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Abstract We characterize when an equivalence relation on
the base set of a weak lattice L = (L ,�,�) becomes a con-
gruence onL provided it has convex classes.We show that an
equivalence relation on L is a congruence on L if it satisfies
the substitution property for comparable elements. Condi-
tions under which congruence classes are convex are studied.
If one fundamental operation of L is commutative then L is
congruence distributive and all congruences of L have con-
vex classes.
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Itwas recognized by the authors in their recent paper (Cha-
jda and Länger 2013) that for some non-classical logics, their
underlying ordered set is not a lattice but it still bears some
properties of lattices. For example, for BCK-algebras sat-
isfying the double negation law the underlying ordered set
satisfies several interesting axioms which were collected in
the definition of a so-called weak lattice. Hence, the subject
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of our investigation is not only a certain generalization of the
concept of a lattice but a really existing structurewhich comes
from some logical systems. The aim of the present paper is to
study conditions under which an equivalence relation on the
base set of a weak lattice becomes a congruence. A similar
problem for lattices was investigated and solved in Dorfer
(1995). In this paper Dorfer found a characterization of con-
gruences on lattices without using lattice operations. This
motivated us to do a similar job for weak lattices. In fact, we
alreadyused a similar approach in our previous paper (Chajda
et al. 2012) for congruences on directoids and on directoids
with involutions, respectively. The main difference now is
that in the case of weak lattices, congruence classes need not
be convex. Hence, we tried to find conditions under which
congruence classes are convex or, alternatively, we tried to
find conditions which do not ask convexity of congruence
classes. We get several examples showing that our condi-
tions are sufficient but not necessary and several examples
showing that under our conditions the weak lattices are not
trivial, i.e. neither lattices nor λ-lattices.

Definition 1 A weak lattice is an algebra L = (L ,�,�) of
type (2, 2) satisfying the following conditions for all x, y, z ∈
L:

(i) x � y = y and y � x = x together imply x = y, and
x � y = x and y � x = y together imply x = y.

(ii) x � (x � y) = y � (x � y) = (x � y) � y = x � y and
(x � y) � x = (x � y) � y = x � (x � y) = x � y.

(iii) (x � z)� ((x � y)� z) = (x � y)� z and (z � (x � y))�
(z � y) = z � (x � y).

(iv) x � (x � y) = x and (x � y) � y = y.

Let us note that the original definition from Chajda and
Länger (2013) contains one more axiom, namely x � x =
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x � x = x . However, this axiom turns out to be redundant
since it follows from the remaining axioms as pointed in (ii)
of Theorem 3.

Lemma 2 If L = (L ,�,�) is a weak lattice and a, b ∈ L
then a � b = b if and only if a � b = a.

Proof If a � b = b then a � b = a � (a � b) = a and if
a � b = a then a � b = (a � b) � b = b. ��

At first, we prove some basic properties of weak lat-
tices which can be derived directly from the axioms. It is
remarkable that, contrary to the case of λ-lattices [see e.g.
Snášel (1997) for this concept, see also Chajda and Länger
(2011) and Karásek (1996)], weak lattices satisfy one-side
monotonicity for the operations � and �.
Theorem 3 An algebra L = (L ,�,�) of type (2, 2) is a
weak lattice if and only if (i) and (ii) hold:

(i) (x � y) � y = x � y and x � (x � y) = x � y for all
x, y ∈ L.

(ii) There exists a partial order relation ≤ on L such that
for all x, y, z ∈ L conditions (a) and (b) hold:

(a) x ≤ y implies x � y = y, x � y = x, x � z ≤ y � z
and z � x ≤ z � y.

(b) x � y ≤ x, y ≤ x � y.

Proof Let x, y, z ∈ L .
First assume L to be a weak lattice. Then (i) holds. To

prove (ii) define a binary relation≤ on L by x ≤ y if x � y =
y. According to Lemma 2, x ≤ y is equivalent to x � y = x .

x � x = (x � (x � x)) � x = ((x � (x � x)) � x) � x = x
implies x ≤ x .

x ≤ y ≤ x implies x � y = y and y � x = x whence
x = y.

x ≤ y ≤ z implies x �z = (x �z)�z = (x �z)�(y�z) =
(x � z) � ((x � y) � z) = (x � y) � z = y � z = z and hence
x ≤ z.

This shows that ≤ is a partial order. Now let us verify the
conditions in (a).

x ≤ y implies x � y = y by the definition of ≤.
x ≤ y implies x � y = x according to Lemma 2.
x ≤ y implies (x � z)� (y � z) = (x � z)� ((x � y)� z) =

(x � y) � z = y � z according to the definition of ≤ and (iii)
of Definition 1 and hence x � z ≤ y � z according to the
definition of ≤.

x ≤ y implies (z � x)� (z � y) = (z � (x � y))� (z � y) =
z �(x � y) = z � x according to the definition of≤, Lemma 2
and (iii) of Definition 1 and hence z � x ≤ z � y according
to the definition of ≤ and Lemma 2.

Now let us check the conditions in (b).
(x � y) � x = x � y implies x � y ≤ x .
(x � y) � y = x � y implies x � y ≤ y.

x � (x � y) = x � y implies x ≤ x � y.
y � (x � y) = x � y implies y ≤ x � y.
Conversely, assume (i) and (ii).
x � y = y and y�x = x imply x ≤ x � y = y ≤ y�x = x

and hence x = y.
x � y = x and y�x = y imply x = x � y ≤ y = y�x ≤ x

and hence x = y.
x ≤ x � y implies x � (x � y) = x � y.
y ≤ x � y implies y � (x � y) = x � y.
x � y ≤ x implies (x � y) � x = x � y.
x � y ≤ y implies (x � y) � y = x � y.
x ≤ x � y implies x � z ≤ (x � y)� z and hence (x � z)�

((x � y) � z) = (x � y) � z.
x � y ≤ y implies z � (x � y) ≤ z � y and hence (z � (x �

y)) � (z � y) = z � (x � y).
x ≤ x � y implies x � (x � y) = x .
x � y ≤ y implies (x � y) � y = y. ��

Remark 4 Let L = (L ,�,�) be a weak lattice. Then the
inducedpartial order relation≤on L mentioned inTheorem3
is uniquely determined, namely, for arbitrary a, b ∈ L we
have a ≤ b if and only if a � b = b if and only if a � b = a.
Moreover, L satisfies the identities y � (x � y) = y and
(x � y) � x = x .

Definition 5 A congruence on a weak lattice L = (L ,�,�)

is an equivalence relation� on L such that (x, y), (z, u) ∈ �

implies (x � z, y � u), (x � z, y � u) ∈ �.

Lemma 6 If L = (L ,�,�) is a weak lattice, a ∈ L, � ∈
ConL and b ∈ [a]� then a � b, b � a, a � b, b � a ∈ [a]�.

Proof We have a � b, b � a ∈ [a � a]� = [a]� and a �
b, b � a ∈ [a � a]� = [a]�. ��

We are now ready to prove that, similarly as for lattices,
an equivalence relation on a weak lattice is a congruence if it
satisfies the substitution properties for comparable elements.

Theorem 7 An equivalence relation � on the base set of a
weak lattice L = (L ,�,�) is a congruence on L if and only
if for all x, y, z ∈ L conditions (i) and (ii) hold:

(i) (x, y) ∈ � implies (x, x � y), (y, x � y) ∈ �.
(ii) x ≤ y and (x, y) ∈ � imply (x � z, y � z), (z � x, z �

y), (x � z, y � z), (z � x, z � y) ∈ �.

These properties imply that for any (x, y), (z, u) ∈ � we
have (x�z, y�u), (x�z, y�u) ∈ � showing that � ∈ ConL.

Proof If� ∈ ConL then (i) and (ii) clearly hold. Conversely,
assume (i) and (ii). Let (x, y) ∈ � and z ∈ L . Because of (i),
we have (x, x � y), (y, x � y) ∈ �. Applying (ii) we obtain

(x � z, (x � y) � z), (y � z, (x � y) � z),

(z � x, z � (x � y)), (z � y, z � (x � y)) ∈ �
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and

(x � z, (x � y) � z), (y � z, (x � y) � z),

(z � x, z � (x � y)), (z � y, z � (x � y)) ∈ �

which implies

(x � z, y � z), (z � x, z � y), (x � z, y � z),

(z � x, z � y) ∈ �

showing � ∈ ConL. ��
The first step for characterizing congruences on weak lat-

tices in a way similar to that of Dorfer (1995) is to list their
properties with respect to the induced order.

Theorem 8 For a congruence � on a weak lattice L =
(L ,�,�) the following conditions hold for arbitrary x, y, z ∈
L:

(i) x ≤ y, (x, y) ∈ � and z ∈ L imply that there exists

some x1 ∈ [x � z]� with x1 ≥ y � z,

some x2 ∈ [y � z]� with x2 ≥ x � z,

some x3 ∈ [z � x]� with x3 ≥ z � y,

some x4 ∈ [z � y]� with x4 ≥ z � x,

some x5 ∈ [x � z]� with x5 ≤ y � z,

some x6 ∈ [y � z]� with x6 ≤ x � z,

some x7 ∈ [z � x]� with x7 ≤ z � y and

some x8 ∈ [z � y]� with x8 ≤ z � x .

(ii) x ≤ y and z ∈ [x]� imply that there exists some u ∈
[y]� with u ≥ z.

(iii) x ≤ y and z ∈ [y]� imply that there exists some u ∈
[x]� with u ≤ z.

Proof Let a, b, c ∈ L and assume a ≤ b.

(i) If (a, b) ∈ � then

b � c ∈ [a � c]�, b � c ≥ b � c,

a � c ∈ [b � c]�, a � c ≥ a � c,

c � b ∈ [c � a]�, c � b ≥ c � b,

c � a ∈ [c � b]�, c � a ≥ c � a,

b � c ∈ [a � c]�, b � c ≤ b � c,

a � c ∈ [b � c]�, a � c ≤ a � c,

c � b ∈ [c � a]�, c � b ≤ c � b and

c � a ∈ [c � b]�, c � a ≤ c � a.

(ii) If c ∈ [a]� then c�b ∈ [a�b]� = [b]� and c�b ≥ c.

(iii) If c ∈ [b]� then a � c ∈ [a � b]� = [a]� and
a � c ≤ c.

��
Unfortunately, congruences onweak lattices neednot have

convex classes as shown by the following example. However,
we can state an easy sufficient condition which implies con-
vexity of congruence classes.

Example 9 Consider the algebraL = (L ,�,�)of type (2, 2)
with L = Z (where Z denotes the set of all integers),

x � y =
⎧
⎨

⎩

y if x ≤ y
x if x > y and x + y is even
x + 1 if x > y and x + y is odd

and

x � y =
⎧
⎨

⎩

x if x ≤ y
y if x > y and x + y is even
y − 1 if x > y and x + y is odd

(x, y ∈ Z). Let a, b, c ∈ Z. First, by using Theorem 3, we
will check that L is a weak lattice.

If a ≤ b then (a � b) � b = b � b = b = a � b and
a � (a � b) = a � a = a = a � b.

If a > b and a + b is even then (a � b) � b = a � b and
a � (a � b) = a � b.

If a > b and a +b is odd then (a �b)�b = (a +1)�b =
a +1 = a �b and a � (a �b) = a � (b −1) = b −1 = a �b.

If a ≤ b then a � b = b and a � b = a.
If c ≤ a < b then a � c ≤ a + 1 ≤ b ≤ b � c and

c � a = c = c � b.
If a ≤ c ≤ b then a � c = c ≤ b ≤ b � c and c � a ≤ a ≤

c = c � b.
If a < b ≤ c then a � c = c = b � c and c � a ≤ a ≤

b − 1 ≤ c � b.
Obviously, a � b ≤ a, b ≤ a � b.
According to Theorem 3, L is a weak lattice. Put � :=

{(x, y) ∈ Z
2 | x + y is even}. Then � is an equivalence

relation on Z and (a � b) + b and (a � b) + a are even. Now
let (a, b) ∈ �. Then a + b is even. Now we have

(a � c) + (b � c) = ((a � c) + c) + ((b � c) + c) − 2c is
even and hence (a � c, b � c) ∈ �,

(c �a)+ (c � b) = ((c �a)+a)+ ((c � b)+ b)− (a + b)

is even and hence (c � a, c � b) ∈ �,
(a � c)+ (b � c) = ((a � c)+a)+ ((b � c)+ b)− (a + b)

is even and hence (a � c, b � c) ∈ � and
(c � a) + (c � b) = ((c � a) + c) + ((c � b) + c) − 2c is

even and hence (c � a, c � b) ∈ �.
This shows � ∈ ConL. Obviously, � has two classes,

namely the set of even integers and that of odd integers and
both are not convex.
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Theorem 10 Every congruence on a weak lattice L =
(L ,�,�) satisfying the identity

(x � y) � x = x � y (1)

has convex classes.

Proof If a ∈ L , � ∈ ConL, b, c ∈ [a]�, d ∈ L and b ≤
d ≤ c then

d = b � d ∈ [c � d]� = [(d � c) � d]�
= [d � c]� = [c]� = [a]�.

��
Remark 11 By duality, an analogous result holds for the
identity y � (x � y) = x � y.

That this condition is not necessary for the convexity of
the congruence classes follows from the following

Example 12 Each congruence on the weak lattice L =
(L ,�,�) with L = {0, a, b, 1} and

0 a b 1
0 0 a b 1
a a a b 1
b b 1 b 1
1 1 1 1 1

0 a b 1
0 0 0 0 0
a 0 a a a
b 0 0 b b
1 0 a b 1

has convex classes since 0 < a < b < 1 with respect to the
induced order and since � = {0, a}2 ∪ {b, 1}2 is the only
non-trivial congruence on L, but

(a � b) � a = b � a = 1 �= b = a � b

contradicting (1).

However, there exist weak lattices that are not lattices, but
satisfy identity (1) as shown by the following

Example 13 The weak lattice L = (L ,�,�) with L =
{0, a, 1} and

0 a 1
0 0 a 1
a a a 1
1 1 1 1

0 a 1
0 0 0 0
a 0 a a
1 0 0 1

is not a lattice since � is not commutative, but it satisfies (1).

Theorem 14 Let L = (L ,�,�) be a weak lattice and � ∈
ConL. Then L/� is a weak lattice if and only if � has convex
classes.

Proof Let a, b, c, d ∈ L .
If L/� is a weak lattice, b, c ∈ [a]� and d ∈ [b, c] then

[a]� � [d]� = [b]� � [d]� = [b � d]� = [d]�

and

[d]� � [a]� = [d]� � [c]� = [d � c]� = [c]� = [a]�

and hence [a]� = [d]� which implies d ∈ [a]�.
Conversely, assume� to have convex classes. Since L/�

satisfies all identities holding in L, it satisfies (ii)–(iv) of
Definition 1. Now assume [a]� � [b]� = [b]� and [b]� �
[a]� = [a]�. Then [a � b]� = [a]� � [b]� = [b]� and,
analogously, [b�a]� = [a]�. This means b � (a�b). Thus
also (a�b) � (a�(a�b)). Since a�(a�b) = a according to
(iv) of Definition 1 and, by the second equality in L/�, also
a � (b�a),we conclude (a�b) � (a�(a�b)) = a � (b�a).
Since (a � b) ≤ b ≤ (b � a) according to Theorem 3 and
since � has convex classes we obtain a � b and hence
[a]� = [b]�. The second assertion follows by duality. ��

The following example shows that it is not exceptional
that a weak lattice has congruences with convex classes.

Example 15 If (L ,≤, 0, 1) is a bounded poset and

x � y :=
{

y if x ≤ y
1 otherwise

and x � y :=
{

x if x ≤ y
0 otherwise

thenL = (L ,�,�) is a weak lattice whose congruences have
convex classes since a ∈ L , � ∈ ConL, b, c ∈ [a]�, d ∈ L
and b ≤ d < c together imply

d = b � d ∈ [c � d]� = [1]� = [c � b]� = [b � b]�
= [b]� = [a]�.

Lemma 16 For a weak lattice L = (L ,�,�) and a congru-
ence � on L the following hold:

(i) If 0 is the smallest element of (L ,≤) then [0]� is convex.
(ii) If 1 is the greatest element of (L ,≤) then [1]� is convex.

Proof (i) If a, b ∈ [0]�, c ∈ L and a ≤ c ≤ b then
c = c � b ∈ [c � 0]� = [0]�.

(ii) If a, b ∈ [1]�, c ∈ L and a ≤ c ≤ b then c = a � c ∈
[1 � c]� = [1]�.

��

Corollary 17 From Lemma 16 it follows that all congru-
ences on weak lattices with at most four elements have convex
classes.
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Assuming convexity of congruence classes, we can now
prove that conditions (i)–(iii) of Theorem 8 together with
(i) of Theorem 7 are also sufficient for an equivalence rela-
tion on a weak lattice to be a congruence. These conditions
correspond to those in Dorfer (1995).

Theorem 18 Let L = (L ,�,�) be a weak lattice and �

an equivalence relation on L and assume that (i)–(iii) of
Theorem 8 are satisfied, that (i) of Theorem 7 holds and that

(iv) � has convex classes.

Then � ∈ ConL.

Proof Let a, b, c ∈ L and assume a ≤ b and (a, b) ∈ �.
According to (i) there exists

some a1 ∈ [a � c]� with a1 ≥ b � c,

some a2 ∈ [b � c]� with a2 ≥ a � c,

some a3 ∈ [c � a]� with a3 ≥ c � b,

some a4 ∈ [c � b]� with a4 ≥ c � a,

some a5 ∈ [a � c]� with a5 ≤ b � c,

some a6 ∈ [b � c]� with a6 ≤ a � c,

some a7 ∈ [c � a]� with a7 ≤ c � b and

some a8 ∈ [c � b]� with a8 ≤ c � a.

Since b � c ≤ a1 and a � c ∈ [a1]� there exists some d ∈
[b�c]�with d ≤ a�c according to (iii). Now d ≤ a�c ≤ a2
and d, a2 ∈ [b�c]�which implies a�c ∈ [b�c]� according
to (iv), i.e. (a � c, b � c) ∈ �.

Since c � b ≤ a3 and c � a ∈ [a3]� there exists some
e ∈ [c � b]� with e ≤ c � a according to (iii). Now e ≤
c�a ≤ a4 and e, a4 ∈ [c�b]�which implies c�a ∈ [c�b]�
according to (iv), i.e. (c � a, c � b) ∈ �.

Since a5 ≤ b � c and a � c ∈ [a5]� there exists some
f ∈ [b � c]� with f ≥ a � c according to (ii). Now a6 ≤
a�c ≤ f and a6, f ∈ [b�c]�which implies a�c ∈ [b�c]�
according to (iv), i.e. (a � c, b � c) ∈ �.

Since a7 ≤ c � b and c � a ∈ [a7]� there exists some
g ∈ [c � b]� with g ≥ c � a according to (ii). Now a8 ≤
c�a ≤ g and a8, g ∈ [c�b]�which implies c�a ∈ [c�b]�
according to (iv), i.e. (c � a, c � b) ∈ �.

According to Theorem 7, � ∈ ConL. ��

It was pointed out inChajda andLänger (2013) that aweak
lattice becomes a λ-lattice if and only if both fundamental
operations are commutative. As shown in Example 13, there
exist weak lattices where only one fundamental operation
is commutative and hence they are neither lattices nor λ-
lattices. However, the class of these weak lattices has several
interesting properties as stated in the following theorem.

Theorem 19 The classV of weak lattices satisfying the iden-
tity x � y = y � x is a congruence distributive variety and
every congruence on a member of V has convex classes.

Proof Let L = (L ,�,�) ∈ V and a, b ∈ L .
If a � b = b and b � a = a then a = b � a = a � b = b.
If a � b = a and b � a = b then according to Lemma 2

a�b = b and b�a = a which implies a = b�a = a�b = b.
Hence, the first condition of Definition 1 follows from the

remaining axioms which shows that V is a variety. Since

m(x, y, z) := ((x � y) � (x � z)) � (y � z)

satisfies

m(x, x, y) = ((x � x) � (x � y)) � (x � y)

= (x � (x � y)) � (x � y)

= ((x � y) � x) � (x � y) = x � (x � y)

= (x � y) � x = x,

m(x, y, x) = ((x � y) � (x � x)) � (y � x)

= ((x � y) � x) � (y � x) = x � (y � x) =
= (y � x) � x = x and

m(y, x, x) = ((y � x) � (y � x)) � (x � x) = (y � x) � x = x

in V , m is a majority term in V and hence V is congruence
distributive. Finally, if L ∈ V and � ∈ ConL then L/� ∈ V
which by Theorem 14 implies � has convex classes. ��
Remark 20 By duality, an analogous result holds for the
identity x � y = y � x .
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