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Abstract
Lookback options are among the most popular path-dependent options in financial market. In this paper, the option pricing
problem of lookback options is investigated under the assumption that the underlying stock price follows an uncertain
differential equation driven by Liu process instead of stochastic differential equation, and the lookback options pricing
formulae are derived under this assumption. Several numerical examples are also discussed to illustrate the pricing formula.
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1 Introduction

Lookback options are path-dependent options that depend
on the maximum or minimum value of the underlying asset
price throughout the life of the option. Lookback options can
be classified into two types: one is fixed strike, and another
is floating strike. The terminal payoff of fixed strike option
is determined by the difference between an extreme value of
the underlying asset and a fixed strike price. The terminal
payoff of floating strike option is determined by the differ-
ence between an extreme value of the underlying asset and
the value of the asset at maturity. In the event of substantial
price movements of the underlying assets during the look-
back period, the opportunities of realizing attractive gains
are provided by this kind of options for the holders who have
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the right to buy at the lowest price or to sell at the highest
price.

Lookback options pricing has been investigated by many
researchers. For example, Goldman et al. (1979) and Conze
and Viswanathan (1991) derived the closed-form pricing for-
mulae for continuously monitored lookback options. The
values of marketability of a security over a fixed horizon
with a type of continuous time lookback option were approx-
imated, and a closed-form expression for the value was
given by Longstaff (1995). Heynen and Kat (1995) derived
the analytical formulae for discretely monitored lookback
options under the Black–Scholes setting. Dai et al. (2004)
derived a closed-form solution for quanto lookback options.
Wong and Kwok (2003) proposed a new strategy for various
types of lookback options by means of a replicating portfo-
lio approach and obtained model-independent put-call parity
relations among multistate lookback options.

As we can see, the above lookback options pricing meth-
ods are all in the framework of Black–Scholes model based
on the probability theory, in which the underlying asset
price process is assumed to follow the geometric Brown-
ian motion. Although the Black–Scholes formula achieved
a great success in financial fields, it was still challenged by
many scholars. A lots of surveys showed that the underlying
asset price does not behave like randomness. There exists a
puzzle emerged from Black–Scholes model; many empiri-
cal investigations showed that the underlying asset price has
asymmetric leptokurtic features in financialmarket. Compar-
ing with normal probability distribution, the distribution of
underlying asset is skewed to the left, and it has a higher peak
and heavier tail. From this perspective, using uncertain dif-

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s00500-018-3211-0&domain=pdf
http://orcid.org/0000-0002-8736-8144


5538 Z. Zhang et al.

ferential equation driven by Liu process of uncertainty theory
to describe the underlying asset price process is more reason-
ably than using geometric Brownian motion. In complicated
financialmarket, we usuallymake our decisionmaking based
on some information that is linguistic rather than numerical.
Financial market is always influenced by the belief degrees
associated with human uncertainty. Uncertainty theory will
be a useful tool to study financial problems as a branch of
axiomatic mathematics for modeling belief degree.

Uncertainty theory was found by Liu (2007) and has
been applied to many fields successfully. There are many
researchers devoted themselves to study of financial prob-
lems by using uncertainty theory. The pioneer work of
uncertain finance can be traced back to Liu (2009). Different
fromBlack–Scholes setting, Liu (2009) introduced uncertain
differential equations to study the option pricing problem
based on uncertainty theory and proposed an uncertain stock
model in which the stock price is assumed to follow a geo-
metric Liu process, and European option price formulaewere
provided. American option price formulae were derived by
Chen (2011). Zhang and Liu (2014) investigated the pric-
ing problem of geometric average Asian option and derived
its pricing formula. An uncertain term structure model of
interest rate was introduced by Chen and Gao (2013). Zhang
et al. (2016) gave the pricing formulae of interest rate ceil-
ing and floor for uncertain financial market. Liu et al. (2015)
introduced the uncertain currency model and presented the
currency option pricing method. Besides, Chen et al. (2013)
proposed an uncertain stock model with periodic dividends
based on uncertainty theory. Peng and Yao (2011) proposed
an uncertain stock model with mean-reverting process, and
some option pricing formulae were investigated on this type
of stockmodel.Yao (2012) gave the no-arbitrage determinant
theorems on uncertain mean-reverting stock model in uncer-
tain financial market. Besides, Zhang et al. (2017a) discussed
the valuation problem of stock loan, and Zhang et al. (2017b)
gave the pricing formulae of convertible bond.

In the stochastic stock models, the noise term is actually
a normal random variable whose expected value is 0 and
variance tends to infinity, which means that at every time
the instantaneous growth rate of stock price has an infinite
variance. However, in practice the growth rate of stock price
is impossible to have infinite variance at every time, so it is
inappropriate to describe the stock price by using stochastic
differential equations. The main contribution of this paper
is to derive the pricing formula for lookback option based
on the uncertain stock model in stead of the stochastic stock
model.

In this paper, the option pricing problem of fixed strike
lookback options is investigated under the assumption that
the underlying stock price follows an uncertain differential
equation instead of stochastic differential equation, and the
fixed strike lookback options pricing formulae are derived

under this assumption. Several numerical examples are also
discussed to illustrate the pricing formula. In the next sec-
tion, we first introduce some useful concepts and theorems of
uncertainty theory as needed. The lookback options pricing
is investigated in Sect. 3. In Sect. 4, the pricing formulae for
uncertain mean-reverting stock model are presented. Finally,
we give a brief conclusion in Sect. 5.

2 Preliminary

Uncertainty theory is a branch of axiomatic mathematics to
deal with belief degrees. It has been applied to uncertain
programming, uncertain statistics, uncertain risk analysis,
uncertain finance, uncertain control, and so on. Some use-
ful definitions and theorems are introduced as follows.

Definition 2.1 (Liu 2007) Let Γ be a nonempty set, and let
L be a σ -algebra over Γ . An uncertain measure is a function
M : L → [0, 1] such that

Axiom 1 (Normality Axiom)M{Γ } = 1 for the universal set
Γ ;

Axiom 2 (Duality Axiom)M{Λ}+M{Λc} = 1 for any event
Λ;

Axiom 3 (Subadditivity Axiom) For every countable sequence
of events {Λi } we have

M

{ ∞⋃
i=1

Λi

}
≤

∞∑
i=1

M{Λi }. (2.1)

A set Λ ∈ L is called an event. The uncertain measure
M{Λ} indicates the degree of belief that Λ will occur. The
triplet (Γ ,L,M) is called an uncertainty space. In order to
obtain an uncertain measure of compound event, a product
uncertain measure was defined by Liu (2009).

Axiom 4 (Product Axiom) Let (Γk,Lk,Mk) be uncertainty
spaces for k = 1, 2, . . . The product uncertain measureM is
an uncertainmeasure on the product σ -algebraL1×L2×· · ·
satisfying

M

{ ∞∏
k=1

Λk

}
=

∞∧
k=1

Mk {Λk} (2.2)

where Λk are arbitrarily chosen events from Lk for k =
1, 2, . . ., respectively.

Definition 2.2 (Liu 2007 ) An uncertain variable is a mea-
surable function from an uncertainty space (Γ ,L,M) to the
set of real numbers, i.e., {ξ ∈ B} is an event for any Borel
set B.
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Definition 2.3 (Liu 2007) The uncertainty distribution Φ of
an uncertain variable ξ is defined by

Φ(x) = M{ξ ≤ x} (2.3)

for any real number x .

Definition 2.4 (Liu 2007 ) An uncertain variable ξ is called
normal if it has a normal uncertainty distribution

Φ(x) =
(
1 + exp

(
π(e − x)√

3σ

))−1

(2.4)

denoted by N (e, σ ) where e and σ are real numbers with
σ > 0.

Definition 2.5 (Liu 2010) An uncertainty distribution Φ(x)

is said to be regular if it is a continuous and strictly increasing
function with respect to x at which 0 < Φ(x) < 1, and

lim
x→−∞ Φ(x) = 0, lim

x→+∞ Φ(x) = 1. (2.5)

Definition 2.6 (Liu 2010) Let ξ be an uncertain variable with
regular uncertainty distributionΦ(x). Then, the inverse func-
tion Φ−1(α) is called the inverse uncertainty distribution of
ξ .

Theorem 2.1 (Liu 2010) Let ξ be an uncertain variable with
regular uncertainty distribution Φ. Then,

E[ξ ] =
∫ 1

0
Φ−1(α)dα. (2.6)

Theorem 2.2 (Liu 2010) Let ξ1, ξ2, . . . , ξn be independent
uncertain variables with regular uncertainty distributions
Φ1, Φ2, . . . , Φn, respectively. If the function f (x1, x2, . . . ,
xn) is strictly increasing with respect to x1, x2, . . . , xm and
strictly decreasing with respect to xm+1, xm+2, . . . , xn, then
the uncertain variable

ξ = f (ξ1, ξ2, . . . , ξn) (2.7)

has an inverse uncertainty distribution

Ψ −1(α) = f (Φ−1
1 (α), . . . , Φ−1

m (α),

Φ−1
m+1(1 − α), . . . , Φ−1

n (1 − α)).
(2.8)

Liu and Ha (2010) proved that the uncertain variable ξ =
f (ξ1, ξ2, . . . , ξn) has an expected value

E[ξ ] =
∫ 1

0
f (Φ−1

1 (α), . . . , Φ−1
m (α),

Φ−1
m+1(1 − α), . . . , Φ−1

n (1 − α))dα.

(2.9)

Definition 2.7 (Liu 2009 ) An uncertain process Ct is said to
be a Liu process if

(i) C0 = 0 and almost all sample paths are Lipschitz con-
tinuous,

(ii) Ct has stationary and independent increments,
(iii) every increment Cs+t −Cs is a normal uncertain variable

with expected value 0 and variance t2.

Definition 2.8 (Yao and Chen 2013) Let α be a number with
0 < α < 1. An uncertain differential equation

dXt = f (t, Xt )dt + g(t, Xt )dCt (2.10)

is said to have an α-path Xα
t if it solves the corresponding

ordinary differential equation

dXα
t = f (t, Xα

t )dt + |g(t, Xα
t )|Φ−1(α)dt (2.11)

where Φ−1(α) is the inverse standard normal uncertainty
distribution, i.e.,

Φ−1(α) =
√
3

π
ln

α

1 − α
. (2.12)

Theorem 2.3 (Yao and Chen 2013) Let Xt and Xα
t be the

solution and α-path of the uncertain differential equation

dXt = f (t, Xt )dt + g(t, Xt )dCt , (2.13)

respectively. Then,

M
{

Xt ≤ Xα
t ,∀t

} = α, (2.14)

M
{

Xt > Xα
t ,∀t

} = 1 − α. (2.15)

This theorem is called Yao–Chen formula.

Theorem 2.4 (Yao and Chen 2013) Let Xt and Xα
t be the

solution and α-path of the uncertain differential equation

dXt = f (t, Xt )dt + g(t, Xt )dCt , (2.16)

respectively. Then, the solution Xt has an inverse uncertainty
distribution

Ψ −1
t (α) = Xα

t . (2.17)

Theorem 2.5 (Yao 2013) Let Xt and Xα
t be the solution and

α-path of the uncertain differential equation

dXt = f (t, Xt )dt + g(t, Xt )dCt , (2.18)
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respectively. Then, for any time s > 0 and strictly increasing
function J (x), the supremum

sup
0≤t≤s

J (Xt ) (2.19)

has an inverse uncertainty distribution

Ψ −1
s (α) = sup

0≤t≤s
J (Xα

t ); (2.20)

and the infimum

inf
0≤t≤s

J (Xt ) (2.21)

has an inverse uncertainty distribution

Ψ −1
s (α) = inf

0≤t≤s
J (Xα

t ). (2.22)

3 Lookback option pricing

The famous Black and Scholes (1973) formula was based on
the stock model as follows

dSt = μStdt + σ St d Bt (3.1)

where St is the stock price, μ is the log-drift, σ is the log-
diffusion, and Bt is a Wiener process.

As a different doctrine, Liu (2009) supposed that the stock
price follows an uncertain differential equation and presented
an uncertain stock model

{
dXt = r Xtdt
dSt = μStdt + σ StdCt

(3.2)

where Xt is the bond price, St is the stock price, r is the
riskless interest rate,μ is the log-drift, σ is the log-diffusion,
and Ct is a Liu process.

In this section, we will discuss the pricing problem of
lookback option under Liu uncertain stock model.

3.1 Lookback call option pricing formula

A lookback call option gives the holder the right to sell a stock
at the highest price during the lookback period. In the case
of fixed strike lookback call option with fixed strike price K ,

the payoff of the holder is

[
sup

0≤t≤T
St − K

]+
over the time

interval [0, T ], where St denotes the underlying asset price
at time t , T is the maturity time. Considering the time value

of money resulted from the bond, the present value of the
payoff of fixed strike lookback call option is

exp(−rT )

(
sup

0≤t≤T
St − K

)+
(3.3)

where r is the riskless interest rate. Let fc represent the price
of the option. Then, the net return of the holder of the look-
back call option at time 0 is

− fc + exp(−rT )

(
sup

0≤t≤T
St − K

)+
. (3.4)

On the other hand, the net return of the issuer of the lookback
call option is

fc − exp(−rT )

(
sup

0≤t≤T
St − K

)+
. (3.5)

The fair price of the option shouldmake the holder and issuer
of the lookback call option have an identical expected return,
i.e.,

E

[
− fc + exp(−rT )

(
sup

0≤t≤T
St − K

)+]

= E

[
fc − exp(−rT )

(
sup

0≤t≤T
St − K

)+]
.

(3.6)

Thus, the option price can be defined as follows.

Definition 3.1 Assume a fixed strike lookback option has a
strike price K and an expiration time T . Then, the fixed strike
lookback call option price is

fc = exp(−rT )E

[
sup

0≤t≤T
St − K

]+
. (3.7)

Theorem 3.1 Assume a fixed strike lookback option for the
stock model (3.2) has a strike price K and an expiration time
T . Then, the fixed strike lookback call option price is

fc = exp(−rT )∫ 1

0

(
sup

0≤t≤T
S0 exp

(
μt + σ t

√
3

π
ln

α

1 − α

)
− K

)+
dα.

(3.8)

Proof Solving the ordinary differential equation

dSα
t = μSα

t dt + σ Sα
t Φ−1(α)dt (3.9)
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where 0 < α < 1 andΦ−1(α) is the inverse standard normal
uncertainty distribution, we have

Sα
t = S0 exp

(
μt + σΦ−1(α)t

)
. (3.10)

That means that the uncertain differential equation dSt =
μStdt + σ StdCt has an α-path

Sα
t = S0 exp

(
μt + σΦ−1(α)t

)
= S0 exp

(
μt + σ t

√
3

π
ln

α

1 − α

)
.

(3.11)

Since J (x) = x is a strictly increasing function, it follows
from Theorem 2.5 that the supremum

sup
0≤t≤T

J (St ) = sup
0≤t≤T

St (3.12)

has an inverse uncertainty distribution

Φ−1
T (α) = sup

0≤t≤T
J (Sα

t )

= sup
0≤t≤T

Sα
t

= sup
0≤t≤T

S0 exp

(
μt + σ t

√
3

π
ln

α

1 − α

)
.

(3.13)

Since

[
sup

0≤t≤T
St − K

]+
is an increasing function with

respect to sup
0≤t≤T

St , it has an inverse uncertainty distribution

Ψ −1
T (α) =

(
Φ−1

T (α) − K
)+

=
(

sup
0≤t≤T

S0 exp

(
μt + σ t

√
3

π
ln

α

1 − α

)
− K

)+
.

(3.14)

It follows from Definition 3.1 that the fixed strike lookback
call option price is

fc = exp(−rT )∫ 1

0

(
sup

0≤t≤T
S0 exp

(
μt + σ t

√
3

π
ln

α

1 − α

)
− K

)+
dα.

(3.15)

The fixed strike lookback call option price formula is veri-
fied. �	

Theorem 3.2 The fixed strike lookback call option price for-
mula for uncertain stock model (3.2) fc = f (S0, μ, σ, r , K )

has the following properties:

1. fc is an increasing function of S0;
2. fc is an increasing function of μ;
3. fc is an increasing function of σ ;
4. fc is a decreasing function of r;
5. fc is a decreasing function of K .

Proof 1. Since

exp

(
μt + σ t

√
3

π
ln

α

1 − α

)

is nonnegative,

(
sup

0≤t≤T
S0 exp

(
μt + σ t

√
3

π
ln

α

1 − α

)
− K

)+

is an increasing function of S0. It follows from Theo-
rem 3.1 that the fixed strike lookback call option price
will increase with respect to the initial stock price S0.

2. It is obvious that

(
sup

0≤t≤T
S0 exp

(
μt + σ t

√
3

π
ln

α

1 − α

)
− K

)+

is an increasing function ofμ, so the fixed strike lookback
call option price will increase with respect to the log-drift
μ.

3. This follows from the fact that

∫ 1

0

(
sup

0≤t≤T
S0 exp

(
μt + σ t

√
3

π
ln

α

1 − α

)
− K

)+
dα

is an increasing function of σ . It means that the fixed
strike lookback call option price will increase with
respect to the log-diffusion σ .

4. Since exp(−rT ) is a decreasing function of r , the fixed
strike lookback call option price will decrease with
respect to the riskless interest rate r .

5. It follows fromDefinition 3.1 that fc is a decreasing func-
tion of K . It means that the fixed strike lookback call
option price will decrease with respect to the strike price
K .

�	

Example 3.1 Suppose that the stock price follows uncertain
stock model (3.2), assume the interest rate r = 0.08, the log-
drift μ = 0.06, the log-diffusion σ = 0.32, the initial stock
price S0 = 40, the strike price K = 38, and the expiration
time T = 2.
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It follows fromDefinition 3.1 that the fixed strike lookback
call option price is

fc = exp(−rT )E

[
sup

0≤t≤T
St − K

]+

= exp(−0.08 · 2)E

[
sup

0≤t≤2
St − 38

]+
.

By the formula in Theorem 3.1, we have

fc = exp(−0.08 · 2)
∫ 1

0(
sup

0≤t≤2
40 exp

(
0.06t + 0.32t

√
3

π
ln

α

1 − α

)
− 38

)+
dα,

so that we can get the fixed strike lookback call option price
is

fc = 17.9.

3.2 Lookback put option pricing formula

A lookback put option gives the holder the right to buy a stock
at the lowest price during the lookback period. In the case
of fixed strike lookback put option with fixed strike price K ,

the payoff is

[
K − inf

0≤t≤T
St

]+
over the time interval [0, T ],

where St denotes the underlying asset price at time t , T is the
maturity time. Considering the time value of money resulted
from the bond, the present value of the payoff of fixed strike
lookback put option is

exp(−rT )

(
K − inf

0≤t≤T
St

)+
(3.16)

where r is the riskless interest rate. Let fp represent the price
of the option. Then, the net return of the holder of the look-
back put option at time 0 is

− fp + exp(−rT )

(
K − inf

0≤t≤T
St

)+
. (3.17)

On the other hand, the net return of the issuer of the lookback
put option is

fp − exp(−rT )

(
K − inf

0≤t≤T
St

)+
. (3.18)

The fair price of the option shouldmake the holder and issuer
of the lookback put option have an identical expected return,

i.e.,

E

[
− fp + exp(−rT )

(
K − inf

0≤t≤T
St

)+]

= E

[
fp − exp(−rT )

(
K − inf

0≤t≤T
St

)+]
.

(3.19)

Thus, the option price can be defined as follows.

Definition 3.2 Assume a fixed strike lookback option has a
strike price K and an expiration time T . Then, the fixed strike
lookback put option price is

fp = exp(−rT )E

[
K − inf

0≤t≤T
St

]+
. (3.20)

Theorem 3.3 Assume a fixed strike lookback option for the
stock model (3.2) has a strike price K and an expiration time
T . Then, the fixed strike lookback put option price is

fp = exp(−rT )∫ 1

0

(
K − inf

0≤t≤T
S0 exp

(
μt + σ t

√
3

π
ln

α

1 − α

))+
dα.

(3.21)

Proof Solving the ordinary differential equation

dSα
t = μSα

t dt + σ Sα
t Φ−1(α)dt (3.22)

where 0 < α < 1 andΦ−1(α) is the inverse standard normal
uncertainty distribution, we have

Sα
t = S0 exp

(
μt + σΦ−1(α)t

)
. (3.23)

That means that the uncertain differential equation dSt =
μStdt + σ StdCt has an α-path

Sα
t = S0 exp

(
μt + σΦ−1(α)t

)

= S0 exp

(
μt + σ t

√
3

π
ln

α

1 − α

)
.

(3.24)

Since J (x) = x is a strictly increasing function, it follows
from Theorem 2.5 that the infimum

inf
0≤t≤T

J (St ) = inf
0≤t≤T

St (3.25)
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has an inverse uncertainty distribution

Φ−1
T (α) = inf

0≤t≤T
J (Sα

t )

= inf
0≤t≤T

Sα
t

= inf
0≤t≤T

S0 exp

(
μt + σ t

√
3

π
ln

α

1 − α

)
.

(3.26)

Since

[
K − inf

0≤t≤T
St

]+
ia a decreasing function with

respect to inf
0≤t≤T

St , it has an inverse uncertainty distribution

Ψ −1
T (α) =

(
K − Φ−1

T (1 − α)
)+

=
(

K − inf
0≤t≤T

S0 exp

(
μt + σ t

√
3

π
ln

1 − α

α

))+
.

(3.27)

It follows from Definition 3.2 that the fixed strike lookback
put option price is

fp = exp(−rT )∫ 1

0

(
K − inf

0≤t≤T
S0 exp

(
μt + σ t

√
3

π
ln

1 − α

α

))+
dα

= exp(−rT )∫ 1

0

(
K − inf

0≤t≤T
S0 exp

(
μt + σ t

√
3

π
ln

α

1 − α

))+
dα.

The fixed strike lookback put option price formula is verified.
�	

Theorem 3.4 The fixed strike lookback put option price for-
mula for uncertain stock model (3.2) fp = f (S0, μ, σ, r , K )

has the following properties:

1. fp is a decreasing function of S0;
2. fp is a decreasing function of μ;
3. fp is a decreasing function of σ ;
4. fp is a decreasing function of r;
5. fp is an increasing function of K .

Proof 1. Since

exp

(
μt + σ t

√
3

π
ln

α

1 − α

)

is nonnegative,

(
K − inf

0≤t≤T
S0 exp

(
μt + σ t

√
3

π
ln

α

1 − α

))+

is a decreasing function of S0. It follows from Theo-
rem 3.3 that the fixed strike lookback put option price
will decrease with respect to the initial stock price S0.

2. It is obvious that

(
K − inf

0≤t≤T
S0 exp

(
μt + σ t

√
3

π
ln

α

1 − α

))+

is a decreasing function ofμ, so the fixed strike lookback
put option price will decrease with respect to the log-drift
μ.

3. This follows from the fact that

∫ 1

0

(
K − inf

0≤t≤T
S0 exp

(
μt + σ t

√
3

π
ln

α

1 − α

))+
dα

is a decreasing function of σ . It means that the fixed strike
lookback put option price will decrease with respect to
the log-diffusion σ .

4. Since exp(−rT ) is a decreasing function of r , the fixed
strike lookback put option price will decrease with
respect to the riskless interest rate r .

5. It follows from Definition 3.2 that fp is an increasing
function of K . It means that the fixed strike lookback put
option price will increase with respect to the strike price
K .

�	
Example 3.2 Suppose that the stock price follows uncertain
stock model (3.2), assume the interest rate r = 0.08, the log-
drift μ = 0.06, the log-diffusion σ = 0.32, the initial stock
price S0 = 40, the strike price K = 38, and the expiration
time T = 2.

It follows fromDefinition 3.2 that the fixed strike lookback
put option price is

fp = exp(−rT )E

[
K − inf

0≤t≤T
St

]+

= exp(−0.08 · 2)E

[
38 − inf

0≤t≤2
St

]+
.

By the formula in Theorem 3.3, we have

fp = exp(−0.08 · 2)
∫ 1

0(
38 − inf

0≤t≤2
40 exp

(
0.06t + 0.32t

√
3

π
ln

α

1 − α

))+

dα,

Then, the fixed strike lookback put option price is

fp = 3.76.
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4 Pricing formula for uncertain
mean-reverting stockmodel

Considering the case of some stock price usually fluctuates
around some average price in long run, Peng and Yao (2011)
extended Liu’s uncertain stock model to an uncertain mean-
reverting stock model as follows

{
dXt = r Xtdt
dSt = (m − aSt )dt + σdCt

(4.1)

where Xt is the bond price, St is the stock price, r is the
riskless interest rate, m, a and σ are constants, and Ct is a
canonical Liu process. The characteristic that the stock price
movements have the tendency to move towards an equilib-
rium level can be captured by this type of model. In this
section, we will present the pricing formulae of lookback
option under uncertain mean-reverting stock model.

Theorem 4.1 Assume a fixed strike lookback option for the
stock model (4.1) has a strike price K and an expiration time
T . Then, the fixed strike lookback call option price is

fc = exp(−rT )

∫ 1

0

(
sup

0≤t≤T
Sα

t − K

)+
dα (4.2)

where Sα
t = 1

a

(
m + σ

√
3

π
ln

α

1 − α

)
(1 − exp(−at)) +

exp(−at)S0.

Proof Solving the ordinary differential equation

dSα
t = (m − aSα

t )dt + σΦ−1(α)dt (4.3)

where 0 < α < 1 andΦ−1(α) is the inverse standard normal
uncertainty distribution, we have

Sα
t = 1

a
(m + σΦ−1(α))(1 − exp(−at)) + exp(−at)S0

= 1

a

(
m + σ

√
3

π
ln

α

1 − α

)
(1 − exp(−at))

+ exp(−at)S0.

(4.4)

That means that the uncertain differential equation

dSt = (m − aSt )dt + σdCt (4.5)

has an α-path

Sα
t = 1

a

(
m + σ

√
3

π
ln

α

1 − α

)
(1 − exp(−at))

+ exp(−at)S0.

(4.6)

It follows from Yao–Chen formula that St has inverse uncer-
tainty distribution

Φ−1
t (α) = Sα

t

= 1

a

(
m + σ

√
3

π
ln

α

1 − α

)
(1 − exp(−at))

+ exp(−at)S0. (4.7)

Since J (x) = x is a strictly increasing function, it follows
from Theorem 2.5 that the supremum

sup
0≤t≤T

J (St ) = sup
0≤t≤T

St (4.8)

has an inverse uncertainty distribution

Φ−1
T (α) = sup

0≤t≤T
J (Sα

t )

= sup
0≤t≤T

Sα
t .

(4.9)

Since

[
sup

0≤t≤T
St − K

]+
is an increasing function with

respect to sup
0≤t≤T

St , it has an inverse uncertainty distribution

Ψ −1
T (α) =

(
Φ−1

T (α) − K
)+

=
(

sup
0≤t≤T

Sα
t − K

)+
.

(4.10)

It follows from Definition 3.1 that the fixed strike lookback
call option price is (4.2). �	
Example 4.1 Suppose that the stock price follows uncertain
mean-reverting stock model (4.1), assume the interest rate
r = 0.08, m = 0.3, a = 0.01 and σ = 3.5. Consider a
lookback option with strike price K = 31, initial stock price
S0 = 30 and an expiration time T = 2. By the formula
in Theorem 4.1, we can calculate out that the lookback call
price is

fc = 14.12.

Theorem 4.2 Assume a fixed strike lookback option for the
stock model (4.1) has a strike price K and an expiration time
T . Then, the fixed strike lookback put option price is

fp = exp(−rT )

∫ 1

0

(
K − inf

0≤t≤T
Sα

t

)+
dα (4.11)

where Sα
t = 1

a

(
m + σ

√
3

π
ln

α

1 − α

)
(1 − exp(−at)) +

exp(−at)S0.
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Proof By the proof of Theorem 4.1, we have known that St

has an inverse uncertainty distribution

Φ−1
t (α) = Sα

t

= 1

a

(
m + σ

√
3

π
ln

α

1 − α

)
(1 − exp(−at))

+ exp(−at)S0.

(4.12)

Since J (x) = x is a strictly increasing function, it follows
from Theorem 2.5 that the infimum

inf
0≤t≤T

J (St ) = inf
0≤t≤T

St (4.13)

has an inverse uncertainty distribution

Φ−1
T (α) = inf

0≤t≤T
J (Sα

t )

= inf
0≤t≤T

Sα
t .

(4.14)

Since

[
K − inf

0≤t≤T
St

]+
is a decreasing function with

respect to inf
0≤t≤T

St , it has an inverse uncertainty distribution

Ψ −1
T (α) =

(
K − Φ−1

T (1 − α)
)+

=
(

K − inf
0≤t≤T

S1−α
t

)+
.

(4.15)

It follows from Definition 3.2 that the fixed strike lookback
put option price is

fp = exp(−rT )

∫ 1

0
Ψ −1

T (α)dα

= exp(−rT )

∫ 1

0

(
K − inf

0≤t≤T
S1−α

t

)+
dα

= exp(−rT )

∫ 1

0

(
K − inf

0≤t≤T
Sα

t

)+
dα (4.16)

where Sα
t = 1

a

(
m + σ

√
3

π
ln

α

1 − α

)
(1 − exp(−at)) +

exp(−at)S0. �	
Example 4.2 Suppose that the stock price follows uncertain
mean-reverting stock model (4.1), assume the interest rate
r = 0.08, m = 0.3, a = 0.01 and σ = 3.5. Consider a look-
back optionwith strike price K = 29, initial stock price S0 =
30 and an expiration time T = 2. By the formula in Theo-
rem 4.2, we can calculate out that the lookback put price is

fp = 13.86.

5 Conclusion

In this paper, based on the uncertainty theory, the problem
of fixed strike lookback options pricing was investigated
under the uncertain stock model instead of Black–Scholes
model. By the means of uncertain calculus method, the fixed
strike lookback options price formulae were derived under
this assumption. The relationship between the price of the
lookback option and the parameters was discussed. Several
numerical examples were also discussed to illustrate the pric-
ing formula.

Acknowledgements Thisworkwas supported byNational Natural Sci-
ence Foundation ofChina (GrantNos. 71371113, 71371141, 71001080)
and Doctoral Fund of Shanxi Datong University (No. 2016-B-03).

Compliance with ethical standards

Conflict of interest The authors declare that there is no conflict of inter-
est.

References

Black F, Scholes M (1973) The pricing of option and corporate liabili-
ties. J Polit Econ 81:637–654

Chen XW (2011) American option pricing formula for uncertain finan-
cial market. Int J Oper Res 8(2):32–37

Chen XW, Gao J (2013) Uncertain term structure model of interest rate.
Soft Comput 17(4):597–604

Chen XW, Liu YH, Ralescu DA (2013) Uncertain stock model with
periodic dividends. Fuzzy Optim Decis Mak 12(1):111–123

Conze A, Viswanathan R (1991) Path dependent options: the case of
lookback options. J Finance 46:1893–1907

Dai M, Wong HY, Kwok YK (2004) Quanto lookback options. Math
Finance 14:445–467

Goldman MB, Sosin HB, Gatto MA (1979) Path dependent options:
buy at the low, sell at the high. J Finance 34:1111–1127

Heynen RC, Kat HM (1995) Lookback options with discrete and partial
monitoring of the underlying price. ApplMath Finance 2:273–284

Liu B (2007) Uncertainty theory, 2nd edn. Springer, Berlin
Liu B (2009) Some research problems in uncertainty theory. J Uncertain

Syst 3(1):3–10
Liu B (2010) Uncertainty theory: a branch of mathematics for modeling

human uncertainty. Springer, Berlin
Liu YH, Ha MH (2010) Expected value of function of uncertain vari-

ables. J Uncertain Syst 4(3):181–186
Liu YH, Chen XW, Ralescu DA (2015) Uncertain currency model and

currency option pricing. Int J Intell Syst 30:40–51
Longstaff FA (1995) How much can marketability affect security val-

ues? J Finance 50:1767–1774
Peng J, Yao K (2011) A new option pricing model for stocks in uncer-

tainty markets. Int J Oper Res 8(2):18–26
WongHY,KwokYK(2003) Sub-replication and replenishing premium:

efficient pricing of multi-state lookbacks. Rev Deriv Res 6:83–106
Yao K (2012) No-arbitrage determinant theorems on mean-reverting

stock model in uncertain market. Knowl Based Syst 35:259–263
Yao K (2013) Extreme values and integral of solution of uncertain dif-

ferential equation. J Uncertain Anal Appl 1:2
Yao K, Chen XW (2013) A numerical method for solving uncertain

differential equations. J Intell Fuzzy Syst 25(3):825–832

123



5546 Z. Zhang et al.

Zhang ZQ, LiuWQ (2014) Geometric average Asian option pricing for
uncertain financial market. J Uncertain Syst 8(4):317–320

Zhang ZQ, Ralescu DA, Liu WQ (2016) Valuation of interest rate ceil-
ing and floor in uncertain financial market. Fuzzy Optim Decis
15(2):139–154

Zhang ZQ, Liu WQ, Ding JH (2017a) Valuation of stock loan
under uncertain environment. Soft Comput. https://doi.org/10.
1007/s00500-017-2591-x

Zhang ZQ, Liu WQ, Zhang XD (2017b) Valuation of convertible bond
under uncertain mean-reverting stock model. J Amb Intel Hum
Comput 8(5):641–650

Publisher’s Note Springer Nature remains neutral with regard to juris-
dictional claims in published maps and institutional affiliations.

123

https://doi.org/10.1007/s00500-017-2591-x
https://doi.org/10.1007/s00500-017-2591-x

	Lookback options pricing for uncertain financial market
	Abstract
	1 Introduction
	2 Preliminary
	3 Lookback option pricing
	3.1 Lookback call option pricing formula
	3.2 Lookback put option pricing formula

	4 Pricing formula for uncertain mean-reverting stock model
	5 Conclusion
	Acknowledgements
	References




