,2,..., n), T=
a, b, c)
(t1, T25- - - r,,)T is the weight vector of TCLUFNS, with t;

€ [0, 1]and ", 7; = 1, and n is the balancing coefficient.
Then, we define the following aggregation operators, which
are all based on the mapping /" — h with an aggregation-
associated vector T = (11, 12,. . ., rn)T such that t; € [0, 1]
and ! | 7; = 1. The triangular cubic linguistic uncertain
fuzzy hybrid geometric operator is TCLUFHG

(hi, ha, ...y hy) = @ (he())™, where h,; is the largest
ﬂdm:mmm@_lz ).
(50, 51
) a7, b7, 7], )
Theorem 4.3.4 Let h; = lat, b, ¢+, be a collection
a, b, c)

of TCLUFNs. Then the aggregated value is calculated by
using the TCLUFHG operator which is also a TCLUFN
and

@ Springer
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TCLUFHG (hy, hy, ...

=
NP
Il

(1=by,)"

(1-)

-
N~ —— ~—

N
[t
=
,qf\
=
2
N———
—
Il

o | %y

y i) e
1- i:Hl(l —ay,,)" ),

(1 - ll_[l(l - C%(i))“
Example 4.3.5 Suppose that hy =
(83, $2, ( (s1, s3,[0.6,
0.1, 0.3, 0.8, 0.10],
0.5,[0.3, 0.8, 0.10,
0.5, 0.7), 0.12], 0.7,
02,04, 0.9, 0.11);
0.6); ([s1, $a], p, o = ([s4, S6)s and
[0.10, 0.12, 0.3, 0.5,
0.14],[0.12, 0.9],[0.5,
0.14, 0.16], 0.7, 0.9],
0.11, 0.13, 04,06,
L 0.15) 0.8),
<[S5, Sz],
[0.10, 0.12,
0.14],[0.12,
0.14, 0.16],
0.11, 0.13,
hy =< 0.15); ([s1, S¢),
0.8, 0.10,
0.12],[0.10,
0.12, 0.14],
09, 0.11,
0.13),

are three TCLUFNs and t = {0.25, 0.50, 0.25} is their

weight vector.

TCLUFHA(hy, ha, h3) =

(5231605 $2.6034, [0-0513, 0.1141, 0.1902],
{ 0.1141, 0.1902, 0.2914], 0.3851, 0.4775, 0.5477) }
([53.00005 S.1515], [0.4214, 0.6837, 0.7000],

{ 0.6837, 0.7000, 0.7033], 0.5291, 0.7348, 0.2966) }
([52.4953, $2.7542], [0.3486, 0.0566, 0.0672],

{ 0.0566, 0.0672, 0.0781], 0.5609, 0.3458, 0.3736) }

Then, we can define score function (Fig. 2)

@ Springer

SCORE FUNCTION

e Score function

3.2498

Fig. 2 Different score values of TCLUFHG operator exhibited

(5231605 S2.6034], [0.0513, 0.1141, 0.1902]
-i-[0.11417 0.1902, 0.2914]
~[0.3851, 04775, 0.5477]

s(hi) =

[52.3160, 52.6034] [09513 14103] = §_03075;
)

[S3 00005 S4. 13]5] {0 4214 4 0.6837 4 0. 7000}
+{0.6837 + 0.7000 + 0.7033}
—{0.5291 0.7348 0.2966
s(hy) = {0.5291 4 0.7348 + 0.2966}

:M

= §3.2498;
[Sz 4953, 2. 7542] {0 3486 4+ 0.0566 + 0. 0672}+
{0 0566 + 0.0672 + 0. 0781}
—{0.5609 + 0.3458 + 0.3736
s(hz) = { + + }

9
__ [$2.4953, 52.7542],[0.6743] =[1.2803] _
— [$2.4053, $2.7500] [9 ][ ] = §_0.4627-

5 An approach to multiple attribute group
decision making with triangular cubic
linguistic uncertain fuzzy information

In this section, we consume the suggested triangular cubic
linguistic uncertain fuzzy aggregation operators to develop
an approach to multiple attribute group decision making
with triangular linguistic uncertain fuzzy information. To
do this first, a multiple attribute group decision making
with triangular cubic linguistic uncertain fuzzy information
can be described as follows.

LetY ={Yy, Ya,..., Y, } be a set of m alternatives, G =
{G1, G, ..., G,} aset of n attributes, whose weight vector
is W= (‘I’l, ¥, V)", with ¥, e[0,1), i=
1,2,..,nand >, 'I/i—l.LetD:{Dl,Dz,...,Dl} be

a set of [ decision makers, whose weight vector is

= (t1, T2, Ta), with 7, €0, 1], k=1, 2,..., [, and

Sei T =1. Let R*=(rk), . be the triangular cubic

linguistic uncertain fuzzy decision matrix, where
(S0, ¢

ry={yslers} = {ZJFZ Z+: z%: is TCLUFE given
a, b, c)
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by the decision maker Dy € D, where o; = TCLUFHA (ai1, dig; - - -, din) = (S .
80, S, la”, b7, 7).y . , Ho 7" Hu,)z)
la*, b*, ] indicates the possible interval .
i i
. . . . (1—- i
value triangular linguistic uncertain fuzzy set range that the < /1;[1 %) > ’
alternative Y; € Y satisfies the attribute G; € G, while n _
[a, b, c] indicates the possible triangular linguistic uncer- 1- 1 (10, I)) NEAE
o . j=
tain fuzzy set range that the alternative Y; € Y does not .
satisfy the attribute G; € G. (l 11 —¢, m)“)
In the following, we utilize the proposed operators to = -
develop an approach to multiple attribute group decision <1 ﬁ 1 —a} )Tt>
. . . . . c . . (i) ’
making with triangular cubic linguistic uncertain fuzzy =1 (
information, which includes the following two methods. 1— ﬁ )
=i O‘rr(:) ’
5.1 Averaging method n .
1—JI(1 = ctm) i
/:1 i
Step 1. Construct the triangular cubic linguistic uncertain n
fuzzy decision matrix Hl ay)"
=
<s();,astk;[ayk;b/k7ck} n
k k Yot b (. [1 N eto1)ys @o2)s - - s on) € hayy)
A —a —{0! |O( EAij}: [aka ka/‘Aj] =1
b,k C.k n
N / ’ V,-,-> H(C%()
Step 2. Utilize the TCLUFWA operator L /=1 _
l n . . . .
TCLUFWA (ay, aj - -, dy) izl(flh’) to aggregate all the preference values a;;(j = 1, 2,..., n) in

= (s n
AT o)

to aggregate all the individual triangular cubic linguistic

uncertain fuzzy decision matrix (Az) = (oX

ii)mxn into the

collective triangular cubic linguistic uncertain fuzzy deci-
sion matrix Af = aj = {of|o; € Af} =

<S0kastk>[ak7bkack]

‘i Tij Vi Ty Vi
+
[a k5 bk7 h,k}v
V,, 7 ij
bk Ck>

Vi TV

Step 3. Utlhze the TCLUFHA operator

the i th line of A and then derive the overall preference

<S()Aa stk;
l/
value A} = aj; = {ofi|of; € A} = [a}"/ ’ff’ Cy/k/L (i=
[ath ky Ck]7

ij i,/ V//

m), where

1,2,...,m) of the alternative Y;(i = 1, 2,j. o g
f = (El, 527 A EH)T is the associated weight vector of the
TCLUFHA operator, with f] elo,1],j=1,2,...,
27:1 éj =1

Step 4. Calculate the score values s(a;)(i =1, 2,..
ofa(i=1,2,..., m):

5 Z (O0xg)» yo ({0, 5 805 las + b + ] +[a + b7 + ]
‘i ! ! fij Yij Tif

Yij ij ij ‘ij

n, and

.y m)

7[11./.5 + b./.f/ + C.l,'A,> + ,u:rk])
i

s(ai) = #(a;)

Step 5. Get the priority of the alternatives Y;(i =
1, 2,..., m) by ranking s(a;) (i =1, 2,..., m). (Fig. 3)

5.2 Geometric method

Step 1. Construct the triangular cubic linguistic uncertain

fuzzy decision matrix

<s9kastm[akabk7c/d
ij ij ij ij
Ak—a —{oc |oc EAf;}: [a?,b%,c}i],

a. A, b’é C}’f,->

@ Springer
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Step 2. Utilize the TCLUFWG operator

a; = TCLUFWG(hl, hy, ..., hn)
= (s,
H(—)((x, i Hr((x
i !
T (a7) ™[ (55)"",
k=1 k=1
! . )
[TL(e;)™
k=1
! L
[1(@)", TLBH",
k=1 k=1
I1(c;)"
k=1
!
- H(l _alj)qllv
k=1
l y
=TI —by)",
k=1
1 .
=10 =ci)™)
k=1

to aggregate all the individual triangular cubic linguistic

= (ag)mxn into the

collective triangular cubic linguistic uncertain fuzzy deci-

uncertain fuzzy decision matrix (Af])

sion matrix Al = af = {of|of € AN} =
<s0k’ Sllm[a ks b;n C:@]v
Yij ’J } 7ij i,j
[ yka bt, C k]

Vit Ty

ak b, C.x
yl/, /lj>

Step 3. Utlllze the TCLUFHG operator

o; = TCLUFHG(ay1, ap, - - -, @in) = (S .S ,
1o T
i1 i1

(f10)] [ (f, ).
i=1 i=1

to aggregate all the preference values a;(j = 1, 2,..., n) in
the i th line of A and then derive the collective overall

preference value Ak = aU = {oc |O£ € Ak} =
<S0 K S[k 3
"ij ‘i
[aykab/lmck}; . )
oo (i=1,2,...,m) of the alternative
[aykab/lm n,k]i
ij ij Yij
a,f; b}f} CV{;> . . . .
Yi(i=1,2,...,m), where &= (&, &,. .., fn)T is the

@ Springer

associated weight vector of the TCLUFHG operator, with
Eelo,1],j=1,2,...nand 3\ &=1.
Step 4. Calculate the score values s(a;)(i =1, 2,..., m)
ofa(i=1,2,..., m):
5 2 S0ty ([0, 50y Loy + b eyl + lay + by + eyl

—lay + by +ep) + 1)
s(a;) = #a)

Step 5. Get the priority of the alternatives Y;(i =
1, 2,..., m) by ranking s(a;) (i=1,2,..., m) (Fig. 4)

6 Numerical application

In this section, we construct the two numerical examples of
averaging and geometric operators, to illustrate the new
approach in the decision-making problem.

6.1 Example

Give us a chance to consider a hospital which means to
choose another patient for new structures. Three choices
(Ci =1, 2, 3) are accessible, and the three decision makers
(i=1,2,3) consider three criteria to choose which
patients to pick: (1) Gy (kidney patients); (2) G, (heat
cramps); and (3) Gz (hernia (abdominal hernia)). The
weight vector of the decision makers Dy(k =1, 2, 3), 7 =

(0.34, 0.26, O.4O)T. The DMs assess these alternatives
utilizing the linguistic term set S =f so = empty-hande-
d(EH); s; = vapor(V); s, = up-scale(UP); s3 = moder-
ate(M); s4 = super: ss = high rise (HR). After the
information procurement and factual treatment, the evalu-
ations of the alternatives with respect to attributes can be
represented by TCLUVs appeared in Tables 1 and 2.
Assume the decision makers (Tables 3, 4 and Figs. 5, 6).

Step 1: We change the triangular cubic linguistic
uncertain fuzzy decision matrices 1 and 2.

Step 2: Use TCLUFWA operator 1 = (0.25, 0.50,
0.25)"

Step 3: Utilize the TCLUFHA operator ¢ = (0.5, 0.3,
0.2)"

Step 4: Calculate the TCLUFHA score
s(a;) = 0.4087, s(ap) = 0.0048, s(az) = —0.1471.

Accuracy value

H(a)) = 1.6371,H(az) = 0.7851, H(az) = 0.5854.

value

Step 5. Get the priority of the alternatives Y;(i =
1, 2,..., m) by ranking s(a;) (i=1,2,..., m).
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6.1.1 Results and discussion

The results of the TCLUFHA score value and TCLUFHA
accuracy value of the numerical example (6.1) are tabu-
lated in Table 5.

Comparison graph of TCLUFHA score ranking and
TCLUFHA accuracy ranking is shown in Fig. 7.

6.2 Example

In this subsection, we present an illustrative example of the
new approach in a decision-making problem. Suppose that
a company wants to invest a sum of money into one of
three possible alternatives: A; is a car company, A, is a
computer company, and Az is a TV company. The invest-
ment company can consider the following three attributes.
Consider there are four attributes, and = (0.5, 0.2, 0.3)"
are weighting vector of the attributes, C; is the risk anal-
ysis, C; is the growth analysis and Cj is the social—political
impact analysis. As the environment is very uncertain, the
group of experts needs to assess the available information
by using TCLUFNS.

Step 1: Calculate the triangular cubic linguistic uncer-
tain fuzzy decision matrices 6 and 7 (Tables 6, 7, 8, 9).

Step 2: Use TCLUFWG operator 7 = (0.5, 0.2, 0.3)"

Step 3: Utilize the TCLUFHG  operator
£=1(0.2,04,04)".

Step 4: Calculate the TCLUFHG score value s(a;) =
0.4781, s(ay) = 0.1955, s(as) = 0.2517 (Fig. 8).

Accuracy value H(a;) =0.9428,H(ay) =
1.1302,H(a3) = 1.2929 (Figs. 9, 10).

Construct the triangular cubic linguistic uncertain
fuzzy decision matrix

Utilize the TCLUFWA operator

Utilize the TCLUFHA operator

Calculate the score values

Get the priority of the alternatives

Fig. 3 Graphically, we exhibit 5.1 proposed method

Step 5. Get the priority of the alternatives Y;(i =
1, 2,..., m) by ranking s(a;) (i=1,2,..., m).

6.2.1 Results and discussion

The results of the TCLUFHG score value and TCLUFHG
accuracy value of the numerical example (6.2) are tabu-
lated in Table 10.

7 Comparison analyses

In way to verify the sagacity and efficiency of the proposed
approach, a comparative study is driven overshadowing the
methods of intuitionistic fuzzy aggregation operator (Xu
2007) and triangular intuitionistic fuzzy aggregation oper-
ator (Liang et al. 2014), which are special cases of trian-
gular cubic linguistic uncertain fuzzy numbers
(TCLUFNSs), to the related expressive example.

7.1 A comparison analysis of the proposed
method with intuitionistic fuzzy aggregation
operator and the existing MCDM method
with intuitionistic fuzzy aggregation
operator

The intuitionistic fuzzy aggregation operator can be con-
sidered as a special case of triangular cubic linguistic fuzzy
numbers (TCLUFNs) when there are only four elements in
membership and non-membership degrees. For compar-
ison, the intuitionistic fuzzy aggregation operator can be

Construct the triangular cubic linguistic uncertain
fuzzy decision matrix

|

’

Utilize the TCLUFWGA operator

<

. 4

Utilize the TCLUFHGA operator

h 4

Calculate the score values

b 4

\ Get the priority of the alternatives
\

Fig. 4 Graphically, we exhibit 5.2 proposed method
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'Ijable. 1. Triangul.ar cubic C G G
linguistic uncertain fuzzy
decision matrix A 52,54, 52,5, 52,52,
[0.4,0.6,0.8], [0.8,0.10,0.12], [0.8,0.10,0.12],
[0.6,0.8,0.10], [0.10,0.12,0.14], [0.10,0.12,0.14],
0.5,0.7,0.9 0.9,0.11,0.13 0.9,0.11,0.13
Az $1,53, §2,52, $2, 84,
[0.1,0.3,0.5], [0.8,0.10,0.12], [0.4,0.6,0.8],
< [0.3,0.5,0.7], > [0.10,0.12,0.14], > < [0.6,0.8,0.10], >
0.2,0.4,0.6 0.9,0.11,0.13 0.5,0.7,0.9
A3 §2,52, 1,583, 51,583,
[0.8,0.10,0.12], [0.1,0.3,0.5], [0.1,0.3,0.5],
(0.10,0.12,0.14], > < [0.3,0.5,0.7], > < [0.3,0.5,0.7], >
0.9,0.11,0.13 0.2,0.4,0.6 0.2,0.4,0.6
'Iiable. 2. Triangulgr cubic C G s
linguistic uncertain fuzzy
decision matrix A 52,52, 52,52, 52,54,
[0.8,0.10,0.12], [0.8,0.10,0.12], [0.4,0.6,0.8],
[0.10,0.12,0.14], > [0.10,0.12,0.14], > < [0.6,0.8,0.10], >
0.9,0.11,0.13 0.9,0.11,0.13 0.5,0.7,0.9
Az 52,82, 81,83, 82,82,
(0.8,0.10,0.12], [0.1,0.3,0.5], [0.8,0.10,0.12],
[0.10,0.12,0.14], [0.3,0.5,0.7], [0.10,0.12,0.14],
0.9,0.11,0.13 0.2,0.4,0.6 0.9,0.11,0.13
Az §2, 54, §2,52, S1,83,
[0.4,0.6,0.8], [0.8,0.10,0.12], [0.1,0.3,0.5],
[0.6,0.8,0.10], > [0.10,0.12,0.14], [0.3,0.5,0.7], >
0.5,0.7,0.9 0.9,0.11,0.13 0.2,0.4,0.6

transformed to (TCLUFNs) by calculating the average
value of the membership and non-membership degrees.
After transformation, intuitionistic fuzzy aggregation
operator is given in Table 11.

Step 1: Calculate the
t=(05,02,03)"

Step 2: Calculate the score function

s(ar) = 0.3539, s(ay) = —0.5498, s(az) = —0.1431.

IFWA operator

Step 3: Find the ranking s(a;) > s(az) > s(as).
(Fig. 11)

@ Springer

7.2 A comparison analysis with the existing

MCDM method triangular intuitionistic fuzzy
aggregation operator

The triangular intuitionistic fuzzy aggregation operator can
be considered as a special case of triangular cubic linguistic
fuzzy numbers (TCLUFNs) when there are only four ele-
ments in membership and non-membership degrees. For
comparison, the triangular intuitionistic fuzzy aggregation
operator can be transformed to (TCLUFNs) by calculating
the average value of the membership and non-membership
degrees (Table 12). After transformation, triangular intu-
itionistic fuzzy aggregation operator is given in Table 13.
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Table 3 TCLUFWA operator

C, C, C3

A S1.4142, 5168175 52,82, 51.4142,51.68175
[0.4114,0.2254, [0.8,0.1, [0.4114,0.2254,
0.3522],[0.2254, 0.12],[0.1, 0.3522],[0.2254,
0.3522,0.0621], 0.12,0.14], > 0.3522,0.0621],
0.8190, 0.5267, 0.9,0.11, 0.8190, 0.5267,
0.5848 0.13 0.5848

A, $1.18925 5156515 S1.41425 52.4494 $1.4142551.68175
[0.3486,0.1091, [0.5757,0.2062, [0.4114,0.2254,
0.1855],[0.1091, 0.3366], [0.2062, 0.3522],[0.2254,
0.1855,0.2873], 0.3366,0.4921], 0.3522,0.0621],
0.7208, 0.4579, 0.4242,0.2097, 0.8190, 0.5267,
0.5284 0.2792 0.5848

As 514142, 51.6817 514142, 52.4494, S1, 517321,
[0.4114,0.2254, [0.5757,0.2062, [0.0513,0.1633,
0.3522],[0.2254, 0.3366], [0.2062, 0.2928],[0.1633,
0.3522,0.0621], 0.3366,0.4921], 0.2928,0.4522],
0.8190, 0.5267, 0.4242,0.2097, 0.4472,0.6324,
0.5848 0.2792 0.7745

Table 4 TCLUFHA operator 4

TCLUFHA operator 4

Ay $1.9999, $2.3782,
0.7379,0.2651,0.2687],

0.2651,0.2687,0.1302],
0.7769,0.1746,0.2108

Az §1.29685 51.7490
[0.4200,0.1651,0.2701],

0.1651,0.2701,0.2768), >
0.6600, 0.4084, 0.4794

A; $1.1486, 51.4814,
[0.2509,0.1244,0.2119],

[0.1244,0.2119,0.2356],
0.6890,0.5872,0.6612

Step 1: Calculate the TIFWG
1=(0.5,0.2,03)".
Step 2: Calculate the score function

s(a;) =0.0143, s(az) = 0.2574, s(az) = 0.0291.

operator and

Step 3: Find the
(Table 14 and Fig. 12)

The ranking values of the above discussion are given in
Table 15 (Fig. 13).

ranking s(az) > s(az) > s(a1).

The advantages of our proposed methods can be sum-
marized on the basis of the above comparison analyses.
The triangular cubic linguistic fuzzy numbers (TCLUFNs)
are very suitable for illustrating uncertain or fuzzy infor-
mation in MCDM problems because the membership and
non-membership degrees can be two sets of several pos-
sible values, which cannot be achieved by intuitionistic
fuzzy numbers (ITrFNs) and triangular intuitionistic fuzzy
number. On the basis of basic operations, aggregation
operators and comparison method of triangular cubic lin-
guistic fuzzy numbers (TCLUFNs) can be also used to
process intuitionistic fuzzy numbers and triangular intu-
itionistic fuzzy number after slight adjustments, because
triangular cubic linguistic fuzzy numbers (TCLUFNs) can
be considered as the generalized form of intuitionistic
fuzzy numbers (IFNs) and triangular intuitionistic fuzzy
number. The defined operations of triangular cubic lin-
guistic fuzzy numbers (TCLUFNs) give us more accurate
than the existing operators.

7.3 Discussion

Compared with other methods, the advantages of the tri-
angular cubic linguistic fuzzy numbers (TCLUFNs) are
shown as follows.

Comparing with the intuitionistic fuzzy number by Xu
(2007), they are only the special cases of the proposed
operators in this paper. The intuitionistic fuzzy number by

@ Springer
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Fig. 5 Graphically, the TCLUFHA
score values exhibit
0 0.5 1 1.5 2 2:S 3 3.5
Fig. 6 Graphically, the TCLUFHA
accuracy values exhibit
A
J"/r,u/‘
0 0.5 1 15 2 2.5 3 35
Table 5 TCLUFHA of score TCLUFHA  Score values Ranking 1 TCLUFHA  Accuracy function Ranking 2  Final ranking
value and accuracy value
say) 0.4087 1 H(a,) 1.6371 1
s(az) 0.0048 2 H(ay) 0.7850 3 2
s(as) — 0.1471 3 H(as) 0.5854 3

Xu (Xu 2007) is based on the membership and non-
membership, algebraic operations; the proposed operator in
this paper is based on a triangular cubic linguistic fuzzy

numbers (TCLUFNS).

The existing decision-making methods based on the
prospect theory in the literature (Liang et al. (2014)) only
express the preferences of alternatives on criteria with crisp
values, fuzzy numbers, and linguistic variables. However,
due to the complexity of the socioeconomic environment,

@ Springer

there may be hesitation about preferences in decision
making. Recently, prospect theories under triangular intu-
itionistic fuzzy information have been developed, such as

Liang et al. (2014), which also consider the hesitation

about preferences in decision making. However, IFS and
TIF can only express the extent to which a criterion to a
fuzzy concept “excellence” or “good” and they only use
discrete domains. TCLUFNs method is the extension of
IFS which extends the discrete set to continuous set.
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Fig. 7 Comparison graph of
TCLUFHA score ranking and 9
TCLUFHAA accuracy ranking

Comparison graph

8
7
6
5
4
3
2
1
0
-1
'Ijable. 6. Triangul.ar cubic c G s
linguistic uncertain fuzzy
decision matrix A 52,50, 52,5, 52,59,
[0.4,0.6,0.8], [0.8,0.10,0.12], [0.8,0.10,0.12],
[0.6,0.8,0.10], > < [0.10,0.12,0.14], > < [0.10,0.12,0.14], >
0.5,0.7,0.9 0.9,0.11,0.13 0.9,0.11,0.13
Ay $1,53, §2,52, $2, 84,
[0.1,0.3,0.5], [0.8,0.10,0.12], [0.4,0.6,0.8],
(0.3,0.5,0.7], [0.10,0.12,0.14], [0.6,0.8,0.10],
0.2,0.4,0.6 0.9,0.11,0.13 0.5,0.7,0.9
A3 52,52, 51,93, 51,53,
[0.8,0.10,0.12], [0.1,0.3,0.5], [0.1,0.3,0.5],
(0.10,0.12,0.14], > < [0.3,0.5,0.7], < [0.3,0.5,0.7],
0.9,0.11,0.13 0.2,0.4,0.6 0.2,0.4,0.6
'Itable. 7. Triangulgr cubic c G s
linguistic uncertain fuzzy
decision matrix A 52,5, 52,5, 52,50,
[0.8,0.10,0.12], [0.8,0.10,0.12], [0.4,0.6,0.8],
<[0.10,0.12,0.14], <[0.10,0.12,0.14]7 [0.6,0.8,0.10],
0.9,0.11,0.13 0.9,0.11,0.13 0.5,0.7,0.9
Az 52,52, 515583, 52,82,
[0.8,0.10,0.12], [0.1,0.3,0.5], [0.8,0.10,0.12],
(0.10,0.12,0.14], [0.3,0.5,0.7], [0.10,0.12,0.14],
0.9,0.11,0.13 0.2,0.4,0.6 0.9,0.11,0.13
A3 52,54, 82,82, 81,83,
[0.4,0.6,0.8], [0.8,0.10,0.12], [0.1,0.3,0.5],
[0.6,0.8,0.10], > < [0.10,0.12,0.14], > < [0.3,0.5,0.7], >
0.5,0.7,0.9 0.9,0.11,0.13 0.2,0.4,0.6
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Table 8 TCLUWG operator C
1

C2 C3

Ay 52, 52,8284,
[0.5656, 0.2449,
0.3098], [0.2449,
0.3098,0.1183],
0.7763,0.4832,
0.7051

Az S1.4142, §2.4494,
[0.2828,0.1732,
0.2449],0.1732,
0.2449,0.3130],
0.7171,0.2692,
0.4100

A3 §2,52.8284,
[0.5656, 0.2449,
0.3098], [0.2449,
0.3098,0.1183],
0.7763,0.4832,

0.7050

;

$1.5157, 51.8660,
[0.7104,0.4299,

0.4950], [0.4299,
0.4950,0.2778),
0.5920,0.3270,

0.5193

$1.3195,51.3195,
[0.9146,0.3981,

0.4282],[0.3981,
0.4282,0.4554], >
0.6018,0.0455,
0.0541

§1.5157, 51.8660 5
[0.71047 0.4299,

0.4950], [0.4299,
0.4950,0.2778],
0.5920, 0.3270,
0.5193

51.14865 51.4309
[0.6034, 0.4959,

0.5696, [0.4959,
0.5696, 0.6284],
0.3965,0.1179,
0.1903

81, 51.9331,
0.2511,0.4855,

0.6597], [0.4855,
0.6597,0.8073],
0.1253,0.2639,

0.4229

$1.1486, 51.4309,
[0.6034,0.4959,

0.5696], [0.4959,
0.5696,0.6284],
0.3965,0.1179,

0.1903

Table 9 TCLUFHG operator 9

TCLUFHG operator 9

A §1.2498 5 §1.4742,
0.8185,0.5302,0.5800],
0.5302,0.5800,0.4315], >
0.4846,0.1979, 0.4527

A2 51.4338,52.1194,
0.4299,0.2672,0.3432],
0.2672,0.3432,0.3126],
0.6555,0.2839, 0.4448

A3 §1.3946, 52.2769 5
[0.3742,0.3222,0.4230],
0.3222,0.4230,0.3245],

0.5745,0.3538,0.5473

Compared with IFS and TrIF, TCLUFNs used in our pro-
posed method, by introducing two triangular intuitionistic
fuzzy numbers as a reference, can describe and character-
ize the fuzziness of the objective world meticulously and
accurately; it also allows criteria to use different dimen-
sions. Thus, compared with the previous decision-making
methods, the proposed method can express more abundant

@ Springer

and flexible information and thus have a stronger expres-
sion ability to deal with the uncertain information.

7.4 Experimental results

In this work, four classes of aggregation operators, such as
TCLUFOWA operator, TCLUFHWG operator, proposed
averaging method, and proposed geometric method, are
used. Each of which has a number of operators, which is
shown in Table 16. Used aggregation operators according
to classes.

8 Conclusion

In this paper, the concept of triangular cubic linguistic
uncertain fuzzy sets deliberates their basic properties and
develops operational laws for triangular cubic linguistic
uncertain fuzzy elements, which are introduced. The
aggregation operators for triangular cubic linguistic
uncertain fuzzy sets which includes cubic linguistic
uncertain fuzzy averaging (geometric) operator, triangular
cubic linguistic uncertain fuzzy weighted averaging
(TCLUFW A) operator, triangular cubic linguistic uncertain
fuzzy weighted geometric (TCLUFWG) operator, trian-
gular cubic linguistic uncertain fuzzy ordered weighted
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Fig. 8 Graphically, the 3.5

TCLUFHG score values exhibit
3
2.5
2
1.5
0

=

s(an) s(az) s(as)
Fig. 9 Graphically, the Accuracy function
TCLUFHG accuracy values 3.5
exhibit
3
2.5
2
1.5
1
0.5
0
H(a) H(a2) H(as)
Fig. 10 Comparison graph of Comparison graph
TCLUFHG score ranking and 3.8
TCLUFHG accuracy ranking
3
2.5
2
1.5
1
0.5
0

s(an) s(az) s(as)

@ Springer



11530

F. Amin et al.

Table 10 TCLUFHG of score
value and accuracy value

TCLUFHG  Score values Ranking 1 TCLUFHG Accuracy function

Ranking 2  Final ranking

Hay) 0.9428
H(as) 1.1302
Has) 1.2929

3 3

s(ay) 0.4781
s(az) 0.1955 3
s(as) 0.2517
Table 11 IF decision matrix
(o C, Cs
A [0.4, 0.8] [0.10, 0.14] [0.8, 0.9]
A, [0.1, 0.5] [0.4, 0.8] [0.4, 0.6]
Az [0.10, 0.12] [0.3, 0.5] [0.1, 0.3]

averaging (TCLUFOWA) operator, triangular cubic lin-
guistic uncertain fuzzy ordered weighted geometric
(TCLUFOWG) operator, triangular cubic linguistic
uncertain fuzzy hybrid averaging (TCLUFHA) operator
and triangular cubic linguistic uncertain fuzzy hybrid
geometric (TCLUFHG) operator are developed. Moreover,
the developed aggregation operators are applied to multiple
attribute group decision making with triangular cubic lin-
guistic uncertain fuzzy information. At last, a numerical
example is used to illustrate the validity of the proposed
approach in group decision-making problems.

Fig. 11 Graphically, the IF 35
score values exhibit

Table 12 IFWA operator 12

IFWA operator 12

Ay
Ay
A;

0.6713,0.3174]
0.2018,0.7516]
[0.1565,0.2996]

Table 14 TIFWG operator 14

TIFWG operator 14

A, 0.5059,0.0774,0.1073], [0.2324, 0.1700]
Ay 0.3314,0.4643,0.5618], [0.7361,0.1672]
As 0.2349,0.2433,0.3492], [0.4704, 0.3651]

Table 13 TIF decision matrix

G

G

C,
A, 0.4,0.6,0.8],[0.6,0.10]
Ay 0.1,0.3,0.5],]0.3,0.5]
As 0.8,0.10,0.12],[0.9,0.12]

0.8,0.10,0.12],[0.10,0.14]
0.10,0.12,0.14],0.9,0.11]
[0.1,0.3,0.5],[0.3,0.5)

0.8,0.10,0.12], [0.8,0.9]
(0.4,0.6,0.8],[0.8,0.10]
[0.1,0.3,0.5],0.3,0.5]

@ Springer
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Fig. 12 Graphically, the TIF
score values exhibit

Table 15 Comparison method
with the existing methods

Fig. 13 Whole-comparison

method of Table 15

3.5

fany

s(a1) s(az)

3
25
2
1.5
0.5
0

s(as)

Method

Ranking

Proposed averaging method

Proposed geometric method

Intuitionistic fuzzy number (Xu 2007)

Triangular intuitionistic fuzzy aggregation (Jun et al. 2011)

3.5

N

%)

(=Y
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Table 16 Experimental results .
Aggregation operator

Ranking

TCLUFOWA operator
TCLUFHWA operator
Averaging score function
Averaging accuracy function
Geometric score function

Geometric accuracy function

Intuitionistic fuzzy number (Xu 2007)

Triangular intuitionistic fuzzy aggregation (Liang et al. 2014)

s(hs) > s(hy) > s(ha)
s(ha) > s(hz) > s(hy)
s(ay) > s(ay) > s(as)
H(ay) > H(a) > H(as)
s(ar) > s(az) > s(az)
H(as) > H(ay) > H(ay)
s(ay) > s(az) > s(as)
s(az) > s(az) > s(ay)
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