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Abstract
This paper presents a novel framework for the study of hesitant fuzzy rough sets by integrating rough sets with hesitant fuzzy
sets. Lower and upper approximations of hesitant fuzzy sets with respect to a hesitant fuzzy approximation space are first
defined. Properties of hesitant fuzzy approximation operators are examined. Relationships between hesitant fuzzy approxi-
mation spaces and hesitant fuzzy topological spaces are then established. It is proved that the set of all lower approximation
sets based on a hesitant fuzzy reflexive and transitive approximation space forms a hesitant fuzzy topology. And conversely,
for a hesitant fuzzy rough topological space, there exists a hesitant fuzzy reflexive and transitive approximation space such
that the topology in the hesitant fuzzy rough topological space is exactly the set of all lower approximation sets in the hesitant
fuzzy reflexive and transitive approximation space. That is to say, there exists a one-to-one correspondence between the set
of all hesitant fuzzy reflexive and transitive approximation spaces and the set of all hesitant fuzzy rough topological spaces.

Keywords Approximation operators · Hesitant fuzzy rough sets · Hesitant fuzzy sets · Hesitant fuzzy topological spaces ·
Rough sets

1 Introduction

Since fuzzy set was introduced by Zadeh (1965) as a mathe-
matical way to represent and deal with vagueness in everyday
life, several extensions have been developed, such as intu-
itionistic fuzzy sets (Atanassov 1986), interval-valued fuzzy
sets (Gorzalczany 1987; Deschrijver and Kerre 2005), type-
2 fuzzy sets (Dubois and Prade 1980; Miyamoto 2005) and
type-n fuzzy sets (Dubois and Prade 1980). However, when
defining themembership degree of an element to a set, the dif-
ficulty of establishing the membership degree is not because
we have a margin of error (as in an intuitionistic fuzzy set or
an interval-valued fuzzy set), or some possibility distribution
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(as in a type-2 fuzzy set) on the possible values, but because
we have a set of possible values. To deal with such case, Torra
and Narukawa (2009) and Torra (2010) introduced the con-
cept of hesitant fuzzy (HF) sets. As another generalization
of fuzzy sets, an HF set permits the membership of an ele-
ment to a given set having several possible different values
between 0 and 1, and is powerful to determine the member-
ship degree especially when we have several different values
on it. Since its appearance, HF set theory has become a fast-
growing field of research in recent years (Xia and Xu 2011;
Xu and Xia 2011; Chen et al. 2013; Farhadinia 2013; Liao
and Xu 2013, 2015; Liu et al. 2016; Liang and Liu 2015).

Another important method used to deal with insufficient
and incomplete information is the theory of rough sets orig-
inated by Pawlak (1982, 1991). The equivalence relation is
a key notion in the Pawlak’s rough set model. However, the
requirement of an equivalence relation in Pawlak’s rough set
model seems to be a very restrictive condition that may limit
the applications of this model. From both theoretic and prac-
tical needs, many researchers have generalized the notion of
Pawlak’s rough set model by replacing the equivalence rela-
tion with non-equivalence relations. More generally, rough
set approximations have been extended to fuzzy environment
in which the results are called rough fuzzy sets (Dubois and
Prade 1990; Li and Zhang 2008; Thiele 2001) and fuzzy
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rough sets (Dubois and Prade 1990; Radzikowska and Kerre
2002; Yeung et al. 2005; Tiwari and Srivastava 2013). Mean-
while, by combining rough set theory with other uncertainty
theories, lots of fruitful results have been achieved (Cornelis
et al. 2003; Chakrabarty et al. 1998; Nanda and Majumda
1992; Jena and Ghosh 2002; Rizvi et al. 2002; Samanta and
Mondal 2001; Sun et al. 2008; Zhang and Shu 2015; Yang
et al. 2014; Zhang 2013; Deepak and John 2014; He and
Xiong 2017; Zhan et al. 2017).

Topology is a branch of mathematics, whose concepts
exist not only in almost all branches of mathematics but also
in many real-life applications. An interesting research for
rough approximation operators is to compare them with the
topological structures. In fact, many authors studied topo-
logical structures of crisp rough sets (Chuchro 1994; Kondo
2006; Lashin et al. 2005; Zhu 2007; Wu et al. 2008). On
the other hand, some authors discussed topological struc-
tures of rough sets in the fuzzy environment (see, e.g., Qin
and Pei 2005; Qin et al. 2008; Wu 2011; Zhou et al. 2009;
Wu and Zhou 2011; Zhang 2013). In Wu (2011), Wu pre-
sented a general framework for the study of T -fuzzy rough
approximation operators determined by triangular norms in
infinite universes of discourse, and proved that a pair of dual
T -fuzzy rough approximation operators can induce a fuzzy
topological space if and only if the fuzzy relation in the
fuzzy approximation space is reflexive. Furthermore, under
certain conditions, a fuzzy interior (respectively, a fuzzy clo-
sure) operator derived from a fuzzy topological space can
be associated with a reflexive and T -transitive fuzzy relation
such that the induced lower (respectively, upper) T -fuzzy
rough approximation operator is exactly the fuzzy interior
(respectively, the fuzzy closure) operator of the given topo-
logical space. Subsequently, Zhou et al. (2009),Wu andZhou
(2011)generalized these results to intuitionistic fuzzy rough
sets and established the relationship between intuitionistic
fuzzy rough approximations and intuitionistic fuzzy topolo-
gies.More recently, Zhang (2013) constructed interval type-2
rough fuzzy sets and interval type-2 fuzzy rough sets by inte-
grating rough set theory with interval type-2 fuzzy set theory,
and also examined their topological structures.

Rough set theory and HF set theory are two different tools
to deal with uncertainty. Apparently there is no direct rela-
tionship between the two theories, however, a major step is
taken by Yang et al. (2014). They introduced the concept of
HF rough sets and proposed an axiomatic approach to the
model. However, the disadvantage of this model is that the
order on the HF power set for representing inclusion relation
of two HF sets is not necessarily antisymmetric. That is, for
any two HF sets A and B, if A � B and B � A, then the
formula A = B does not necessarily true. In classical set
theory, it is well known that the antisymmetry is a critical
condition for the equality relationship of ordinary sets. So is
for HF sets. Only in this way can we better investigate the

properties and operations of HF sets. Therefore, it is natu-
ral to ask, “Can we define an HF rough set model in which
the order for characterizing inclusion relation of HF sets is
antisymmetric?” If we can, it may also provide a theoretical
basis for our study on topological structures of the HF rough
sets. In the present paper, we are to develop a novel HF rough
set model in order to find a positive answer to this question.

The remainder of this paper is organized as follows. In
the next section, some basic notions and operations related
to HF sets are introduced. In Sect. 3, a novel pair of lower
and upper HF rough approximation operators are defined
and their properties are examined. The connections between
special HF relations and properties of HF rough approxi-
mation operators are also established. Section 4 introduces
some basic notions and results about HF topological spaces.
In Sect. 5, we further establish the relationship between HF
approximation spaces and HF topological spaces. We then
conclude the paper with a summary in Sect. 6.

2 Preliminaries

In this section, we briefly review some basic concepts related
to HF sets. Throughout this paper, unless otherwise stated,
U refers to a finite universe of discourse.

Definition 1 (Torra and Narukawa 2009; Torra 2010) LetU
be a fixed set. An HF set A on U is in terms of a function
hA(x) that when applied to U returns a subset of [0, 1], that
is,

A = {< x, hA(x) > |x ∈ U },

where hA(x) is a finite set of some different values in [0, 1],
representing the possible membership degrees of the element
x ∈ U to A.

For convenience, we call hA(x) an HF element. The set of
all HF sets onU , called the HF power set ofU , is denoted by
HF(U ). From Definition 1, we note that an HF set A can be
viewed as a fuzzy set if there is only one element in hA(x).
In this situation, HF sets include fuzzy sets as a special case.

Example 1 If U = {x1, x2, x3} is the universe of discourse,
hA(x1) = {0.7, 0.4, 0.5}, hA(x2) = {0.2, 0.4} and hA(x3) =
{0.3, 0.1, 0.7, 0.6} are the HF elements of xi (i = 1, 2, 3) to
the set A, respectively. Then A can be considered as an HF
set, that is,

A = { < x1, {0.7, 0.4, 0.5} >,< x2, {0.2, 0.4} >,

< x3, {0.3, 0.1, 0.7, 0.6} >}.

Here, we introduce some special HF sets as follows (Torra
2010; Yang et al. 2014): for A ∈ HF(U ),
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1. A is referred to as an empty HF set if and only if hA(x) =
{0} for all x ∈ U . In this paper, the empty HF set is
denoted by ∅.

2. A is referred to as the HF universe set if and only if
hA(x) = {1} for all x ∈ U . In this paper, the HF universe
set is denoted by U.

3. A is referred to as a constant HF set if and only if
hA(x) = {a1, a2, . . . , am} for all x ∈ U , where ai ∈
[0, 1], i = 1, 2, . . . ,m, i.e., hA(x) ∈ 2[0,1]. In this paper,
the constant HF set is denoted by ̂a1, . . . , am .

Meanwhile, for any y ∈ U and M ⊆ U , two special HF sets
1y and 1M are, respectively, defined as follows: for x ∈ U ,

h1y (x) =
{

{1}, if x = y,

{0}, otherwise.
h1M (x) =

{
{1}, if x ∈ M,

{0}, otherwise.

It is noted that the number of values in different HF ele-
ments may be different. Suppose that l(hA(x)) stands for the
number of values in hA(x). To operate correctly, Xu and Xia
(2011) gave the following assumptions:

(A1) All the elements in each HF element hA(x) are
arranged in increasing order, and then hσ(k)

A
(x) is

referred to as the kth largest value in hA(x).
(A2) If, for two HF elements hA(x) and hB(x), l(hA(x)) �=

l(hB(x)), then l = max{l(hA(x)), l(hB(x))}. To have
a correct comparison, the two HF elements hA(x) and
hB(x) should have the same length l. If there are fewer
elements in hA(x) than in hB(x), an extension of hA(x)
should be considered optimistically by repeating its
maximum element until it has the same length with
hB(x).

In Liao and Xu (2013), Liao et al. pointed out that the dimen-
sion of the derivedHFelementmay increase as the addition or
multiplicative operations are done when adopting the opera-
tions onHF elements defined by Torra andNarukawa (2009),
Torra (2010) and Xia and Xu (2011), which may increase
the amount of calculation drastically. Therefore, on the basis
of the assumptions given by Xu and Xia (2011) and Liao
and Xu (2013) developed some new methods to decrease the
dimension of the derived HF element when operating the HF
elements, which are slightly different from the ones intro-
duced by Torra and Narukawa (2009), Torra (2010) and Xia
and Xu (2011). The adjusted operational laws are defined as
follows:

Definition 2 (Liao and Xu 2013) Let U be a nonempty and
finite universe of discourse. Suppose that A and B are two
HF sets, then, for any x ∈ U ,

(1) the complement of A , denoted by A
c, is given by

hAc (x) =∼ hA(x) = {1 − hσ(k)
A

(x)|k = 1, 2, . . . , l};

(2) the union of A and B, denoted by A � B, is given by

hA�B(x) = hA(x) � hB(x)

= {hσ(k)
A

(x) ∨ hσ(k)
B

(x)|k = 1, 2, . . . , l};

(3) the intersection of A and B, denoted by A � B, is given
by

hA�B(x) = hA(x) � hB(x)

= {hσ(k)
A

(x) ∧ hσ(k)
B

(x)|k = 1, 2, . . . , l};

(4) the ring sum of A and B, denoted by A � B, is given by

hA�B(x) = hA(x) ⊕ hB(x)

= {hσ(k)
A

(x) + hσ(k)
B

(x)

− hσ(k)
A

(x)hσ(k)
B

(x)|k = 1, 2, . . . , l};

(5) the ring product of A and B, denoted by A�B, is given
by

hA�B(x) = hA(x) ⊗ hB(x)

= {hσ(k)
A

(x)hσ(k)
B

(x)|k = 1, 2, . . . , l},

where hσ(k)
A

(x) and hσ(k)
B

(x) are, respectively, the
kth largest value in hA(x) and hB(x), and l =
max{l(hA(x)), l(hB(x))}.

Remark 1 From the above assumptions, we see that mul-
tiple occurrences of the greatest element or the smallest
element in an HF element are permitted. For example, h =
{0.2, 0.4, 0.5, 0.5} and hc = {0.5, 0.5, 0.6, 0.8} can be seen
as HF elements. However, multiple occurrences of any ele-
ments except the greatest element or the smallest element in
anHF element are not permitted. For example, h = {0.2, 0.4,
0.4, 0.5} cannot be viewed as an HF element, but h = {0.2,
0.4, 0.5} is an HF element.

Example 2 Let hA(x) = {0.3, 0.5, 0.8, 0.9} and hB(x) =
{0.4, 0.6, 0.7} be two HF elements. According to Defini-
tion 2, we have
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hA�B(x) = hA(x) � hB(x)

= {hσ(k)
A

(x) ∨ hσ(k)
B

(x)|k = 1, 2, 3, 4}
= {0.4 ∨ 0.3, 0.5 ∨ 0.6, 0.8 ∨ 0.7, 0.9 ∨ 0.7}
= {0.4, 0.6, 0.8, 0.9},

hA�B(x) = hA(x) � hB(x)

= {hσ(k)
A

(x) ∧ hσ(k)
B

(x)|k = 1, 2, 3, 4}
= {0.4 ∧ 0.3, 0.5 ∧ 0.6, 0.8 ∧ 0.7, 0.9 ∧ 0.7}
= {0.3, 0.5, 0.7, 0.7},

hA�B(x) = hA(x) ⊕ hB(x)

= {hσ(k)
A

(x) + hσ(k)
B

(x)

− hσ(k)
A

(x)hσ(k)
B

(x)|k = 1, 2, 3, 4}
= {0.4 + 0.3 − 0.4 × 0.3, 0.5 + 0.6 − 0.5 × 0.6,

0.8 + 0.7 − 0.8 × 0.7, 0.9 + 0.7 − 0.9 × 0.7}
= {0.58, 0.8, 0.94, 0.97},

hA�B(x) = hA(x) ⊗ hB(x)

= {hσ(k)
A

(x)hσ(k)
B

(x)|k = 1, 2, 3, 4}
= {0.4 × 0.3, 0.5 × 0.6, 0.8 × 0.7, 0.9 × 0.7}
= {0.12, 0.3, 0.56, 0.63}.

It is noted that the following theorem is valid for the new
operations developed by Liao and Xu (2013).

Theorem 1 (Liao and Xu 2013) For two HF sets A and B,
the followings are valid:

(1) (A � B)c = A
c � B

c, ∼ (hA(x) � hB(x)) = (∼
hA(x)) � (∼ hB(x)),

(2) (A � B)c = A
c � B

c, ∼ (hA(x) � hB(x)) = (∼
hA(x)) � (∼ hB(x)),

(3) (A � B)c = A
c � B

c, ∼ (hA(x) ⊕ hB(x)) = (∼
hA(x)) ⊗ (∼ hB(x)),

(4) (A � B)c = A
c � B

c, ∼ (hA(x) ⊗ hB(x)) = (∼
hA(x)) ⊕ (∼ hB(x)).

In order to construct a novel HF rough set and further
investigate its topological structures, we introduce the con-
cept of HF subsets which is different from the one given by
Yang et al. (2014).

Definition 3 LetU be a nonempty and finite universe of dis-
course. For A, B ∈ HF(U ), A is said to be an HF subset of
B, if hA(x) � hB(x) holds for all x ∈ U , i.e.,

hA(x) � hB(x) ⇔ hσ(k)
A

(x) ≤ hσ(k)
B

(x), k = 1, 2, . . . , l.

We denote it by A � B.

Obviously,we can easily verify the following conclusions:
for A, B, C ∈ HF(U ),

(1) A � A,

(2) A � B, B � C �⇒ A � C,

(3) A � B, B � A ⇐⇒ A = B.

That is, the notation � is reflexive, transitive and anti-
symmetric on HF(U ).

Example 3 Let U = {x1, x2}. Suppose that A, B, C and D

are four HF sets on U defined as follows:

A = {< x1, {0.3, 0.4, 0.5} >,< x2, {0.4, 0.6} >},
B = {< x1, {0.5, 0.6, 0.7} >,< x2, {0.5, 0.6, 0.7} >},
C = {< x1, {0.7, 0.8, 0.8} >,< x2, {0.6, 0.9} >},
D = {< x1, {0.7, 0.8} >,< x2, {0.6, 0.9, 0.9} >}.

Then, by Definition 3, we have A � B, B � C, A � C and
C = D.

3 Construction of hesitant fuzzy rough
approximation operators

In this section, we first introduce the HF relation presented
by Yang et al. (2014).

Definition 4 Suppose that U is a nonempty and finite uni-
verse of discourse. An HF relation R on U is an HF subset
of U ×U , namely, R is given by

R = {< (x, y), hR(x, y) > |(x, y) ∈ U ×U },

where hR(x, y) is a set of some different values in [0, 1],
denoting the possiblemembership degrees of the relationship
between x and y.

Yang et al. (2014) also presented several special HF rela-
tions as follows.

Definition 5 Let R be an HF relation on U . Then

(1) R is said to be serial if for any x ∈ U there exists a
y ∈ U such that hR(x, y) = {1};

(2) R is said to be reflexive if hR(x, x) = {1} for all x ∈ U ;
(3) R is said to be symmetric if hR(x, y) = hR(y, x) for

all (x, y) ∈ U ×U ;
(4) R is said to be transitive if hR(x, y) � hR(y, z) �

hR(x, z) for all (x, z) ∈ U ×U .

Alternatively, R is transitive if the following condition
is satisfied:

hσ(k)
R

(x, y) ∧ hσ(k)
R

(y, z) ≤ hσ(k)
R

(x, z), k = 1, 2, . . . , l,

where l = max{l(hR(x, y)), l(hR(y, z)), l(hR(x, z))}.
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Next, we define novel HF rough approximation operators
induced from an HF approximation space.

Definition 6 LetU be a nonempty and finite universe of dis-
course and R an HF relation on U , then the pair (U , R) is
called an HF approximation space. For any A ∈ HF(U ),

the lower and upper approximations of A with respect to
(U , R), denoted by R(A) and R(A), are two HF sets and are,
respectively, defined as follows:

R(A) = {< x, hR(A)(x) > |x ∈ U }, (1)

R(A) = {< x, h
R(A)(x) > |x ∈ U }, (2)

where

hR(A)(x) = �y∈U {hRc(x, y) � hA(y)},
h

R(A)(x) = �y∈U {hR(x, y) � hA(y)}.

The pair (R(A), R(A)) is called the HF rough set of A with
respect to (U , R), and R, R : HF(U ) → HF(U ) are
referred to as lower and upper HF rough approximation oper-
ators, respectively.

Clearly, we can observe that

hR(A)(x) =
⎧⎨
⎩

∧
y∈U

hσ(k)
Rc (x, y) ∨ hσ(k)

A
(y)|k = 1, 2, . . . , lx

⎫⎬
⎭ ,

h
R(A)(x) =

⎧⎨
⎩

∨
y∈U

hσ(k)
R

(x, y) ∧ hσ(k)
A

(y)|k = 1, 2, . . . , lx

⎫⎬
⎭ ,

where lx = maxmax
y∈U {l(hR(x, y)), l(hA(y))}.

Remark 2 By using an HF relation, Yang et al. (2014) intro-
duced the concept of HF rough sets. However, HF subset
based on the HF rough sets proposed by them is not nec-
essarily antisymmetric. For example, let F = {0.2, 0.3, 0.8}
and G = {0.2, 0.4, 0.6, 0.8}. According to the definition of
the HF subset in Yang et al. (2014), we have F � G and
G � F. However, it is obvious that F �= G. These situations
do not occur in classical set theory.

We point out that the HF rough set in Definition 6 is dif-
ferent from the one given by Yang et al. (2014) because of
different operational laws on HF elements. Since lower and
upper approximationsR(A) andR(A) of theHF setA are still
HF sets, the advantage of the novel HF rough set is that HF
subset based on themodel is antisymmetric. Thus, it provides
theoretical basis for our study of its topological structures in
the next sections.

Example 4 Let (U , R) be an HF approximation space, where
U = {x1, x2, x3} and R is an HF relation on U defined by
the matrix as follows:

R =
x1 x2 x3

x1
x2
x3

⎛
⎝ {0.4}

{0.4, 0.7, 0.8}
{0.2, 0.4, 0.5}

{0.4, 0.6}
{0.5}

{0.3, 0.4, 0.6}

{0.3, 0.5, 0.7}
{0.1, 0.4, 0.7}

{0.5, 0.8}

⎞
⎠

If an HF set

A = { < x1, {0.3, 0.4, 0.6} >,< x2, {0.5, 0.7} >,

< x3, {0.2, 0.4, 0.8} >},

then by Definition 6, we have

hR(A)(x1) = �y∈U {hRc(x1, y) � hA(y)}
= ({0.6, 0.6, 0.6} � {0.3, 0.4, 0.6})

� ({0.4, 0.4, 0.6} � {0.5, 0.7, 0.7})
� ({0.3, 0.5, 0.7} � {0.2, 0.4, 0.8})

= {0.6, 0.6, 0.6} � {0.5, 0.7, 0.7} � {0.3, 0.5, 0.8}
= {0.3, 0.5, 0.6}.

Similarly, we have

hR(A)(x2) = {0.3, 0.4, 0.6},
hR(A)(x3) = {0.2, 0.4, 0.7};
h

R(A)(x1) = {0.4, 0.6, 0.7},
h

R(A)(x2) = {0.5, 0.5, 0.7},
h

R(A)(x3) = {0.3, 0.4, 0.8}.

Hence, we can conclude that

R(A) = { < x1, {0.3, 0.5, 0.6} >,< x2, {0.3, 0.4, 0.6} >,

< x3, {0.2, 0.4, 0.7} >},
R(A) = { < x1, {0.4, 0.6, 0.7} >,< x2, {0.5, 0.5, 0.7} >,

< x3, {0.3, 0.4, 0.8} >}.

On the other hand, note that

A
c = { < x1, {0.4, 0.6, 0.7} >,< x2, {0.3, 0.3, 0.5} >,

< x3, {0.2, 0.6, 0.8} >},

then

R(Ac) = { < x1, {0.4, 0.5, 0.7} >,< x2, {0.4, 0.6, 0.7} >,

< x3, {0.3, 0.6, 0.8} >}.

In general, the conclusions R(Ac) = (R(A))c and
R(Ac) = (R(A))c hold, but R(A) � R(A) cannot hold.

Theorem 2 Let (U , R) be an HF approximation space. Then
the lower and upper HF rough approximation operators
induced from (U , R) satisfy the following properties: for all
A, B ∈ HF(U ), and all ai ∈ [0, 1], i = 1, 2, . . . ,m,
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(HFL1) R(Ac) = (R(A))c.
(HFU1) R(Ac) = (R(A))c.
(HFL2) A � B ⇒ R(A) � R(B).
(HFU2) A � B ⇒ R(A) � R(B).
(HFL3) R(A � B) = R(A) � R(B).
(HFU3) R(A � B) = R(A) � R(B).
(HFL4) R(A � B) � R(A) � R(B).
(HFU4) R(A � B) � R(A) � R(B).
(HFL5) R(A � ̂a1, . . . , am) = R(A) � ̂a1, . . . , am.
(HFU5) R(A � ̂a1, . . . , am) = R(A) � ̂a1, . . . , am.
(HFL6) R(U) = U.

(HFU6) R(∅) = ∅.

Proof We only investigate the case of the lower approxima-
tion R.

(HFL1) By Definitions 6, 2 and Theorem 1, we have

hR(Ac)(x) = �y∈U {hRc(x, y) � hAc(y)}
= �y∈U {(∼ hR(x, y)) � (∼ hA(y))}
= �y∈U {∼ (hR(x, y) � hA(y))}
=∼ (�y∈U {hR(x, y) � hA(y)}) = h(R(A))c(x).

Hence, R(Ac) = (R(A))c.
(HFL2) SinceA � B, byDefinition 3,we have hσ(k)

A
(y) ≤

hσ(k)
B

(y) for all y ∈ U . Then, ∀x ∈ U ,

∧
y∈U

(hσ(k)
A

(y) ∨ hσ(k)
Rc (x, y)) ≤

∧
y∈U

(hσ(k)
B

(y)

∨hσ(k)
Rc (x, y)), 1 ≤ k ≤ lx .

Consequently, for each x ∈ U , hR(A)(x) � hR(B)(x).Hence,
R(A) � R(B).

(HFL3) For any x ∈ U , by Eq. (1), we have

hR(A�B)(x) = �y∈U {hRc(x, y) � hA�B(y)}
= �y∈U {hRc(x, y) � (hA(y) � hB(y))}

=
⎧⎨
⎩

∧
y∈U

(hσ(k)
Rc (x, y) ∨ (hσ(k)

A
(y)

∧hσ(k)
B

(y)))|k = 1, 2, . . . , lx
}

=
⎧⎨
⎩

∧
y∈U

(hσ(k)
Rc (x, y) ∨ hσ(k)

A
(y))

∧
∧
y∈U

(hσ(k)
Rc (x, y) ∨ hσ(k)

B
(y))|k = 1, 2, . . . , lx

⎫⎬
⎭

= hR(A)(x) � hR(B)(x) = hR(A)�R(B)(x),

where lx = maxmax
y∈U {l(hR(x, y)), l(hA(y)), l(hB(y))}.

Hence, (HFL3) holds.
(HFL4) It follows immediately from (HFL2).
(HFL5) For any x ∈ U , by Eq. (1), we have

hR(A� ̂a1,...,am )(x) = �y∈U {hRc(x, y) � h(A� ̂a1,...,am )(y)}
= �y∈U {hRc(x, y) � (hA(y) � {a1, a2, . . . , am})}

=
⎧⎨
⎩

∧
y∈U

(hσ(k)
Rc (x, y)

∨(hσ(k)
A

(y) ∨ aσ(k)
1,...,m))|k = 1, 2, . . . , lx

}

=
⎧⎨
⎩

∧
y∈U

(hσ(k)
Rc (x, y) ∨ hσ(k)

A
(y))

∨aσ(k)
1,...,m |k = 1, 2, . . . , lx

}
= hR(A)(x) � h ̂a1,...,am (x) = hR(A)� ̂a1,...,am (x),

where lx = maxmax
y∈U {l(hR(x, y)), l(hA(y)), l( ̂a1, . . . , am)},

and aσ(k)
1,...,m is the kth largest value in ̂a1, . . . , am . Hence,

(HFL5) holds.
(HFL6) It follows immediately from Eq. (1). ��
Properties (HFL1) and (HFU1) show that the HF rough

approximation operators R and R are dual with each other.
Properties with the same number may be also considered as
dual properties.

Theorem 3 below states that an HF relation can be repre-
sented by the HF rough approximation operators.

Theorem 3 Let R be an HF relation on U, then, for any
(x, y) ∈ U ×U, and M ⊆ U ,

(1) hR(1M )(x) = �y /∈MhRc(x, y).
(2) h

R(1M )(x) = �y∈MhR(x, y).
(3) hR(1U−{y})(x) = hRc(x, y).
(4) h

R(1y)
(x) = hR(x, y).

Proof (1) For any x ∈ U , according to Eq. (1), we have

hR(1M )(x) = �y∈U {hRc(x, y) � h1M (y)}
= {1} � (�y /∈MhRc(x, y)) = �y /∈MhRc(x, y).

(2) It follows immediately from the result (1) and the dual-
ity.

(3) For any x ∈ U , by Eq. (1), we conclude

hR(1U−{y})(x) = �z∈U {hRc(x, z) � h1U−{y}(z)}
= hRc(x, y) � {1} = hRc(x, y).

(4) It follows immediately from the result (3) and the dual-
ity. ��
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The following Theorems 4 and 5 show that an HF rela-
tion with some special properties, such as serializability,
reflexivity, symmetry, and transitivity, can be, respectively,
characterized by the essential properties of the lower and
upper HF rough approximation operators.

Theorem 4 Let R be an HF relation on U. Suppose that R

and R are the lower and upper HF rough approximation
operators given in Definition 6, then R is serial iff one of the
following properties holds:

(HFL0) R(∅) = ∅.

(HFU0) R(U) = U.

(HFLU0) R(A) � R(A),∀A ∈ HF(U ).

(HFL0)′ R( ̂a1, . . . , am) = ̂a1, . . . , am,∀ai ∈ [0, 1], 1 ≤
i ≤ m.

(HFU0)′ R( ̂a1, . . . , am) = ̂a1, . . . , am,∀ai ∈ [0, 1], 1
≤ i ≤ m.

Proof First, we can deduce from the dual properties ofR and
R that (HFL0) and (HFU0) are equivalent. Similarly, (HFL0)′
and (HFU0)′ are also equivalent.

Second, we are to prove that R is serial if and only if
(HFU0) holds.

Suppose that R is serial. For any x ∈ U , by the definition,
there exists a z ∈ U such that hR(x, z) = {1}. Hence, by
Eq. (2), we have

h
R(U)(x) =

⎧⎨
⎩

∨
y∈U

(hσ(k)
R

(x, y) ∧ hσ(k)
U

(y))|k=1, 2, . . . , lx

⎫⎬
⎭

=
⎧⎨
⎩

∨
y∈U

(hσ(k)
R

(x, y) ∧ 1)|k = 1, 2, . . . , lx

⎫⎬
⎭

=
⎧⎨
⎩hσ(k)

R
(x, z) ∨

⎛
⎝∨

y �=z

hσ(k)
R

(x, y)

⎞
⎠ |k = 1, 2, . . . , lx

⎫⎬
⎭

= {1} = hU(x).

Thus, R(U) = U, that is, (HFU0) holds.
Conversely, assume that (HFU0) holds, that is,h

R(U)(x) =
{1} for all x ∈ U . IfR is not serial, then there exists an x0 ∈ U
such that hR(x0, y) �= {1} for all y ∈ U . Since hU(y) = {1}
for all y ∈ U ,we have hR(x0, y)�hU(y) = hR(x0, y) �= {1}
for all y ∈ U , that is, h

R(U)(x0) �= {1}, which contradicts the
assumption.

Third, we are to prove that R is serial if and only if
(HFLU0) holds.

Suppose that R is serial. For any x ∈ U , by the defini-
tion, there exists a z ∈ U such that hR(x, z) = {1}. Hence

hRc(x, z) = {0}. By Eq. (1), we have

hR(A)(x) = �y∈U {hRc(x, y) � hA(y)}

=
⎧⎨
⎩

∧
y∈U

(hσ(k)
Rc (x, y) ∨ hσ(k)

A
(y))|k = 1, 2, . . . , lx

⎫⎬
⎭

=
{
(hσ(k)

Rc (x, z) ∨ hσ(k)
A

(z))

∧
⎛
⎝∧

y �=z

(hσ(k)
Rc (x, y) ∨ hσ(k)

A
(y))

⎞
⎠ |k = 1, 2, . . . , lx

⎫⎬
⎭

=
{
hσ(k)

A
(z)∧⎛

⎝∧
y �=z

(hσ(k)
Rc (x, y) ∨ hσ(k)

A
(y))

⎞
⎠ |k = 1, 2, . . . , lx

⎫⎬
⎭

� {hσ(k)
A

(z)|k = 1, 2, . . . , lx } = hA(z).

On the other hand, according to Eq. (2), we conclude

h
R(A)(x) = �y∈U {hR(x, y) � hA(y)}

=
⎧⎨
⎩

∨
y∈U

(hσ(k)
R

(x, y) ∧ hσ(k)
A

(y))|k = 1, 2, . . . , lx

⎫⎬
⎭

=
{
(hσ(k)

R
(x, z)

∧hσ(k)
A

(z)) ∨
⎛
⎝∨

y �=z

(hσ(k)
R

(x, y)

∧hσ(k)
A

(y))
)

|k = 1, 2, . . . , lx
}

=
⎧⎨
⎩hσ(k)

A
(z) ∨

⎛
⎝∨

y �=z

(hσ(k)
R

(x, y)

∧hσ(k)
A

(y))
)

|k = 1, 2, · · · , lx
}

� {hσ(k)
A

(z)|k = 1, 2, . . . , lx } = hA(z).

Consequently, hR(A)(x) � h
R(A)(x). Thus, we have proved

that R(A) � R(A), i.e., (HFLU0) holds.
Conversely, assume that (HFLU0) holds. For any A ∈

HF(U ), we have hσ(k)
R(A)

(x) ≤ hσ(k)
R(A)

(x) for all x ∈ U . Hence

hσ(k)
R(∅)

(x) ≤ hσ(k)
R(∅)

(x) for all x ∈ U . On the other hand, by

Eqs. (1) and (2), we obtain

hR(∅)(x) = �y∈UhRc(x, y)

=
⎧⎨
⎩

∧
y∈U

hσ(k)
Rc (x, y)|k = 1, 2, . . . , lx

⎫⎬
⎭
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and h
R(∅)(x) = {0}. Then, for any x ∈ U , there exists a y ∈

U such that hσ(k)
Rc (x, y) = 0. It follows that hR(x, y) = {1}.

Thus, R is serial.
Finally, we are to prove that R is serial if and only if

(HFL0)′ holds.
Assume that R is serial. For any ai ∈ [0, 1], i =

1, 2, . . . ,m, and x ∈ U , by the definition, there exists a
z ∈ U such that hR(x, z) = {1}. Then, by Eq. (1), we have

h
R( ̂a1,...,am )

(x) = �y∈U {hRc(x, y) � h ̂a1,...,am (y)}
=

{
(hσ(k)

Rc (x, z) ∨ aσ(k)
1,...,m

)

∧
⎛
⎝∧

y �=z

(hσ(k)
Rc (x, y) ∨ aσ(k)

1,...,m)

⎞
⎠ |k = 1, 2, . . . , lx

⎫⎬
⎭

=
⎧⎨
⎩aσ(k)

1,...,m ∧
⎛
⎝∧

y �=z

hσ(k)
Rc (x, y)

∨aσ(k)
1,...,m

)
|k = 1, 2, . . . , lx

}
= {aσ(k)

1,...,m |k = 1, 2, . . . , lx } = h ̂a1,...,am (x).

Thus, we have proved that (HFL0)′ holds.
Conversely, assume that (HFL0)′ holds. Let x ∈ U , for

any ai ∈ [0, 1], i = 1, 2, . . . ,m, by (HFL0)′, we have

h
R( ̂a1,...,am )

(x) = �y∈U {hRc(x, y) � h ̂a1,...,am (y)}

=
⎧⎨
⎩

∧
y∈U

(hσ(k)
Rc (x, y) ∨ aσ(k)

1,...,m)|k = 1, 2, . . . , lx

⎫⎬
⎭

=
⎧⎨
⎩

⎛
⎝∧

y∈U
hσ(k)

Rc (x, y)

⎞
⎠ ∨ aσ(k)

1,...,m |k = 1, 2, . . . , lx

⎫⎬
⎭

= {aσ(k)
1,...,m |k = 1, 2, . . . , lx }.

Hence
∧
y∈U

hσ(k)
Rc (x, y) ≤ aσ(k)

1,...,m . By taking aσ(k)
1,...,m = 0, we

see that there must exist a y ∈ U such that hR(x, y) = {1}.
Thus, R is serial. ��

Remark 3 Theorem 4 is different from Theorem 6(1) in Yang
et al. (2014). Since absorption laws do not hold for the oper-
ations on HF elements in Yang et al. (2014), we cannot draw
the conclusion that “R is serial⇐⇒(HFL0)′ ⇐⇒ (HFU0)′”.

Theorem 5 Let (U , R)beanHFapproximation space, and R
and R theHF approximation operators induced from (U , R).
Then, ∀A ∈ HF(U ), (x, y) ∈ U ×U ,

(1) Ris reflexive ⇐⇒ (HFLR) R(A) � A.

⇐⇒ (FHUR)A � R(A).

(2)R is symmetric ⇐⇒ (HFLS) hR(1U−{x})(y)=hR(1U−{y})(x),

⇐⇒ (HFUS) h
R(1x )

(y) = h
R(1y)

(x),

(3) R is transitive ⇐⇒ (HFLT) R(A) � R(R(A)).

⇐⇒ (HFUT) R(R(A)) � R(A).

Proof (1) By the dual properties of the HF rough approxi-
mation operators, it is only to prove that R is reflexive if
and only if (HFLR) holds.
Assume that R is reflexive. For any A ∈ HF(U ) and

x ∈ U , by the reflexivity of R, we have hR(x, x) = {1}.
Hence, hRc(x, x) = {0}. Then, by Eq. (1), we conclude

hR(A)(x) = �y∈U {hRc(x, y) � hA(y)}

=
⎧⎨
⎩

∧
y∈U

(hσ(k)
Rc (x, y) ∨ hσ(k)

A
(y))|k = 1, 2, . . . , lx

⎫⎬
⎭

=
{
(hσ(k)

Rc (x, x) ∨ hσ(k)
A

(x))

∧
⎛
⎝∧

y �=x

(hσ(k)
Rc (x, y) ∨ hσ(k)

A
(y))

⎞
⎠ |k = 1, 2, . . . , lx

⎫⎬
⎭

=
⎧⎨
⎩hσ(k)

A
(x) ∧

⎛
⎝∧

y �=x

(hσ(k)
Rc (x, y)

∨hσ(k)
A

(y))
)

|k = 1, 2, . . . , lx
}

� {hσ(k)
A

(x)|k = 1, 2, . . . , lx } = hA(x).

Thus, we have proved that (HFLR) holds.
Conversely, assume that (HFLR) holds. For any x ∈ U ,

by taking A = 1U−{x} in (HFLR), we obtain hσ(k)
R(1U−{x})(x) ≤

hσ(k)
1U−{x}(x) = 0. That is, hR(1U−{x})(x) = {0}. On the other

hand, by Eq. (1), we have

hR(1U−{x})(x) = �y∈U {hRc(x, y) � h1U−{x}(y)}

=
⎧⎨
⎩

∧
y∈U

(hσ(k)
Rc (x, y) ∨ hσ(k)

1U−{x}(y))|k = 1, 2, . . . , lx

⎫⎬
⎭

=
{
(hσ(k)

Rc (x, x) ∨ hσ(k)
1U−{x}(x))

∧
⎛
⎝∧

y �=x

(hσ(k)
Rc (x, y) ∨ hσ(k)

1U−{x}(y))

⎞
⎠ |k = 1, 2, . . . , lx

⎫⎬
⎭

=
{
hσ(k)

Rc (x, x)

∧
⎛
⎝∧

y �=x

(hσ(k)
Rc (x, y) ∨ 1)

⎞
⎠ |k = 1, 2, . . . , lx

⎫⎬
⎭
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= {hσ(k)
Rc (x, x)|k = 1, 2, . . . , lx }

= hRc(x, x) = {0}.

Consequently, hR(x, x) = {1}. Thus, R is reflexive.

(2) It follows immediately from Theorem 3.
(3) By the dualities of the HF rough approximation oper-

ators, it is easy to verify that (HFLT) and (HFUT) are
equivalent. We are only to prove that the transitivity of
R is equivalent to (HFLT).

Suppose thatR is transitive. For anyA ∈ HF(U ) and x ∈ U ,
by Eq. (1), we have

hR(R(A))(x) = �y∈U {hRc(x, y) � hR(A)(y)}

=
⎧⎨
⎩

∧
y∈U

(hσ(k)
Rc (x, y) ∨

(∧
z∈U

(hσ(k)
Rc (y, z)

∨hσ(k)
A

(z)))
)

|k = 1, 2, . . . , lx
}

=
⎧⎨
⎩

∧
y∈U

∧
z∈U

(hσ(k)
Rc (x, y)

∨hσ(k)
Rc (y, z) ∨ hσ(k)

A
(z))|k = 1, 2, . . . , lx

}

=
⎧⎨
⎩

∧
z∈U

∧
y∈U

((1 − hσ(k)
R

(x, y)) ∨ (1 − hσ(k)
R

(y, z)))

∨hσ(k)
A

(z)|k = 1, 2, . . . , lx
}

=
⎧⎨
⎩

∧
z∈U

⎛
⎝∧

y∈U
(1 − (hσ(k)

R
(x, y) ∧ hσ(k)

R
(y, z)))

⎞
⎠

∨hσ(k)
A

(z)|k = 1, 2, . . . , lx
}

�
{∧
z∈U

(hσ(k)
Rc (x, z)

∨hσ(k)
A

(z))|k = 1, 2, . . . , lx
}

= hR(A)(x).

Thus, we have proved that (HFLT) holds.
Conversely, assume that (HFLT) holds. For any x, y ∈

U , by taking A = 1U−{y} in (HFLT), we observe that
hR(R(1U−{y})) (x) � hR(1U−{y})(x). On the other hand, by Eq.
(1) and Theorem 3, we obtain

hR(R(1U−{y}))(x) = �z∈U {hRc(x, z) � hR(1U−{y})(z)}
= �z∈U {hRc(x, z) � hRc(z, y)},

and hR(1U−{y})(x) = hRc(x, y). Consequently,

∧
z∈U

(hσ(k)
Rc (x, z) ∨ hσ(k)

Rc (z, y)) ≥ hσ(k)
Rc (x, y).

Hence hσ(k)
Rc (x, z) ∨ hσ(k)

Rc (z, y) ≥ hσ(k)
Rc (x, y) for all z ∈ U .

It follows that hσ(k)
R

(x, z) ∧ hσ(k)
R

(z, y) ≤ hσ(k)
R

(x, y) for all
k ∈ {1, 2, . . . , l}. Thus, we conclude that R is transitive. ��

Combining (1) and (3) in Theorem 5, we can easily obtain
the following corollary.

Corollary 1 If R is a reflexive and transitive HF relation on
U, then

(HFLRT) R(A) = R(R(A)),∀A ∈ HF(U ).

(HFURT) R(R(A)) = R(A),∀A ∈ HF(U ).

4 Hesitant fuzzy topological spaces

In this section, we introduce some basic concepts related to
HF topological spaces in the sense of Lowen (1976).

Definition 7 An HF topology in the sense of Lowen on a
nonempty set U is a family τ of HF sets on U satisfying the
following conditions:

(T1) ̂a1, . . . , am ∈ τ for all ai ∈ [0, 1], i = 1, 2, . . . ,m.
(T2) A � B ∈ τ for any A, B ∈ τ .
(T3) �i∈I Ai ∈ τ for any Ai ∈ τ, i ∈ I , where I is an
index set.

The pair (U , τ ) is called anHF topological space and each
HF set A in τ is referred to as an HF open set in (U , τ ). The
complement of an HF open set in the HF topological space
(U , τ ) is called an HF closed set in (U , τ ).

It is noted that if the condition (T1) in Definition 7 is
replaced by ∅, U ∈ τ, then τ is anHF topology in the sense of
Chang (1968). It is evident that an HF topology in the sense
of Lowen must be an HF topology in the sense of Chang.
Throughout this paper, we always consider the HF topology
in the sense of Lowen.
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Example 5 Let U = {x1, x2, x3} and A, B, C and D four HF
sets on U defined as follows:

A = { < x1, {0.4, 0.5, 0.6, 0.7} >,< x2, {0.4, 0.6} >,

< x3, {0.5, 0.7} >},
B = { < x1, {0.6, 0.7, 0.8} >,< x2, {0.3, 0.4, 0.6} >,

< x3, {0.4, 0.5} >},
C = { < x1, {0.4, 0.5, 0.6, 0.7} >,< x2, {0.3, 0.4, 0.6} >,

< x3, {0.4, 0.5} >},
D = { < x1, {0.6, 0.7, 0.8} >,< x2, {0.4, 0.6} >,

< x3, {0.5, 0.7} >}.

Then, the family τ = {∅, U, A, B, C, D} is an HF topology
on U .

Nowwe define HF interior and closure operators in an HF
topological space.

Definition 8 Let (U , τ ) be an HF topological space. For any
A ∈ HF(U ), theHF interior andHFclosure ofA are, respec-
tively, defined as follows:

int(A) = �{G|G ∈ τ and G � A},
cl(A) = �{K|Kc ∈ τ and A � K},

and int and cl : HF(U ) −→ HF(U ) are, respectively,
called the HF interior operator and the HF closure operator
of τ .

Example 6 Reconsider Example 5. Let E be another HF set
on U defined as follows:

E = { < x1, {0.7, 0.8, 0.9} >,< x2, {0.5, 0.6, 0.8} >,

< x3, {0.7, 0.8} >}.

By Definition 8, it can be calculated that

int(E) = D = { < x1, {0.6, 0.7, 0.8} >,< x2, {0.4, 0.6} >,

< x3, {0.5, 0.7} >},

and cl(E) = U.

Theorem 6 Let (U , τ ) be an HF topological space. For any
A ∈ HF(U ), then

(1) A is an HF open set in (U , τ ) iff int(A) = A.
(2) A is an HF closed set in (U , τ ) iff cl(A) = A.

Proof It is straightforward from Definition 8. ��
Theorem 7 Let (U , τ ) be an HF topological space. Then the
following properties hold: for any A, B ∈ HF(U ) and ai ∈
[0, 1], i = 1, 2, . . . ,m,

(Int0) (int(A))c = cl(Ac), (Cl0) (cl(A))c = int(Ac).

(Int1) int( ̂a1, · · · , am) = ̂a1, · · · , am, (Cl1)
cl( ̂a1, · · · , am) = ̂a1, · · · , am.
(Int2) int(A) � A, (Cl2) A � cl(A).
(Int3) int(int(A)) = int(A), (Cl3) cl(cl(A)) = cl(A).
(Int4) int(A�B) = int(A)� int(B), (Cl4) cl(A�B) =
cl(A) � cl(B).

Proof It is straightforward fromDefinition 8 and Theorem 6.
��

Properties (Int0) and (Cl0) state that the HF interior oper-
ator and the HF closure operator of τ are dual with each
other. Moreover, it is easy to observe that properties (Int4)
and (Cl4) imply, respectively, the following properties (Int4)′
and (Cl4)′:

(Int4)′ A � B �⇒ int(A) � int(B),

(Cl4)′ A � B �⇒ cl(A) � cl(B).

The following theorem shows that an HF operator satisfy-
ing properties (Int1)–(Int4) (respectively, properties (Cl1)–
(Cl4)) is theHF interior operator (respectively, theHFclosure
operator) of some IF topology.

Theorem 8 (1) If an HF operator int : HF(U ) −→
HF(U ) satisfies properties (Int1)–(Int4), then there
exists an HF topology τint on U such that intτint = int .

(2) If an HF operator cl : HF(U ) −→ HF(U ) satisfies
properties (Cl1)–(Cl4), then there exists anHF topology
τcl on U such that clτcl = cl.

Proof (1) Define τint = {A ∈ HF(U )|int(A) = A}. We
are to prove that τint is an HF topology on U .

(T1) For any ai ∈ [0, 1], i = 1, 2, . . . ,m, by (Int1), we
have ̂a1, · · · , am ∈ τint .

(T2) For any A, B ∈ τint , that is, int(A) = A and
int(B) = B. By (Int4), we have int(A � B) = int(A) �
int(B) = A � B. Thus A � B ∈ τint .

(T3) Suppose that Ai ∈ τint , i ∈ I , I is any index set.
Since int(Ai ) = Ai , for all i ∈ I , by (Int2), we have
int(�i∈IAi ) � �i∈IAi .

On the other hand, obviously, �i∈I int(Ai ) � int(Ai )

for all i ∈ I , then, by (Int4)′ and (Int3), we obtain
int(�i∈I int(Ai )) � int(int(Ai )) = int(Ai ) for all i ∈ I .
Hence int(�i∈I int(Ai )) � �i∈I int(Ai ). Moreover, by the
assumption, we have int(�i∈IAi ) � �i∈IAi for all i ∈ I .
Consequently, int(�i∈IAi ) = �i∈IAi . Therefore, �i∈IAi ∈
τint .

Thus, we have proved that τint is an HF topology on U .
Obviously, intτint = int .
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(2) By defining τcl = {A ∈ HF(U )|cl(Ac) = A
c}, it is

similar to the proof of (1).

��
Theorem 9 (1) Let int : HF(U ) −→ HF(U ) be an HF

operator satisfying properties (Int1)–(Int4). Define
τ ′
int = {int(A)|A ∈ HF(U )},
then τ ′

int = τint .

(2) Let cl : HF(U ) −→ HF(U ) be an HF operator sat-
isfying properties (Cl1)–(Cl4). Define
τ ′
cl = {(cl(A))c|A ∈ HF(U )},

then τ ′
cl = τcl .

Proof (1) It is evident that τint = {A ∈ HF(U )|int(A) =
A} ⊆ τ ′

int . On the other hand, for any A ∈ HF(U ), by
(Int3) we have int(int(A)) = int(A). Thus int(A) ∈
τint . Hence, τ ′

int ⊆ τint . Consequently, τ ′
int = τint .

(2) It is similar to the proof of (1). ��
Theorem 10 Let int : HF(U ) −→ HF(U ) be an HF oper-
ator satisfying properties (Int1)–(Int4) and cl : HF(U ) −→
HF(U ) satisfying properties (Cl1)–(Cl4). If (Int0) and (Cl0)
hold, then τ ′

int = τint = τ ′
cl = τcl .

Proof According to Theorem 9, we are only to prove that
τ ′
int = τ ′

cl .

In fact, by (Int0) and (Cl0), we have

τ ′
int = {int(A)|A ∈ HF(U )} = {(cl(Ac))c|A ∈ HF(U )}

= {(cl(A))c|Ac ∈ HF(U )} = {(cl(A))c|A ∈ HF(U )}
= τ ′

cl .

��

5 Relationships between HF approximation
spaces and HF topological spaces

In this section, we generalize the HF rough set theory in
the framework of HF topological spaces and discuss rela-
tionships between HF rough approximation spaces and HF
topological spaces.

5.1 FromHF approximation spaces to HF topological
spaces

In this subsection, we assume thatU is a nonempty and finite
universe of discourse, R an HF relation on U , and R and R

the HF rough approximation operators in Definition 6.
Denote

τR = {A ∈ HF(U )|R(A) = A}. (3)

Proposition 1 Let I be an index set, and Ai ∈ HF(U ) for
all i ∈ I . If R is an HF reflexive and transitive relation on
U, then R(�i∈IR(Ai )) = �i∈IR(Ai ).

Proof On one hand, by the reflexivity of R and Theorem 5,
we have R(�i∈IR(Ai )) � �i∈IR(Ai ). On the other hand,
since �i∈IR(Ai ) � R(Ai ), in terms of (HFL2) in Theo-
rem 2, we have R(�i∈IR(Ai )) � R(R(Ai )). Since R is an
HF reflexive and transitive relation on U , by Corollary 1,
we have R(�i∈IR(Ai )) � R(Ai ). Hence R(�i∈IR(Ai )) �
�i∈IR(Ai ). Consequently, R(�i∈IR(Ai )) = �i∈IR(Ai ). ��

Theorem 11 below shows that an HF reflexive and transi-
tive relation on U can induce an HF topology on U .

Theorem 11 If R is an HF reflexive and transitive relation
on U, then τR defined in Eq. (3) is an HF topology on U.

Proof (T1) For any ai ∈ [0, 1], i = 1, 2, . . . ,m, since an
HF reflexive relation must be serial, by Theorem 4, we have
R( ̂a1, · · · , am) = ̂a1, . . . , am . Thus, ̂a1, . . . , am ∈ τR.

(T2)For anyA, B ∈ τR, that is,R(A) = A andR(B) = B.

Then, by Theorem 2, we have R(A � B) = R(A) � R(B) =
A � B. Thus, A � B ∈ τR.

(T3) Suppose that Ai ∈ τR for all i ∈ I , where I is any
index set. Obviously, R(Ai ) = Ai for all i ∈ I . Since R is
reflexive and transitive, by virtue of Proposition 1, we have
R(�i∈IR(Ai )) = �i∈IR(Ai ). Thus, we can conclude that R

(�i∈IAi ) = �i∈IAi , which means that �i∈IAi ∈ τR.
Therefore, τR is an HF topology on U . ��

Example 7 Let (U , R) be an HF approximation space, where
U = {x1, x2, x3} and R is defined by the matrix as follows:

R =
x1 x2 x3

x1
x2
x3

⎛
⎝ {0.2, 0.5}

{0.3, 0.6, 0.9}
{0.2, 0.4, 0.7}

{0.4, 0.6, 0.7}
{1}

{0.5, 0.8}

{0.3, 0.5, 0.8}
{0.3, 0.6}

{0.4}

⎞
⎠

By Definition 6, we have

hR(∅)(x1) = �y∈U {hRc(x1, y) � h∅(y)}
= {0.5, 0.5, 0.8} � {0.3, 0.4, 0.6} � {0.2, 0.5, 0.7}
= {0.2, 0.4, 0.6},

hR(∅)(x2) = �y∈U {hRc(x2, y) � h∅(y)}
= {0.1, 0.4, 0.7} � {0} � {0.4, 0.4, 0.7} = {0},

hR(∅)(x3) = �y∈U {hRc(x3, y) � h∅(y)}
= {0.3, 0.6, 0.8} � {0.2, 0.2, 0.5} � {0.6}
= {0.2, 0.2, 0.5}.

Thus

R(∅) = { < x1, {0.2, 0.4, 0.6} >,< x2, {0} >,

< x3, {0.2, 0.2, 0.5} >} �= ∅.
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Hence, ∅ /∈ τR. That is, τR does not form an HF topology.
Obviously, R is not reflexive.

From Example 7, we observe that if an HF relation R is
not reflexive, then τR defined by Eq. (3) may not be an HF
topology.

Theorem 12 below shows that an HF reflexive and tran-
sitive approximation space can generate an HF topological
space such that the family of all lower approximations of HF
sets with respect to the HF approximation space forms the
HF topology.

Theorem 12 If R is an HF reflexive and transitive relation
on U, then {R(A)|A ∈ HF(U )} is an HF topology on U.

Proof Obviously, τR ⊆ {R(A)|A ∈ HF(U )}. On the
other hand, since R is an HF reflexive and transitive rela-
tion on U , by Corollary 1, we have R(R(A)) = R(A) for
all A ∈ HF(U ), which means that R(A) ∈ τR for all
A ∈ HF(U ). Hence {R(A)|A ∈ HF(U )} ⊆ τR. Conse-
quently, {R(A)|A ∈ HF(U )} = τR. Thus, by Theorem 11,
we conclude that {R(A)| A ∈ HF(U )} is an HF topology on
U . ��
Theorem 13 Let (U , τR)be theHF topological space induced
from an HF reflexive and transitive approximation space
(U , R), i.e., τR = {R(A)|A ∈ HF(U )}. Then, for any
A ∈ HF(U ),

(1)R(A) =intτR
(A) = �{R(B)|R(B) � A, B ∈ HF(U )},

(2)R(A) = clτR
(A)

= �{(R(B))c|(R(B))c � A, B ∈ HF(U )}
= �{R(B)|R(B) � A, B ∈ HF(U )}.

Proof (1) Since R is reflexive, by Theorem 5, we have
R(A) � A. It follows that R(A) � �{R(B)|R(B) �
A, B ∈ HF(U )}.On theother hand, from�{R(B)|R(B)

� A, B ∈ HF(U )} � A, we see that R(�{R(B)|R(B)

� A, B ∈ HF(U )}) � R(A). Furthermore, by Propo-
sition 1, we obtain �{R(B)|R(B)�A, B ∈ HF(U )} �
R(A).Thus, we conclude that �{R(B)|R(B) � A, B ∈
HF(U )} = R(A).

(2) It follows immediately from the result (1) and the dual-
ity of R and R. ��

Theorem 13 states that the lower and upper HF rough
approximation operators induced from an HF reflexive and
transitive approximation space are, respectively, the interior
and closure operators of an HF topological space. Theo-
rem 14 below shows that an HF reflexive and transitive
relation can also be represented by its producing HF topol-
ogy.

Theorem 14 Let (U , R) be an HF reflexive and transitive
approximation space and (U , τR) the HF topological space
induced by (U , R). Then

hR(x, y) = �B∈(y)τR
hB(x),

where (y)τR
= {B ∈ HF(U )|Bc ∈ τR, hB(y) = {1}} .

Proof For any x, y ∈ U , by Theorem 13, it is clear that
R(1y) = clτR

(1y). And, by Theorem 3, it can be seen that
hR(x, y) = h

R(1y)
(x). On the other hand, since clτR

(1y) =
�{B ∈ HF(U )|Bc ∈ τR and 1y � B}, we have

hclτR (1y)(x) = �{hB(x)|Bc ∈ τR, h1y (x) � hB(x)}
= �{hB(x)|Bc ∈ τR, hB(y) = {1}}
= �B∈(y)τR

hB(x).

Consequently, we conclude that hR(x, y) = �B∈(y)τR
hB(x).

��

5.2 FromHF topological spaces to HF approximation
spaces

As seen fromSect. 5.1, anHF reflexive and transitive approx-
imation space can yield an HF topological space such that
its HF interior and closure operators are, respectively, the
lower and upper approximation operators of the given HF
approximation space. In this subsection, we consider the
reverse problem, that is, under which conditions can an HF
topological space be associated with an HF approximation
space producing the sameHF topological space? Theorem15
below answers this question.

Theorem 15 Let (U , τ ) be an HF topological space and
int, cl : HF(U ) −→ HF(U ) its HF interior operator and
HF closure operator, respectively. Then there exists an HF
reflexive and transitive relation Rτ on U such that Rτ (A) =
int(A) and Rτ (A) = cl(A) for all A ∈ HF(U ) iff int satis-
fies axioms (I2) and (I3), or equivalently, cl satisfies axioms
(C2) and (C3): for all A, B ∈ HF(U ), ̂a1, . . . , am ∈ 2[0,1],

(I2) int(A � ̂a1, · · · , am) = int(A) � ̂a1, . . . , am .

(I3) int(A � B) = int(A) � int(B).

(C2) cl(A � ̂a1, . . . , am) = cl(A) � ̂a1, . . . , am .

(C3) cl(A � B) = cl(A) � cl(B).

Proof “ �⇒′′ Suppose that there exists an HF reflexive and
transitive relation Rτ on U such that Rτ (A) = int(A) and

Rτ (A) = cl(A) for allA ∈ HF(U ). By Theorem 2, it can be
easily observed that the conditions (I2), (I3), (C2) and (C3)
hold.

“ ⇐�′′ Assume that the operator cl satisfies axioms (C2)
and (C3). Then we define an HF relation Rτ = {< (x, y),
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hRτ
(x, y) > |(x, y) ∈ U ×U } on U by cl as follows:

hRτ
(x, y) = hcl(1y)(x), (x, y) ∈ U ×U . (4)

Moreover, we can prove that for any A ∈ HF(U ),

A = �y∈U (1y � ĥA(y)).
In fact, for any x ∈ U , we have

h�y∈U (1y�ĥA(y))
(x) = �y∈Uh(1y�ĥA(y))

(x)

= �y∈U (h1y (x) � h
ĥA(y)

(x))

= ({1} � hA(x)) � {0} = hA(x).

Thus, A = �y∈U (1y � ĥA(y)).
For any A ∈ HF(U ) and x ∈ U , by Eq. (2), (C2) and

(C3), we have

h
Rτ (A)(x) = �y∈U {hRτ

(x, y) � hA(y)}
= �y∈U {hcl(1y)(x) � h

ĥA(y)
(x)}

= �y∈U {h
cl(1y)�ĥA(y)

(x)}
= �y∈U {h

cl(1y�ĥA(y))
(x)}

= h�y∈U cl(1y�ĥA(y))
(x)

= h
cl(�y∈U (1y�ĥA(y)))

(x)

= hcl(A)(x).

That is, cl(A) = Rτ (A). Since cl and int are dual with
each other and notice that cl(A) = Rτ (A), we obtain
int(A) = Rτ (A). Furthermore, in terms of (Int2) of The-
orem 7, we have Rτ (A) � A. Then, by Theorem 5, we
see that Rτ is reflexive. Moreover, by (Int4)′ of Theorem 7
again, we have Rτ (Rτ (A)) � Rτ (A). Meanwhile, by (Int3)
of Theorem 7, we conclude that Rτ (Rτ (A)) = Rτ (A). Con-
sequently, Rτ (A) � Rτ (Rτ (A)). Therefore, by Theorem 5,
we see that Rτ is transitive. Thus, we have proved that the
HF relation Rτ is reflexive and transitive. ��

Theorem 15 provides the sufficient and necessary condi-
tions that an HF interior (closure, respectively) operator in
an HF topological space can be associated with an HF reflex-
ive and transitive relation such that the induced lower (upper,
respectively) HF rough approximation operator is just the HF
interior (closure, respectively) operator.

Definition 9 Let (U , τ ) be an HF topological space and int
and cl : HF(U ) −→ HF(U ) the induced HF interior oper-
ator and HF closure operator, respectively. If int satisfies
the conditions (I2) and (I3), or equivalently, cl obeys the
conditions (C2) and (C3), then we call (U , τ ) an HF rough
topological space.

LetR be the set of all HF reflexive and transitive relations
on U and T the set of all HF rough topological spaces.

Theorem 16 (1) IfR ∈ R, τR is defined by Eq. (3) andRτR

by Eq. (4), then RτR
= R.

(2) If τ ∈ T , Rτ is defined by Eq. (4) and τRτ
by Eq. (3),

then τRτ
= τ.

Proof (1) Since R is an HF reflexive and transitive rela-
tion on U , by Theorem 13, we obtain R = intτR

and
R = clτR

.According toEq. (4) andTheorem3,we have
hRτR

(x, y) = hclτR (1y)(x) = h
R(1y)

(x) = hR(x, y),∀x
, y ∈ U .

Thus, RτR
= R.

(2) By Eq. (3) and Theorem 15, we have τRτ
= {A ∈

HF(U )|Rτ (A) = A} = {A ∈ HF(U )|int(A) =
A} = τ. ��

Theorem 17 There exists a one-to-one correspondencebetw-
een R and T .

Proof Define a mapping f : R −→ T as follows:

f (R) = τR, R ∈ R.

On the other hand, define a mapping g : T −→ R as
follows:

g(τ ) = Rτ , τ ∈ T .

Then, by Theorem 16, it is easy to verify that both f and g
are one-to-one correspondences between R and T . ��

Theorem 17 shows that there exists a one-to-one corre-
spondence between the set of all HF reflexive and transitive
approximation spaces and the set of all HF rough topological
spaces such that the lower and upper HF rough approxima-
tion operators are, respectively, the HF interior and closure
operators.

6 Conclusion

Yang et al. (2014) introduced anHF rough setmodel inwhich
the order for characterizing inclusion relation of HF sets is
not necessarily antisymmetric. That is, for any twoHF setsA

andB, ifA � B andB � A, then the formulaA = B does not
necessarily true. This can further keep us from investigating
better the properties of HF rough sets. So in this case, we
have first introduced a new order on the HF power set for
representing the inclusion relation of two HF subsets. The
new order is antisymmetric which means that the HF power
set with this order is a partial ordered set. So it can be used
to characterize equality relation of two HF sets and it also
provides the theoretical basis for the study of HF rough sets.
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In this paper, we have defined lower and upper approxima-
tions of HF sets with respect to an HF approximation space
by employing the new operations on HF power set. That is,
a novel HF rough set model has been developed by us to
improve Yang et al.’s one in Yang et al. (2014). We have also
examined some essential properties of the HF rough approx-
imation operators. We have further explored the topological
structures of HF rough sets. We have proved that a pair of
dual HF rough approximation operators can induce an HF
topological space in the sense of Lowen if and only if the HF
relation is reflexive and transitive. And there exists a one-
to-one correspondence between the set of all HF reflexive
and transitive approximation spaces and the set of all HF
topological spaces such that the lower and upper HF rough
approximation operators are, respectively, the HF interior
and closure operators. We believe that the model offered in
this paperwill facilitate further research in uncertain decision
making under the HF environment.
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