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Abstract

In this paper, we develop intuitionistic fuzzy data envelopment analysis (IFDEA) and dual IFDEA (DIFDEA) models based
on a- and B-cuts. We determine intuitionistic fuzzy (IF) efficiencies based on «- and B-cuts. We develop an IF correlation
coefficient (IFCC) between IF variables to validate the DIFDEA models. We propose an index ranking approach to rank
the decision making units (DMUs). Also, we propose an approach to find the IF input—output targets which help to make
inefficient DMUs as efficient DMUs in IF environment. Finally, an example and a health sector application are presented to

illustrate and compare the proposed methods.

Keywords Data envelopment analysis - Intuitionistic fuzzy efficiencies - Ranking - Intuitionistic fuzzy input—output targets

1 Introduction

Data envelopment analysis (DEA) is a linear programming
based nonparametric technique for measuring the relative
efficiencies of decision making units (DMUSs) which utilize
multiple inputs to produce multiple outputs. Charnes et al.
(1978) proposed the CCR DEA model which determines
the performance efficiencies of DMUs. DMUs can be any
governmental agencies and nonprofitable organizations like
hospitals, educational institutions, banks, transportation etc.
The relative performance efficiency of a DMU is defined as
the ratio of its performance efficiency to the largest perfor-
mance efficiency. The relative performance efficiency of a
DMU lies in the range (0, 1]. There are some studies of crisp
DEA in different areas (Banker et al. 1984; Barnum et al.
2011; Charnes et al. 1978; Hollingsworth et al. 1999; Mogha
et al. 2014; Ramanathan and Ramanathan 2010).

The conventional DEA is limited to crisp input and crisp
output data. But real world applications have some input
and/or output data which possess some degree of fluctuation
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or imprecision or uncertainties. The fluctuation can take the
form of intervals, ordinal relations and fuzzy numbers. Fuzzy
set theory (Zadeh 1965) is an important tool to handle fluctu-
ations/uncertainties in real world problems. There are some
studies of fuzzy DEA (FDEA) in different areas (Moheb-
Alizadeh et al. 2011; Dotoli et al. 2015; Jahanshahloo et al.
2009; Kao and Liu 2000; Tsai et al. 2010). In fuzzy set theory,
sum of the degree of membership (acceptance) and degree
of non-membership (rejection) of an element is equal to one,
i.e. the rejection value is equal to one minus the acceptance
value (Zou et al. 2016). But in real world problems, there is
possibility that the sum of the acceptance and rejection val-
ues of an element may come out to be less than one. Thus,
there remains some degree of hesitation. Fuzzy set theory
(Zimmermann 2011) is not appropriate to deal with such
problems; rather intuitionistic fuzzy set (IFS) theory is more
suitable.

IFS theory, proposed by Atanassov (1986), is an extension
of fuzzy set theory and has been found to be more useful
to deal with vagueness/uncertainty. The IFS considers both
the acceptance value and rejection value of an element such
that the sum of both values is less than one, i.e. it may have
hesitation. Since its invention/inception, the IFS theory has
received more and more attention and has been used in a wide
range of applications, such as reliability (Shu et al. 2006),
logic programming (Atanassov and Gargov 1998), decision
making (Li 2005), medical diagnosis (De et al. 2001), and
pattern recognition (Dengfeng and Chuntian 2002). Puri and
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Yadav (2015) proposed an intuitionistic fuzzy optimistic and
pessimistic DEA models. Otay et al. (2017) proposed a new
multi-expert IFDEA and IF analytic hierarchy process (IF-
AHP) to determine the performance evaluation of healthcare
institutions. Hajiagha et al. (2013) proposed IFDEA model
with IF inputs and IF outputs using the aggregation operator.

Beauty of IFS theory over fuzzy set theory is that IFS
theory separates the degree of membership (acceptance) and
the degree of non-membership (rejection) of an element in
the set. With the help of IFS theory, we can decide about
the degree of acceptance, degree of rejection and degree of
hesitation for some quantity. For example, in health sector,
there exist two inputs: (i) number of beds and (ii) sum of
number of pathologists and laboratory technicians and two
outputs: (i) number of pathology operations and (ii) sum of
number of plaster and tubal ligation which possess some
degree of hesitation due to the difference in thought at the
management level and the hospital level. Moreover, under
the mentioned reasons, hospital management would be more
interested in running a hospital with less number of beds,
pathologist and doctors (employees) in order to reduce the
cost on beds, pathologist and doctors, whereas the hospital
manager may be interested in having more beds, patholo-
gist and doctors at the disposal of the hospital in order to
accommodate more patients, handle day-to-day increased
workload and overcome the profit reductions due to the inef-
ficiency of some existing beds, pathologist and doctors, i.e.
the number of beds, pathologist and doctors is likely to be
an undesirable attribute for the hospital management, how-
ever a desirable attribute for the hospital manager. So, the
difference of thought at management level and hospital level
may lead to the existence of hesitation in the patients, and
availability of beds, pathologist and doctors at hospital level.
This hesitation is responsible for both the membership and
non-membership degrees of the data for the number of beds
and doctors of a hospital. Hence, the number of beds, pathol-
ogist and doctors possesses IF behaviour at hospital level and
thus can be taken as IF input in DEA. The inputs and out-
puts possess some degree of hesitation due to the difference
in thought at the management level and the actual hospital
level. So, uncertainty in inputs and outputs can be well taken
as IFN.

In this paper, we develop DIFDEA models using «—, B-
cut to determine the IF efficiency and IF correlation coef-
ficient (IFCC) between IF variables and propose a ranking
approach to rank the DMUs. Also, this study determines the
IF input target and IF output target for inefficient DMUs.

The rest of the paper is organized as follows: Section 2
presents the preliminaries. Section 3 presents the extension
of DEA to DIFDEA. Section 4 presents the proposed IFCC to
validate the proposed DIFDEA models. Section 5 presents
the proposed IF ranking approach. Section 6 presents the
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illustrative example and a health sector application. Last sec-
tion of the paper concludes the findings of this paper.

2 Preliminaries

This section includes some basic definitions and notions.

Definition 1 (Arya and Yadav (2017)) The performance effi-
ciency of aDMU is defined as the ratio of the weighted sum of
outputs (called virtual output) to the weighted sum of inputs
(called virtual input). Thus,

. virtual output
Performance efficiency = —p
virtual input

The relative performance efficiency of a DMU is defined as
the ratio of its performance efficiency to the largest perfor-
mance efficiency. The relative performance efficiency of a
DMU lies in the range (0, 1]. DEA evaluates the relative per-
formance efficiency of a set of homogeneous DMUs (Arya
and Yadav 2017).

Definition 2 (Zimmermann 2011) A fuzzy number (FN) A
is defined as a convex normalized fuzzy set A of the real line
R with membership function  ; such that

o there exists exactly one xo € R with u ;(x0) = 1. xq is
called the mean value of A,
e [ ; is a piecewise continuous function on R.

Deﬁnitign 3 (Arya and Yadav 2017) The triangular FN
(TFN) A is a FN denoted by A = (a/, ™, a*) and is defined
by the membership function u ; given by

— ;o a <x <a™,
am —a
u
“(x) = a” — X
Hz() , a" <x <a,
a% — a™
0, elsewhere,

forall x € R, where a™ is called the modal value and (al ,at)
is called support of the TFN (al ,a™, a').

Definition 4 (Arithmetic operations on TFN) (Arya and
Yadav 2017) Let A} = (ai',a;”,a1") and Ay = (a7,
a™, ax") be two TFENs. Then, the arithmetic operations on
TFNs are given as follows:

e Adition: A~1 ) A~2 = (all +ad, " + a™, at + ax").

e Subtraction: A|©A,; = (all—azu, a™—ay™, aI”—azl).

e Multiplication: A1 ® A ~ (min(ai'ar!, ai'ax®, a“as’,
[ l

al"a"), a\"max™, max(ar'ar, ai'ax”, a1 ad’, artax)).
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e Scalar multiplication:

(rai’, )™, ra"),
(rar*, ra™, rar'),

~ for A >0,
ML= { for A <O.
Definition 5 (Intuitionistic fuzzy set (IFS)) (Aryaand Yadav
2018) Let us suppose that X is a universe of discourse. Then,
an IFS in X is denoted by A’ and is defined by A! =
{Ce, wjr(x), vz (x))Vx € X}, where g @ X — [0, 1]
and v;; : X — [0, 1] represent the membership and non-
membership functions, respectively, of an element x in Al
The values p ;; (x) and v ;; (x) represent the membership and
non-membership values of x being in A’ with the condition
that 0 < wj;(x) + vz (x) < 1. The hesitation (indeter-
minacy) degree of an element x being in Al is defined as
Ti(x) =1 —pz(x) —vi(x) Vx € X. Obviously 0 <
wi(x) < L Ifn/g, (x) = 0, then Al'isreducedtoa fuzzy set.

Definition 6 (Normal IFS) (Aryaand Yadav 2018) LetAl =
{Ce, ji(x), vz (x)) : x € X} be an IFS. Then, Al is called
the normal IFS if 3 an x € X such that p ;,(x) = 1 and
vir(x) =0.

Definition 7 (Convex IFS) (Aryaand Yadav 2018) Let Al =
{(x, g1 (x), vz (x)) - x € X} be an IFS. Then, Al is called
the Convex IFS if

() min (uz (%), uz(y) < pjuGx+0—=A1)y),Vx,y €
X and A € [0, 1], ie., 41 is quasi-concave function
over X.

(i) max (vz; (x), vir () =vi(Ax +(1=A)y), Vx,yeX
and 2 €10, 1], i.e., vz, is quasi-convex function over X.

Definition 8 (a-cut) The a-cut of an IFS A’ is denoted by
Aé and defined as Aé ={x:pux)=al acl0,1]

Definition 9 (B-cutf) The B-cut of an IFS A’ is denoted by
Bé and defined as Bé ={x: vi(x) < BY; B e[0,1].

Definition 10 (Intuitionistic fuzzy number (IFN)) (Aryaand
Yadav 2018) The IFN is an extension of a FN (Zimmermann
2011) in IF environment. This is defined as follows:

Let AT = {(x, 5/ (x), v5(x)) : x € R} be an IFS, where
R is the set of all real numbers. Then, Al is called the IFN if
the following conditions hold:

(i) There exists a unique xo € R such that u 5, (xo) = 1
and v, (xo) = 0,
(ii) A’ is convex IFS,
(iii) w4 and vz, are piecewise continuous functions on R.

Mathematically, an IFS Al = {(x, M (x),vi(x))ix €
R} is an IFN if p il and v 41 are piecewise continuous func-
tionsfromRto [0, 1]and0 < p z; (x)+vz(x) <1, Vx € R
given by

Hy (x)

Va (x)

'l 1 m u "u

a a a a a

Fig.1 Membership and non-membership functions of IFN A’

gi(x), a <x<a™,
1, x=a™,
i () = hi(x), a™ <x <a",
0, elsewhere,
@), dl<x<am
b (x) = 0, x =a™", /
A ho(x), a" <x<a*,
1, elsewhere,

where a™ is called the mean value of A!; " — a! and

a" —a™ are called the left and right hand spreads of member-
ship function w ;;, respectively; a™ — a’and a' — a™ are
called the left and right hand spreads of hesitation function
i respectively; g; and h; are called piecewise contin-
uous, increasing and decreasing functions in [al ,a™) and
(a™, a"], respectively; and g» and &, are called piecewise
continuous, strictly increasing and strictly decreasing func-
tions in [a/l, a™) and (a™, a/“], respectively. The IFN Al
is represented by Al = (al,am,a”;a,l,am,a/”), where
d <d <a™ <a* <d" s graphical representation
is given in Figure 1.

Remark 1 For an IEN A’ the - and S-cuts are closed inter-
vals as follows:

Al ={x:pnz () >a}=la(@), b@)]; ac (1],
By ={x:vi(x) < B =1d(B), b (B); Bl ),

where a(a), b'(B) are increasing functions of o and B,
respectively, and b(«), a’(B) are decreasing functions of «
and B, respectively.

Definition 11 (Triangular intuitionistic ~ fuzzy number
(TIFN)) (Aryaand Yadav2018) The TIFN Al = (@, a™, a";
a,l, a™, a/”) is an IFN with the membership function  ;; and
non-membership function v;; given by
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X —a
7 a <x<am,
a’"u—a
(X)) =9 4 —x
1a —, a" <x <a",
a" —a
0, elsewhere,
m
X —a ’
- al <x<a™,
a’' —a
vi(x) = a” —Xx ’
AI() — amSX<au7
am —
1, elsewhere,

! ’ ’
where al,am,a”,al,a“ € Rsuchthata! < a! < a™ <

a' <a'. Its graphical representation is given in Figure 2.
Definition 12 (Positive IFN) Let Al = (al,a’",a”;a/l,
a™,a’) be an IFN. Then, Al is called a positive IFN if
a > 0.

Definition 13 (Arithmetic operations on TIFN) (Arya and
Yadav 2018) Let 4, = (@', a1, a1"; a1, ™, ay*) and
A = (@, a™, ar*; !, ar™, as™) be two TIFNs. Then,
the arithmetic operations on TIFNs are given as follows:

. .. ~ I ~ 1

@) Addmo/n: Al ,69 Ay = (all —i—/azl, al/’" +a™, al* +
wa' ta o +a" a " +ax").

.. .o . ~ I ~ 1

(i) Multiplication: A1 ® Ay =~ (allazl,almazm,m“az";

~ 1 -1
al/laz/l,almazm,al,“az/”),where Al , Ay >0.
(i1i) Scalar multiplication: If A € R, then

y {(xall,xalm,xaﬁ';Aal”,xalm,xal’“), >0,

)\.A = 7 ’
: (i, ra™, ay's aay, ra™ day'!), A < 0.

3 Extension of DEA to DIFDEA models

DEA is alinear programming based methodology to measure
the relative efficiencies of DMUs when the production pro-
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cess consists of multiple inputs and outputs. Assume that the
performance of a set of n homogeneous DMUs (DMUj; j =
1,2,3,...,n)is tobe measured (Arya and Yadav 2017). Let
us suppose that each DMU utilizes m inputs to produce s out-
puts. Consider the jth DMU: DMU;, j =1,2,3,...,n. Let
x;j be the amount (value) of the ith input utilized and y,; be
the amount (value) of the rth output produced by the jth DMU,
j=123...,ni=1,23,....m r=1,2,3,...,5.

Then, the efficiency of DMU]j is given by Charnes et al.
(1978)

M-

VrjYrj

ty
~.
Il
N
I
L

NE

uijx,-j

where u;; and v,; are the weights corresponding to ith input
and rth output of DMU ;, respectively.

In the CCR fractional program (FP) (Charnes et al. 1978),
the efficiency of the DMU, is to be maximized subject to
the condition that the ratio of the virtual output to the virtual
input of every DMU should be less than or equal to unity. The
CCR (ratio) fractional DEA program and the corresponding
linear program (LP) for DMU ;, are given in Table 1. In these
models, the efficiency of DMU j, is denoted by E; and & > 0
is a non-Archimedean infinitesimal constant.

If DMUs have IF input and IF output data, then we
develop intuitionistic fuzzy DEA (IFDEA) models to deter-
mine the efficiencies of DMUs. Assume that the performance
of DMU; (j = 1,2, ..., n)is characterized by a production
process of m IF inputs )?l.[j; i=1,2,3,...,mtoyield s IF
outputs irlj; r=1,2,3,...,s. Let IF efficiency of DMU ,
be represented by E ]I.O. Then, IFDEA model (Model 1) is
given as follows:

Model 1 (IFDEA)

s
L =l
max £5, =} vrj, 5,
r=1
subject to

m
~I I
> i, i, =10,
i=1
N m
~1 ~1 _ @/l
Zvrjo)’rj — E Uij,Xij <0, j=1,2,3,...,n,
r=1 i=1
Uij,, Vrj, =&, Vi=1,2,3,...,m;Vr=1,2,3,...,5; ¢

> ( is a non-Archimedean infinitesimal constant,

where u;;, and v, are the weights corresponding to the ith
IF input and rth IF output, respectively.
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Table 1 Crisp DEA Models:

Fractional and LP forms Fractional DEA

LP DEA

S
> 1 Urjo Vi
R r=1"7JoTJo
max E;, = =————

m
DIy Wij,Xij,

subject to

s
D vt Vrjy Vrj

r=1Vrjo Yrj .
S = 1, j=1,23,..

i=1HijoXij

Uij,s Vrj, = & Vi, r

— § . .
max Ej, = > _| Vrj, Vrj,

subject to

m
- N Zi:l UijoXij, = 1

5 m .
Dot Vrj¥rj — iy Uij,Xij <0, j=1,2,3,....n

Uij,s Vrj, = & Vi, T

3.1 Methodology for solving IFDEA model

Assume that IF input )?l.lj and IF output yrf ; are TIFNs. Let

<l _ (L M U. L M U s _ L M LU
xij—(xij,xij,xij,x X ,xij)andyrj—(yrj,yrj,yrj,

ij o Xij
vz v, y;ij ). Then, Model 1 is transformed to the following
model (Model 2):

Model 2

N
gl (L M U. /L M U
max Ej =) vy, (yrjo’ Yrjor Yrjor Yrio» Yrjo> yrjo)
r=1
subject to

m

. L M _U. /L M _/U\_ .
> tij, (xijo’xijo’xijo’ xij,,vxijn’xiju)—(lv LI 1L,
i=1

M-

L M U. /L M U
”rj(,(yrj’yrj»Yrjayrjsyrjvyrj)

1
m
.L .M U. /L M U
_Zul]o(xij’xij’xij’xij’xij’xij)
i=1
<(0,0,0;0,0,0), j=1,2,3,...,n,

Uij,» Vrj, > & Vi, r.

r

3.2 Models based on a-cut

Replacing IF input )Zi]j and IF output &r'j by their a-cuts
[ax;y + (1 — a)xlﬁ,axl.’y + (1 — a)xg] and [ayf}[ + (1 —
a)erj, ayf;’ + (- a)yfj], respectively. Let the a-cut of E;D

be [E JL,, @ E]L'i,a]~ Then, Model 2 is reduced to the following
model (Model 3):

Model 3

N
L U _ . M
max I:E.iUva’ Ejma:I - Z Urjo I:ayrjo
r=1

+(1 = o)yf vt + (1 =yl |

subject to

m

3w, [axif;{)+(1 — ek ax (1 - a)x}j.a]=[1, 11,
i=l1
N

Zvrj,,[ay,ﬂf + (1 —oc)y,l‘j,ocyf;’ + (1 —a)yr’ﬂ
r=1

m
= 3o+ 0~ o ol 1 -
i=1

5[090]7 j:1,2,3,...,n,

Uij,, Vrj, = €, Vi, r.

Model 3 is given in lower and upper bound model. The lower
bound model of Model 3 is given as below:

Model 4

N
max Efo’a = Z vrjn(ayf}[o + (1 - oz)y,Lja)

r=1

subject to

m
Z“ijo (ole% + (1 — oz)xgo) =1,
i=1

N
> (ot + (1=t
r=1

m
— Z“ijo (lel-% + (1 - ot)xil]{)) <0,
i=1

N
> v, (arl + (1 =)

r=1
m
_Zuijo(ozxily—l—(l —ot)x,-l‘j)
i=1
<0, j=1,2,3,....n, j# jo,

Ujj,, Vrj, = €, Vi, r.

Model 4 is a DEA model, and the levels of inputs and outputs
are now adjusted unfavourably to the evaluated DMU ;, and
in favour of the other DMUs. For DMU ; , the outputs are
adjusted at their lower bounds and the inputs are adjusted at
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their upper bounds. For other DMUs, the outputs are adjusted
at their upper bounds and the inputs are favourably adjusted
at their lower bounds. Thus, the DMU ;, comes to the worst
possible position compared with other DMUs based on a-cut.
The upper bound model of Model 3 is given as below:

Model 5

N

max E%’a = Z Vrj, (ayfwjo + (1 — a)yrUjo)
r=1

subject to

m
Z uij, (axl-% + - a)xiﬁ»g)

i=1
N
> v (wnlf, + (1 =) )
r=1
m
-3 ui, (ax,.’;{) e a)xls()) <0,
i=1
N
> v, (ayff +(1 - a)yfj)

r=1
m
— Zuijo (axl-[;’ + (1 — a)xg)

i=1
<0, j=1,2,3,...,n, j # jo,

Uij,, Vrj, = €, Vi, r.

1!

Model 5 is also a DEA model, where the levels of inputs
and outputs are adjusted in favour of the evaluated DMU ;,
and in unfavour of other DMUs. For the evaluated DMU,
the outputs are adjusted at their upper bounds and the inputs
are adjusted at their lower bounds. Unfavourably for the other
DMUs, the outputs are adjusted at their lower bounds and the
inputs are adjusted at their upper bounds. Thus, the DMU ;,
comes to the best possible position compared with the other
DMUs based on «-cut.
The dual of Model 4 is written as follows:

Model 6

S m
el _ gL + —
min %-]'0,01 - 9]0 € Z Srjosa + Z Sijaaa
r=1 i=1
subject to

L M U L M U
0]-0 (o{xijo + (1 - a)xijo) — Ajg ((xxijo + (1 —a)xijo)
n
L M L — .
- > (oexl-j + (=) =5, =0.vi
J=L#jo
n

L M L L M U
o (ayrjﬂ—k(l—a)yrjo)—!— XM ("‘yrj + (1_0‘)er)
j=l,;ﬁj0

@ Springer

— Sjjo’a = (ozyrﬁ;l-o + - a)erjn) , Vr

S+

jo.o

L —
ks

o,

>0,Vj=1,23,....n,

J# Jos GjLO is unrestricted in sign.
In Model 6, Si;,;, o and S;;m o, are the slack variables, )Lf is
the non-negative dual variable corresponding to the jth pri-
mal (Model 4) constraints, =1,2,3,...,nand 6 ]Lo is unrestricted
dual variable corresponding to the equation constraint in the
primal problem (Model 4).
The dual of Model 5 is written as follows:

Model 7

N m
LU _ U + -
mingp o =00 =D S5 o+ D Sia
r=1 i=1
subject to

U M L U M L
%5, (“xijn +d- "‘”‘ih) =4, (axijo + - “)xijo)
n
U M U — .
= X (el 0 -onff) -5 =0.vi
J=L#is
n

)lei <ozyr";[0 + (1 —a)yrli)) + Z )»5.] (ayrﬂ;[ +(1— a)erj>

j:],;éjo
_¢t M _ U
Srj(,,ot = (O‘yrja + (1 a)yrjo) , Vr
U — + - . U- . ..
Aj s Sijo,a’ Srjo,a >0, V/, quls unrestricted in sign,

where )»5.] is the non-negative dual variable corresponding to
the jth primal (Model 5) constraints, j=1,2,3,...,n and Og
is unrestricted dual variable corresponding to the equation
constraint in the primal problem (Model 5). Models 6 and 7
are the proposed DIFDEA models based on «-cut and will
be denoted as PDIFDEA;, .

Definition 14 Efficient and inefficient DMUs based on «-cut,

DMU;, is fully efficient if éjﬁ*a =1 forany « € (0, 1].
DMU;, is efficient if 5;51 = 1 and gﬁfa < 1 for any
o € (0,1].

DMU , is inefficient if 5}({; < 1 forany « € (0, 1].

Axiom 3.1 The lower bound efficiency is less than or equal
to upper bound efficiency of DMU , i.e. & JL(,*a < éﬁfa‘v’a €
O, 1].

3.3 Models based on B-cut

Replacing IF input %/, and IF output !, by their 8-

cuts % = [BxF+ (1= Bl px/Y + (1 = p)x}] and

5ho= BYE+ =By ByY + (1= B)yM], respec-
tively, Model 2 is reduced to the following model:
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Model 8

] Z”rj [ﬁy;JL})

M
+(1 =M Byl + (1= By |

subject to

max[ B E

ZM” I:,Bx/L +(1—,3))C ﬂxl{Z-I—(]—ﬁ)x%:l:[]’l]’
Zv"jo[ﬁyi/‘?—’_(]_ﬁ)y” :By +(l—/3)y,/]

- Zuij{, [ﬁxi’f + (=M Y+ (- ﬂ)x{y]
i=1
<[0,0], j=1,2,3,...

/ / .
. . >
Uijo Vpjy Z & Vi, r.

N, JF jos

Model 8 is given in lower and upper bound model. The lower
bound model of Model 8 is given as below:

Model 9

N
L L M
max E5 5 =3 v, (By/k + (= Byt )
r=1

subject to

iuij (B + = palt) =1,
va (Bt + (= poylt)

Zuu (Bxty + 1 —palt) <0
é (B =gl

Zu,, (Batk+ (1= Bl ) <o,

j= 1,2,3,...,n, J # o u;jn’v;jo >e, Vi, r.

Model 9 is a DEA model, the levels of inputs and outputs
are now adjusted unfavourably to the evaluated DMU ;, and
in favour of the other DMUs. For DMU ; , the outputs are
adjusted at their lower bounds and the inputs are adjusted at
their upper bounds. For other DMUs, the outputs are adjusted
at their upper bounds and the inputs are favourably adjusted
at their lower bounds. Thus, the DMU ;, comes to the worst
possible position compared to other DMUs based on S-cut.

The upper bound model of Model 8 is given as below:

Model 10

max EY 4 = Zvr,o(ﬁy;ii +-pyt)

subject to

Zuuo (Bt + =Bl ) = 1.
Z o, (B2 + (1= i)

- Z”uo (it + - el ) <o,
Z o, (B + = poylt)

/ /
- Z “ij, <5xi
i=1

=12, ...

+1-palf) <0,

v >e, Vi, r.

. . 12
s ] FE Jos Uijs Vrj,

Model 10 is also a DEA model, where the levels of inputs
and outputs are adjusted in favour of the evaluated DMU ;,
and in unfavour of other DMUs. For the evaluated DMU ; ,
the outputs are adjusted at their upper bounds and the inputs
are adjusted at their lower bounds. Unfavourably for the other
DMUs, the outputs are adjusted at their lower bounds and the
inputs are adjusted at their upper bounds. Thus, the DMU ;,
comes to the best possible position compared to other DMUs
based on B-cut.
The dual of Model 9 is written as follows:

Model 11

M
mlné B _G/L —€ (Z o + ZSU})>
i=1

r=I1

subject to

o (B + 0= poll) =2 (s — (1 = vl
_ Xn: )L_/}.L (ﬁxl’lL +(1- ﬁ)xi_/) Sijop =0, Vi
=1 E o

n

> AF(pnY +a -

j=L#jo
=S5 = (Byk + =yt ) vr
'L U
Aoz OV Sy,

LBy =y
i )+

! . . . .
S; >0,Vi,r; 6F isunrestricted in sign.
o

Jo

The dual of Model 10 is written as follows:
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Model 12

s m
U g'U + -
ming; 4 =0;, —¢ <Z Sh 2 Sij,,>
r=1 i=1
subject to

U /L ‘U /L M
0 (Bl + (1= prait) =3V (Bxik + (1 = Pyl )
n
= 20 P (e - i) - s, =00
J.:l,?&jn
n

> AY(Bk+ -y

j=L#jo
S, = (ByY + =Byt ). v,

WV =ovjis

V(B + = pylt) +

/
Sj'j , > 0Vi,r; 9j£j is unrestricted in sign.
o0

Models 11 and 12 are the proposed dual IFDEA (DIFDEA)
models based on pf-cut and will be denoted as
PDIFDEA;, g.

Definition 15 Efficient and inefficient DMUs based on B-cut,

DMU , is fully efficient if E;ftg = 1forany g € [0, 1).
DMU , is efficient if é;i’g = 1 and é;ll)‘fg
B €10, D). ' '

DMU; , is inefficient if ij)/_/’; < 1forany 8 € [0, 1).

< 1 for any

Axiom 3.2 The lower bound efficiency is less than or equal
to upper bound efficiency of DMU , i.e. $j B = E V,B €
[0, D).

3.4 IF input targets and IF output targets

The main objective of DEA models is to identify the efficient
and inefficient DMUs and to suggest to make the inefficient
DMUs as efficient DMUs. An inefficient DMU can become
efficient using adjusting inputs (called input targets) and/or
adjusting outputs (called output targets). The ith input target
and rth output target for DMU j; are denoted by X;, and y, j;,
respectively, and are defined by Agarwal (2014)

- : +
Sijor Yrio = Yrio TS

Xijo = 075 Xijo — o
If inputs and outputs are IFNs, then the adjusting IF inputs
(called IF input target) and/or adjusting IF outputs (called
IF output target) for DMUj, are denoted by xl i and yrjy,
respectively, and are defined by

0

=1 —
X'O_el* ~I S

ij + 8T .

7 _ =
Xijo ijo> Yrjo = Yrjo rjo”

@ Springer

4 Proposed IF correlation coefficients (IFCCs)
to validate the proposed DIFDEA models

Definition 16 (Isotonicity test) If positive correlation coef-
ficients between input—output data are found (Avkiran et al.
2008), the selection of inputs and outputs is justified.

Avkiran et al. (2008) and Tsai et al. (2006) proposed the iso-
tonicity test to validate the conventional DEA models. Puri
and Yadav (2013) proposed the fuzzy correlation coefficients
between fuzzy input—output data. In this paper we are con-
cerned with the evaluation of E e é o’
the basis of the IF input—output data. To ensure the valldlty of
the proposed DIFDEA models, we find the IFCCs between
IF variables. To the best of our knowledge, in the literature,
nobody has proposed the IFCCs. Therefore, in this paper,
we propose the IFCCs between IF variables using expected
values (Hung and Wu 2001).

4.1 Expected interval and expected value of an IFN

Let Al = (@";a™ —d',a" —a™;a™ — b, b" — a™) be
an IFN with membership and non-membership functions
w71 (x) and v 37 (x), respectively, given by

1

gi1(x), a' <x<a",
1, x=a™,

i (x) = hi(x), ad" <x<a",
0, elsewhere.
g2(x), b <x <a™,

vi(x) = 0. x=a,

A hy(x), a™ <x <b",
1, elsewhere.

The expected interval (Grzegorzewski 2003) of Al is the
crisp interval EI(A!) given by EI(Al) = [E*L(AD),
E*U(AT)], where

B bl m 1 a™ 1 a™
prdh =" s 2 pwa -3 [ s
2 2 bl 2 al
4.1
5 m b 1 a" 1 b*
EXV (Al = arr —/ hy(x)dx — -/ ho (x)dx.
2 2 al’l 2 aﬂl
4.2)
The expected value of an IFN is given by
B E*L A'I E*U A'[
Evily = EZAD+ET A 4.3)

2

Theorem 1 Ler A! = (al,am,a”; b, a™, b*y be a TIFN.
Then, EV(A!) = w
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Proof Using (4.1), we have E*L (A1) = al+2+m+bl.
Using (4.2), we have E*V (Al = W-

Therefore, EV(AI) = ‘M%‘#. O
4.2 Proposed IFCC between IF variables

Definition 17 (correlation coefficients between variables)
Let x and y be two crisp variables and (x, y) assume the
values (x;,y;),i = 1,2,3,...,n. Then, the correlation

coefficient between x and y is denoted by C(x, y) and is
defined by

"Zx:yz thzy:

\/ Zx’ é ) \/niéy,‘z—(iéyiy.

4.4)

C(x,y) =

Let ¥/ and 3 be two IF variables and (X!, §') assume the
values (%!, §/), i = 1,2,3,..., n. Then, the IFCC between
%1 and ' is denoted by C (#/, 3/) and is defined by

cl@&,3h

The square of a positive TIFN A’ is given by

= Al Al
wu, /M m _Iu I m u. /) m _Iu
a’;a”,a",a").(a",ad",a";a",ad",a")

(4.6)

(AT)?
— (al’ am’

= ((d")?, @™m?, @)% @"?, @™m?, (@")?).

It is difficult to apply (4.5) if data are large. To obtain the
IFCC between the IF variables, we propose a new method
using the expected value approach as described below:

Leti! = (x!, x", x; x;l,xi’”,x;“) and 5/ = (!, y™, v
yl/ R yl , yl,”) be TIFNs. Then, the «-cut of )?il is the interval
[xl a m] where xL = ax™ + (1 —a)x!, and x¥ =
ax + (1 —a)xt, a € (0, 1]. ’

Similar]y, the a-cut of )7[.1 is the interval [yifa, y,?{a], where
Ve = ey + (1 =)y, and y7, = ay/" + (1 — )y,
a € (0, 1].

The expected interval (EI) of the IFCC C! (!, 3%
based on «-cuts of i and y is defined as the interval

CET(x1, ~’)—[CL(x’ 31y, CU(x 37)], where

CL( =1 yl)
~ L L _ N~ L L
nY X Via ™ 2 i 2 Vila
_ i=1 i=1 i=1
n 1 \2 no 2 n L \2 L 2
nZ <x1a> - le,a R (yIDl) - Zytoz
i=1 i=1 i=1 i=1

(4.8)

Observe that CL (%7, ') and CY (3!, ') are the correlation
coefficients based on the data (xl w Vi, a) and (xl w Vi a)
respectively, i = 1,2,3,...,n. These correlation coeffi-
cients satisfy the following properties:

1. ¢!, 51 e [-1,1] and CY (!, 57) e [-1,1]
Yo € (0, 1].

2. CEx1, 3y = 1and CY G5 = 1if 31 = §!
Vo € (0, 1].

3. cLil, 3h=cL !, ¥yandCcY (&, 31)=CY (3, 1)
Va € (0, 1].

The expected value (EV) of IFCC cl!, 71) based on a-cut
is denoted by CEV (¥!, 5) and is defined by

CEV ! ~’)—-[cg(x’ 50+ UG, ~’)] @€ (0, 1].
4.9)

The B-cut of )EII is the interval [x;{‘ﬁ, xé%], where x;% =
B! +(1—B)x", and x,Y) = Bx;* + (1 —P)x" VB € [0, 1).
Similarly, the B-cut of )71.1 is the interval [y;Lﬁ, y;%], where
ik =Byl + =By and y,Y = By +(1—B)y" VB €
[0, 1).
The EI of IFCC C! (%!, 5) based on B-cuts of ¥/ and
! is defined as the interval CﬂEI(x’ 1 = [C &1, 30,

C;SU()E', 7)1, where

clal 5h

(4.10)
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Observe thatC Lx!, 3yand C U(x 37 are the correlation

coefficients based on the data (xl.,ﬂ, yiqﬁ) and (xi’ﬂ, yi’ﬂ),
respectively, i = 1,2,3,...,n. These correlation coeffi-
cients satisfy the following properties:

L CF@EL 3 e [-1,1] and Cf &, 5) e [-1,1]
vBel0, 1).
2. C;L()zl,yf) =1 and C;U()z’,yl) = 1lifx! =

31 VB €0, 1).
3. C4@EL Y = ¢f LR and Cf 35 =
cf ¢ &) VB 0. D).

The EV of IFCC C! (x!, $7) based on B-cut is denoted by
ﬂE Vi(x!, $1) and is defined by

Ev(xl ~1)_ [ gl ~1)

+C (7, ~’)] B elo,1). (4.12)

The EV of IFCC C! (3!, 7!) based on «- and B-cuts is
denoted by C (f Z(JZI , 1) and is defined by

3 - CEV(@E, 31 + CfV &, 51

ﬂ( 5 (4.13)

Theorem 2 Let[CL(x!,57), CY(x!, ) ]and[C L(x’ 31,

C/;U()El,ﬁl)] be the Els of the IFCC c@!, 1) based

on «- and B-cuts, respectively. Then, C Ev(x 3 =

CEE, ) +CclE ) + Cf &5 )+CU<x’ ”’)
4

Proof The EV of IFCC C’ (%!, 3') based on «- and B-cuts
is given by

CEV@EL 3+ cfV @&y
2

CEV(XI ~1) _

Using (5.9) and (5.12), we get

CEV( il 5l = [CL(XI yh +cY @&l 50
2 2

crE 5+ C};U(i’,&’)}
2

@ Springer

ck sh+clE ih+ o ih+ of &1, 5h
B 4

C 5 /‘3/ (x!, 1) satisfies the following properties:

1. CEV(x’ 31y e [—-1,1].
CEV(xl 3y =1ifx! =3,
3. CEV(x1 yh=Ccrpih xh.

Remark If the value of le’g(il, 31 for each X! and '
is positive, then the proposed DIFDEA models are consistent
and inclusion of IF variables is justified.

5 Proposed intuitionistic fuzzy ranking
approach

Ranking has an important role in DEA. Some definitions are
as follows:
Definition 18 In DEA, the ranking index (Chen and Klein
1997) for the jth DMU is:

iz ((Epg, —¢) ,
Yo (EpY —¢) = Yo (Epk, —d)’

R = n — 00,

where (E j)oIZ,- and (E./)gi are the lower bound and upper
bound efficiencies of the jth DMU, respectively, for «; €
, 1]; c_mln(E )L andd = max(E DY

Definition 19 Let A = [a, b] and B = [c, d] be two inter-
vals. Then, the difference A — B of A and B is defined as
A—B=la—d,b—c].

5.1 Methodology

The proposed index ranking (PIR) method evaluates the effi-
ciencies of DMUs.

To the best of our knowledge, in the DEA literature, there
is no ranking approach for IFNs.

The proposed method uses «- and B-cuts to rank the
DMUs.
(i) Index based on «-cut
Suppose a,, = mjin & jL,a,- and by, = mjz_ix Ejl'{a,« fora € (0, 1].

: U
Obviously, & i
and (SjL,a,- — by, ) is negative for all j for any o;; € (0, 1]. Thus,
the index value is defined by

— ag; 1s positive for all j for any « € (0, 1]

AN
Ij= Zizo G na’)L .G
Z =0 (E] o ao‘i) - Zi:() (Ej,oti - bai)
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(i1) Index based on B-cut
Suppose ¢, = min S/L and dg, = max é/‘U

Obv1ous1y,§ B — dg, is negative andé B~ CBi is positive
for all j for any B; € [0, 1). Thus, the 1ndex value is defined
by

mEY _dg
[ = = 2i=o & —dp) . (5.2)
2 i0 Ejp —dp) — > izo (5 —Cp;)

(iii) Now, we construct the composite index of IF efficiencies
based on /; and / ; for the jth DMU is given by
IC;=n1i+1—n I (5.3)

where n € (0, 1) is a parameter depending on the decision-
maker’s intention. Generally, 7 is taken as 0.5.

5.1.1 Algorithm for the PIR approach

Based on the above analysis, we suggest the following algo-
rithm for ranking:

Step 1 Determine both & J’; o and S‘g’a given by Model 6
and Model 7, respectively, for each DMU;, j, =
1,2,3,.

Step 2 Determme both E B and S B given by Model 11
and Model 12, respectlvely, for each DMU; , j, =
1,2,3,.

Step 3 Determine both I, and I}o given by (5.1) and (5.2),
respectively for each DMU, j, =1,2,3,...,n

Step 4 Determine /C;, given by (5.3) for each DMUj ,
Jo=1,2,3,...,n

Step 5 Rank the DMUs according to the decreasing values
of ICj,.

This PIR method is suitable for the IFN efficiencies because
itis based on - and B-cut and it can handle the large quantity
of IFNs.

The flowchart showing the overview of the proposed methods
is given in Figure 3.

5.2 Merits of the proposed methods over existing
methods

The proposed method determines the efficiencies of DMUs
in interval form based on «-cut and B-cut. The proposed
IFCC is used to validate the proposed models based on IF
variables. But, the fuzzy DEA (FDEA) models determine
the efficiencies of DMUs based on «-cut only. The proposed
method uses a-cut and B-cutto rank the DMUs. The proposed
ranking method gives the aggregate rank for all «-cuts and
B-cuts. But, the existing ranking methods in FDEA (Arya

and Yadav (2017, 2018)) of DMUs based on «-cut only and
existing ranking methods in IFDEA (Puri and Yadav (2015),
Daneshvar Rouyendegh (2011)) do not use «-cut and B-cut.

6 Numerical examples

In this section, to ensure the validity of the proposed models,
we consider an illustrative example and a health sector appli-
cation. The efficiencies obtained by the proposed models will
be termed as proposed efficiencies (PEs).

6.1 Anillustrative example:

Let there be 5 DMUSs having two IF inputs and two IF outputs
which are represented as TIFNs. The IF input and IF output
data are listed in Table 2.

6.1.1 Determining efficiencies of DMUs

The IFCC between IF variables (IF inputs—outputs) are deter-
mined using (4.13) and are shown in Table 3. Table 3 shows
the lower and upper bounds of each expected interval based
on «- and B-cuts. Also, the corresponding expected values
come out to be positive. Therefore, the inclusion of the IF
input and IF output data are justified, and the DIFDEA mod-
els are consistent.

The %‘J o Sj o E and & l% for each DMU;; are calcu-
lated using Models 6 7, 11 and 12 for different ¢ and B €
[0, 17, respectively. The results are shown in Tab1e4 By usmg
the software Lingo, the values of theéLa, gV Ja E and & %
for o, B =0(0.25)1.0 are calculated (see Table 4) for each
DMU.

The composite index values for 5 DMUs are 1 C(DMU1)
= 0.3569; IC(DMU2) = 0.38; IC(DMU3) = 0.3587;
1C(DMU4) = 0.455; 1C(DMUS) = 0.3435. The DMUs
are ranked by using PIR discussed in Sect. 5 as DMU4 >
DMU2 > DMU3 > DMU1 > DMUS.

6.1.2 Comparison of proposed efficiencies and crisp
efficiencies

To validate the proposed efficiencies through PDIFDEA, the
proposed efficiencies are compared with the efficiencies of
crisp DEA (crisp efficiencies) and are given in Table 5. In
Table 5, the efficiencies of DMUSs are found to be smaller by
PDIFDEA compared to crisp DEA. In Table 5, DMUs 2, 4
and 5 are efficient in crisp DEA, but these are inefficient with
efficiency scores 0.38, 0.455 and 0.3435 using PDIFDEA,
respectively. Therefore, PDIFDEA is more realistic rather
than crisp DEA. Crisp DEA and PDIFDEA may give the
same efficiencies for certain data. Crisp DEA does not deal
with the uncertainty/vagueness, but PDIFDEA deals with the
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Selection of the relevant input

Sources:
Literature review | —"

Experts’ opinion DMUs

and output data variables for
performance evaluation of the LLELELLL

Selection Approaches:

Data Collection

Identify crisp/ fuzzy/intuitionistic fuzzy Data

Fuzzification of data using
Experts’ opinions

Final input and output data \(

set in the form of TIFNs

Proposed intuitionistic fuzzy correlation coefticients (IFCCs)
between IF variables

Performance evaluation using dual intuitionistic fuzzy DEA (DIFDEA) approach

Lower and upper bound DIFDEA
models based on « -cut

~

|

Lower and upper bound DIFDEA
models based on -cut

/

Qtuitionistic fuzzy efficiencies based on ¢ ‘CD Gtuitionistic fuzzy efficiencies based on g- CD

N

Proposed IF input target and

Iv\

IF output target

Proposed ranking approach on the basis of IF efficiencies

e

Fig.3 Overview of the proposed method

uncertainty/vagueness. Therefore, PDIFDEA is more effi-
cient rather than crisp DEA.

6.1.3 Determining IF input-output targets of DMUs
Finally, we obtain the IF input targets and IF output targets

discussed in Sect. 3.4 which are shown in Table 6.
From input targets, we conclude that

@ Springer

(i) for DMU 1, the IF inputs have to be decreased
from (3.5,4,4.5;3.2,4.0,4.7) and (1.9,2.1,2.3; 1.7,
2.1,2.5) to (2.18,3.4,4.5;1.57,3.4,4.7) and (1.18,
1.8,2.3;0.93,1.8,2.5), respectively, to become
efficient,

(i) for DMU 2, the IF inputs have to be decreased from
(29,2.9,2.9;,29,29,2.9) and (1.4,1.5,1.6;1.3,
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Table 2 IF inputs and IF outputs for 5 DMUs

DMUs IF inputs IF outputs

A’ 0 ' !
1 (3.5,4.0,4.5;3.2,4.0,4.7) (1.9,2.1,2.3; 1.7, 2.1, 2.5) (2.4,2.6,2.8,2.2,2.6,3) (3.8,4.1,4.4;3.6,4.1, 4.6)
2 (2.9,2.9,2.9;29,2.9,2.9) (14,1.5,1.6;1.3,1.5,1.8) (22,2.2,2.2;22,2.2,2.2) (3.3,3.5,3.7;3.1,3.5,3.9)
3 (4.4,49,54,4.2,4.9,5.6) (2.2,2.6,3.0;2.1,2.6,3.2) (2.7,3.2,3.7;2.5,3.2,3.9) (4.3,5.1,5.9;4.1,5.1,6.2)
4 (3.4,4.1,4.8;3.1,4.1,4.9) (2.2,2.3,2.4;2.1,2.3,2.6) (2.5,2.9,3.3;24,29,3.6) (5.5,5.7,5.9;5.3,5.7,6.1)
5 (5.9,6.5,7.1,5.6,6.5,7.2) (3.6,4.1,4.6;3.5,4.1,4.7) (4.4,5.1,5.8;4.2,5.1, 6.6) (6.5,7.4,8.3;5.6,7.4,9.2)

Table 3 IFCCs between IF inputs—outputs

Cél C§l CO{‘I CORI C(‘)E:Y,OAI

o085 3 oy o o5 oy o oy oy X o5 W oy o o5 3 oy
#1095 096 077 1 097 096 096 1 093 094 063 1 097 095 094 1 096 095 083
#0095 1 097 092 097 1 090 096 093 1 096 085 097 1 099 097 096 1 095 092
51096 097 1 083 096 090 1 092 094 096 1 072 095 099 1 099 095 096 1 087
51077 092 83 1 096 096 093 1 063 085 072 1 094 097 099 1 083 092 087 1
Table 4 The IF efficiencies for o, 8 = 0(0.25)1.0
«,  DMU 1 DMU 2 DMU 3 DMU 4 DMU 5

U ! U U ! U U ! U U ! U U ! U

o €1 o) i &g (Ef a6l ad (6 g0 &30 p) 67 0o o) [E7 g0 630 p) (6] 00610 o) (600 650 g1 (61 o0 61 01 (6050 650 ]
0 [0621]  [0.85085] [0.831]  [1,1] 05711  [0.86,0.86] [0851]  [11] 06411  [1,1]
025 [0.7,1] [0.77,097] [0.91,1]  [L1] [0.641]  [075098] [0941]  [091,1]  [0.731]  [091,1]
05 [076,096] [0.68,1]  [099.1]  [087.1]  [0.721]  [0.641]  [L1] 084,11  [0.841]  [0.75.1]
075 [081,09] [0.58,1]  [1,1] [0751]  [0.79.093] [053,1]  [L1] 076,11  [0.97,1]  [0.62,1]
10 [0.85085] [048,1]  [11] [0651]  [0.86,.86] [0451]  [11] 06811  [11] [0.52,1]

1.5,1.8)t0(2.4,2.9,2.9;1.89,2.9,2.9) and (1.17, 1.5,
1.6; 0.84, 1.5, 1.8), respectively, to become efficient,

(iii) for DMU 3, the IF inputs have to be decreased
from (4.4,4.9,5.4;4.2,4.9,5.6) and (2.2, 2.6, 3; 2.1,
2.6,3.2) to (2.5,4.21,5.4;1.84,4.21,5.6) and (1.25,
2.24,3.0,0.94, 2.24, 3.2), respectively, to become effi-
cient,

(iv) for DMU 4, the IF inputs have to be decreased from
(3.4,4.1,4.8;3.1,4.1,49) and (2.2,2.3,2.4;2.1,
2.3,2.6) to (2.89,4.1,4.8;2.11,4.1,4.9) and (1.87,
2.3,2.4;1.43,2.3,2.6), respectively, to become effi-
cient,

(v) for DMU 5, the IF inputs have to be decreased from
(5.9,6.5,7.1,5.6,6.5,7.2) and (3.6,4.1,4.6;3.5,
4.1,4.7)t0(3.77,6.5,7.1; 3.38,6.5,7.2) and (2.3, 4.1,
4.6; 1.82,4.1,4.7), respectively, to become efficient.

6.2 Health sector application

This is areal life application in health sector. The most impor-
tant role in the economy of any country is health care of

Table 5 Comparison of proposed efficiencies and crisp efficiencies

DMUs Proposed efficiency Crisp efficiency Difterence
1 0.3569 0.8548 0.4979

2 0.38 1 0.62

3 0.3587 0.8607 0.502

4 0.455 1 0.545

5 0.3435 1 0.6565

rural and urban areas. Health care is of three types: primary
(in which individuals and families are directly connected to
health system), secondary (in which patients from primary
health care are referred to specialists in higher hospitals for
treatment) and tertiary health care (in which specialized con-
sultative care is provided usually on referral from primary
and secondary medical care). The performance of hospitals
has become a major concern of planners and policy-makers in
India. The Uttar Pradesh (U.P) state is one of the largest states
of India. It has 18 divisions. Meerut is one of them which has
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Table 6 IF input target and IF output target for 5 DMUs

DMUs IF input targets

IF output targets

~/
1

~/
X2

it

s

[ S

(2.18,3.4,4.5;1.57,3.4,4.7)
(24,2.9,2.9;1.89,2.9,2.9)
(2.5,4.21,5.4; 1.84,4.21,5.6)
(2.89,4.1,4.8;2.11,4.1,4.9)
(3.77,6.5,7.1; 3.38, 6.5, 7.2)

(1.18,1.8,2.3; 0.93, 1.8, 2.5)
(1.17,1.5,1.6; 0.84, 1.5, 1.8)
(1.25,2.24,3.0;0.94,2.24,3.2)
(1.87,2.3,2.4;1.43,2.3,2.6)
(2.3,4.1,4.6; 1.82,4.1,4.7)

(2.4,2.6,2.8;2.2,2.6,3)

(2.2,2.2,2.2;22,2.2,2.2)
(27,3.2,3.7;2.5,3.2,3.9)
(2.5,2.9,3.3;2.4,2.9,3.6)
(44,5.1,5.8;4.2,5.1, 6.6)

(3.8,4.1,4.4;3.6,4.1,4.6)
(3.3,3.5,3.7;3.1,3.5,3.9)
(4.3,5.1,5.9;4.1,5.1,6.2)
(5.5,5.7,5.9;5.3,5.7,6.1)
(6.5,7.4,8.3;5.6,7.4,9.2)

Table 7 Hospital notations

S.No. Hospital Code Hospital names

1 BC Baghpat under CMO

2 BD Baghpat District Hospital

3 BLC Bulandshahr under CMO

4 BLD Bulandshahr District Hospital

5 BLFD Bulandshahr Female District Hospital
6 BLK Bulandshahr Ch- Khurja

7 GC Ghaziabad under CMO

8 GD Ghaziabad District Hospital

9 GFD Ghaziabad Female District Hospital
10 GS Ch- Sanjay Nagar

11 GBC Gautam Budh Nagar under CMO

12 GBD Gautam Budh Nagar District Hospital
13 MC Meerut under CMO

14 MD Meerut District Hospital

15 MFD Meerut Female District Hospital

16 HCM Hapur under CMO

Table 8 IF input and IF output data for 16 hospitals. Source: Administrative Office, Meerut district, Uttar Pradesh, India.

DMUs IF inputs IF outputs

e o' W' !
BC (140,144,150;135,144,155 )  (2,2,8;1,2,15)  (83085,83089,83092;83082,83089,83096) (6,7,9;5,7,12)
BD (18,20,25;15,20,28) (2,3,5;1,3,10)  (14105,14107,14110;14103,14107,14115) (897,900,904;895,900,908)
BLC (442,446,449;440,446,451)  (2,3,6;1,3,10)  (115855,115858,115862;115852,115858,115865)  (1910,1913,1915;1908,1913,1919)
BLD (145,149,152;140,149,155)  (1,1,4;1,1,8) (165120,165121,165125;165118,165121,165129)  (1560,1563,1567;1558,1563,1570)
BLFD  (58,60,63;55,60,65) (1,1,6;1,1,10)  (34095,34099,340105;34092,34099,340110) (1620,1622,1626;1617,1622,1630)
BLK (65,68,70;62,68,75) (1,1,6;1,1,10)  (12185,12189,12195;12180,12189,12199) (1280,1283,1287;1277,1283,1290)
GC (122,124,126;120,124,130)  (6,7,10;4,7,15)  (65290,65293,65298;65286,65293,652102) (215,218,222;210,218,227)
GD (162,166,168;160,166,172)  (3,5,8;2,5,12)  (258750,258754,258758;258745,258754,258765)  (423,426,428;420,426,432)
GFD (65,68,75;62,68,80) (1,1,5;1,1,10)  (77852,77856,77859;77850,77856,77865) (1160,1164,1168;1155,1164,1175)
GS (98,100,105;95,100,115) (2,2,6;1,2,12)  (79720,79725,79729;79718,79725,79735) (910,913,916;905,913,920)
GBC (130,132,135;125,132,145)  (2,2,7;1,2,13)  (25385,25387,25392;25380,25387,25397) (1756,1761,1765;1750,1761,1770)
GBD  (97,100,105;95,100,110) (2,3,8;1,3,14)  (297445,297449,297453;297440,297449,297458)  (4000,4004,4008;3995,4004,4012)
MC (248,250,255;245,250,260)  (6,8,12;5,8,15) (61190,61192,61196;61185,61192,611102) (635,638,642;630,638,648)
MD (248,250,255;245,250,258)  (6,8,13;4,8,15)  (129432,129435,129438;129430,129435,129445)  (1050,1052,1057;1046,1052,1062)
MFD  (90,93,95;85,93,100) (2,2,8;1,2,13)  (78275,78278,78282;78272,78278,78288) (1600,1606,1610;1595,1606,1610)
HCM  (100,104,110;95,104,120) (1,1,5;1,1,10)  (44902,44906,44909;44900,44906,44916) (2110,2113,2116;2106,2113,2120)
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Table9 IFCCs between IF variables

Coi Cs Coi Col Citoa

B R L T ¢ S S - R R ¢ S S LS - R ¢ R S s L - S TR PR T b 0! oW
)?11 1 0.39 0.23 0.002 1 0.36  0.023 0.001 1 0.41 0.23 0.001 1 0.33 0.23 0.001 1 0.37 0.18 0.0012
ié 039 1 0.08 0.003 036 1 0.026 0.002 041 1 0.19 0.003 033 1 0.57 0.003 0.37 1 0.22 0.0002

ﬁf 023 0.08 1 0.38 0.023 0.026 1 037 023 019 1 038 023 057 1 0.001 0.18 022 1 0.28
% 0.002 0.003 0.38 1 0.001 0.002 0.37 1 0.001 0.003 0.38 1 0.001 0.003 0.001 1 0.0012 0.0002 0.28 1

Table 10 The IF efficiencies

based on &, B = 0(0.25)0.5 of “p=> 0 0.25 0.5
16 hospitals DMUs  [gk &V 1 qgk el gE gV 1 (g eV (gk eV 1 gk, EY
BC [0.094,0.99]  [0.34,0.34] [0.12,082]  [0.19,0.79]  [0.18,0.63]  [0.17,0.99]
BD [0.87,1] [1,1] [0.92,1] [1,0.99] [0.98,1] [0.91,0.99]
BLC [0.16,1] [0.35,0.35] [0.2,1] [023,099]  [0.24,1] [0.14,0.99]
BLD [0.27.1] [1,1] [0.36,1] [0.5,1] [0.55,1] [0.33,1]
BLED  [0.53,1] [0.99,0.99] [0.56,1] [0.62,1] [0.59,1] [0.53,1]
BLK [0.38,1] [0.75,0.75] [0.41,1] [0.44,1] [0.44,1] [0.38,1]
GC [0.08,028]  [0.18,0.18] [0.11,023]  [0.17,0.62]  [0.16,0.18]  [0.16,1]
GD [0.26,1] [0.52,0.52] [0.34,1] [051,1] [0.49,1] [0.47,1]
GFD [0.37,1] [0.76,0.76] [0.38,1] [0.39,1] [0.392,1] [0.37,1]
GS [0.22,1] [0.37,0.37] [023,0.84]  [0.25,0.8] [0250.67]  [0.24,1]
GBC [0.29,1] [0.52,0.52] [031,1] [031,1] [032,1] [0.28,1]
GBD [0.94,1] [1,1] [1,1] [1,1] [1,1] [1,1]
MC [0.064025]  [0.082,0.082]  [0.068,0.19]  [0.08,0.48]  [0.077,0.15]  [0.075,1]
MD [0.12,052]  [0.17,0.17] [0.13.041]  [0.17,032]  [0.16031]  [0.16,0.58]
MED [037,1] [0.54,0.54] [0.38,1] [0.4,1] [0.4,1] [037,1]
HCM  [0.44,1] [1,1] [0.46,1] [0.48,1] [0.48,1] [0.42,1]
;:'s’e'z 1011 OZ*;; Egiﬁs"(‘g“;s‘ﬁ , @B— 075 1.0 Composite index  Rank
of 16 hospitals DMUs  [&f .8V 1 (&gl EE, 800 g8 IC
BC [021,047]  [0.12,099]  [0.34,0.34] [0.086,0.99]  0.5253 6
BD [1,1] [0.83,099]  [1,1] [0.76,0.99]  0.3963 12
BLC (0280711  [0.1,0.99] [0.35,0.35] [0.09,1] 0.5301 5
BLD [0.87,1] [0.28,1] [1,1] [0.25,1] 03259 14
BLED  [0.62,0.68]  [0.46,1] [0.65,0.65] [0.43,1] 0.2308 16
BLK [0.46,1] [031,1] [0.75,0.75] [0.28,1] 03872 13
GC [0.17,0.18]  [0.11,1] [0.18,0.18] [0.081,1] 0.6765
GD (0520771  [032,1] [0.52,0.52] [0.24,1] 0.4342 9
GFD [0.41,1] [0.35,1] [0.76,0.76] [0.3,1] 0.4017 1
GS [026,049]  [021,1] [0.37,0.37] [0.18,1] 0.5428
GBC [036,0.83]  [0.24,1] [0.52,0.52] [0.2,1] 0.4707
GBD [1,1] [0.91,1] [1,1] [0.79,1] 0.4167 10
MC [0.081,0.11]  [0.065,1] [0.082,0.082]  [0.057,1] 0.6517
MD [0.17.023]  [0.12,091]  [0.17,0.17] [0.11,1] 05155
MED [042,081]  [035,1] [0.54,0.54] [0.34,1] 0.5345
HCM [0.72,1] [035,1] [1,1] [0.29,1] 0.2979 15
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Table 12 Comparison of

proposed efficiencies and crisp DMUs Proposed efficiency Crisp efficiency Difference

efficiencies BC 0.5253 03427 —0.1826
BD 0.3963 1 0.6037
BLC 0.5301 03512 —0.1789
BLD 03259 1 0.6741
BLFD 0.2308 0.6505 0.4197
BLK 03872 0.7474 0.3602
GC 0.6765 0.177 —0.4995
GD 0.4342 0.524 0.0898
GFD 0.4017 1 0.5983
GS 0.5428 03672 —0.1756
GBC 0.4707 0519 0.0483
GBD 0.4167 1 0.5833
MC 0.6517 0.0825 ~0.5692
MD 05155 0.174 —0.3415
MFD 0.5345 0.5426 0.0081
HCM 0.2979 1 0.7021

6 districts named as Baghpat, Bulandshahr, Ghaziabad, GB
Nagar, Meerut and Hapur. Each district has some public hos-
pitals. Total number of public hospitals in Meerut division is
16. In this paper, we discuss the performance efficiency of
public hospitals which are in Meerut division. Table 7 gives
the public hospitals in Meerut division.

6.2.1 Variables and data selection

In this study, we have taken two inputs: (i) total number of
beds (say 3511 ) and (ii) sum of number of pathologists and
number of laboratory technicians (say % 1) and two outputs:
(i) number of pathology operations (say )711 ) and (ii) sum
of number of plaster and number of tubal ligation (say 1)
of 16 hospitals which possess some degree of hesitation due
to the difference in thought at the management level and the
actual hospital level. So, uncertainty in input data and output
data at hospital level can be well taken as TIFN. The IF input
and IF output data are provided by the administrative office,
Meerut district, Uttar Pradesh, India, for the calender year
2013-2014, and it is shown in Table 8.

6.2.2 Determining efficiencies of hospitals

The IFCCs between IF variables (IF inputs—outputs) are
determined using (4.13) and are shown in Table 9. Table 9
shows the lower and upper bounds of each expected interval
based on «- and B-cuts. Also, the corresponding expected
values come out to be positive. Therefore, the inclusion of
the IF input and IF output data is justified and the DIFDEA
models are consistent.

@ Springer

The IF efficiencies of all hospitals are evaluated using
Models 6,7, 11 and 12 for different @ and f— values, which
are shown in Tables 10 and 11. The composite index /C;
of IF efficiencies ELa, E] w & Lﬁ and & li‘f for each DMU ;
is calculated and shown in Tables 10 and 11. The ranks of
the hospitals using the PIR approach are obtained as GC >
MC > GS > MFD > BLC > BC > MD > GBC > GD >
GBD > GFD > BD > BLK > BLD > HCM > BLFD.
Thus, GC is the best performer hospital and BLFD is the
worst performer hospital.

6.2.3 Comparison of proposed efficiencies and crisp
efficiencies

To validate the proposed efficiencies of hospitals through
PDIFDEA, the proposed efficiencies are compared with the
efficiencies of crisp DEA (crisp efficiencies) and are given
in Table 12. Table 12 shows that the efficiencies of hospi-
tals are smaller by PDIFDEA compared to crisp DEA. In
Table 12, hospitals BD, BLD, GFD, GBD and HCM are effi-
cient in crisp DEA, but these hospitals are inefficient with
efficiency scores 0.3963, 0.3259, 0.4017, 0.4167 and 0.2979
using PDIFDEA, respectively. Therefore, PDIFDEA is more
realistic rather than crisp DEA. Crisp DEA and PDIFDEA
may give same efficiencies for certain data. Crisp DEA
does not deal with the uncertainty/vagueness, but PDIFDEA
deals with the uncertainty/vagueness. Therefore, PDIFDEA
is more efficient rather than crisp DEA. Hence, we preferred
PDIFDEA rather than crisp DEA.
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6.2.4 Determining IF input—output targets of hospitals

Finally, we obtain the IF input target and IF output target data
which are shown in Table 13. Using these IF input target and
IF output target, we make the inefficient hospitals as effi-
cient hospitals. For the inefficient hospital BC, the IF inputs
have to be decreased from (140, 144, 150; 135, 144, 155)
and (2,2,8;1,2,15) to (13.16, 48.96, 148.5; 11.61, 48.96,
153.45) and (0.18,0.68, 7.92; 0.07, 0.68, 14.85), respec-
tively, to become efficient. Similarly, we find the IF inputs
decreased values for other inefficient hospitals and are shown
in Table 13.

Conclusion

In this paper, we have determined the performance efficien-
cies of DMUs. The real world applications data have some
degree of uncertainties. To deal with such data, we have con-
sidered them as TIFNs. We have developed IFDEA models
based on o—, B-cuts. Four DIFDEA models (Models 6, 7,
11 and 12) have been developed to determine the perfor-
mance efficiencies of the DMUs. Next, we have developed
IF index ranking approach for DIFDEA models. This rank-
ing approach is efficient and effective for the large number of
IF input—output data. We have also proposed the targets for
the DMUs with IF inputs—outputs. Finally, an example and
a health sector application are presented to illustrate the pro-
posed models. To ensure the validity of the proposed models,
we have considered the performance of 16 hospitals in the
Meerut zone of India with two IF inputs: total number of beds,
sum of number of pathologists and number of laboratory
technicians, and two IF outputs: number of pathology opera-
tions, sum of number of plaster and number of tubal ligation.
GC is determined as the best performer hospital with high
level of efficiencies, and BLFD is the worst performer hospi-
tal with low level of efficiencies. We also determined the IF
input—output targets data for inefficient DMUs by which it is
found that how an inefficient hospital is made efficient hospi-
tal. PDIFDEA has realistic point of view better representing
inefficient performance efficiencies, but crisp DEA has an
optimistic point of view to the same problem. By extending
to IF environment, the DEA method is more effective for
real world applications in the sense that it covers hesitation
also.

Limitations and Future Research Plan

This paper has some limitations. The proposed models are
studied under the constant returns to scale (CRS). We plan to
extend these models to the variable returns to scale (VRS).
The uncertainty in this paper is limited to TIFNs. We plan

@ Springer

to use the trapezoidal IFNs and interval valued intuitionistic
fuzzy sets to determine the efficiencies of real world appli-
cations.
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