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Abstract This paper mainly addresses the connection
between fuzzy rough sets and lattices. Based on a complete
lattice equipped with a t-norm, the concepts of TL-fuzzy
lower and upper rough approximation operators induced by
an L-fuzzy set on a lattice are introduced, and their basic
properties are investigated. Particularly, some characteriza-
tions of TL-fuzzy ideals on distributive lattices are developed
in terms of the TL-fuzzy rough approximation operators. In
addition, we use these operators to define a new class of fuzzy
structures, called TL-fuzzy quasi-rough ideals induced by
an L-fuzzy set on a lattice, and investigate the relationships
among TL-fuzzy ideals, TL-fuzzy rough ideals and TL-fuzzy
quasi-rough ideals on a given lattice.

Keywords Lattice - TL-fuzzy ideal - TL-fuzzy rough
approximation operator - TL-fuzzy rough ideal - TL-fuzzy
quasi-rough ideal

1 Introduction
Rough set theory was born in 1982 when Pawlak (1982)

defined approximate operators on a nonempty set and began
to investigate their basic properties with applications to
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pattern recognitions, machine learning, expert systems, char-
acteristic diagnosis and so on. The notion of rough sets is an
extension of set theory, in which every subset is described in
terms of two ordinary sets called lower and upper approxima-
tions, respectively, and has been successfully applied in vari-
ous fields. In order to broaden application fields of the rough
set theory and provide more ways for approximate reason-
ing, many researchers considered the connections between
rough sets and algebras. Since Biswas and Nanda (1994)
considered the rough structures on algebraic groups and pro-
posed the notion of rough subgroups, many researchers have
studied rough sets from algebraic points of view. Kuroki
(1997) and Xiao and Zhang (2006) introduced the concepts
of rough (prime) ideals of a semigroup. Davvaz (2004),
Davvaz and Mahdavipour (2006) and Davvaz (2006, 2008)
investigated the properties of rough approximations in rings,
modules and n-ary algebraic systems, respectively. In Davvaz
(2006), Leoreanu (2008) and Leoreanu and Davvaz (2008),
the authors defined and analysed the roughness in algebraic
hyperstructures. Recently, rough approximation operators in
some ordered structures were considered by Estaji, Luo, Qi,
Tantawy, Xiao, Yang, Zhou and others. The reader can refer to
Estaji etal. (2012), Luo and Wang (2014), Qi and Liu (2005),
Tantawy and Mustafa (2013), Xiao et al. (2012), Xiao et al.
(2014), Yang and Xu (2013) and Zhou and Hu (2014) for
details.

The theory of fuzzy sets, initiated by Zadeh (1965), is
well known to achieve great success in various fields of sci-
ence and technology. For analysing the inter-relations among
fuzzy sets and rough sets, Dubois and Prade (1990, 1992)
combined these two concepts and proposed the notion of
fuzzy rough sets. Their work afterwards received wide atten-
tion both in practical applications (see, e.g. Jensen and Shen
2005; Wang 2003; Zhang et al. 2015) and in theoretical sides
as well (see, e.g. Feng et al. 2010; Radzikowska and Kerre
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2002). However, since Dubois and Prade’s fuzzy rough sets
were defined based on the complements of fuzzy relations,
some results in classical rough sets cannot be extended to
the context of fuzzy rough sets. To improve this definition,
many authors employed implicators (implication operators)
to define fuzzy rough sets. For example, Morsi and Yak-
out (1998) studied the properties of fuzzy rough sets based
on the residuated implicators which are induced by triangu-
lar norms. Radzikowska and Kerre (2005) introduced and
investigated L-fuzzy rough sets based on residuated lat-
tices. The generalized fuzzy rough approximation operators
determined by fuzzy implicators were studied by Wu et al.
(2005, 2013). For more information on this topic, please see
Radzikowska and Kerre (2002); Wu and Zhang (2004) and
Yao (1998).

Meanwhile, it was pointed out in Dubois and Prade (2001)
that more efforts should be made to study new algebraic struc-
tures induced by fuzzy sets. Inspired by this viewpoint, many
investigations have been carried out in order to study rough
sets on fuzzy algebraic structures and finally propose new
algebraic structures. The work on this topic can be classified
into two groups. One group of papers took a rough alge-
braic structure as the universal set and then studied the fuzzy
substructures on it. The study is initiated by Davvaz (2006)
and then continued by Leoreanu (2008) and others. Another
group of papers defined and investigated fuzzy rough sets on
crisp algebraic structures. This direction can also be regarded
as a directly fuzzy generalization of classical rough algebras.
The examples in this direction are Li et al. (2007), Li and Yin
(2007), Xiao and Zhang (2006), Yin et al. (2011), Yin et al.
(2011) and Yin and Huang (2011).

It is well known that the theory of lattice, as a combination
of algebraic structures and ordered structures, plays an impor-
tant role in computer science, engineering and mathematics.
For example, it is widely used in data mining, distributed
computing, programming language semantics and machine
learning (Marques and Grana 2012; Singh et al. 2016; Jin
and Li 2012; Zhang and Bodenreider 2010). It also has
applications in other branches of mathematics such as com-
binatorics, number theory and algebra (Borzooei et al. 2008;
Lidl and Pilz 1998). In this paper, we intend to apply fuzzy
rough sets to lattice theory. By using a residuated implica-
tor determined by a left continuous t-norm on a complete
lattice, TL-fuzzy rough upper and lower approximation oper-
ators with respect to a lattice-valued fuzzy set on a lattice are
defined and studied. As examples of application in theoreti-
cal aspect, such operators are used to characterize TL-fuzzy
ideals on distributive lattices. Also, we analyse the properties
of TL-fuzzy rough ideals and TL-fuzzy quasi-rough ideals
with respect to an L-fuzzy set on lattices and study the rela-
tions among them. The paper is in line with the fuzzification
of rough sets on lattices reported in the literature, for example
Estaji et al. (2012) and Xiao et al. (2012, 2014).
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The rest of the paper is organized as follows: in Sect. 2, we
recall some basic notions and results on lattices and L-fuzzy
sets. In Sect. 3, we define and study TL-fuzzy rough approx-
imation operators with respect to an L-fuzzy set on lattices.
In Sect. 4, TL-fuzzy rough ideals and TL-fuzzy quasi-rough
ideals on a lattice are given and the relations among them
are investigated. We make conclusions and suggest topics
for future research in the last section.

2 Preliminaries

This section reviews some basic notions and facts on lattices
and L-fuzzy sets (see Birkhoff 1967; Goguen 1967; Davey
and Priestley 2002) which will be needed in the paper.

Let (L, <) be a poset. We say that L has a bottom element
if there exists 0 € L (called bottom) with the property that
0 < x for all x € L. Dually, L has a top element if there
exists 1 € L such that 1 > x for all x € L. It is clear that
0 (resp. 1) is unique if it exists. A poset (L, <) is called a
lattice if it satisfies the condition that for any «, 8 in L both
a Vv Band @ A B existin L, where o vV B = sup{w, §} and
a A B =inf{w, B}. Alattice L is said to be bounded if it has
both bottom 0 and top 1. A lattice L is said to be distributive
ifforeacha, B,y e L,an(BVy)=(@AB)V(eAB).It
isclearthat o V (B A y) = (@ V B) A (x VvV B) is also valid
in a distributive lattice.

Let L be a poset. A subset D of L is said to be directed
if every finite subset of D has an upper bound in D. A poset
is said to be a directed complete poset, or shortly DCPO, if
every directed subset has a sup. A poset is called a complete
lattice if every subset has both sup and inf.

Example 1 Let X be a nonempty set. A family of subsets
£ of X is called an (-structure if ();.; A; € £ for every
nonempty {A; : i € I} € Z. An ()-structure & is said to
be topped if X € Z. It is easy to verify that every topped
()-structure is a complete lattice.

Let (L, Vv, A, <,0, 1) be a complete lattice with 0 and 1
as the bottom and the top, respectively. A triangular norm
on L, or shortly a t-norm, is an increasing, associative and
commutative operation 7 : L? — L satisfying the boundary
condition: for any ¢ € L, Tl = «. For ay,...,®, €
L(n> 1),WewriteTi"=1a,~ =aTarT ... Ta,. Let{w; :i €
I} beasetin L and B € L, where [ is an index set. Then, we
say that T is left continuous if (\/;c; ai)TB = ;@i TP).

For any left continuous t-norm 7', the following binary
operation on L, i.e.

9. B)=\/{yeL:aTy <B}. Ya.BeL

is said to be the residuation implication of T, or simply, the
T-residuated implication.
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For a T-residuated implication © on a complete lattice, the
following properties are well known (see Morsi and Yakout
1998; Wu et al. 2005): let o, B, v, n,; € L (i € I), where
I is an index set. Then

R1) 9(1,0) =aand ¥ (, 1) = 1;
R2) 0 < B = V(a, B) = 1;
R3) a < B v(,a) <9(5,p)forall§ € L;
R4) o < B < v(a,8) = V(B,5) forall § € L;
R5) ?(aTB,y) = a, F(B,¥));
(R6) o < ¥(B,aTB);
R7) 9, )Ty < 0 (e, BTy);
(R8) O (a, BTV (v, n) <0 (aTy, BTn);
R9) ¥ (Vi ais B) = Niep (e, B);
R10) #(B, Njes i) = Nics O (B, i);
R11) 9B, Vies i) = Vier F(B, i)

Clearly, if T is a t-norm on a complete lattice L, then
(L,Vv, N, <, T, 9,0,1) forms a complete residuated lattice
(see Radzikowska and Kerre 2005), where 9 is the residu-
ated implicator induced by T'. In the sequel, unless otherwise
stated, L always denotes a given complete lattice with a left
continuous t-norm 7" and ¢ denotes the T-residuated impli-
cator.

As a generalization of Zadeh’s fuzzy sets, Goguen (1967)
introduced the notion of lattice-valued fuzzy sets, or shortly
L-fuzzy sets. Let X be an nonempty set. An L-fuzzy set on
X is an arbitrary mapping © : X — L. The family of all
L-fuzzy sets on a given set X is denoted by L¥.

It should be noticed that in this research, we shall deal with
roughness with respect to L-fuzzy sets on a lattice. So, both
the domain and the codomain of fuzzy structures are lattices.
To avoid certain confusion arising, throughout the paper, we
will use X to denote the universe set and L the structure of
truth values of an arbitrary L-fuzzy set.

For A € X and 0 # o € L, we define a pair of L-fuzzy
sets ¢4 and oy on L by

o, XxX€eA
1, xeX—-A

ap(x) = g, ); 21;_14 and o (x) =
respectively, for all x € X. In particular, (i) if« = 1, then oy
is called the characteristic function of A and is denoted by
xa; (i) if A = {x}, then a4 is called an L-fuzzy point with
the support x and the height & on X and is denoted by x,.
An L-fuzzy point x, is said to belong to an L-fuzzy set pu,
written as xy € W, if u(x) > a.

Given u,v € LX, by © € v we mean u(x) < v(x)
for all x € X. Some new L-fuzzy sets on X are defined
by (uUv)(x) = u(x) Vvx), (kNv)x) = pnlx) Avlx)
and (uTv)(x) = u(x)Tv(x), respectively, for any x € X.
In addition, suppose that X and Y are two nonempty sets,
we LXandv e LY, define u x7 v e LX*Y as follows:

(mxrv)(x,y) = pux)Tv(y), Y(x,y) € X x Y.

Definition 1 Let X be a lattice and u, v € L. Then the L-
fuzzy subsets u Vv, u ATV, LV v and Ay v are defined,
respectively, as follows: Vx € X,

(D (nvrv)x) =
(2) (uApv)(x) =
(3) (n vy v)(x) =
) (uAp v)(x) =

Vou@)T(y).

X=yVvz

V' w@)Tv(y).

X=YyAZ

A P, v@).

X=yVz

A D), (@)

X=YAZ

The following two propositions can be easily verified from
the above definition.

Proposition 1 Ler X be a lattice and ., v, w € LX. Then

(1) 1T < (u vV v)(x V y) forall x, y € X.

(2) px)Tv(y) < (AT v)(x Ay)forallx,y e X.

B3) wvrv Cwifand only if w(x)Tv(y) < w(x V y) for
allx,y € X.

@) uArTv Cwifand only if u(x)Tv(y) < w(x A y) for
all x,y € X.

Proposition 2 Let X be a lattice and 1, v, w € LX, and let
{ni i elyand{v;: j € J} be two subsets of LX, where I
and J are index sets. Then

(D) uvrv=vVvruand u AT v="v AT [

2) (uVrv)Vro=puVr (vVro)and (L AT V) AT @ =
AT (VAT W).

3) IfvCw thenuvrv Cuvrwand u At v C AT o.

@) IfvCothenuVyv S puVyw vVyu 2wVy i,
WAy VS Ay wandv Ay 1 2 w Ay [

(5) If X is distributive, then u AT (V VT ®) C (UWAT V) VT
(U AT ).

©) (Micr v Vr (Mics vi) € Nier Nies (i V1 v)).

It is well known that ideals play fundamental roles in lat-
tice theory. In the following, we introduce the concept of
TL-fuzzy ideals of a lattice and develop some of their basic
properties, which can be seen as a generalization of the notion
of fuzzy ideals reported in literature (see, e.g Swamy and Raju
1998).

Let X be a lattice and . € LX. We write | u(x) =
\/xiy w(y)and t u(x) = \/yfx u(y), respectively. Then
is called an L-fuzzy lower (resp. L-fuzzy upper) setif | u = u
(resp. 1 1 = ). One may easily observe that p is an L-
fuzzy upper set if and only if x <y = u(x) < p(y) for all
x,y € X.Soevery L-fuzzy upper set is a monotone function.
Dually, every L-fuzzy lower set is an antitone function.

@ Springer
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Definition 2 Let X be a lattice and i € LX. Then p is said
to be nonvoid if \/ .y u(x) = 1. A nonvoid L-fuzzy set
w is called an TL-fuzzy V-semilattice on X if u(x v y) >
w(x)Tu(y) forall x,y € X. u is called an TL-fuzzy ideal
on X if it is both an TL-fuzzy V-semilattice and an L-fuzzy
lower set on X.

Remark 1 In Definition 2,if L = [0, 1]and T = A, then the
concept of TL-fuzzy ideal on a lattice is equivalent to that of
fuzzy ideals given in Swamy and Raju (1998).

Lemma 1 Forany u e LX, | pu = Xx AT M.
Proof Let u € L¥ and x € X. We have

U At =\ 1T

X=YANZ

=V r@ =\ re
X=YAZ X=z

= | px)

and

x At @ =\ 1T

X=YAZ
=\ w@=\/ ro
X=YAZ X=XAZ
=V 1@ =4 p.
X<z
This implies that | i = x, AT K. m}

Proposition 3 Ler X be a lattice and (1 a nonvoid L-fuzzy
set on X. Then w is an TL-fuzzy ideal on X if and only if the
following conditions hold:

(D pvr <
@) xy AT S

Proof By the item (3) of Proposition 1, it is easy to see that
w NVt i € pif and only if ¢ is an TL-fuzzy Vv-semilattice.
Since u S| w always holds, it follows from Lemma 1 that
Xy Ar u € pif and only if © ={ u, i.e. u is an L-fuzzy
lower set on X. m]

In the sequel, we use the symbol TLFI(X) to denote the set
of all TL-fuzzy ideals on a lattice X. The following corollary
is straightforward by Proposition 2 and 3.

Corollary 1 Let u, v, u; € TLFI(X), i € I, where I is an
index set. Then

(1) uTv € TLFI(X). In particular, (;c; ni € TLFI(X).

(@) If {ni = @ € I} is a directed set, then |J;c; i €
TLFI(X).

(3) If X is a distributive lattice, then u V1 v € TLFI(X).
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3 The properties of TL-fuzzy rough approximation
operators on a lattice

In this section, by applying fuzzy rough sets proposed by
Morsi and Yakout (1998) to lattice theory, we introduce the
main concept of present paper.

Definition 3 Let X be a lattice and & € L¥. Define two
mappings mT : LY - L¥ and Aprﬂﬁ LY — LX,
respectively, called TL-fuzzy upper and lower rough approx-
imation operators with respect to u, as follows: Yv € L¥ and
Vx € X,

A v =\ w@Tv)
xVzi=yVvz

and

Apruv@) = [\ 9@, v

xVz=yVz

For each v € L¥, Aprﬂﬂv (resp., AprMTv) is called an TL-
fuzzy lower (resp., upper) rough approximation of v with

respect to . The pair (AprMTv, Apruﬁv) is called the TL-

fuzzy rough set of v with respect to u if AprMT v #£ Apruﬁ V.

Remark 2 (1) In Definition 3, if both i and v are crisp sub-
sets of X, then the operators Apr, v and mTU are
equivalent to those introduced in Xiao et al. (2014).

(2) By carefully observing Definition 3, one may find that
it covers Morsi and Yakout’s definition. Indeed, for an
L-fuzzy set i of X, we define an L-fuzzy relation as fol-
lows: R, (x, y) := \/xvz:wz u(z),Vx,y € X.Then, by
applying R, to Morsi and Yakout’s definition, we obtain
the operators A Pru, and mr as given in Definition 3.
They are more generalized fuzzy rough approximation
operators since R, is not necessary to be an L-fuzzy
equivalence relation. However, if @ is an L-fuzzy v-
semilattice on X, then R, is an L-fuzzy equivalence
relation, and thus, Apr,, v and AprMTv are equivalent
to those given in Morsi and Yakout (1998).

The following two theorems can be easily checked from
Definition 3 and Remark 2.

Theorem 3.1 Let X be a lattice, v, v, v; € LX (i € I) and
o € L. Then

(D WT(Uiel vi) = Uies WTW
2 mr(ﬂiel i) € Nies mT‘)i-
3) Aprﬂﬁ(niel) = Nier Apry vi.

“4) wﬁ(Uiel Vi) 2 Uie[ wﬁvi‘

(5) If i is nonvoid, then Apruﬂv CvC AprMTv.
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(6) If u is nonvoid, then Apruﬁax =ay = AprMTax.

Theorem 3.2 Let i be an L-fuzzy \V-semilattice on X. Then

@)) AprﬂTAprﬂTv = AprﬂTv

2) AprMﬁApruﬂv = Apruﬂv.
T
V.

—T
3) AprﬂﬁApr,L v =Apr,
—-T
4) Apry Aprﬂﬁv = Aprﬂﬁv.

It is easy to deduce from (1) of Theorem 3.1 that, for any

v,w e L%, v C o implies AprMTv C AprMTa), ie. AprMT
is order preserving. By the item (1) of Theorem 3.2, if
. . . —T . .

is an L-fuzzy V-semilattice, then Apr,,  is idempotent. So,
combining with (5) in Theorem 3.1, we conclude that if u is

o —T .
an L-fuzzy V-semilattice, then Apr,~ is a closure operator
on (LX, C). Similarly, Apry, is a kernel operator on LX.

Theorem 3.3 Let X be a lattice and ju, v € LX. Then

(D Apr,LT vy AprﬂTv and Aprﬂﬂ vl Aprﬂﬂv.
Moreover; if X is a distributive lattice and | is an L-fuzzy

lower set on X, then WT Jv=J m V.

2) mT v 21 mTv. Moreover, if X is a distributive
lattice and . is an L-fuzzy lower set, then WT Ty =1
Apr, v and Apry, 1 v 21 Apry v.

Proof (1) Let u,v e LX and x € X. Then, we have

Apr Ly =\ w@T L)

xXVz=yVz
=V o1\ v@
xXVz=yVz y=a

V V w@rmv@

xVz=yVvz yVa=a

V  w@Tv@

(xVa)Vz=aVvz

\/ Apr,LTv(x Vv a)

acX

= \/ Apr. v(b) <| Apry. v().

x<b

IA

IA

This implies that AprMT vl AprMTv. Next, we show
that APruﬁ v 2l Apruﬂv. In fact, for any x € X, we
have

Aprﬂﬁ Jvix) =

A ﬁ(u(zx \V v(a))

xVz=yVz y=a
= A ﬁ(m), Vovorv b))
xVz=yVvz beX

v

A Vo @@, v vb)

xXVz=yVvVzbeX

V A ?w@.vovb)

x<bxVzi=yVvz

VoA

x<b xVbVz=yVbVvz

=V A W@ Vb

x<bbvz=yvbvz

= \/ Apr,iﬁv(b) =] Apruﬁv(x).

x<b

v

v

D (u(2), v(y Vv b))

That is, Aprul9 vl Aprul?v. Moreover, if X is a dis-
tributive lattice and u is an L-fuzzy lower set on X, then

Vaprs vy = \/ Apr vin =\ \/  u@Tv)

X<y X<y yva=bva

=V V  u@mo
XY xA(yVa)=xA(bVa)
<V V w@Tv(b)

XY (xAY)V(xAa)=(xAb)V(xAa)

< V w@Tv(b)

xV(xAa)=(xAb)V(xAa)

< V

xV(xAa)=(xADb)V(xAa)

=AprMT $vx).

ux ANa)T | vix AD)

This means AprMT v 2l AprMTv, and so Apr,LT N
v=| AprMTv.
The proof of (2) is similar to that of (1). m]

Theorem 3.3 indicates that, for any u € LX, the operator

A pruT maps each L-fuzzy upper set to an L-fuzzy upper set

and Apr,, maps each L-fuzzy lower set to an L-fuzzy lower

set. Furthermore, if X is distributive and u is an L-fuzzy
—T

lower set, then Apr,” maps each L-fuzzy lower set to an

L-fuzzy lower set and A Pry, maps each L-fuzzy upper set
to an L-fuzzy upper set.

Theorem 3.4 Let X be a lattice and [, v, w € LX. Then

T T T e g
(1) Apriuvypvy @ 2 Apr, Apr, . Moreover, if X is dis-

. . T T T
tributive, then Apr ;v @ = Apr, Apr, .
(2) Apriuvrv NCRS AprﬂﬂAprvﬁw. Moreover, if X is dis-

tributive, then Aprquy,v) 0 = ApruﬁAprvﬂ(&
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Proof Let u,v,w € LX. For any a, z € X, it follows from
Proposition 1 that u(z)Tv(a) < (u VT v)(z V a). Thus, for
any x € X, we have

—FT7T—-7T —F—-T
Apry Apr, o) = \/ wu@TApr, o(y)

xXVzZ=yVvz
=V w@r \/ v@Te®)
xXVz=yVvz yva=bva

V  V r@hv@Toe®)

xXVz=yVz yva=bva

V  w@Tv@)To®)

xVzva=bvzVva

\/ (VT v)(zVa)Twb)

xV(zva)=bv(zVva)

IA

IA

—FT
= Apr(uvrv) w(x).

This implies Apr(MVTV)Ta) 2 AprMT(Aprva). Moreover,
if X is a distributive lattice, we first prove the fact that for
x,y,a,be X,xvavb =yvavbimpliesxVa = rVvaand
yVvb =rvbforsomer € X.Infact,ifxvavb =yvavb,
then we have

xVa=xVva)AxVvavb)y=xvVva)A(yVaVb)
=(xAYVEAa)VxAb)V(@aAyY)V(aAb)Va
=(xAY)YVEADb)V(@Ay) Va

and

yWwb=(yVbA(Vavb)y=(yVb)A(xVaVb)
=(xAYV@nyY)YVOAYVXAb)V(arnb)yVvb
=xAy)V(@ny)Vv(xAb)Vvb.

Letr = (xAy)V(aAny)V(xAb). ThenwegetxVa =rVa
and y Vb =r Vv b. Thus, for any x € X, we have

V wvrn@To®)

xVz=yVz

V V w@mv®Tew)

XVZ=yVzZz=aVvb

V  @Tv®)Tow)

xvVavb=yvavb

V  V w@rvoTow)

xvVa=rva yvb=rvh

\V w@r

xvVa=rvVa

_T
Apruveyy o(x) =

IA

IA

\/ v T

yVb=rvb

\  w@r (Apr," o)

xVa=rvVa

=AprMTApr,)Ta)(x).
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It follows that Apr(MVTU)Tw c AprMTAprva, and hence

T T T
Aproivpyy @ = Apry Apr, o.
(2) It is similar to that of (1). O

Corollary 2 Let X be a distributive lattice and ., v, w €
LX. Then

@)) AprMTApr,,Ta) = AprUTAprMTa).
2) ApruﬁAprvﬁa) = AprvﬁAper?a).

Proof Straightforward by Theorem 3.4. O

Theorem 3.5 Let X be a lattice and ju, v, w € LX. Then

(1) If v is an TL-fuzzy V-semilattice on X, then AprMTv VT

AprMTa) - Apr,LT(v VT ).

(2) If X is adistributive lattice, then mTvvrmTw )
mT(V VT ®);
Aprﬂﬁv VT Apruﬁa) C Aprﬂﬁ(v VT ).

) If X is a distributive lattice and p is an TL-fuzzy
V-semilattice on X, then mTU AT m w C

—T
Apr, (v AT ).
(4) If X is a distributive lattice and 1 is an L-fuzzy upper set

T T T
on X, then Apr, v At Apry, @ 2 Apr, (v AT 0);
Apruﬁv AT Aprﬂﬁa) C Apruﬁ(v AT ©).

Proof We only prove (1) and (4). The others can be proved
similarly.

(1) Let u be an TL-fuzzy Vv-semilattice on X and x € X.
Then, we have

(Apry v) v Apr, @)(x)

T T
= \/ Apr, viy)TApr, w(z)

X=yVvz
= \/ \/ w(a)Tv(b) T( \/ u(c)Tw(d))
x=yVz \ yva=bva zVe=dve

=V V \/  w@Tv®)Tpe)Twd)

X=yVZ yVa=bva zvVc=dVc

< \ 1(@)T () Tv(b)Tew(d)

xVave=bvdvavc

=y

xVave=bvdvavc

ulav )T (v VvV w)(bVd)
—T
= Apr, (v V7 0)(x).

This implies mTU VT mTa) - mT(V VT ).

(4) If X is a distributive lattice, then we have the assertion
that, forx, y,z,a,b € X,xVvz=yVvzandy = a Abimply
thatx =rAt,rvp=avp,tvVg=bVvgqg,z < pandz <gq
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forsomer, ¢, p,q € X.Infact,ifxVz = yvzandy = aAb,
thenxVvz = (anb)Vvz = (aVz)A(bVz).Bythe absorption
law,wehavex = x A(x Vz) =[x A(aVIA[xA(DV )]
Letr =xA(avz),t =xA(bVz),p=aVvVzandg =bVz.
Thenwegetrvp=avp,tvVg=bVvg,z<pandz <gq.
Moreover, since u is an L-fuzzy upper set on X, it follows
from z < p and z < p that u(z) < w(p)T u(g). Thus, for
any x € X,

Apra (v AT @)(x)

= \/ w@T (W AT 0)(y)

XVz=yVvz
=\ w@r| \V v@Troo
xXVz=yvz y=anb

V  V w@m@rew

xXVZ=yVzZ y=anb
VoV Ve Dh@Tr@To®)

X=rAt rvp=aVvp tvq:bvq

Vor( v

X=rAt rvp=aVvp

IA

/L(p)TV(a))T

x|V w@To®

tvg=bvq
=V (@ o) T (Apr o)
X=rAt

—T —T
= (Apr, v AT Apry, o)(x).

That is, AprMTv AT AprMTa) ) ApruT(v AT w). Next, we
show wﬁv AT Apruﬁa) - Apruﬁ(v AT ). Since X
is a distributive lattice, we have the assertion that, for any
x,yv,a,b € X, x Ay)Va =>bVaimpliesb =r At,
rv(xva)=xVaandtVv(yVva) =yVaforsomer,t € X.
In fact, if ( x Ay)Va =bVva,thenb=bA(bVa) =
bA[xAYYVal =[bAxValADA(Va)] Let
r=bAn(xVva)andt =bA(yVa). Thenrv(xva)=xVa
and?V(yVa) = yVahold. Meanwhile, since  is an L-fuzzy
upper set on X, itis clear that u(a) < u(x Vva)Tu(y V a).
Thus, for any x, y € X, we have

Aprp (v AT @) (X A Y)
- /\ ¥ (u(a), (v Ar w)(b))

(xAy)va=bva

= /\ z?(u(a), \/ v(C)Tw(d))

(xAy)va=bva b=cAd
= A A z?(u(a), \ v(c)Tw(d))
rv(xva)=xvatVv(yva)=yva b=cnd

%

N A

rv(xva)=xVvatVv(yva)=yVvVa

A A

rv(xva)=xvatVv(yva)=yva

A dwava.ve)|T
rv(xVva)=xV(xva)

x < A ﬁ(u(yVa),w(t))>
tv(yva)=yv(yva)

- (Mﬂv(x)) T (mﬁw(y)) ’

U (uxva)Tu(y va), v(inTo(t))

%

Fu(x v a), vir)TH(u(y v a), (1))

%

Since x, y, z are arbitrary elements of X, it follows from
Proposition 1 that Aprﬂﬁv AT Apruﬂa) - Aprﬂﬂ (v AT w).
O

Lemma 2 Let X be a lattice and i, v, w € LX. If u Cv,

then AprMTw C AprUTa) and Apry o 2 Apry . Spe-

cially, if X has the bottom L, then Apr,((“Tu =pn =
AP"K(L)&M-

Proof Straightforward by Definition 3. O

The following theorem comes directly from Lemma 2.

Theorem 3.6 Let X be a lattice and ., i, 0 € LX, i € I,
where I is an index set. Then

—T —7T

(D) Aprp,_ o S Nics Apry; 1 and Aprp,., i M o)
Uiel Apr#iﬂ:u'
—T —7T

@) Apry, i = Uier Apry, wand Apr,_, Mi)ﬂﬂ =
Micr Apr; o1t

Next, let X and Y be two lattices, define vV and A coordi-
natewise on X x Y as follows: for (x, y), (a,b) € X x Y,

(x,y)Vv(a,b)=(xVva,yVvb),(x,y) A(a,b)
=(x Aa,yAb).

Then (X x Y, Vv, A) is alattice, called the product lattice of X
and Y. It is routine to verify that if X x Y is a product lattice
and (x, y), (a,b) € X x Y, then (x, y) < (a, b) if and only
ifx <aandy < b.For the L-fuzzy approximation operators
on a product lattice, we have the following theorem.

Theorem 3.7 Let X and Y be lattices, ,v; € L%,
wo, v € LY, and i and po be TL-fuzzy ideals of X and
Y, respectively. Then

e — T T
(1) Apryyxu, (vi X vp) =Apry, vi X Apry, v.
) Aprmxﬂzﬂ(vl X 1p) 2 Apr,“ﬁvl X Aprmﬂvz.

@ Springer



24

X. Huang et al.

Proof 1t is similar to that of Theorem 3.16 in Li and Yin
(2007). O

As we have seen in the previous discussion, if u is an
TL-fuzzy ideal, then the TL-fuzzy approximation operators
induced by p,i.e. A Pru, and mr, on a distributive lattice
have many nice properties. Then, a natural question raises:
How can we restrict the TL-fuzzy upper and lower approx-
imation operators induced by an L-fuzzy subset so that this
L-fuzzy subset is an TL-fuzzy ideal?

In what follows, we will give an answer to this question.
In fact, we will obtain some methods to characterize TL-
fuzzy ideals of a distributive lattice in terms of TL-fuzzy
approximation operators.

Theorem 3.8 Let X be a distributive lattice with bottom L
and u a nonvoid L-fuzzy set on X. Then u is an TL-fuzzy
ideal on X if and only if the following conditions hold:

(D AprMTv = u V7 v for every L-fuzzy lower set v on X.
(2) Apr," Apr, v =Apr, v forallv € LX.

Proof (=) Let u be an TL-fuzzy ideal on X. For every
L-fuzzy lower set v on X and x € X, we have

Apri vy =\ w@Tvy) = \/ w@Tvy)
xVz=yVvz x=yVvz
= (1 v v)(x),

. —T
which means that Apr,,” v 2 u V7 v. On the other hand,
since X is a distributive lattice, and both p and v are L-fuzzy
lower sets of X, we have

Apr,LTv(x) =

\V  w@T(y)

xVz=yVvz

\V  r@Tv)

XA(xVZ)=xA(yVz)

=V @M

x=(xAy)V(xAZ))
=V
x=(xAy)V(XAZ)

=(uVrv)(x)

IA

wx A2)Tv(x Ay)

ie. A_per C u Vr v, and hence A_per = u V1 v. Now,
we have proved that (1) holds. By Theorem 3.2, it is straight-
forward that (2) holds.

(¢<=) Assume that (1), (2) hold and let u be an L-fuzzy
subset on X. Clearly, x(1)is an L-fuzzy lower set on X (L is
the bottom of X). Meanwhile, for any x € X, we have

@ Springer

V  w@Txw) =

xXVz=yVvz

=\ 1@ = p)

X=z

V w6

xVvz=1lvVvz

S
Apr, xin(x) =

and

\V w@Txu® = \/ wa

x=aVvb x=aVv_Ll

V w@ = pu).

(VT X))

Thus, (1) implies that | u = u, i.e. u is an L-fuzzy lower
set on X. Next, we prove that p is an TL-fuzzy Vv-semilattice
on X. For x € X, we have

R -7
Apr, Apr, xi(x) \/ w@TApr, xi(y)

xVz=yVz

= \/ w(@)T \/ u(@)T xi (b)
xXVz=yvz yva=bva

=V woT \ we
XVz=yVvz yva=lva

= \/ w@T

xVz=yVz

=\ r@Tu) = @ vr ).
xX=yVz

Similarly, we have AprMTXu) (x) = u(x). Thus, (2) implies
that w vV w € w. So, p is an TL-fuzzy ideal on X. m]

Theorem 3.9 Let X be a distributive lattice with bottom L
and u a nonvoid L-fuzzy set on X. Then w is an TL-fuzzy
ideal on X if and only if the following conditions hold:

(1) Aprﬂﬁv = W Vy v for every L-fuzzy upper set v on X.
(2) AprMﬁ(AprMﬁv) = Apruﬂvfor allv e LX.

Proof (=) Let u be an TL-fuzzy ideal on X. Then, for any
L-fuzzy upper set v on X and x € X, we have

A Pw@, o)

xVz=yVvz

< A\ 2@, o)

x=yVz

=(u Vy v)(x),

Aprﬂﬁv(x) =

i.e. Apruﬁ v C 1 Vy v. On the other hand, by the hypothesis,
X is a distributive lattice, i and v are an L-fuzzy lower and
an L-fuzzy upper set on X, respectively. Thus, we have
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Apry v = N 9@, v = A\ P @@Trk),
xXVz=yVz xX=yVz
> A P (1(2), v(y)) B
A STI = \/v n@Tu(y), o
X=yVz
= N @00 = 9((u v D), @),
x=(xAY)V(XAZ))
> /\ P(ux AzZ),v(x AY)) Similarly, we have Apr,af},(x) = ¥ (u(x), a). Thus, (2)
Xx=(XAY)V(XAZ) and (R4) derive that u V7 u € w. Therefore w is an TL-
— (,LL Vg 1) (x). fUZZy ideal on X. O

Remark 3 The item (1) in Theorem 3.8 (resp. Theorem 3.9)
provides the computation of Apr,," v (resp., A Pru,v) when
@ is an TL-fuzzy ideal and v is an L-fuzzy upper (resp.,
L-fuzzy lower) set on X.

This implies Apr, v 2 u Vy v. Therefore, (1) holds. It
follows from Theorem 3.2 that (2) holds.

(<=) Assume that (1), (2) hold and let u be an L-fuzzy
subset on X. Clearly, for any o € L, af"; is an L-fuzzy upper
set on X. Meanwhile, for any x € X, we have

Aprﬂﬁa(*“ () = /\ (), afy (1) 4 TL-fuzzy (quasi-)rough ideals on a lattice

Vz=yvz
e Pawlak (1982) introduced the concepts of rough membership

/\ P (u(z), @) = /\ D (u(z), @) between a point and a subset and rough inclusion relation
xvz=lvz xVz=z between two sets. In this section, we extend these concepts

to L-fuzzy environment, and further, use them to investigate
= \/ n@.«)=00 n@, o

TL-fuzzy rough ideals and TL-fuzzy quasi-rough ideals on

XVz=z . .
lattices, respectively.
and Letx € X,a € L — {0} and i1, v, ® € LX. We say that:
(1 Vy o)) (x) = /\ D (u(y), afyy) (1) x4 strongly belongs to v with respect to u, denoted by
x=yvz X €, Vs if xo € Apry v;
_ /\ 9 (u(y), @) = O (u(x), @). (i1) xo weakly belongs to v with respect to u, denoted by
x=yvL Xo €, if xo € Apry, v
(iii) v is roughly lower-included in w with respect to pu,
Then it follows from (1) and (R4) that | © = u, i.e. pis an denoted by v, o, if AP”MﬁV C Apruﬁw;
L-fuzzy lower set on X. Next, we prove that j is an TL-fuzzy ~ (iv) v is roughly upper-included in w with respect to u,
v-semilattice on X. Let x € X. Then denoted by VE o, if _AprMTv c _AprMTa).
*
ApruApruo, (x) It is easy to check that, for any u, v, w € LX,
= N\ (1. Apruai, )

(D) Ve, ® if and only if, for any x € X and @ € L — {0},
Xg €,V = X €, 0.

/\ o [ e, /\ 9 (u(a), at, (b)) 2) v[_ﬂa) if andi)nly if, forany x € X and ¢ € L — {0},
Xo €pV = Xg Q.

xXVz=yVz

XVz=yvz yvVa=bva
We next introduce the notion of TL-fuzzy rough ideals on
- /\ RS /\ P (u(@), @) a lattice, which can be viewed as a fuzzy generalization of
e yva=lva rough ideals on lattices proposed by Xiao et al. (2012).
= /\ s (u(z), 19(\/ ,u(a),a)) Definition 4 Let X be a lattice and u,v € L. Then v
xXVZ=yvz y<a is called an TL-fuzzy lower (reps. upper) rough ideal with
= /\ O (), 0 (§ wu(y), a)) respect to p on X if Apr,, v (resp. mT v) is an TL-fuzzy
xXVz=yvz ideal on X . Further, Wwﬁled an TL-fuzzy rough ideal with
_ /\ 9 (w@Tu(y), @) respect to ;2 on X if both Apr;, v and WTU are TL-fuzzy
XVI=yvz ideals on X.
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In the sequel, we denote by TLFLRI,, (X) the set of all
TL-fuzzy lower rough ideal with respect to  on X and by
TLFURI, (X) the set of all TL-fuzzy upper rough ideal with
respect to ;. on X.

Theorem 4.1 Let X be a lattice and i, v € LX. Then v is
an TL-fuzzy lower rough ideal with respect to i on X if and
only if the following properties hold:

(1) Forany x,y € X and a, p € L — {0}, if xa€,,v and
YBE,V, then (X V Y)1(a,p) €, V-

(2) For any x,y € X and a € L — {0}, if yo€,v, then
(x /\y)olguv'

Proof (<=) Suppose that v is an TL-fuzzy lower rough ideal
with respectto ypon X.Forx,y € X and o, B € L — {0}, if
X €, v and yg€ v, then xo € Apry v and yg € Apry v,
which imply that (Apr#l?v)(x) > « and (Aprﬂﬁv)(y) > B.
Since Apr,iﬁv is an TL-fuzzy ideal on X, by Proposition 3,
wehave Apry, vV Apry v € Apr, v.Then, by Proposi-
tion 1, (Apry v)(x Vy) = (Apru v)(O)T (Apry v)(y)) =
oT B, whichimplies (xVy)aT,gng, i.e. (1) holds. In a similar
way, we can prove that (2) holds.

(<=) Suppose that (1) and (2) hold. For any x,y € X,
seta = Aprﬂﬂv(x) and 8 = wﬂv(y). We consider the
following two cases.

Case I: @ = 0 or 8 = 0. In this case, it is clear that
(Apryu V)OT (Apry v)(y) =0 < (Apry v)(x V).

Case 2: ¢ # 0 # p. In this case, we have x, €
Apruﬁv and yg € w v, that is, xo€,v and yge v.
Consequently, by (1), we have (x V y)r(,p)€,v. Hence,
(Apru VT (Apry () = aTB < (Apru v)(x V ).

As a consequence, for any x,y € X, it always holds
that (Apry, v)(X)T (Apry v)(y) = (Apry v)(x V y). By
Proposition 1, we have Apruﬂv \Zi Apruﬁv - Apruﬁv.
Similarly, we can prove that xx Ar Apr, v € Apr, v.So,
it follows from Proposition 3 that Apr, v is an TL-fuzzy
ideal on X, i.e. v is an TL-fuzzy lower rough ideal on X. O

Theorem 4.2 Let X be a lattice and i1, v € LX. Then v is
an TL-fuzzy upper rough ideal with respect to u on X if and
only if the following properties hold:

(1) Forany x,y € X and a, B € L — {0}, if x4 €,V and
YBELY, then (X V Y)T(a,)Ep-

(2) For any x,y € X and a € L — {0}, if yo €V, then
(X A Y)a€pv.

Proof 1Tt is similar to that of Theorem 4.1. O

In what follows, inspired by Proposition 3, we develop the
concept of TL-fuzzy quasi-rough ideals on a lattice.
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Fig. 1 The lattice in Example 2

Definition 5 Let X be a lattice and i, v € LX. Then v is
called a TL-fuzzy lower (resp. upper) quasi-rough ideal with
respect to i on X if the following properties hold:

(QRID) v Vv v v (resp. v V7 v V)5
(QRI2) xx At v,V (resp. xx At v V).

Further, v is called an TL-fuzzy quasi-rough ideal with
respectto p on X if itis both an TL-fuzzy lower and TL-fuzzy
upper quasi-rough ideal with respect to © on X.

We denote by TLFLQRI,, (X) the set of all TL-fuzzy
lower quasi-rough ideals with respect to © on X and by
TLFUQRI,, (X) the set of all TL-fuzzy upper quasi-rough
ideals with respect to n on X.

Next, we discuss the relationships among TL-fuzzy ideals,
TL-fuzzy rough ideals and TL-fuzzy quasi-rough ideals on
a lattice.

Theorem 4.3 Let X be a lattice and (v a nonvoid L-fuzzy set
on X. If v is an TL-fuzzy ideal on X, then v is an TL-fuzzy
quasi-rough ideal with respect to i on X.

Proof Straightforward by Proposition 3 and Theorem 3.1.
]

However, the converse of Theorem 4.3 is not true in gen-
eral, as shown in the following example.

Example 2 Let X = {1, a,b,c, T} be a lattice as shown
in Fig. 1, L = [0,1] and T = A. Define n and v be L-
fuzzysetsonXsuchthatuz%—f-%—i—obi—i-%%-gand
p=d4 1303 1405 Theppvyp=d 41405141
— 1L "a b c T* TU_J_+a+b+c+T
andxx/\Tuz£+é+%+%+¥.ltfollowsthat

PR 7
(1) Apry (vvr V)T= Apry (xx ATV) =1+ 243+
%—i—% = Apry v.
(2) Apry (VT v) = Apry (Xx Arv) = 1414054

)
0.5 5

= + 0% = Apruﬂv.

c
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Fig. 2 The lattice in Example 3

Consequently, v is an TL-fuzzy quasi-rough ideal with
respect to © on X. But v is not an TL-fuzzy ideal on X,
sincev(ia@aVvce) =v(T)=05<1=v(a)Tv(c).

Theorem 4.4 Let X be a distributive lattice and . € LX.
Then every TL-fuzzy lower quasi-rough ideal with respect to
w is an TL-fuzzy lower rough ideal with respect to i on X.

Proof Let v be an TL-fuzzy lower quasi-rough ideal with
respect to 1 on X. Since X is a distributive lattice, by Theo-
rem 3.5(2) and Definition 5, we have

Aprﬂﬁv 2% Apruﬁv C Aprﬂﬁ(v vVt v) C Apr“ﬁv.

Meanwhile, it follows from Lemma 1 and Theorem 3.3 that

XX AT Aprﬂﬁv =1 Aprﬂﬁv - Aprﬂﬁ v

:Apr#ﬂ()(x AT V) C Apr#ﬂv.

Thus, Proposition 3 implies that Apr,, visanTL-fuzzy ideal
on X, thatis, v is an TL-fuzzy lower rough ideal with respect
to n on X. O

Theorem 4.5 Let X be a distributive lattice and |t an TL-
fuzzy ideal on X. Then every TL-fuzzy upper quasi-rough
ideal with respect to w is an TL-fuzzy upper rough ideal with
respect to L on X.

Proof 1t is similar to that of Theorem 4.4. O

The following example shows that the converse of Theo-
rems 4.4 and 4.5 does not hold in general.

Example 3 Let X = {1, a, b, c, T} be a distributive lattice
asshowninFig.2, L = [0, 1]and T = A.Define , vi and v
be L-fuzzy subsets on X such that u = f + J—Z + % + % + %,
=L 4140541, 05,04y, =034 105,05, 1
Then

(1) Apruﬂvl = i—{-%—l—%—i—%—i— 0%5 is an TL-fuzzy ideal on
X. So, vy is an TL-fuzzy lower rough ideal with respect

to ;o on X. But vy is not an TL-fuzzy lower quasi-rough
ideal with respect to i on X, since Aprﬂﬁ(vl VT ) =
THatptetT € Apry v

2) mT V) = { + al + % + OTS + % is an TL-fuzzy ideal on
P. So, vy is an TL-fuzzy upper rough ideal with respect
to ;o on X. But vy is not an TL-fuzzy upper quasi-rough

ideal with respect to © on X, since AprMT(XX AT V) =
1 1, 1,1 L+ 7.T
THatetetTLApru v

Combining Theorems 4.3-4.5, we conclude that if X is a
distributive lattice and u € TLFI(X), then

TLFI(X) g TLFLQRIM(X) g TLFLRI, (X)
and
TLFI(X) ; TLFUQRIH (X) ; TLFURI, (X).

Finally, we analyse the properties of the ordered structures
consisting of TL-fuzzy (quasi-)rough ideals on lattices.

Theorem 4.6 Let X be a lattice and p a nonvoid L-fuzzy set
on X. Then (TLFLRI (X), ©) is a DCPO.

Proof Let {v; : i € I} € TLFURI,, (X) be directed. Then
mTW is an TL-fuzzy ideal on X for every i € [ and,
clearly, {WTW 1 i € I} is also a directed set. By Theo-
rem 3.1 and Corollary l,mT(Uiel vi) = Ujes mTUi
is an TL-fuzzy ideal on X. This implies that | J;.; vi €
TLFURI, (X). Obviously, |J;; vi is the sup of {v; : i €
I} € TLFURI, (X). Thus, TLFURI,(X) isa DCPO. O

Theorem 4.7 Let X be a lattice and v a nonvoid L-fuzzy set
on X. Then (TLFLRI, (X), C) is a complete lattice.

Proof Tt is similar to that of Theorem 4.6. O

Lemma 3 Let X be a distributive lattice and p an TL-fuzzy
V-semilattice on X. Ifv, » € TLFUQRI, (X), thenvVrw €
TLFUQRI,, (X).

Proof Letv and w be two TL-fuzzy upper quasi-rough ideals
with respect to u on X. Then, we have v Vr vEMv and

— . —T —T
Xx AT vC v, or equivalently, Apr, (v Vyv) C Apr, v
and ApruT(xX AT V) C ApruTv. Since X is a distributive
lattice and w is an TL-fuzzy Vv-semilattice on X, it follows
from Theorem 3.5, Proposition 2 and Lemma 2 that

Apra (v V71 ©) vV (v VT )
= ApruT((v VT V) VT (0 VT 0))

= ApruT(v VT V) Vr AprﬂT(a) VT )

- Apr,LTv \Z% AprMTa)

= ApruT(v VT ).
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and, similarly, we have

Apr (x AT (0 V7 )
- mr((XX AT V) VT (XX AT )
= mT(Xx AT V) VT mT(XX AT ©)
- mTU %4 mTa)

= AprMT(v VT ).

Therefore, v V7 w is an TL-fuzzy upper quasi-rough ideal
with respect to u on X, i.e. v Vr v € TLFUQRI, (X). O

Theorem 4.8 Let X be a distributive lattice with the bot-
tom 1 and | be an TL-fuzzy V-semilattice on X. Assume
that TLFUQRI  (X) | denotes the set of all TL-fuzzy upper
quasi-rough ideals with respect to u on X satisfying the
property that v(1) = 1 for all v € TLFUQRI,,(X),].
Then (TLFUQRIM(P)L, VT, ®)isalattice (ordered by C),
where v © @ = (V1)icr{n; € TLFUQRI, (P)L : n; C
v, n; € o} forall v, o € TLFUQRI,, (X) .

Proof Let v, v € TLFUQRI, (X) 1. Then we have v, w €
TLFUQRI, (X) and v(1l) = (L) = 1. By Lemma 3,
v Vr w € TLFUQRI,, (X), and it is not difficult to verify
that (WVrw)(L) = 1.Sowegetvvrw € TLFUQRI,, (X) .
Next, we prove that v V7 w is the least upper bound of v and
w. Since V(L) = w(l) = 1, we have v C v V7 w and
w CvVvrow LetA e TLFUQRIM(X)l such that v C A
and @ C A. Then by Proposition 2 and Lemma 3, we have
vwWrw C AVrA C A.Hence vV rwistheleastupper bound of
v and w. Similarly, we can prove v © w € TLFUQRI,, (X) .
and that it is the greatest lower bound of v and w. O

Theorem 4.9 Let X be a distributive lattice and |t an TL-
fuzzy V-semilattice on X. Then (TLFLQRIM (X)), Q) isa
complete lattice.

Proof Let {v; | i € I} C TLFLQRI,(X). Then, we
have v; vV Vi, Vi and xx AT Vi, Vi for every i € I,
which are equivalent to Apruﬂ(v,- VT i) C Apruﬂv,- and

Aprﬂﬁ()(x AT Vi) C Aprﬂﬁvi for every i € I. Since w is
an TL-fuzzy Vv-semilattice on X, by Proposition 2 and The-
orem 3.1, we have

o ((07) ()

S Apryu, (ﬂ(w VT Vi))

iel

= m Apru (vi V1 vi)

iel
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<[V Apry,vi

iel

= Apruﬁ (ﬂ 1),-)
iel

and

()

c APmﬂ (ﬂ(Xx AT Vi))
iel
= ﬂ Apru (Xx At vi)
iel

< () Apry,vi

iel

= AprM0 (m vi).
iel

This means that (();c; vi) Vr (Nies vi)C,, Nics vi and
Xx AT (miel Vi)EM miel vi, and hence, ﬂie] vi €
TLFLQRI, (X). In addition, it is clear that xx €
TLFLQRIM(X) and xx 1is the top element in
TLFLQRI, (X). Thus, TLFLQRI,(X) is a topped N-
structure, and hence, by Example 1, is a complete lattice.

m}

5 Conclusions

Fuzzy sets, rough sets and lattice theory have applications
across a wide variety of fields. From these aspects, we intro-
duced in this paper the concepts of TL-fuzzy upper and lower
approximation operators on a lattice and investigated their
basic properties, which extended some notions and results
introduced in Xiao et al. (2012, 2014) in the framework of
lattice-valued fuzzy set theory. However, we are concerned
more with the usefulness of approximation operators com-
pared to Xiaoetal. (2012, 2014). For example, we considered
the characterizations of TL-fuzzy ideals on a distributive
lattice in terms of TL-fuzzy upper and lower approxima-
tion operators. Also, by using these operators, we defined
and studied a new class of fuzzy structures, called TL-fuzzy
quasi-rough ideals based on L-fuzzy sets. The results pre-
sented in this paper can hopefully provide more insights into
fuzzy rough sets on lattices.

There are still several problems left for further study. For
example,

(1) A distributive lattice plays an important role in our dis-
cussion. Then it is interesting to consider whether the
distributivity can be weakened or not.
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(2) From Theorems 4.4, 4.5 and Example 3, it is easily seen
that the concept of TL-fuzzy quasi-rough ideals is dif-
ferent from that of TL-fuzzy rough ideals even if the
underlying lattice is distributive. Then a natural question
israised: Under which conditions will these two concepts
coincide with each other?

We will consider the above questions in the future work.
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