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Abstract In group decision-making (GDM) model, experts
often evaluate their opinion by using triangular fuzzy num-
bers. The preference relations with triangular fuzzy numbers
are in consistent in nature, so we turned to neutrosophic in
this paper. It is very important to take into account consis-
tency of expert opinion and consensus degree in GDM. In
order to distinguish the typical consistency, the concept of
additive approximation consistency is proposed for triangu-
lar neutrosophic additive reciprocal matrices. The properties
of triangular neutrosophic additive reciprocal matrices with
additive approximation consistency are studied in detail.
Second, by using (n − 1) restricted preference values, a
triangular neutrosophic additive reciprocal preference rela-
tion with additive approximation consistency is constructed.
The differences among expert’s opinions are measured using
consensus degree. For generating a collective triangular
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neutrosophic additive reciprocalmatrixwith additive approx-
imation consistency, the neutrosophic triangular weighted
aggregation operator is used. Finally, a novel algorithm for
the group decision-making problem with triangular neutro-
sophic additive reciprocal preference relations is presented.
A numerical example is carried out to illustrate the proposed
definitions and algorithm.
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1 Introduction

Due to the increasing complexity of modern-life decisions
problems, many organizations employ multiple experts to
reach a decision, which is called as group decision making
(GDM). It is difficult for an expert to be able to consider all
aspects of a decision-making problem. All the experts may
evaluate their judgments by using preference representation
formats, such as fuzzy preference relations (Tanino 1984),
multiplicative preference relations (Fan et al. 2006; Peneva
and Popchev 2007), interval preference relation (Saaty and
Vargas 1987) and linguistic framework (Saaty 2008; Pedrycz
and Song 2011) for modeling GDM problems. Moreover,
to deal with the cases with incomplete information, differ-
ent formats of incomplete preference relations have also
been applied (Cabrerizo et al. 2010; Gong 2008; Herrera-
Viedma et al. 2007; Xu and Chen 2008; Büyüközkan and
Çifçi 2012). It is noted that a precise numerical value cannot
reflect the ambiguous knowledge of the expert’s preference
level. To rationalize uncertainty associated with vagueness,
fuzzy set theory has been established (Zadeh 1965; Wang
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and Chen 2007). It treats vague data in terms of set mem-
berships. These set memberships include L-R fuzzy number,
trapezoidal fuzzy numbers, triangular fuzzy numbers, inter-
val numbers and others. The experts in a GDM process
have been utilized some of the above fuzzy formats (Kauf-
mann and Gupta 1988). For further dealing with uncertainty
and vagueness, the fuzzy set has been extended to present
intuitionistic fuzzy set. The concept of intuitionistic fuzzy
preference relation proposed in Atanassov (1986). One of
the most important issues in GDM problems is the consis-
tency of preference relations (Dubois 2011; Benítez et al.
2012) in order to avoid self-contradiction of decisionmakers.
There exist many definitions of consistent preference rela-
tions such as, consistent multiplicative preference relations
(Saaty 2008), additive preference relations with multiplica-
tive and additive consistency (Tanino 1984; Herrera-Viedma
et al. 2004), consistent intervalmultiplicative preference rela-
tions (Wang et al. 2005; Liu 2009; Liu et al. 2012), interval
additive preference relations with multiplicative and addi-
tive consistency (Xu and Chen 2008; Liu et al. 2012; Meng
et al. 2017, 2016), consistent triangular fuzzy multiplicative
preference relations (Liu et al. 2014; Wang 2015) and trian-
gular fuzzy additive preference relations with multiplicative
consistency (Meng et al. 2017; Wang and Tong 2016). The
consistency of intuitionistic fuzzy preference relation has
been defined in Xu (2007). The consistency of intuitionis-
tic fuzzy preference relation in the previous studies has been
focused on the multiplicative consistency (Jiang et al. 2015).
From analyzing the previous studies, it is obvious that:

1. Fuzzy preference relations have some drawbacks owing
to the limitation of the fuzzy set.

2. Fuzzy set has only single valued function used to express
evidence of acceptance and rejection at the same time in
many practical situations.

3. The preference relations with triangular fuzzy numbers
are inconsistent in nature (Liu et al. 2016).

4. And few approaches in intuitionistic fuzzy preference
relation proposed to improve consistency.

We overcame all the above drawbacks by proposing a
group decision-making model in neutrosophic environment.
Because the problemdomain shouldhas a precise knowledge,
otherwise the people have some uncertainty in assigning the
preference evaluation values and this makes the decision-
making process appear the characteristics of confirmation,
refusal and indeterminacy. Smarandache (2005) suggested
the concept of neutrosophic set, which is differentiated
by truth-membership function, indeterminacy-membership
function and falsity-membership function. So the neutro-
sophic set theory should be utilized to rationalize uncertainty
associated with ambiguity in a manner analogous to human

thought. It treats ambiguous data as possibility distribu-
tions in terms of set memberships. The experts should use
neutrosophic set to determine their preference relations. In
this paper, the approximate consistency of triangular neutro-
sophic additive reciprocal preference relation is applied to
GDMproblemandneutrosophic preference relationswithout
consistency have been repaired. Consensus is the best way to
group decision because it considers fears and contradictory
ideas without animosity and terror but also it is much more
intractable, owing to the conflicting opinions of experts and
the difference in importance of those opinions in the decision-
making process (Wu and Xu 2012; Samuel et al. 2017;
Sangaiah et al. 2017; Sangaiah and Thangavelu 2013). So we
need to consider consensus degree in the aggregation process.
The neutrosophic triangular weighted aggregation operator
(NTWAO) is given to overall triangular neutrosophic addi-
tive reciprocal preference relations based on the consensus
degree. In the end, we give the structure of this paper. Sec-
tion 2 introduces the basic preliminaries. In Sect. 3, a new
definition of triangular neutrosophic additive reciprocal pref-
erence relations with additive approximation consistency is
proposed and the properties are studied in detail. Section 4
shows the proposed algorithm for GDM problems with a
new method of constructing triangular neutrosophic additive
reciprocal preference relations byusingonly (n−1) restricted
preference values. In Sect. 5, a numerical example is offered
to illustrate the proposed definitions and method. Finally, the
main conclusions and future works are covered.

2 Preliminaries

In this part, the essential definitions involving neutrosophic
set, single valued neutrosophic sets, triangular neutrosophic
numbers, operations on triangular neutrosophic numbers and
group decision-making problem are outlined.

Definition 1 (Smarandache 2004) Let X be a space of
points (objects) and x ∈ X . A neutrosophic set A in
X is defined by a truth-membership function TA(x), an
indeterminacy-membership function IA(x) and a falsity-
membership function FA(x). TA(x), IA(x) and FA(x) are
real standard or real nonstandard subsets of ]−0, 1+[. That
is TA(x):X → ]−0, 1+[, IA(x) : X → ]−0, 1+[ and
FA(x):X → ]−0, 1+[. There is no restriction on the sum of
TA(x), IA(x) and FA(x), so 0− ≤ sup TA(x)+ sup IA(x)+
sup FA(x) ≤ 3+.

Definition 2 (Smarandache 2004)Let X be a universe of dis-
course.A single valued neutrosophic set A over X is an object
having the form A = {〈x, TA(x), IA(x), FA(x)〉 : x ∈ X},
where TA(x) : X → [0, 1], IA(x) : X → [0, 1] and
FA(x) : X → [0, 1]with 0 ≤ TA(x)+IA(x)+FA(x) ≤ 3 for
all x ∈ X . The intervals TA(x), IA(x) and FA(x) denote the
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truth-membership degree, the indeterminacy-membership
degree and the falsity-membership degree of x to A, respec-
tively. For convenience, a SVN number is denoted by A =
(a, b, c), where a, b, c ∈ [0, 1] and a + b + c ≤ 3.

Definition 3 (Liu and Wang 2014) Let αã ,θã , βãε[0, 1] and
a1, a2, a3 ε R such that a1 ≤ a2 ≤ a3. Then a single valued
triangular neutrosophic number, ã=〈(a1, a2, a3) ;αã, θã, βã〉
is a special neutrosophic set on the real line set R, whose
truth-membership, indeterminacy-membership and falsity-
membership functions are given as follows:

Tã (x) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

αã

(
x−a1
a2−a1

)
if a1 ≤ x ≤ a2

αã if x = a2
αã

(
a3−x
a3−a2

)
if a2 < x ≤ a3

0 otherwise,

(1)

Iã (x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(a2−x+θã(x−a1))
(a2−a1)

if a1 ≤ x ≤ a2
θã if x = a2
(x−a2+θã(a3−x))

(a3−a2)
if a2 < x ≤ a3

1 otherwise,

(2)

Fã (x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(a2−x+βã(x−a1))
(a2−a1)

if a1 ≤ x ≤ a2
βã if x = a2
(x−a2+βã(a3−x))

(a3−a2)
if a2 < x ≤ a3

1 otherwise,

(3)

where αã , θã and βã denote the maximum truth-membership
degree, minimum indeterminacy-membership degree and
minimum falsity-membership degree, respectively. A single

valued triangular neutrosophic number ã = 〈(a1, a2, a3); αã,

θã, βã〉 may express an ill-defined quantity about a, which is
approximately equal to a.

Definition 4 (Liu and Wang 2014) Let ã = 〈(a1, a2, a3);
αã, θã, βã〉 and b̃ = 〈(b1, b2, b3); αb̃, θb̃, βb̃〉 be two single
valued triangular neutrosophic numbers and γ �= 0 be any
real number. Then,

1. Addition of two triangular neutrosophic numbers

ã + b̃ = 〈(a1 + b1, a2 + b2, a3 + b3);
αã∧αb̃, θã∨θb̃, βã∨βb̃〉

2. Subtraction of two triangular neutrosophic numbers

ã − b̃ = 〈(a1−b3, a2−b2,a3−b1);
αã∧αb̃, θã∨θb̃, βã∨βb̃〉

3. Inverse of a triangular neutrosophic number

ã−1=
〈(

1

a3
,
1

a2
,
1

a1

)

;αã, θã, βã

〉

,where (ã �= 0)

4. Multiplication of triangular neutrosophic number by con-
stant value

γ ã =
{ 〈(γ a1, γ a2, γ a3) ;αã, θã, βã〉 if (γ>0)

〈(γ a3, γ a2, γ a1) ;αã, θã, βã〉 if (γ<0)

5. Division of two triangular neutrosophic numbers

ã

b̃
=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

〈(
a1
b3

, a2
b2

, a3
b1

)
;αã ∧ αb̃, θã ∨ θb̃, βã ∨ βb̃

〉
if (a3 > 0, b3 > 0)

〈(
a3
b3

, a2
b2

, a1
b1

)
;αã ∧ αb̃, θã ∨ θb̃, βã ∨ βb̃

〉
if (a3 < 0, b3 > 0)

〈(
a3
b1

, a2
b2

, a1
b3

)
;αã ∧ αb̃, θã ∨ θb̃, βã ∨ βb̃

〉
if (a3 < 0, b3 < 0)

6. Multiplication of triangular neutrosophic numbers

ãb̃ =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

〈
(a1b1, a2b2, a3b3) ;αã ∧ αb̃, θã ∨ θb̃, βã ∨ βb̃

〉
if (a3 > 0, b3 > 0)

〈
(a1b3, a2b2, a3b1) ;αã ∧ αb̃, θã ∨ θb̃, βã ∨ βb̃

〉
if (a3 < 0, b3 > 0)

〈
(a3b3, a2b2, a1b1) ;αã ∧ αb̃, θã ∨ θb̃, βã ∨ βb̃

〉
if (a3 < 0, b3 < 0)
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Definition 5 (Chiclana et al. 2001) In a group decision-
making problem with a finite set of alternatives X =
{x1, x2, . . . , xn and (n ≥ 2), the alternatives will be ranked
from the best to the worst by making use of preference rela-
tions provided by a group of experts E = {e1, e2, . . . , xs
(s ≥ 2). Each expert ek will compare every pair of alter-
natives to give a preference value in decision-making
processes.

3 Additive approximation consistency of triangular
neutrosophic additive reciprocal matrices

A single valued neutrosophic sets can be used in real-life
applications, such as engineering and scientific applications.
From Definition 2, a SVN number is denoted by A =
(a, b, c), where 0 ≤ a+b+c ≤ 3.When the experts evaluate
their judgments by using fuzzy numbers, the analysis in Liu
et al. (2016) shows that the preference relations with fuzzy
numbers are inconsistent in nature and for this reason, we
focus here on additive approximation consistency of single
valued triangular neutrosophic additive reciprocal matrices
and its properties. Prior to give the definition of single val-
ued triangular neutrosophic additive reciprocal preference
relations, let us firstly assume that the scale system 0–3 is
applied by all experts. The following triangular neutrosophic
additive reciprocal preference relation is given in a GDM
problem as:

R̃ = (
ři j
)
n × n

=

⎡

⎢
⎢
⎢
⎣

(3/2, 3/2, 3/2) (l12,m12, u12) · · · (l1n,m1n, u1n)
(l21,m21, u21) (3/2, 3/2, 3/2) . . . (l2n,m2n, u2n)

...
...

...

(ln1,mn1, un1) (ln2,mn2, un2) . . . (3/2, 3/2, 3/2)

⎤

⎥
⎥
⎥
⎦

.

(4)

where ři j is interpreted as the neutrosophic number degree
of the alternative xi over x j . li j , mi j and ui j indicate the
lower, median and upper bounds of the triangular neutro-
sophic number ři j . li j , mi j and ui j are nonnegative real
numbers with 0 ≤ li j ≤ mi j ≤ ui j ≤ 3 and have the addi-
tive reciprocity of li j + u ji = mi j + m ji = ui j + l j i = 3,
for all i, j = 1, 2, . . . , n. The preference relation may be
conveniently expressed as the matrix R̃ = (ři j

)
n×n,where

ři j = Tř
(
xi , x j

)
, Ir̃
(
xi , x j

)
and Fr̃

(
xi , x j

)
. It is interpreted

as the preference ratio of the alternative xi over x j , for all
i, j = 1, 2, . . . , n, and it is illustrated in Table 1. For exam-
ple, ři j = 3

2 indicates that there is no difference between xi
and x j , ři j = 3 means that xi is absolutely preferred to x j ,
and 3

2 < ři j < 3 implies that xi is preferred to x j .

Table 1 Abd-elbaset’s 3
2 − 3 scale for preference ratio of alternatives

Value of ři j Explanation

ři j = 3
2 Alternatives i and j are equally

importance
3
2 < ři j < 3 Alternative i is preferred to j

0 < ři j < 3
2 Alternative i is not preferred to j

ři j = 3 Alternative i is absolutely more
important than alternative j

3.1 Additive approximation consistency analysis

The additive consistency of triangular neutrosophic addi-
tive reciprocal preference relations R̃ = (

ři j
)
n × n can be

expressed as

ři j = řik + řk j −
(
3

2
,
3

2
,
3

2

)

, (5)

where i, j, k = 1, 2, . . . , n. The reason is based on the fol-
lowing analysis:

Making use of the operation laws of triangular neutro-
sophic numbers, Eq. (5) is also rewritten as

li j = lik + lk j − 3

2
, mi j = mik + mkj − 3

2
,

ui j = uik + ukj − 3

2
,

where i, j, k = 1, 2, . . . , n. It is easily seen thatmi j = mik+
mkj − 3

2 is correct. And applying li j = lik + lk j − 3
2 and

ui j = uik +ukj − 3
2 , one can find that two followingmatrices

possess additive consistency:

⎡

⎢
⎢
⎢
⎣

3
2 l12 · · · l1n
l21

3
2 . . . l2n

...
... . . .

...

ln1 ln2 . . . 3
2

⎤

⎥
⎥
⎥
⎦

,

⎡

⎢
⎢
⎢
⎣

3
2 u12 · · · u1n
u21

3
2 . . . u2n

...
... . . .

...

un1 un2 . . . 3
2

⎤

⎥
⎥
⎥
⎦

. (6)

It is convenient to construct three preference relations from
a triangular neutrosophic additive preference relation R̃ =(
ři j
)
n × n = (li j ,mi j , ui j

)
n × n as follows:

ř li j =
⎧
⎨

⎩

li j , i < j
3
2 , i = j
ui j , i > j

(7)

ř ui j =
⎧
⎨

⎩

ui j , i < j
3
2 , i = j
li j , i > j

(8)

And řmi j = mi j , for every i, j = 1, 2, . . . , n. (9)
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For a finite set of alternatives X = {x1, x2, . . . , xn} and
(n ≥ 2) , there are n! possible comparison matrices corre-
sponding to the permutation of alternatives. Hence, we define
the following function:

P : k → P(k), k = 1, 2, . . . , n, (10)

where the function P denotes a permutation of (1, 2, . . . ,
n), P(k1) �= P(k2) when k1 �= k2 , (k1, k2 ∈ {1, 2, . . . , n} .

From Eq. (10), the triangular neutrosophic additive recip-
rocal matrix with a permutation P can be expressed as R̃P =(
ř p(i)p( j)

)
n × n where ř p(i)p( j) = (

l p(i)p( j),mp(i)p( j),

u p(i)p( j)
)
. Similarly, three preference relations can be writ-

ten as follows:

ř lp(i)p( j) =
⎧
⎨

⎩

l p(i)p( j), i < j
3
2 , i = j
u p(i)p( j), i > j

, (11)

ř up(i)p( j) =
⎧
⎨

⎩

u p(i)p( j), i < j
3
2 , i = j
l p(i)p( j), i > j

, (12)

And řmp(i)p( j) = mp(i)p( j), for every i, j = 1, 2, . . . , n.(13)

Then, we conclude a new definition of a triangular neu-
trosophic additive reciprocal preference relation:

Definition 6 In order to check whether a triangular neutro-
sophic additive reciprocal preference relation R̃ is of additive
approximation consistency or not, one should check the addi-
tive consistency of ř lp(i)p( j), ř

u
p(i)p( j) and řmp(i)p( j). In other

words, if R̃ is not of additive approximation consistency,
there is at least one of ř lp(i)p( j), ř

u
p(i)p( j) and řmp(i)p( j) with-

out additive approximation consistency for any permutation
of alternatives.

According to the characterization of additive consis-
tency of additive reciprocal matrices in Herrera-Viedma
et al. (2004), we can study the characterization of additive
approximation consistency of triangular neutrosophic addi-
tive reciprocal preference relations:

Proposition 1 For an additive reciprocal preference rela-
tion R = (ri j

)
n×n , the following statements are equivalent:

• rik + rk j + r ji = 3
2 , for every i, j, k.

• rik + rk j + r ji = 3
2 , for every i < j < k.

Proposition 2 For an additive reciprocal preference rela-
tion R = (ri j

)
n×n , the following statements are equivalent:

• rik + rk j + r ji = 3
2 , for every i, j, k.

• ri(i+1) + r(i+1)(i+2) + · · · + r( j−1) j + r ji = j−i+1
2 , for

every i < j.

Proposition 3 For an additive reciprocal preference rela-
tion R = (ri j

)
n × n , the following statement is true:

rik = 3 − rk j = (3 − ui j , 3 − mi j , 3 − li j
)
.

Then, the characterization of additive approximation consis-
tency of triangular neutrosophic additive reciprocal prefer-
ence relations as follows:

Theorem 1 A triangular neutrosophic additive reciprocal
preference relations R̃ is of additive approximation consis-
tency if and only if there is a permutation P such that

⎧
⎨

⎩

l p(i)p(k) + l p(k)p( j) + u p( j)p(i) = 9
2

mp(i)p(k) + mp(k)p( j) + mp( j)p(i) = 9
2

u p(i)p(k) + u p(k)p( j) + l p( j)p(i) = 9
2

. (14)

For every i ≤ k ≤ j.

Proof It is seen that R̃ has additive approximation consis-
tency, if and only if there is a permutation P such that three
additive reciprocal preference relations ř lp(i)p( j) , ř up(i)p( j)
and řmp(i)p( j)are additively consistent. Otherwise, R̃ is said to
be not of additive approximation consistency. Making use of
Proposition 1, Eq. (14) is satisfied. Inversely, if Eq. (14) is
satisfied, ř lp(i)p( j) , ř

u
p(i)p( j) and ř

m
p(i)p( j) are additively con-

sistent for the permutation P . Sowehave proved the theorem.
��

Theorem 2 For a triangular neutrosophic additive recip-
rocal preference relation R̃ with a permutation P, two
following cases of statements are equivalent:

⎧
⎨

⎩

l p(i)p(k) + l p(k)p( j) + u p( j)p(i) = 9
2 ,

mp(i)p(k) + mp(k)p( j) + mp( j)p(i) = 9
2

u p(i)p(k) + u p(k)p( j) + l p( j)p(i) = 9
2 ,

, (I)

For every i ≤ k ≤ j.

l p(i)p(i+1) + l p(i+1)p(i+2) + . . . + l p( j−1)p( j)

+u p( j)p(i) = j−i+3
2 ,

mp(i)p(i+1) + mp(i+1)p(i+2) + · · · + mp( j−1)p( j)

+mp( j)p(i) = j−i+3
2

u p(i)p(i+1) + u p(i+1)p(i+2) + · · ·
+ u p( j−1)p(i) + l p( j)p(i) = j−i+3

2

, (II)

For i < j.

Proof Since ř lp(i)p( j) , ř
u
p(i)p( j) and ř

m
p(i)p( j) are constructed

from R̃ by using (11), (12) and (13), it is seen from Proposi-
tion 2 that two statements (I) and (II) are equivalent. ��
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4 A novel group decision-making model with
triangular neutrosophic additive reciprocal
matrices

Generally, every expert will make n×(n−1)
2 judgments for

a GDM problem with n alternatives. When the number of
alternatives is increasing, this makes the experts tired and
leads to inconsistent judgments. Here, experts focus only on
(n − 1) restricted judgments, which is similar to those given
in Wang and Chen (2007, 2008). The specific process is
composed of two main steps:

• Construction of triangular neutrosophic additive recip-
rocal preference relations with additive approximation
consistency.

• Aggregation process by using NTWAO.

Step 1 Suppose that there is a set of alternatives X =
{x1, x2, . . . , xn} and a group of experts E = {e1, e2, . . . , xs}
in a GDM problem. The expert focuses his/her attention not
on n×(n−1)

2 judgments, but on (n − 1) restricted judgments
in decision making.

The expert ex , x ∈ {1, 2, . . . , s} compares xi over x j
(i �= j) to give a triangular neutrosophic preference value
ř xi j . Then eliminating xi fromX, another preference value ř xjk
is obtained by comparing xi over xk in the remaining (n−2)
alternatives. The expert ex repeats the above process, until
the (n− 1) th preference value about two final alternatives is
given. The expert ex gives his/her restricted (n−1)preference
values as ř x12, ř

x
23, . . . , ř

x
(n−1)n .

Step 2Construct a triangular neutrosophic additive reciprocal
preference relation Řx = (ř xi j )n × n with additive approx-
imation consistency from the (n − 1) preference values by
using Theorems 1 or 2. And to do this, we should estimate the
missing preference values and check these estimation values.
Step 3 Check estimation value ř xi j according to the standard
of 0 ≤ lxi j ≤ mx

i j ≤ uxi j ≤ 3. Note that the estimation value
ř xi j is obtained by using the additive consistency from the
elements ř xik and ř xk j . It is further seen that ř xik and ř xk j are
given directly by the expert ex , or one of them is from the
expert ex and another is indirectly obtained.
Step 4 If the preference relation Řx not be a triangular neu-
trosophic additive reciprocal matrix for uxi j > 3 or lxi j < 0,
then go to the next step.
Step 5 Do the following adjustment to obtain the acceptable
preference relation Řx ′ = (ř

′x
i j )n× n with uxi j < 3 , by using

the following explicit formula:

ř
′x
i j = ř xi j + cx

3 + 2cx
, (15)

where

cx = max
{
uxi j − 3, 0 − lxi j

}
For every i, j = 1, 2, . . . , n,}

It is easy to see that 0 ≤ l
′x
i j ≤ m

′x
i j ≤ u

′x
i j ≤ 3.

Proof Application of Theorems 1 or 2 yields the following:

ř xi j = ř xik + ř xk j −
(
3

2
,
3

2
,
3

2

)

,

And because the scale of our system is 0–3, then the maxi-
mum range of ř xi j is

9
2 and by applying Eq. (15), we ensure

that, the obtained ř xi j does not exceed the specified range.
When lxi j < 0, apply Eq. (16), to ensure that, the obtained

ř
′x
i j is not less than the specified range.

ř
′x
i j = −ř xi j + cx

3 + 2cx
, (16)

Let us consider the case of lxi j > mx
i j or m

x
i j > uxi j . We

propose an adjustment method for making lxi j > mx
i j to l

x
i j ≤

mx
i j . Because the estimation value ř xi j is obtained by using

the additive consistency from ř xik and ř xk j . It is further seen
that ř xik and ř

x
k j are given directly by the expert ex or one of

them is from the expert ex and another is indirectly obtained.
When ř xik and ř

x
k j are given by the expert ex , the adjustment

process has the following possible cases:
The first case is, k < i < j or j < i < k. By using

additive approximation consistency given in Definition 6, we
have the following:

lxi j = uxik + lxk j − 0.5,

mx
i j = uxik + lxk j − 0.5,

Let,

u
′x
ik = uxi j − vuxik , l

′x
k j = lxk j − vlxk j ,

m
′x
k j = mx

kj + vmx
k j , m

′x
ik = mx

ik + vmx
ik ,

where

uxik + vlxk j + vmx
ik + vmx

k j ≥ lxi j − mx
i j = � > 0 for

vuxik ≥ 0, vlxk j ≥ 0, vmx
ik ≥ 0 and vmx

k j ≥ 0.

Then,

l
′x
i j = uxik + lxk j − vuxik − vlxk j − 0.5,

m
′x
i j = mx

ik + mx
kj + vmx

ik + vmx
k j − 0.5,

Then,

l
′x
i j ≤ m

′x
i j .
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The second case is, i < k < j or j < k < i . By using
additive approximation consistency given in Definition 6, we
have the following:

lxi j = uxik + lxk j − 0.5,

mx
i j = uxik + lxk j − 0.5,

Then, we can get the following:

l
′x
i j = lxik + uxk j − vlxik−vuxk j − 0.5,

m
′x
i j = mx

ik + mx
kj + vmx

ik + vmx
k j − 0.5,

where vmx
ik + vmx

k j + vlxik + vuxk j ≥ � for vmx
k j ≥ 0, vmx

ik ≥
0, vlxik ≥ 0, vuxk j ≥ 0.

Then, l
′x
i j ≤ m

′x
i j .

From the previous, we can conclude that:
In order to keep the original information as much as pos-

sible, we usually make m
′x
i j − l

′x
i j = �.

When mx
i j > uxi j , the method is similar to the previous

and we keep the original information as much as possible by
using the following equation:

uxi j − mx
i j = �, (17)

Step 6 After checking consistency of triangular neutrosophic
additive reciprocal preference relation, each expert should
determine the maximum truth-membership degree (α), min-
imum indeterminacy-membership degree (θ) and minimum
falsity-membership degree (β) of each neutrosophic number
as in Definition 3.
Step 7 A collective triangular neutrosophic additive recip-
rocal preference relation should be derived by means of an
aggregation procedure.

An aggregation operator of the single valued triangular
neutrosophic number is calculated as follows:

Let ã j =
〈(
a j , b j , c j

) ;αã j , θã j , βã j

〉
( j = 1, 2, . . . n) be

a collection of single valued triangular neutrosophic num-
bers. Then, neutrosophic triangular weighted aggregation
operator (NTWAO) is defined as:

NTWAO(ã1, ã2, . . . , ãn) = (w1ã1 + w2ã2 + · · · + wnãn) ,

(18)

w = (w1, w2, . . . wn)
T is a weight vector of alternatives,

w j ≥ 0, j = 1, 2, . . . , n and
∑n

j=1 w j = 1. ��

Theorem 3 Let ã j =
〈(
a j , b j , c j

) ;αã j , θã j , βã j

〉
( j =

1, 2, . . . n) be a collection of single valued triangular neutro-
sophic numbers, w = (w1, w2, . . . wn)

T is a weight vector
of ã j with w j ≥ 0, j = 1, 2, . . . , n and

∑n
j=1 w j = 1. Then

their aggregated value by using NTWAO is also a neutro-
sophic triangular number:

NTWAO (ã1, ã2, . . . , ãn) =
⎛

⎝

⎛

⎝
n∑

j=1

w j ã j ,
n∑

j=1

w j b̃ j ,
n∑

j=1

w j c̃ j

⎞

⎠ ;

∧n
j=1αã j

, ∨n
j=1θã j

, ∨n
j=1βã j

)
.

Proof By using mathematical induction on n as:
Let ã1 = 〈(ã1, b̃1, c̃1);αã1, θã1, βã1〉 and ã2 =

〈(ã2, b̃2, c̃2);αã2, θã2, βã2〉 be two single valued triangular
neutrosophic numbers then,

For n = 2, we have the following:

w1ã1 + w2ã2 =
⎛

⎝

⎛

⎝
2∑

j=1

w j ã j ,

2∑

j=1

w j b̃ j ,

2∑

j=1

w j c̃ j

⎞

⎠

; ∧2
j=1αã j ,∨2

j=1θã j ,∨2
j=1βã j

)
.

For n = k, that is

w1ã1 + w2ã2 + · · · + wk ãk =
⎛

⎝

⎛

⎝
k∑

j=1

w j ã j , b̃ j ,
2∑

j=1

w j c̃ j

⎞

⎠ ;

∧k
j=1αã j

,∨k
j=1θã j

, ∨k
j=1βã j

)
.

Then, when n = k + 1, by using laws in Definition 4, we
have the following:

w1ã1 + w2ã2 + · · · + wk+1ãk+1

=
⎛

⎝

⎛

⎝
k∑

j=1

w j ã j ,

k∑

j=1

w j b̃ j ,

k∑

j=1

w j c̃ j

⎞

⎠ ;

∧k
j=1αã j ,∨k

j=1θã j ,∨k
j=1βã j

)

+
((

wk+1ãk+1 + wk+1b̃k+1 + wk+1c̃k+1

)
;

αãk+1, θãk+1 , βãk+1

)

=
⎛

⎝

⎛

⎝
k+1∑

j=1

w j ã j ,

k+1∑

j=1

w j b̃ j ,

k+1∑

j=1

w j c̃ j

⎞

⎠ ;

∧k+1
j=1αã j ,∨k+1

j=1θã j ,∨k+1
j=1βã j

)
.

Then, we validated the proof. ��

Step 8 After obtaining a collective triangular neutrosophic
additive reciprocal preference relation R̃, consensus degree
of experts should be calculated as follows:

Let ã j = 〈(a j , b j , c j
) ;αã j , θã j , βã j 〉( j = 1, 2, . . . n) be

a collection of single valued triangular neutrosophic num-
bers. Then, consensus degree (CD) is defined as:
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CD(ã1, ã2, . . . , ãn) = (w1ã
ε
1 + w2ã

ε
2 + . . . + wnã

ε
n)

ε−1
,

(19)

where ε > 0, it is the number of experts that are consensus
on decision.

w = (w1, w2, . . . wn)
T is a weight vector of neutro-

sophic preference relations, w j ≥ 0, j = 1, 2, . . . , n and
∑n

j=1 w j = 1.

CD (ã1, ã2, . . . , ãn) =
⎛

⎝

⎛

⎝
n∑

j=1

w j ã
ε
j ,

n∑

j=1

w j b̃
ε
j ,

n∑

j=1

w j c̃
ε
j );

∧n
j=1αã j ,∨n

j=1θã j ,∨n
j=1βã j

)
.

Proof By using mathematical induction on n as:
Let ã1 = 〈(aε

1, b
ε
1, c

ε
1

) ;αε
ã1, θ

ε
ã1, β

ε
ã1〉 and ã2 =

〈(aε
2, b

ε
2, c

ε
2

) ;αε
ã2, θ

ε
ã2, β

ε
ã2〉 be two single valued triangular

neutrosophic numbers.
For n = 2, we have the following:

w1a
ε
1 + w2a

ε
2 =

⎛

⎝

⎛

⎝
2∑

j=1

w j a
ε
j ,

2∑

j=1

w j b
ε
j ,

2∑

j=1

w j c
ε
j

⎞

⎠ ;

∧2
j=1αã j ,∨2

j=1θã j ,∨2
j=1βã j

)
.

For n = k, that is

w1a
ε
1 + w2a

ε
2 + · · · + wka

ε
k

=
⎛

⎝

⎛

⎝
k∑

j=1

w j a
ε
j ,

2∑

j=1

w j b
ε
j ,

2∑

j=1

w j c
ε
j

⎞

⎠ ;

∧k
j=1αã j ,∨k

j=1θã j ,∨k
j=1βã j

)
.

Then, when n = k + 1, by using laws in Definition 4, we
have the following;

w1a
ε
1 + w2a

ε
2 + · · · + wk+1a

ε
k+1

=
⎛

⎝

⎛

⎝
k∑

j=1

w j a
ε
j ,

k∑

j=1

w j b
ε
j ,

k∑

j=1

w j c
ε
j

⎞

⎠ ;

∧k
j=1αã j ,∨k

j=1θã j ,∨k
j=1βã j

)

+ ((wk+1a
ε
k+1 + wk+1b

ε
k+1 + wk+1c

ε
k+1

) ;
αãk+1, θãk+1 , βãk+1

)

=
⎛

⎝

⎛

⎝
k+1∑

j=1

w j a
ε
j ,

k+1∑

j=1

w j b
ε
j ,

k+1∑

j=1

w j c
ε
j

⎞

⎠ ;

∧k+1
j=1αã j ,∨k+1

j=1θã j ,∨k+1
j=1βã j

)
.

Then, we validated the proof. ��

To obtain crisp values of consensus degree, use the fol-
lowing equation:

Let ãi j = 〈(a1, b1, c1) , αã, θã, βã〉 be a single valued tri-
angular neutrosophic number, then,

S
(
ãi j
) = 1

8
[a1 + b1 + c1] × (2 + αã − θã − βã) , (20)

where S
(
ãi j
)
is the score function of neutrosophic number.

Step 9 Rank the alternatives.
The previous steps for solving group decision-making

problems with triangular neutrosophic additive reciprocal
matrices are shown in Fig. 1.

5 Illustrative example and comparison analysis

In this section, to illustrate the efficiency and applicability
of the proposed algorithm, we consider a group decision-
makingproblemabout personal computer selection andmake
a comparison analysis of the proposed algorithm with other
existing algorithms.

5.1 Illustrative example

Now we offer an example to illustrate the GDM method
based on triangular neutrosophic additive reciprocal prefer-
ence relation with additive approximation consistency. This
example is that of selecting the best personal computer from
four different alternatives:

1. The first type is Dell, black, fast and very expensive com-
puter.

2. The second type is HP, black, very fast and expensive
computer.

3. The third type is Toshiba, white, slow and very cheap
computer.

4. The fourth type is Lenovo, red, fast and economic com-
puter.

There exist three experts (financial expert (e1), engineering
expert (e2), control expert (e3)) for group decision-making
problem. And bymaking an interviewwith each expert, their
preference relations are as follows:

The financial expert (e1) preference relation is:

R̃1 =

⎡

⎢
⎢
⎣

(3/2, 3/2, 3/2) (2, 5/2, 3) X X
X (3/2, 3/2, 3/2) (1/2, 1, 2) X
X X (3/2, 3/2, 3/2) (3/2, 2, 3)
X X X (3/2, 3/2, 3/2)

⎤

⎥
⎥
⎦ .

The engineering expert (e2) preference relation is:

R̃2 =

⎡

⎢
⎢
⎣

(3/2, 3/2, 3/2) (1, 3/2, 2) X X
X (3/2, 3/2, 3/2) (1/2, 1, 2) X
X X (3/2, 3/2, 3/2) (3/2, 2, 5/2)
X X X (3/2, 3/2, 3/2)

⎤

⎥
⎥
⎦ .
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Fig. 1 Schematic diagram for solving GDM problems with triangular neutrosophic additive reciprocal matrices

The control expert (e3) preference relation is:

R̃3 =

⎡

⎢
⎢
⎣

(3/2, 3/2, 3/2) X (3/2, 2, 3) X
X (3/2, 3/2, 3/2) X X
X X (3/2, 3/2, 3/2) (1, 3/2, 2)
X (1/2, 4/5, 2) X (3/2, 3/2, 3/2)

⎤

⎥
⎥
⎦ .

where X indicates incomplete preference values.

And the hierarchical structure of this example is presented
in Fig. 2.

It is obvious that the expert e1 compares alternatives x1
over x2, x2 over x3 and x3 over x4 to give three preference
values r̃112, r̃

1
23 and r̃134. The expert e2 compares alternatives

x1 over x2, x2 over x3 and x3 over x4 to give three preference
values r̃112, r̃

1
23 and r̃134, and the expert e3 compares alter-
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Fig. 2 Hierarchical structure of
the illustrative example Financial expert 

( ) 
Engineering expert 

( ) 
   Control expert  
          ( ) 

Selection of 
personal computer 

Color Price Speed 

Dell  Hp Toshiba  Lenovo  

natives x1 over x3, x3 over x4 and x4 over x2 to give three
preference values r̃113, r̃

1
34 and r̃

1
42.

By applyingTheorems 1 or 2,we can obtain the following:

r̃113 = r̃112 + r̃123 − (3/2, 3/2, 3/2) = (1, 2, 7/2),

r̃124 = r̃123 + r̃134 − (3/2, 3/2, 3/2) = (1/2, 3/2, 7/2),

r̃114 = r̃112 + r̃124 − (3/2, 3/2, 3/2) = (2, 3, 9/2).

Making use of the property of triangular neutrosophic
additive reciprocal preference relation, one can obtain the
following:

r̃121 = 3 − r̃112 = (0, 1/2, 1),

r̃131 = 3 − r̃113 = (1/2, 1, 2),

r̃132 = 3 − r̃123 = (1, 2, 5/2),

r̃141 = 3 − r̃114 = (−3/2, 0, 1),

r̃142 = 3 − r̃124 = (−1/2, 3/2, 5/2)

r̃143 = 3 − r̃134 = (0, 1, 3/2).

The additive preference relation of financial expert (e1) is
as follows:

R̃1 =

⎡

⎢
⎢
⎢
⎣

(3/2, 3/2, 3/2) (2, 5/2, 3) (1, 2, 7/2) (2, 3, 9/2)
(0, 1/2, 1) (3/2, 3/2, 3/2) (1/2, 1, 2) (1/2, 3/2, 7/2)
(1/2, 1, 2) (1, 2, 5/2) (3/2, 3/2, 3/2) (3/2, 2, 3)

(−3/2, 0, 1) (−1/2, 3/2, 5/2) (0, 1, 3/2) (3/2, 3/2, 3/2)

⎤

⎥
⎥
⎥
⎦

.

By applying Theorems 1 or 2, we can obtain the following:

r̃213 = r̃212 + r̃223 − (3/2, 3/2, 3/2) = (1/2, 3/2, 9/2),

r̃214 = r̃213 + r̃234 − (3/2, 3/2, 3/2) = (1/2, 3/2, 9/2),

r̃224 = r̃223 + r̃234 − (3/2, 3/2, 3/2) = (1/2, 3/2, 3).

Making use of the property of triangular neutrosophic
additive reciprocal preference relation, one can obtain the
following:

r̃221 = 3 − r̃212 = (1, 3/2, 2),

r̃231 = 3 − r̃213 = (−3/2, 3/2, 5/2),

r̃232 = 3 − r̃223 = (1, 2, 5/2),

r̃241 = 3 − r̃214 = (−5/2, 3/2, 5/2),

r̃242 = 3 − r̃224 = (−1/2, 3/2, 5/2),

r̃243 = 3 − r̃234 = (1/2, 1, 3/2).

The additive preference relation of engineering expert (e2)
is as follows:

R̃2 =

⎡

⎢
⎢
⎣

(3/2, 3/2, 3/2) (1, 3/2, 2) (1/2, 3/2, 9/2) (1/2, 3/2, 11/2)
(1, 3/2, 2) (3/2, 3/2, 3/2) (1/2, 1, 2) (1/2, 3/2, 3)

(−3/2, 3/2, 5/2) (1, 2, 5/2) (3/2, 3/2, 3/2) (3/2, 2, 5/2)
(−5/2, 3/2, 5/2) (−1/2, 3/2, 5/2) (1/2, 1, 3/2) (3/2, 3/2, 3/2)

⎤

⎥
⎥
⎦ .
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By applying Theorems 1 or 2 and the property of triangular
neutrosophic additive reciprocal preference relation, we can
obtain the following:

r̃314 = r̃313 + r̃334 − (3/2, 3/2, 3/2) = (1, 2, 7/2),

r̃312 = r̃314 + r̃342 − (3/2, 3/2, 3/2) = (0, 13/10, 4),

r̃321 = 3 − r̃312 = (1, 17/10, 3),

r̃323 = r̃321 + r̃313 − (3/2, 3/2, 3/2) = (1, 11/5, 9/2),

r̃324 = r̃321 + r̃314 − (3/2, 3/2, 3/2) = (1/2, 11/5, 5),

r̃331 = 3 − r̃313 = (0, 1, 3/2),

r̃332 = 3 − r̃323 = (−3/2, 4/5, 2),

r̃341 = 3 − r̃314 = (−1/2, 1, 2),

r̃343 = 3 − r̃334 = (1, 3/2, 2).

The additive preference relation of control expert (e3) is
as follows:

R̃3 =

⎡

⎢
⎢
⎣

(3/2, 3/2, 3/2) (0, 13/10, 4) (3/2, 2, 3) (2, 3, 9/2)
(0, 1/2, 1) (3/2, 3/2, 3/2) (1, 11/5, 9/2) (1/2, 11/5, 5)
(0, 1, 3/2) (−3/2, 4/5, 2) (3/2, 3/2, 3/2) (1, 3/2, 2)

(−1/2, 1, 2) (1/2, 4/5, 2) (1, 3/2, 2) (3/2, 3/2, 3/2)

⎤

⎥
⎥
⎦ .

According to Definition 6, one can see that R̃1 is not triangu-
lar neutrosophic additive reciprocal preference relations due
to u113 = 7/2 > 3, u114 = 9/2 = 4.5 > 3, u124 = 7/2 =
3.5 > 3, l141 = −3/2 = −1.5 < 0, l142 = −0.5 < 0.

With regard to R̃1,we useEq. (15)with change parameters
c113, c

1
14 = 0.5, c124 = 0.5 and we also use Eq. (16) because

l141 = −3/2 = −1.5 < 0, l142 = −0.5 < 0.
After using Eqs. (15, 16), one can obtain the following:

R̃1 =

⎡

⎢
⎢
⎣

(3/2, 3/2, 3/2) (2, 5/2, 3) (1, 2, 1) (2, 3, 1.25)
(0, 1/2, 1) (3/2, 3/2, 3/2) (1/2, 1, 2) (1/2, 3/2, 1)
(1/2, 1, 2) (1, 2, 5/2) (3/2, 3/2, 3/2) (3/2, 2, 3)
(1/2, 0, 1) (1/4, 3/2, 5/2) (0, 1, 3/2) (3/2, 3/2, 3/2)

⎤

⎥
⎥
⎦ .

It is obvious that u113 = 1 < m1
13 = 2, u114 = 1.25 < m1

14 =
3,also u124 = 1 < m1

24 = 1.5. To deal with this special case,
we should use Eq. (17).

Then,

R̃1 =

⎡

⎢
⎢
⎣

(3/2, 3/2, 3/2) (2, 5/2, 3) (1, 2, 2) (2, 3, 3)
(0, 1/2, 1) (3/2, 3/2, 3/2) (1/2, 1, 2) (1/2, 3/2, 3/2)
(1/2, 1, 2) (1, 2, 5/2) (3/2, 3/2, 3/2) (3/2, 2, 3)
(1/2, 0, 1) (1/4, 3/2, 5/2) (0, 1, 3/2) (3/2, 3/2, 3/2)

⎤

⎥
⎥
⎦ .

From R̃1, one can see that, for each neutrosophic number 0 ≤
li j ≤ mi j ≤ ui j ≤ 3, then R̃1 is a triangular neutrosophic
additive reciprocal preference relation.

According to Definition 6, one can see that R̃2 is not tri-
angular neutrosophic additive reciprocal preference relations

due to u213 = 9/2 = 4.5 > 3, u214 = 11/2 = 5.5 > 3, l231 =
−3/2 = −1.5 < 0, l241 = −2.5 < 0, and l242 = −0.5 < 0.

After using Eqs. (15, 16), one can obtain the following:

R̃2 =

⎡

⎢
⎢
⎣

(3/2, 3/2, 3/2) (1, 3/2, 2) (1/2, 3/2, 5/4) (1/2, 3/2, 6/4)
(1, 3/2, 2) (3/2, 3/2, 3/2) (1/2, 1, 2) (1/2, 3/2, 3)

(1/2, 3/2, 5/2) (1, 2, 5/2) (3/2, 3/2, 3/2) (3/2, 2, 5/2)
(3/4, 3/2, 5/2) (1/4, 3/2, 5/2) (1/2, 1, 3/2) (3/2, 3/2, 3/2)

⎤

⎥
⎥
⎦ .

It is obvious that u213 = 1.25 < m2
13 = 1.5. To deal with this

special case, we should use Eq. (17).
Then,

R̃2 =

⎡

⎢
⎢
⎣

(3/2, 3/2, 3/2) (1, 3/2, 2) (1/2, 3/2, 3/2) (1/2, 3/2, 6/4)
(1, 3/2, 2) (3/2, 3/2, 3/2) (1/2, 1, 2) (1/2, 3/2, 3)

(1/2, 3/2, 5/2) (1, 2, 5/2) (3/2, 3/2, 3/2) (3/2, 2, 5/2)
(3/4, 3/2, 5/2) (1/4, 3/2, 5/2) (1/2, 1, 3/2) (3/2, 3/2, 3/2)

⎤

⎥
⎥
⎦ .

From R̃2, one can see that, for each neutrosophic number 0 ≤
li j ≤ mi j ≤ ui j ≤ 3, then R̃2 is a triangular neutrosophic
additive reciprocal preference relation.

According to Definition 6, one can see that R̃3 is not tri-
angular neutrosophic additive reciprocal preference relations
due to u312 = 4 > 3, u314 = 9/2 = 4.5 > 3, u323 = 9/2 =
4.5 > 3, u324 = 5 > 3, l

3
32 = −3/2 = −1.5 < 0, l341 =

−0.5 < 0.
After using Eqs. (15, 16), one can obtain the following:

R̃3 =

⎡

⎢
⎢
⎣

(3/2, 3/2, 3/2) (0, 13/10, 1.33) (3/2, 2, 3) (2, 3, 1.25)
(0, 1/2, 1) (3/2, 3/2, 3/2) (1, 11/5, 1.25) (1/2, 11/5, 1.66)
(0, 1, 3/2) (1/2, 4/5, 2) (3/2, 3/2, 3/2) (1, 3/2, 2)
(1/4, 1, 2) (1/2, 4/5, 2) (1, 3/2, 2) (3/2, 3/2, 3/2)

⎤

⎥
⎥
⎦ .

It is obvious that u314 = 1.25 < m4
14 = 3, u323 = 1.25 <

m3
23 = 2.2. To deal with this special case, we should use Eq.

(17). Then,

R̃3 =

⎡

⎢
⎢
⎢
⎣

(3/2, 3/2, 3/2) (0, 13/10, 133/100) (3/2, 2, 3) (2, 3, 3)
(1, 1/2, 1) (3/2, 3/2, 3/2) (1, 11/5, 11/5) (1/2, 11/5, 83/50)
(0, 1, 3/2) (1/2, 4/5, 2) (3/2, 3/2, 3/2) (1, 3/2, 2)
(1/4, 1, 2) (1/2, 4/5, 2) (1, 3/2, 2) (3/2, 3/2, 3/2)

⎤

⎥
⎥
⎥
⎦

.

From R̃3, one can see that, for each neutrosophic number
0 ≤ li j ≤ mi j ≤ ui j ≤ 3, then R̃3 is a triangular neutro-
sophic additive reciprocal preference relation.

After checking consistency of triangular neutrosophic
additive reciprocal preference relations, each expert should
determine the maximum truth-membership degree (α), min-
imum indeterminacy-membership degree (θ) and minimum
falsity-membership degree (β) of single valued neutrosophic
numbers as in Definition 3.

The consistent additive preference relation of financial
expert (e1) is as follows:
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R̃1 =

⎡

⎢
⎢
⎣

〈(3/2, 3/2, 3/2); 0.5, 0.3, 0.4〉 〈(2, 5/2, 3); 0.7, 0.2, 0.5〉
〈(0, 1/2, 1); 0.7, 0.2, 0.5〉 〈(3/2, 3/2, 3/2); 0.8, 0.5, 0.3〉
〈(1/2, 1, 2); 0.6, 0.2, 0.3〉 〈(1, 2, 5/2); 0.3, 0.1, 0.5〉
〈(1/2, 0, 1); 0.6, 0.2, 0.3〉 〈(1/4, 3/2, 5/2); 0.6, 0.2, 0.3〉
〈(1, 2, 2); 0.5, 0.2, 0.1〉 〈(2, 3, 3); 0.5, 0.2, 0.1〉
〈(1/2, 1, 2)0.5, 0.2, 0.1〉 〈(1/2, 3/2, 3/2); 0.4, 0.5, 0.6〉
〈(3/2, 3/2, 3/2); 0.6, 0.4, 0.2〉 〈(3/2, 2, 3); 0.7, 0.2, 0.5〉
〈(0, 1, 3/2); 0.9, 0.4, 0.6〉 〈(3/2, 3/2, 3/2); 0.8, 0.5, 0.2〉

⎤

⎥
⎥
⎦ .

The consistent additive preference relation of engineering
expert (e2) is as follows:

R̃2 =

⎡

⎢
⎢
⎣

〈(3/2, 3/2, 3/2); 0.8, 0.2, 0.6〉 〈(1, 3/2, 2); 0.7, 0.2, 0.5〉
〈(1, 3/2, 2); 0.5, 0.3, 0.4〉 〈(3/2, 3/2, 3/2); 0.8, 0.5, 0.3〉
〈(1/2, 3/2, 5/2); 0.3, 0.1, 0.5〉 〈(1, 2, 5/2); 0.3, 0.1, 0.5〉
〈(3/4, 3/2, 5/2); 0.5, 0.2, 0.1〉 〈(1, 2, 5/2); 0.3, 0.1, 0.5〉
〈(1/2, 3/2, 3/2); 0.4, 0.5, 0.6〉 〈(1/2, 3/2, 6/4); 0.6, 0.2, 0.3〉
〈(1/2, 1, 2)0.5, 0.2, 0.1〉 〈(1/2, 3/2, 3); 0.5, 0.2, 0.1〉
〈(3/2, 3/2, 3/2); 0.5, 0.3, 0.4〉 〈(3/2, 2, 5/2); 0.7, 0.2, 0.5〉
〈(1/2, 1, 3/2); 0.3, 0.1, 0.5〉 〈(3/2, 3/2, 3/2); 0.6, 0.4, 0.2〉

⎤

⎥
⎥
⎦ .

The consistent additive preference relation of control expert
(e3) is as follows:

R̃3 =

⎡

⎢
⎢
⎣

〈(3/2, 3/2, 3/2); 0.6, 0.4, 0.2〉 〈(0, 13/10, 133/100); 0.7, 0.2, 0.5〉
〈(0, 1/2, 1); 0.6, 0.2, 0.3〉 〈(3/2, 3/2, 3/2); 0.5, 0.3, 0.4〉
〈(0, 1, 3/2); 0.5, 0.2, 0.1〉 〈(1/2, 4/5, 2); 0.5, 0.2, 0.1〉
〈(1/4, 1, 2); 0.6, 0.2, 0.3〉 〈(1/2, 4/5, 2); 0.5, 0.2, 0.1〉
〈(3/2, 2, 3); 0.5, 0.2, 0.1〉 〈(2, 3, 3); 0.5, 0.2, 0.1〉
〈(1, 11/5, 11/5)0.3, 0.1, 0.5〉 〈(1/2, 11/5, 83/50); 0.7, 0.2, 0.5〉
〈(3/2, 3/2, 3/2); 0.8, 0.5, 0.3〉 〈(1, 3/2, 2); 0.6, 0.2, 0.3〉
〈(1, 3/2, 2); 0.5, 0.2, 0.1〉 〈(3/2, 3/2, 3/2); 0.5, 0.3, 0.4〉

⎤

⎥
⎥
⎦ .

A collective triangular neutrosophic additive reciprocal pref-
erence relation R̃ should be derived by means of an aggre-
gation procedure of each preference relation. The experts
should calculate weight of each alternative, and we should
use Eq. (19) to combine experts opinions in just one ray.

Suppose that, experts have been determined weights of
alternatives as follows:

W = (0.4, 0.1, 0.2, 0.3)T then,

R̃ =
⎡

⎣
〈(0.85, 0.85, 1.4); 0.5, 0.3, 0.5〉 〈(1.225, 2, 2.6); 0.3, 0.5, 0.5〉
〈(1.025, 1.5, 2.2); 0.3, 0.3, 0.6〉 〈(1.05, 1.75, 2.2); 0.3, 0.5, 0.5〉
〈(0.675, 1.15, 1.6); 0.5, 0.4, 0.3〉 〈(0.4, 1.07, 1.682); 0.5, 0.3, 0.5〉
〈(0.75, 1.5, 1.75); 0.5, 0.4, 0.6〉 〈(1.6, 2.2, 2.4); 0.5, 0.50.6〉
〈(0.7, 1.3, 1.55); 0.3, 0.5, 0.6〉 〈(1, 1.6, 1.85); 0.5, 0.4, 0.5〉
〈(1.3, 1.77, 2.32); 0.3, 0.5, 0.5〉 〈(1.5, 2.17, 2.216); 0.5, 0.3, 0.〉

⎤

⎦ .

The next step is to calculate consensus degree of each alter-
native according to number of experts gathered in the same
opinion (ε):

Theweights vector of collective additive reciprocal prefer-
ence relation are w = (0.4, 0.3, 0.3),T which is determined
by experts. By using Eq. (19), we aggregate neutrosophic
numbers in each column to a single valued neutrosophic num-

ber. The results are presented in Table 2. By using Eq. (20),
we can calculate consensus degree as in Table 3.

As shown in Table 4, we can find that the best alternative
is Lenovo with the largest consensus degree, followed by HP,
Toshiba and Dell. And results are also illustrated in Fig. 3.

5.2 Comparison analysis, merits and contributions of
the proposed algorithm

5.2.1 Comparison analysis

The proposed algorithm to group decision making compared
with other existing approaches in this subsection.

1. One can see that the preference relations with triangular
fuzzy numbers are inconsistent in nature, motivated by
the idea in Liu et al. (2016). So in this paper it is very
important to define the consistency of triangular neutro-
sophic additive preference relation.

2. The group decision-making problems with intuitionistic
fuzzy preference relations in Urena et al. (2015) check
the consistency and calculate consensus degree between
decision makers. However, they did not introduce any
approach to enhance the consistency. But in our paper, we
calculate consistency of preference relations and present
a new method for calculating consensus degree. When
some preference relations are inconsistent, we also pro-
posed a novel method to improve consistency.

3. There are no approaches for group decision-making
problems considering both the additive consistency and
consensus degree of neutrosophic preference relations.

4. Thus the problem domain should be precise knowledge,
otherwise the people would be handled some uncertainty
in assigning the preference evaluation values. Thismakes
the decision making process appear the various charac-

teristics of confirmation, refusal and indeterminacy. So
neutrosophic is very important and efficient in dealing
with uncertainty and vagueness.

5. In Liao et al. (2015, 2016), the consistency of preference
relations checks only after achieving consensus process,
but in their work many fractional models existed and
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Table 2 Aggregated values of each alternative by using (NTWAO) according to number of experts gathered in the same opinion

Experts Dell HP Toshiba Lenovo

ε = 1 〈(0.85, 1.135, 1.7); 0.3, 0.4, 0.6〉 〈(0.925, 1.646, 2.18); 0.3, 0.5, 0.5〉 〈(1.1, 1.5, 1.9); 0.3, 0.5, 0.6〉 〈(1.4, 2, 2.17); 0.5, 0.5, 0.6〉
ε = 2 〈(0.74, 1.36, 3); 0.3, 0.4, 0.6〉 〈(0.979, 2.86, 5); 0.3, 0.5, 0.5〉 〈(0.88, 2.35, 3.6); 0.3, 0.5, 0.6〉 〈(2, 4, 5); 0.5, 0.5, 0.6〉
ε = 3 〈(0.66, 1.7, 5); 0.3, 0.4, 0.6〉 〈(1.1, 5, 12); 0.3, 0.5, 0.5〉 〈(0.9, 3.7, 7); 0.3, 0.5, 0.6〉 〈(3, 8, 11); 0.5, 0.5, 0.6〉

Table 3 Consensus degree according to number of experts gathered in
the same opinion

Experts Consensus degree (CD)

Dell HP Toshiba Lenovo

ε = 1 0.6 0.8 0.7 0.97

ε = 2 0.8 1.4 1 2

ε = 3 1.2 2.9 2 3.8

Table 4 Ranking of alternatives Ranking

(1) Lenovo

(2) HP

(3) Toshiba

(4) Dell

Fig. 3 Priority of alternatives

needs to solve and so it is a time-consuming process . But
in our wok we save time by introducing a new method
for repairing preference relations and make it consistent
if it is not.

5.2.2 Merits and contributions of the proposed algorithm

1. Using neutrosophic to calculate consistency of additive
preference relations for the first time.

2. Using only (n−1) restricted triangular neutrosophic pref-
erence values instead of n×(n−1)

2 judgments and it is a
time saving process.

3. If additive preference relation is inconsistent, we can eas-
ily repair it and make it consistent.

4. A new method for calculating collective additive prefer-
ence relation and calculating consensus degree according
to number of experts gathered in the same opinion.

5. Optimal representation of the problemdomain in our pro-
posed computations by considering various features such
as truthfulness, falseness, and indeterminacy.

6. We solved an illustrative example to show the efficiency
and applicability of our algorithm.

6 Conclusion and future works

In order to simulate the uncertainty associated with vague-
ness in the real world environments, the experts give their
judgments in terms of triangular neutrosophic additive recip-
rocal preference relations. In GDM process, the consistency
of preference relations with neutrosophic numbers is impor-
tant to reflect the rationality of decision makers. A new
method has been proposed to construct a complete prefer-
ence relation with additive approximation consistency from
(n − 1) restricted triangular neutrosophic preference values.
We have further defined the consensus degree among trian-
gular neutrosophic additive reciprocal preference relations.
A new algorithm for a group decision-making problem with
triangular neutrosophic additive reciprocal preference rela-
tions has been presented to show the effectiveness of the new
definitions. In the future, we will study the consistency of
trapezoidal neutrosophic additive reciprocal preference rela-
tions and apply it in different practical problems.
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