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Abstract
The total world energy consumption is rising, and the alternative energy sources are sought to meet this demand. Renewable
energy sources have distinctive features that make these sources environmental friendly and increase their share in total
energy supply. Renewable energies, which are inexhaustible and renew themselves, are predicted to be the primary energy
source for the future. The sun, which is the most important renewable energy source and the source of other energies, is
also used for direct and indirect energy generation. In order to realize investments in solar energy systems that require high
initial investment, their economic suitability must be assessed appropriately. Life cycle cost (LCC) and levelized cost of
energy (LCOE) methods are widely used in economic evaluation and comparison of the large-scale solar energy system. Yet,
solar energy investment decisions involve uncertainty and imprecision due to the vagueness in production levels and energy
prices. An ample economic analysis should be able to evaluate the uncertainty and consider the dynamic costs and benefits.
Pythagorean fuzzy sets are excellent tools for dealing with uncertainty and imprecision inherent in a system. In this study, the
Pythagorean fuzzy set theory is applied so that the uncertainties and the opinions of the decision makers are more realistically
incorporated into the economic analysis. The proposed Pythagorean LCC and LCOE methods enable dealing with the solar
energy investments with fuzzy parameters. Alternative energy systems with different technological features and economic
conditions can be more accurately compared using the proposed method.

1 Introduction

The technological developments and the increase in the pop-
ulation rise the need for energy. The fossil fuels, primary
sources of energy, are currently cost-effective, but they are
limited. Carbon-based fuels produce carbon dioxide and
other greenhouse gases, and the rise in the greenhouse gases
weakens the ozone layer and causes harmful radiation that
endangers the food chain and ecological order (Kalogirou
2013). The ecological problems and need for new energy
resources have enhanced the interest on alternative energy
sources. Hydraulics, wind, solar, geothermal and biomass
are the non-fossil energy sources and defined as renewable
energy sources (ENRM 2017b). There is a growing interest
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in renewable energy sources since they create environmental
and social benefits (USEIA 2017a).

Sun is one of the leading energy providers for most of
the renewable and conventional generated energy (except
nuclear and tidal energies) (Çoban and Onar 2017). Addi-
tional to its secondary usage, solar energy is directly used
for generating energy. The newly developed technologies
enhance solar energy usage. Solar energy investments as
costly, especially the initial investment costs, are very high,
which limits the usage of solar energy. Evaluating both the
costs and benefits of solar energy can reveal the economic
value of solar energy investments. Such an analysis enables
selecting the most suitable locations and conditions for solar
energy investments. The economic analyses and evaluations
to be made are of critical importance at this stage. On the
other hand, predicting both the revenue generated from solar
energy and the costs initiated by the solar energy generation
is hard since both the generated energy and energy prices are
highly uncertain (Zatzman 2012). Fuzzy sets are excellent
tools for modeling uncertainty.

Pythagorean fuzzy sets (Yager and Abbasov 2013) ini-
tially developed by Atanassov in 1986 (Atanassov 1989)
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as second-type intuitionistic fuzzy sets are the extensions
of intuitionistic fuzzy sets and useful for representing the
uncertainty inherent in a system. Similar to the intuition-
istic fuzzy sets they enable defining both the membership
and non-membership values for an element, but unlike intu-
itionistic fuzzy sets, the square sum of the membership and
non-membership degrees is maximum one. This advantage
of Pythagorean fuzzy sets provides a stronger representation
of uncertainty than intuitionistic fuzzy sets.

In this study, Pythagorean fuzzy sets are used for engi-
neering analyses. To the best of our knowledge, this is the
first study that uses Pythagorean fuzzy sets in engineering
economic analyses. This method is applied to a solar energy
investment decision. More realistic results are achieved due
to a better representation of uncertainties.

The rest of the paper is organized as follows: The fol-
lowing section refers to renewable energy, solar energy and
economic bases of solar energy. In Sect. 3, intuitionistic fuzzy
sets, engineering economic and basic Pythagorean fuzzy
operations are discussed as preliminaries of Pythagorean
fuzzy sets. In Sect. 4, Pythagorean fuzzy engineering eco-
nomic methods and their parameter explained for large-scale
solar energy systems. In Sect. 5, the developed models are
applied on a sample solar energy system, and general evalu-
ation and future studies are concluded in conclusion section.

2 Solar energy and economic bases

2.1 Renewable energy and solar energy

TheUnitedNations estimate that theworld population,which
is about 8 billion in 2017, will rise to about 10 billion in 2050
and 16 billion in 2100 (UN2017) (Fig. 1). The growingworld
population and the economy are expected to increase the
global energy demand by about 37% by 2040. Fossil-based
energy sources are used as primary energy source to meet

the growing energy need. In 2040, the world energy supply
is expected to be met by oil, gas, coal and low carbon energy
sources (International Energy Agency (IEA) 2017) (Fig. 1).
The use of fossil-based resources in the energy produc-
tion process has serious problems: carbon dioxide emission,
pollution, greenhouse effect, global warming, sulfur diox-
ide emission that causes acid rain. The use of fossil-based
resources to meet energy demands causes economic and
social problems as well as these environmental-based prob-
lems. The development of alternative energy sources against
the depleting fossil energy sources is critical to meet the
demand for energy for the future (BP 2017).

Renewable energy (solar, wind, geothermal, hydropower,
biomass and hydroenergy) derived from existing energy
flows in the natural processes emerges as the most important
alternative energy source (Fig. 2). Renewable energy tech-
nologies constitute a significant part of the efforts to meet
the global energy supply from low carbon energy sources.
Global subsidies of $120 billion were provided in 2013 to
improve renewable energies (International Energy Agency
(IEA) 2017). Renewable energy sources (wind, biomass,
solar energy, geothermal) planned to take the place of fossil-
based (energy, oil and natural gas) energy resources have
disadvantages of being expensive and less reliable (Conkling
2011).

The sun, which is the primary source of all fossil and
non-fossil energy in the world (except nuclear, geothermal
and tidal energies), is the most important renewable energy
source with its environmental protection and low operational
costs. The main advantages of solar energy are easy acces-
sibility, high supply potential, inexhaustible, no release of
greenhouse and other harmful gases, silence and the source of
all renewable energies (except tidal and geothermal) (ENRM
2017a). The main disadvantages of solar energy can be
listed as follows: intermittency, seasonal variation of energy
potential, unpredictability, geographical obstacles, lack solar
energy and storage. The sun rays reaching the earth are uti-

Fig. 1 Trend in world total
population (UN 2017)
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Fig. 2 Annual capacity additions for renewable energy (Finance 2015)

lized in the energy production directly or indirectly methods
(Kalogirou 2013; ENRM 2017a). Solar energy technologies
that differ according to the method, material and technologi-
cal characteristics can be gathered in two main categories:
photovoltaic (PV) and thermal solar technologies. Photo-
voltaic solar technology is a method of converting solar light
directly into electricity in photovoltaic cells composed of
semiconducting materials. Thermal solar technology is the
direct use of thermal energy from solar energy or conversion
of thermal liquid to electrical energy (ENRM 2017b).

PV technology works by converting photovoltaic energy
into solar electricity (photovoltaic principle). The use of dif-
ferent materials (crystal silicon, cadmium telluride (CdTe)
gallium arsenide (GaAs), amorphous silicon, optical concen-
trating cells) in the production of photovoltaic cells changes
the usage and properties of the PV system (ENRM 2017a).
The change in the physical properties of the system equip-
ment also changes the life cycle (25–40 years), installation,
operation and maintenance costs of the PV solar system
(NREL 2017) (Fig. 3).

In addition to material properties, solar radiation collec-
tion and energy storage are other important factors affecting
the efficiency of PV systems. PV systems are the most com-
mon solar energy generation method for small and large
scale (Bolinger et al. 2017). The amount of sunlight reach-
ing photovoltaic cells is increased with concentrated systems

and concentrated photovoltaic (CPV) systems, which allows
more energy production, and emerges as a new technol-
ogy. Achieving 46% energy efficiency in CPV systems has
increased expectations for the development of more efficient
solar energy technologies (World Energy Council (WEC)
2016).

Thermal solar technology is divided into low- and high-
temperature systems according to the reached thermal value.
The technology used in low-temperature systems such as
planetary solar collectors, solar vacuum collectors, solar
pools, solar chimneys, water treatment systems, product
drying and greenhouses, solar furnaces is more straight-
forward, and the solar energy obtained from the system is
relatively low. High-temperature systems have high techno-
logical properties, and the system reaches very high thermal
values. In these systems, high thermal values are obtained
by using concentrator constructions which focus solar rays
to a certain point (parabolic trough collectors, parabolic dish
systems, central receiver systems, fresnel trough technology)
(ENRM 2017a). The system fluid, which is heated to high
temperatures by the concentrating system, allows the water
to evaporate through the channels. The evaporatedwater acti-
vates the system turbines and provides electrical energy that
is defined as concentrating solar power (CSP). PV and CSP
systems are the most common methods for individual and
commercial use regarding technological development and
economic superiority (Fig. 4).

2.2 Economic requirements of solar energy systems

Solar energy systems similar to the other renewable energy
investments initiate high initial costs but low operating costs.
The economic analysis of solar investments is done by com-
paring the calculated initial investment cost that includes the
purchase and installation of solar energy equipmentwith esti-
mated future operating costs. The investment cost of solar
energy is compared with the future equivalent fuel bill or
the gain from the sale of the energy generated (Timilsina
et al. 2012). The investment made for solar energy systems
is aimed to reduce the future fuel consumption.

Fig. 3 Cost variation ranges according to PV system specifications (NREL 2017)
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Fig. 4 Global installed solar capacity, 2005–2016 (kW) and trend in solar PV module prices (World Energy Council (WEC) 2016)

The overall cost of solar energy systems includes equip-
ment costs, the installation costs, hardware costs, labor costs
and operating costs. It is essential to consider the interest
on borrowing money, maintenance, taxes (income and prop-
erty), resale of equipment, insurance and other operating
expenses in investment calculations (Crawley 2016). Hence,
life cycle saving methods, which allow the time value of
money, must be considered and the cost range should be
examined in detail.

Usually, solar energy economic analyses focus on finding
the lowest cost method that meets the energy need and these
methods consider only the solar energyproduction (Timilsina
et al. 2012). The most important problem encountered in the
economic analysis of solar energy systems is to determine
the size of the most suitable solar energy system that meets
the lowest cost of solar energy production and the storage of
the energy obtained.

The most significant disadvantage of renewable energy
technologies that are developed as an alternative to fossil
fuels is a high initial investment cost. This disadvantage is
tackled with national and international political and eco-
nomic support (Dahl 2015). Although economic supports
encourage investors to invest in renewable energies, general
economic evaluations should be done for investments to be
successful in the long run. Solar energy systems similar to
the other renewable energy investments initiate high initial
costs but low operating costs. As a result of this character-
istic, the economic analysis of solar investments is done by
comparing the calculated initial investment cost that includes
the purchase and installation of solar energy equipment with
estimated future operating costs (Crawley 2016). The overall
cost of solar energy systems includes equipment costs, the
installation costs, hardware costs, labor costs and operating
costs. Also, it is essential to consider the interest on bor-
rowing money, maintenance, taxes (income and property),
resale of equipment, insurance and other operating expenses
in investment calculations. However, themost important eco-
nomic problem of solar energy systems is to determine the
size of the most suitable solar energy system that meets the

lowest cost of solar energy production and the storage of the
energy obtained.

The investment cost of solar energy is compared with
the future equivalent fuel bill or the gain from the sale of
the energy generated. The investment made for small-scale
systems is aimed to reduce the future fuel consumption (Tim-
ilsina et al. 2012). High installation and total operating costs
should be balanced against the gain from solar energy gen-
eration. Usually, solar energy economic analyses focus on
finding the lowest cost method that meets the energy need
and these methods consider only the solar energy production
(ENRM 2017a; Timilsina et al. 2012). Hence, life cycle sav-
ing methods, which allow the time value of money, must be
taken into account and the cost range should be examined in
detail.

Large-scale solar energy systems (on-grid or off-grid)
are actively involved in meeting rising energy demands.
Large-scale systems whose processing principles resem-
ble small-scale systems have more initial and annual costs
than small systems because of the size difference. Improve-
ments in solar energy technology and financial and technical
support provided by national/international institutions also
encourage the installation of large-scale solar energy facil-
ities (e.g., Tengger Desert Solar Park—1500 MW—China,
Kurnool Ultra Mega Solar Park—900 MW—India, Insure
2017). The realization of large-scale projects requires eco-
nomic analysis methods that ensure the proper planning of
financial resources. The economic analysis aims to realize
solar projects with the lowest risk by accurately anticipat-
ing the vague and uncertain future expectations. Economic
calculations made through the project life cycle also allow
comparative assessment of alternative conditions. In general,
large-scale projects (e.g., PV-Si, CPV, CSP, thin film) are
preferred in solar energy generation due to their financial
advantages (ENRM 2017a; Bolinger et al. 2017). When PV
and CSP facilities are compared at the same nominal power
and environmental conditions, the economic outcome of the
CSP is more significant, and the occupied area is less than
that of PV systems. However, the initial investment and regu-
larmaintenance costs for CSP facilities were found to be very
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Fig. 5 Trends in LCOE of electricity in the period 2010–2016 (World
Energy Council (WEC) 2016)

high compared to PV systems. It is hard to define priorities
since environmental and technical conditions are different in
the investment decisions (Vergura and Lameira 2011).

Life cycle cost (LCC) analysis and levelized cost of energy
(LCOE) values are critical parameters used in the evaluation
and comparison of large-scale solar energy projects. LCC
analysis is based on the assessment of all costs incurred at
the beginning andduring the project lifetime (Kahraman et al.
2015). The LCC assessment is based on the current value of
total costs for each alternative solar project (Crawley 2016).
LCOE is defined as the average cost per kWh of the useful
electricity generated by the solar energy system. The LCOE
value calculated for the project is compared with the mar-
ket price to determine the suitability and acceptance of the
project (USEIA 2017a; Energy HOMER 2017) (Fig. 5). If
the LCOE value is higher than the market energy price, unit
margin becomes negative, and the project is rejected; other-
wise, the project is accepted (USEIA 2017a).

3 Pythagorean fuzzy sets (PFS)

3.1 Preliminaries

3.1.1 Intuitionistic fuzzy sets

Intuitionistic fuzzy sets (IFS) introduced in 1986 by
Atanassov are the generalization of the fuzzy set (FS) concept

(Atanassov 1986). The membership and non-membership
degrees are real numbers between 0 and one as in fuzzy sets.
Intuitionistic fuzzy sets (IFSs) in the X fixed crisp set are
defined as an objective of the following form (Atanassov
1999).

Ã = {(
x, μ Ã (x) , v Ã (x)

) |x ∈ X
}

(1)

μ Ã(x) is the degree of membership of x in Ã and v Ã(x) is
the degree of non-membership of x in Ã in the [0, 1] interval,
and the following condition is satisfied as

0 ≤ μ Ã (x) + v Ã (x) ≤ 1,∀x ∈ X (2)

μ Ã:X → [0, 1] , v Ã:X → [0, 1] (3)

Ã and B̃ are two IFSs on a universe X , and some basic rela-
tions and operations are defined as follows

Ã ∪ B̃ = {(
x,max

(
μ Ã (x) , μB̃ (x)

)
,

min
(
v Ã (x) , vB̃ (x)

)) |x ∈ X
}

(4)

Ã ∩ B̃ = {(
x,min

(
μ Ã (x) , μB̃ (x)

)
,

max
(
v Ã (x) , vB̃ (x)

)) |x ∈ X
}

(5)

Ã′ = {(
x, v Ã (x) , μ Ã (x)

) |x ∈ X
}

(negation, complement)

(6)

where Type-I fuzzy sets can be defined as

{(
x, μ Ã (x) , 1 − μ Ã (x)

) |x ∈ X
}

(7)

Ã + B̃ = {(
x, μ Ã (x) + μB̃ (x)

−μ Ã (x) μB̃ (x) , v Ã (x) vB̃ (x)
) |x ∈ X

}
(8)

Ã.B̃ = {(
x, μ Ã (x) μB̃ (x) , v Ã (x) + vB̃ (x)

−v Ã (x) vB̃ (x)
) |x ∈ X

}
(9)

Subtraction and division operations can be defined for given
IFSs A and B as follows (Atanassov and Riecan 2006):

Ã : B̃ = {(
x, μ Ã:B̃ (x) , v Ã:B̃ (x)

) |x ∈ X
}

(10)

where

μ Ã:B̃ (x) =
{

μ Ã(x)
μB̃ (x) , if μ Ã (x) ≤ μB̃ (x) and v Ã (x) ≥ vB̃ (x) and μB̃ (x) > 0 andμ Ã (x) πB̃ (x) ≤ μB̃ (x) π Ã (x)

0, otherwise
(11)

v Ã:B̃ (x) =
{

v Ã(x)−vB̃ (x)
1−vB̃ (x) , if μ Ã (x) ≤ μB̃ (x) and v Ã (x) ≥ vB̃ (x) andμB̃ (x) > 0 andμ Ã (x) πB̃ (x) ≤ μB̃ (x) π Ã (x)

1, otherwise

(12)
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Ã − B̃ = {(
x, μ Ã−B̃ (x) , v Ã−B̃ (x)

) |x ∈ X
}

(13)

where

μ Ã−B̃ (x) =
{

μ Ã(x)−μB̃ (x)
1−μB̃ (x) , if μ Ã (x) ≥ μB̃ (x) and v Ã (x) ≤ vB̃ (x) and vB̃ (x) > 0 and v Ã (x) πB̃ (x) ≤ vB̃ (x) π Ã (x)

0, otherwise

(14)

v Ã−B̃ (x) =
{

v Ã(x)
vB̃ (x) , if μ Ã (x) ≥ μB̃ (x) and v Ã (x) ≤ vB̃ (x) and vB̃ (x) > 0 and v Ã (x) πB̃ (x) ≤ vB̃ (x) π Ã (x)

1, otherwise
(15)

Ã ∗ B̃ =
{(

x,
μ Ã (x) + μB̃ (x)

2
(
μ Ã (x) μB̃ (x) + 1

) ,
v Ã (x) + vB̃ (x)

2
(
v Ã (x) vB̃ (x) + 1

)

) ∣∣∣∣x ∈ X

}

(16)

π Ã(x) represents the degree of non-determinacy (i.e., uncer-
tainty) of the element x ∈ X to the intuitionistic fuzzy set Ã
and its value is defined as:

π Ã (x) = 1 − μ Ã (x) − v Ã (x) (17)

The degree of non-determinacy is described as zero in the
ordinary fuzzy set for every x ∈ X;πA(x) = 0. In this
context, every ordinary fuzzy set is defined as follows

{(
x, μ Ã (x) , 1 − μ Ã (x)

) |x ∈ X
}

(18)

Multiplication of an IFS with a natural number n and nth
power of an IFS is defined as (De et al. 2000):

n. Ã = {(
x, 1 − (1 − μA (x))n , (vA (x))n

) |x ∈ X
}

(19)

Ãn = {(
x, (μA (x))n , 1 − (1 − vA (x))n

) |x ∈ X
}

(20)

3.1.2 Definitions and operations of Pythagorean fuzzy sets

Non-standard second-order fuzzy clusters such as intuition-
istic fuzzy (Atanassov 1986, 2012) and interval-valued fuzzy
(Mendel and John 2002; Mendel and Wu 2010) are ref-
erenced for more accurate acquisition and modeling of
user-defined membership grades that are critical to the use
of fuzzy clusters (Yager 2013). Pythagoras fuzzy sets devel-
oped by Yager as a new class of non-standard fuzzy subsets
allow uncertainty in the specification of membership lev-
els (Yager and Abbasov 2013). Nevertheless, Pythagorean
fuzzy set (PFS) statement was first expressed and graphi-
cally defined as “second-type IFS” (2-IFS) by Atanassov in
1989 (Atanassov 1989).

Proposed PFS provides a condition that the sum of the
squares of membership grade and non-membership is less
than or equal to 1. Pythagorean membership grades allow
for non-standard membership grades to be represented larger

than intuitionisticmembership grades (Yager 2013). The PFS
allows the user to determine uncertainties in the real world
better and more accurately model these uncertainties than
IFS (Peng et al. 2017).

The main reason for the difference between the PFN and
IFN is that the conditional constraints are different (Fig. 5).
Each IFN is a PFN and that each PFN is not an IFN.

PFS Ã in X that is non-empty set is defined as the follow-
ing form:

Ã = {(
x, μ Ã (x) , v Ã (x)

) |x ∈ X
}

(21)

where membership function and non-membership function
of Ã are denoted as μ Ã(x) : X → [0, 1] v Ã(x) : X →
[0, 1] for each x ∈ X , respectively, and provide the following
condition.

0 ≤ (
μ Ã (x)

)2 + (
v Ã (x)

)2 ≤ 1 (22)

It is clear that for all real numbers a, b in the [0, 1] interval, if
0 ≤ a+b ≤ 1, then 0 ≤ a2+b2 ≤ 1. Therefore, it can be said
that all intuitionistic fuzzy sets (IFSs) are Pythagorean fuzzy
sets (PFS). The redefinition of second-type IFS by Yager as
“Pythagorean fuzzy set” (Yager 2013) allows to generate the
creation of new models and operation.

The degree of indeterminacy (uncertainty) of an element
x ∈ X to the PFS Ã is defined as

π Ã (x) =
√
1 − μ Ã (x)2 − v Ã (x)2 (23)

3.1.3 Basic operations of PFSs

Ã = {(x, μ Ã(x), v Ã(x))|x ∈ X} and B̃ = {(x, μB̃(x),
vB̃(x))|x ∈ X} are Pythagorean fuzzy sets (PFSs) and λ > 0

• Distance between Ã and B̃, d( Ã, B̃) (Zhang and Xu
2014):
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d
(
Ã, B̃

)
= 1/2

(∣∣∣
(
μ Ã

)2 − (
μB̃

)2∣∣∣+
∣∣∣
(
v Ã

)2 − (
vB̃

)2∣∣∣

+
∣∣∣(π Ã)2 − (

πB̃

)2∣∣∣
)

(24)

• Score function of Ã, s( Ã) ∈ [−1, 1] (Zhang and Xu
2014):

s
(
Ã
)

= (
μ Ã

)2 − (
ν Ã

)2 (25)

• Accuracy function of Ã, a( Ã) ∈ [−1, 1] (Zhang and Xu
2014):

a
(
Ã
)

= (
μ Ã

)2 + (
v Ã

)2 (26)

• Arithmetic operations (Zhang and Xu 2014):

Ã ⊕ B̃ =
(√

(μ Ã (x)2 + μB̃ (x)2 − μ Ã (x)2 μB̃ (x)2, v Ã (x) vB̃ (x)

)

(27)

Ã ⊗ B̃ =
(

μ Ã (x) μB̃ (x) ,

√
v Ã (x)2 + vB̃ (x)2 − v Ã (x)2 vB̃ (x)2

)

(28)

λ Ã =
(√

1 − (
1 − μ Ã (x)2

)λ
, v Ã (x)λ

)
(29)

Ãλ =
(

μ Ã (x)λ ,

√
1 − (

1 − v Ã (x)2
)λ
)

(30)

Subtraction and division operations are generated by Peng
and Yang (2015):

Ã 
 B̃ =
(√

μ Ã (x)2 − μB̃ (x)2

1 − μB̃ (x)2
,
v Ã (x)

vB̃ (x)

)

,

if μ Ã (x) ≥ μB̃ (x) , v Ã (x) min

{
vB̃ (x) ,

vB̃ (x) π Ã (x)

πB̃ (x)

}

(31)

Ã � B̃ =
(

μ Ã (x)

μB̃ (x)
,

√
v Ã (x)2 − vB̃ (x)2

1 − vB̃ (x)2

)

,

if μ Ã (x) ≤ min

{
μB̃ (x) ,

μB̃ (x) π Ã (x)

πB̃ (x)

}
, v Ã (x) ≥ vB̃ (x)

(32)

Yager (2013) proposes aggregation operators as follows
(Yager 2014):

• Pythagorean fuzzy weighted geometric average (PFWGA)
operator
Ãi = (x, μ Ãi

(x), v Ãi
(x)) for i = 1, 2, . . . , n are a series

of PFWGA, and w = (w1, w2, . . . , wn)
T is the weight

vector of Ãi (i = 1, 2, . . . , n) with
∑n

i=1 wi = 1

PFWGA
(
Ãi

)
=
(

n∏

i=1

μ Ãi
(x)wi ,

n∏

i=1

v Ãi
(x)wi

)

(33)

• Pythagorean fuzzy weighted power average (PFWPA)
operator
Ãi = (x, μ Ãi

(x), v Ãi
(x)) for i = 1, 2, . . . , n are a series

of PFWPA, and w = (w1, w2, . . . , wn)
T is the weight

vector of Ãi (i = 1, 2, . . . , n) with
∑n

i=1 wi = 1

PFWPA
(
Ãi

)

=
⎛

⎝
(

n∑

i=1

wiμ Ãi
(x)2

) 1
2

,

(
n∑

i=1

wiv Ãi
(x)2

) 1
2
⎞

⎠

(34)

• Pythagorean fuzzy weighted power geometric average
(PFWPGA) operator
Ãi = (x, μ Ãi

(x), v Ãi
(x)) for i = 1, 2, . . . , n are a series

of PFWPGA, and w = (w1, w2, . . . , wn)
T is the weight

vector of Ãi (i = 1, 2, . . . , n) with
∑n

i=1 wi = 1

PFWPGA
(
Ãi

)
=
(

1 −
n∏

i=1

(
1 − μ Ãi

(x)2
)wi

) 1
2

,

(

1 −
n∏

i=1

(
1 − v Ãi

(x)2
)wi

) 1
2

(35)

• Pythagorean fuzzy weighted average (PFWA) operator
Ãi = (x, μ Ãi

(x), v Ãi
(x)) for i = 1, 2, . . . , n are a series

of STIFNs, and w = (w1, w2, . . . , wn)
T is the weight

vector of Ãi (i = 1, 2, . . . , n) with
∑n

i=1 wi = 1 (Yager
2014):

PFWA
(
Ãi

)
=
(

n∑

i=1

wiμ Ãi
(x) ,

n∑

i=1

wiv Ãi
(x)

)

(36)

3.1.4 Defuzzification of Pythagorean fuzzy

Comparing and sorting of the Pythagorean fuzzy numbers
is an essential operation step. The Roubens sorting function
(Roubens 1990), which is suitable for intuitionistic fuzzy
numbers in the sequence, is also appropriate for the ordering
of Pythagorean fuzzy numbers. Ã is a PFNwithμ Ã member-
ship and v Ã non-membership; the rank is defined as follows:

R
(
Ã
)

= Rr
(
μ Ã

)+ Rr
(
v Ã

)

2
(37)

where Rr is a Roubens sorting function. The Nayagam
and Sivaraman’s defuzzification method is transformed and
applied to the membership and non-membership values
for ranking of PFNs (Nayagam and Sivaraman 2011). The
defuzzified value of a PFN Ã = (μ Ã, v Ã) can be defined as:
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Pdeff
(
Ãμv

)
=

μ2
Ã

(1 − γ ) + γ
(
1 − v2

Ã

)

2
(38)

where γ is a weight of member and non-membership values
defined by decision maker. Defuzzification of Ã PFN can be
obtained by an extension of the Roubens sorting function.

Pdeff
(
Ã
)

=
∑k

i=1 Ci

(
Pdeff

(
Ãμvi

))2

∑k
i=1

(
Pdeff

(
Ãμvi

))2 (39)

3.1.5 Fuzzy engineering economics

Failure to determine the future economic situation based on
the estimation of past economic values leads to uncertainty
in the identification and calculation of future economic val-
ues (Sullivan et al. 2009). The fuzzy set theory is utilized in
the development of economy calculations involving uncer-
tain conditions and values of the future. Thus, the primary
concepts in the engineering economy (interest rates, time
of money, worth factors, future value, present value, regular
annuities capital recovery and sinking fund factors) can be
fuzzy and should be defined in fuzzified forms (Kahraman
et al. 2015). The economic calculations aremademore realis-
tic and obtained more accurate results for real-life problems.

Future value, current value and regular annual value
calculations are the basic concepts of the engineering econ-
omy. The cash amount, interest rate and period parameters
included in these basic economic calculation methods are
defined as fuzzy (Kahraman et al. 2015; Kahraman 2008).

The value reached at the end of the uncertain investment
becomes uncertain by the uncertain investment value and
interest rate. The “future value” economic method calculates
the F̃V future value of the P̃V (≥ 0) amout invested today at
the end of ñ periods. The interest rate applied for each period
is r̃ in [0, 1] interval (Kahraman 2008; Buckley et al. 2013).

F̃V = P̃V (1 + r̃)ñ (40)

The P̃V of F̃V at a future time for the ñ period and r̃ the
interest rate is calculated by the “present value” economic
method (Kahraman 2008; Buckley et al. 2013).

P̃V = F̃V (1 + r̃)−ñ (41)

The amount of F̃V obtained in the future from the Ãnn value
which is regularly deposited in the ñ period is calculated by
the “future value of annuities” economic method. The uncer-
tain interest rate is defined as r̃ (Kahraman 2008; Buckley
et al. 2013).

F̃V = Ãnnq (ñ, r̃) where q (ñ, r̃) = (1 + r̃)ñ − 1

r̃
(42)

The present P̃V obtained from the Ãnn value deposited reg-
ularly in the ñ period is calculated by the “present value of
annuities” economic method. The uncertain interest rate is
defined as r̃ (Kahraman 2008; Buckley et al. 2013).

P̃V = Ãnnβ (ñ, r̃) where β (ñ, r̃) = 1 − (1 + r̃)−ñ

r̃
(43)

The net present worth model is the most common method
used to evaluate economic investments. Thenet presentworth
analysis collects the equivalent amount of all cash flows at
the present time and evaluates alternative investments at a
common point. Because the inputs used in the analysis con-
tain fuzzy data, the net present value calculation is defined as
fuzzy. The sum of the present values of the initial investment
Ã0 and the periodic cash flows ( Ãi ) gives the net present
value ˜NPV( Ã, n) (Kahraman 2008; Buckley et al. 2013).

˜NPV
(
Ã, n

)
= Ã0 +

n∑

i=1

Ãi (1 + r̃)−i (44)

The fuzzy cash flows defined by the fuzzy interest rate repre-
sent the capital cost of the firm. While the initial investment
value ( Ã0) is expressed as a negative fuzzy number, other
cash flows ( Ãi ) can be expressed as either positive or nega-
tive fuzzy numbers.

If alternative projects have different lifetimes, the net
present value is calculated by taking the commonmultiple of
the lifetimes of the alternatives. In this case, if the life of one
of the alternative projects is infinite, the calculation period
is taken as infinite. The evaluation of alternative projects by
Pythagorean fuzzy present value analysis is defined as fol-
lows (Kahraman et al. 2017).

P̃V = ˜NCF

(
P

A
, ĩ%, n

)
− FC

= (NCF; (μNCF, vNCF))

(
P

A
, (i; (μi , vi )) , n

)

− (FC; (μFC, vFC))

= 〈NCF (1 + i)n − 1

i (1 + i)n
, (min (μNCF, μi , μFC) ,

max (vNCF, vi , vFC))〉 (45)

where ˜NCF is net cash flow, ĩ is annual interest rate, n is life
time period, and FC represents the initial cost of project.
Present values for each alternative project are calculated,
and the project with the largest P̃W value is selected. The
following defuzzification method is applied for comparison
of alternative projects (Kahraman et al. 2017).
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deff Ã =
√

μ − v2

2
(46)

4 Pythagorean fuzzy engineering economic
analyses for solar systems

The objective of economic analysis of the solar energy sys-
tem is to find the lowest cost system on uncertain conditions.
Therefore, the economic analysis is based on a long-term
comparison of the gain of energy generated from solar radi-
ation with the high initial investment. There are various
economic calculation methods for economic evaluation of
solar energy systems, which vary according to the system
type and dynamic country conditions (Duffie and Beckman
2013).

The life cycle cost (LCC) method is the most appropri-
ate method for economic evaluation of the installation and
operation period of the solar energy system (Crawley 2016;
Duffie andBeckman2013). TheLCCmethod,which requires
long-term computations and contains future uncertainties,
has been restructured by fuzzy logic to make more realistic
calculations as Pythagorean life cycle cost method (PLCC).
The PLCC method allows a timely assessment of the invest-
ment with the technique of reducing future cash flow to the
present worth. The time value of the money causes the PLCC
method to be selected as an economic evaluation tool for solar
energy systems.

The general PLCC of the solar power generation system
is the sum of the initial investment (ĨI), and the current val-
ues of the annual operating and maintenance costs incurred
throughout the lifetime of the system (Talavera et al. 2013).
Initial investment is financed directly by existing sources

(own capital, ˜PWOC) or financed by borrowing (external cap-

ital, ˜PWEC) over a variable time period (tl ) at an annual loan
interest rate (il ). The initial investment financed by debt will
result in an annual interest cost over the specified period.

The operating and maintenance (˜OM) costs foreseen for
the life cycle of the solar power system are included in the
total current value by withdrawing the investment turnover.
Local economic expectations, technological developments
and similar factors are taken into account in setting annual
operating and maintenance costs. The nominal discount rate
(r̃ ) is used to calculate the life cycle cost since the present
value of the investment will be determined (Crawley 2016).

˜PLCC = ˜PWII + ˜PWOM(t) (47)

˜PWII = ˜PWOC + ˜PWEC (48)

If the investment is financed from own capital, the present

value of the own portion of the investment cost (˜PWOC) is
calculated under the assumption that the annual dividend rate

(d̃i ) is on the capital and the system investment will be depre-
ciated at the end of the system life (t̃). The present worth of
own capital use in the investment is as follows:

˜PWOC = ÕC

⎡

⎣d̃i
q̃
(
1 − q̃ t̃

)

(1 − q̃)
+ q̃ t̃

⎤

⎦ (49)

where q̃ = 1/(1 + r̃ ). The present worth of the external capi-

tal portion of the total initial investment (˜PWEC) is calculated
as:

˜PWEC =
[

ẼC ∗ il
(1 + il)tl

(1 + il)tl − 1

q̃
(
1 − q̃ tl

)

(1 − q̃)

]

(50)

where ẼC refers to the portion of the initial investment
remaining from the own capital and is represented as ẼC =
ĨI − ÕC.

The present worth of the operating and maintenance costs
is calculated after calculating the present worth of the initial
investment. It is assumed that the initial investment value
of the solar energy system reflects the system greatness.
Therefore, it is predicted that the annual operating costs and

maintenance costs ( ˜OMAnn) are related to the initial invest-
ment cost. In addition, the annual O/M increase rate (˜riOM) is
determined for the operating andmaintenance costs to be cal-
culated for future periods, within the lifetime of the system.
Thus, the present value of the operating andmaintenance cost
is calculated as:

˜PWOM(t) = ˜OMAnn

(
1+˜riOM
1+r̃

)(
1 −

(
1+˜riOM
1+r̃

)t̃)

1 −
(
1+˜riOM
1+r̃

) (51)

Levelized cost of electricity (LCOE) defines the unit cost of
electricity (¤/kWh) generated annually by the solar system
over its lifetime. The cost expressed in terms of the current
monetary value is levelized for each year the system plans
to generate electricity. The LCOE, which is calculated based
on the cost of life cycle, must account for temporal and envi-
ronmental uncertainties. Therefore, the LCOE calculations
are redeveloped by the Pythagorean fuzzy method and are
defined as Pythagorean levelized cost of electricity (PLCOE)
(Fig. 6).

Since the value obtained in the PLCOE analysis does not
include the cost of transporting and maintaining the grid, it
can be regarded as grid parity. Grid parity occurs when the
unit cost of the electricity generated from the solar power
plant is equal to the purchase price of the electricity from
the electricity grid (Short et al. 1995). The PLCOE value is
calculated by dividing the estimated total cost of the solar
energy system during the life cycle (LCC) by the price of the
electricity generated by the system.
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Fig. 6 Difference between PFS and IFS spaces (Yager 2013)

˜PLCOE = ˜LCC

∑t
i=1

˜EAnn

(
1−˜drpw

)i

(1+r̃)i

(52)

where ˜EAnn represents the annual electricity yield (kWh/year)
and ˜drpw represents an annual decrease rate in producing
power. The PLCOE value is an important parameter in the
economic evaluation and comparison of the systems planned
to produce electricity with solar energy (Campbell et al.
2009) (Fig. 7).

The LCOE formula can be expanded by including sub-
sidies, taxes, depreciation, interest payment, debt payment
and other unanticipated costs in the LCC account of the
solar power system (Darling et al. 2011). PFS-based calcu-
lations are developed to eliminate the uncertainties in these
parameters which are based on assumptions and predictions.
The periodic cash flows in the equation are expressed in

Pythagorean fuzzy form, and the expanded ˜PLCOE is rede-
fined to include all cash flows.

˜PLCOE =

⎛

⎜⎜
⎝

˜PWII −∑t
i=1

˜DEP∗T̃R
(1+r̃)i

−∑t
i=1

˜INT∗T̃R
(1+r̃)i

+∑t
i=1

L̃P
(1+r̃)i

+∑t
i=1

ÃO∗
(
1−T̃R

)
−R̃V

(1+r̃)i
−∑t

i=1
S̃S

(1+r̃)i
+∑t

i=1
S̃C

(1+r̃)i

⎞

⎟⎟
⎠

∑t
i=1

˜EAnn

(
1−˜drpw

)i

(1+r̃)i

(53)

where DEP is depreciation, INT is interest payment, LP is
debt payment, AO is periodic operating costs, RV is periodic

residual values, SS is periodic subsidies, and SC is safety
cost.

5 Application on the solar energy system

In the application section, the economic feasibility of the
installation of the solar power plant from theSi-xPVmodules
is evaluated by PLCC and PLCOE methods under standard
economic conditions. Expert opinions are taken to make the
calculations more objective. Pythagorean fuzzy sets are used
to evaluate parameters and experts. The parameters used for
economic analysis and their possible values (valid for 2014,
Crawley 2016) are shown in Table 1.

The weight values of the decision makers are converted
to the usable form before calculating the parameter values.
The calculation steps and the decision weights obtained for
the first expert are calculated as follows (Table 1):

Pdeff
(
Ẽ11μv

)
= (

0.52 ∗ (1 − 0.62) + (
1 − 0.72

) ∗ 0.62
)
/2

= 0.0754

Pdeff
(
Ẽ12μv

)
= (

0.82 ∗ (1 − 0.62) + (
1 − 0.22

) ∗ 0.62
)
/2

= 0.320

Pdeff
(
Ẽ13μv

)
= (

0.52 ∗ (1 − 0.62) + (
1 − 0.52

) ∗ 0.62
)
/2

= 0.125

Pdeff
(
Ẽ1

)
= 0.1 ∗ 0.0522 + 0.2 ∗ 0.322 + 0.3 ∗ 0.1092

0.0522 + 0.322 + 0.1092

= 0.208

where γ is selected as 0.62 for this step and other weights
are Pdeff(Ẽ2) = 0.298, Pdeff(Ẽ3) = 0.494. The aggre-
gation process is performed according to the experts’
opinion weights for the solar economic analysis parame-
ters. Pythagorean fuzzy weighted power geometric average
(PFWPGA) operator is used for each parameter. Expert
weights defuzzified in the previous step are considered as
weight values (wi ) for PFWPGA operation, and it is seen
that the sum of weight values is equal to 1 (

∑3
i=1 wi =

0.208 + 0.298 + 0.494 = 1). The sample aggregation for

Fig. 7 PLCOE flowchart of
sample solar energy system. .
(Adapted from USDE 2015)

PLCOE (€/kWh)

Annual Total Cost (€)

Annual Value of Initial 
Costs with Financing (€)

Annual Expenses (€)

Annual Solar Energy 
Generation (kWh)

Solar Energy Potential / 
Site Properties
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possible 1200 kWh/kWp/year value of EAnn Pythagorean
parameter is calculated below (Table 1).

PFWPGA
(

˜EAnn1200

)

=
((

1 − (
1 − 0.32

)0.208 ∗ (1 − 0.92
)0.298 ∗ (1 − 0.52

)0.494) 1
2
,

(
1 − (

1 − 0.52
)0.208 ∗ (1 − 0.02

)0.298 ∗ (1 − 0.62
)0.494) 1

2
)

= (0.6938, 0.4944)

In the next step, the defuzzification operation is performed on
the possible values of thePythagorean annual electricity yield
(˜EAnn) parameters. The sample defuzzificationoperations for
γ = 0.8 are calculated as follows:

Pdeff
(

˜EAnn1200μv

)

=
(
0.69382 ∗ (1 − 0.8) +

(
1 − 0.49442

)
∗ 0.8

)
/2

= 0.3504

Pdeff
(

˜EAnn1350μv

)

=
(
0.36812 ∗ (1 − 0.8) +

(
1 − 0.2012

)
∗ 0.8

)
/2

= 0.3974

Pdeff
(

˜EAnn1500μv

)

=
(
0.31862 ∗ (1 − 0.8) +

(
1 − 0.6922

)
∗ 0.8

)
/2

= 0.2186

Pdeff
(

˜EAnn

)

= 1200 ∗ 0.35042 + 1350 ∗ 0.39742 + 1500 ∗ 0.21862

0.35042 + 0.39742 + 0.21862

= 1315.465

The obtained defuzzified Pythagorean parameters (Table 1)
are used in the PLCC and PLCOE economic analyses to
check the suitability of the proposed solar energy system.

Investment can be financed by own capital or external
capital (Eq. 48). The present value of the own and external
part of the investment costs is calculated under the annual
dividend rate (d̃i ) and limited system life (t̃) assumptions.
The present worth of own and external capital use in the
investment is as follows (Eq. 49):

˜PWOC = 1315.765

[

2.918
0.206

(
1 − 0.20621.924

)

(1 − 0.206)
+ 0.20621.924

]

= 320.765 ¤

where q̃ = 1
1+r̃ = 0.206. The present worth of the external

capital is calculated as (Eq. 50):

˜PWEC = 1522.401 ∗ 0.0413
(1 + 0.0413)20

(1 + 0.0413)20 − 1

×0.206
(
1 − 0.20620

)

(1 − 0.206)
= 1560.205 ¤

The present worth of the total investment is calculated as
follows (Eq. 48):

˜PWII = 320.765 + 1560.205 = 1880.97 ¤

The present worth of the operating and maintenance costs
is calculated after calculating the present worth of the initial
investment. It is assumed that the initial investment value of
the solar energy system reflects the system greatness. The
present worth of the annual operating and maintenance costs

( ˜OMAnn) with an annual O/M increase rate (˜riOM) is calcu-
lated as follows (Eq. 51):

˜PWOM(t) = 28.916
0.989

(
1 − 0.98921.924

)

1 − 0.989
= 565.442 ¤

where p̃ = 1+˜riOM
1+r̃ = 0.989. The total current value of ini-

tial investment and annual maintenance, repair and operation
costs is as follows (Eq. 47):

˜PLCC = 1880.97 + 565.442 = 2446.412 ¤

Levelized cost of electricity (LCOE) generated based on the
Pythagorean fuzzy numbers is calculatedwith the defuzzified
parameters as follows (Eq. 52):

˜PLCOE = 2446.412

17, 679.84
= 0.1384 ¤/kWh

The 0.135 ¤/kWh LCOE value obtained from the source
evaluation of the sample application (Crawley 2016) is rea-
sonably consistent with the 13.84 values obtained from the
Pythagorean basis.

Values obtained from the LCC and LCOE methods using
Pythagorean fuzzy numbers reflect economic conditions
more realistically. Alternative solar energy systems with dif-
ferent technological features and economic conditions can be
compared to the values obtained from these methods. Alter-
native solar energy systems evaluated on achieving the same
energy capacity are ranked according to the LCC value, and
the system with the lowest value is preferred.

The LCOE model is used to compare the planned solar
power projects with the current market prices. If the LCOE
value is higher than the market price, the unit margin of the
produced energy becomes negative, and the project is seen
as unprofitable (PDEME 2017). Therefore, it would not be
sufficient to compare alternative energy systems solely by
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LCCwhile developing a grid-connected solar energy system.
The solar power system with the lowest LCOE value, which
is below themarket price, is preferred among the alternatives.

6 Conclusion

Increasing population and changing consumption habits
stimulate to increase energy demand. Fossil fuels, which are
used as the primary energy source in meeting the increas-
ing energy demand, cause serious harm to the environment,
economy and public health. Therefore, countries have turned
to alternative energy sources such renewable, nuclear, tidal
and geothermal. The sun has come to the forefront with its
features among the renewable energy sources that are widely
accepted by the countries in the world. Investment evaluation
of solar energy systems, which has a high initial cost and a
low operating cost, is made according to the results of the
economic analysis. The accepted and widely used methods
for evaluating and comparing solar energy systems are LCC
and LCOE.

LCC and LCOE values are calculated based on future
operation, maintenance costs and energy production expec-
tations. Because the interest rates and cash flow values used
in the calculations are dependent on local and global unpre-
dictable political, economic and social variables, the cost and
comparison calculations within LCC and LCOE are made
incorrect and unrealistic. Also, the dependence of solar radi-
ation values on extraterrestrial, atmospheric and terrestrial
different and indefinite variabilities prevents precise calcu-
lation of the energy potential obtained from the solar energy
system. Therefore, Pythagorean fuzzy numbers are included
in themethod to incorporate the future uncertainties and deci-
sion makers’ views into the calculations. Pythagorean fuzzy
sets are the enlarged states of intuitionistic fuzzy sets, which
means that the sum of the squares of the membership and
non-membership values of the fuzzy number is equal to or
less than one. The LCC and LCOE calculation parameters
defined according to the Pythagorean membership grades
are exemplified by an application that includes the evalua-
tors of the decision makers. It can be seen that the LCC and
LCEO values obtained with Pythagorean-based calculations
are acceptable when the results are compared with the actual
application results.

In the future, it is planned to develop LCC and LCEO cal-
culations by Pythagorean fuzzy set theory by elaborating the
cost and gain titles of solar energy system installation. Also,
the Pythagorean fuzzy calculation method can be applied in
other economic analysis applications and other renewable
energy technologies to make comparative evaluations.
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