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Abstract This paper studies the time complexity of gene
expression programming based on maintaining elitist (ME-
GEP). Using the theory of Markov chain and the technique
of artificial fitness level, the properties of transition matri-
ces of ME-GEP are analyzed. Based on the properties, the
upper and lower bounds of the average time complexity of
ME-GEP are obtained. Furthermore, the upper bound is esti-
mated, which is determined by the parameters of ME-GEP
algorithm. And the theoretical results acquired in this paper
are used to analyze ME-GEP for solving function modeling
and clustering problem. At last, a set of experiments are per-
formed on these problems to illustrate the effectiveness of
theoretical results. The results show that the upper bound of
expected first hitting time can be used to direct the algorithm
design of ME-GEP.
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1 Introduction

Gene expression programming (GEP) (Ferreira 2001) is a
genotype/phenotype evolutionary algorithm. As a descen-
dant of genetic algorithms (GAs) and genetic programming
(GP), GEP combines their advantageous features and elimi-
nates their main handicaps. The essential feature among GEP,
GA and GP is that GEP separates genotype (linear structure)
from phenotype (non-linear structure) of chromosomes. GA
and GP only have one entity, such as linear strings of fixed
length (chromosomes) or nonlinear entities of different sizes
and shapes (parse trees).

From the history of life on the earth (Smith and Szathmry
1995), this kind of system such as GA and GP is condemned
to have one of two limitations (Ferreira 2001): if they are easy
to be manipulated genetically, they lose in functional com-
plexity (the case of GA); if they exhibit a certain amount of
functional complexity, they are extremely difficult to repro-
duce with modification (the case of GP). In GEP, the individ-
uals are encoded as linear strings of fixed length (chromo-
somes) which are afterwards expressed as nonlinear entities
of different sizes and shapes (the phenotype). It not only is
manipulated genetically in an easy way but also exhibits a
certain amount of functional complexity. Thus, GEP over-
comes the limitation of representation of GA and makes up
the defect of complex genetic operators of GP. Those excel-
lent properties of GEP have attracted wide attention of schol-
ars around the world and have aroused their research inter-
ests. In recent years, GEP has rapidly become a powerful tool
of automatic programming. And it has been widely applied
in symbolic regression (Peng et al. 2005; Xin et al. 2006),
time series prediction (Lopes et al. 2004), data mining (Chi
et al. 2003; Bin et al. 2005; Karakasis and Stafylopatis 2008)
and many other fields (Shi et al. 2010; Canakci et al. 2009;
Teodorescu 2004; Teodorescu and Sherwood 2008).
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Up to now, theoretical results of EA on computational time
complexity are comparatively abundant. The representative
works are as follows: for specific problems (e.g. Rudolph
1996; Garnier et al. 1999) and simple single-individual EA,
such as the (1 + 1) EA (e.g. Droste et al. 2002; Wegener and
Witt 2005). It is to be noted that He and Yao have done a
series of works about the time complexity for several kinds
of EAs and different problems (He and Yao 2002, 2003,
2004; Lehre and Yao 2012). Further, some more profound
results about the computation time of EAs by using the drift
analysis and other tools such as Dynkin’s formula in sto-
chastic process theory were given Ding and Yu (2005). A
survey of the results obtained in the past decade along the
time complexity of EAs was presented Oliveto et al. (2007).
After that, a simplified drift theorem was introduced Happ
et al. (2008). A further simplification of the drift theorem
which is particularly suited for the analysis of EAs was pre-
sented Oliveto and Witt (2008). By exploiting the relationship
between the convergence rates and the expected first hitting
times, the upper bounds of the first hitting times of evolu-
tionary algorithms based on He and Kang works (He and
Kang 1999) were given Yu and Zhou (2008). A general idea
for analyzing population-based EAs on unimodal problems
using Markov chain theory and Chernoff bounds was given
Chen et al. (2009). However, how to make the upper or lower
bounds of the expected first hitting times associate with the
parameters of EAs is sill unresolved.

The individual of GEP has linear genotype and non-linear
phenotype. Simultaneously, GEP not only contains all the
genetic operators of traditional EA but also introduces some
new genetic operators. All above characters of GEP bring
some challenges to the time complexity analysis. Now, in
the case of GEP, most studies of GEP focus on the real-
izations, improvements and applications of the algorithm.
There have been few studies involved in theoretical analy-
sis of GEP, especially the time complexity. To the best of our
knowledge, the convergence of GEP under the smallest resid-
ual sum of squares was studied Yuan et al. (2004, 2006). In
view of above results, we Du et al. (2009, 2010) studied the
convergence and convergence rate of ME-GEP. We not only
proved that ME-GEP algorithm converged to the global opti-
mal solution in probability but also obtained the upper bound
of the convergence rates of GEP. The results were that the
upper bound was dependent on the second largest eigenvalue
of the transition matrix of the Markov chain by the method
of Jordan Blocks of matrix and the second largest eigenvalue
of the transition matrix was determined by the parameters of
ME-GEP algorithm.

This paper concerns theoretical analysis of the aver-
age time complexity of ME-GEP on optimization prob-
lems with a unique global optimum. A general and easy-
to-apply approach to estimate the average time complexity
for ME-GEP algorithm is presented. By using the proper-

@ Springer

ties of Markov chain and artificial fitness level technique,
the upper and lower bounds of the average time complex-
ity of ME-GEP algorithm are obtained. More importantly,
we get the relation between the upper bound and the para-
meters of ME-GEP algorithm. These results obtained in this
paper are the general theoretical results. Moreover, it has been
shown that the analytical methods and techniques adopted in
this paper have broad suitability and useful reference for the
researchers in the theory of GEP. The rest of this paper is
organized as follows: Sect. 2 introduces GEP and ME-GEP
algorithm. In Sect. 3, the characteristic of nonnegative matrix
and artificial fitness level technique are introduced. In addi-
tion, starting with the Markov chain model associated with
ME-GEP algorithm, some fundamental properties of transi-
tion matrix of ME-GEP algorithm are proved. Section 4 gives
the upper and lower bound of average time complexity of
ME-GEP algorithm and discusses the relations between the
upper bound and the parameters of ME-GEP. As an applica-
tion of the theoretical results acquired in this paper, in Sect. 5,
the upper bounds of average time complexity of ME-GEP for
function modeling and clustering problem are also explored.
And the results in Sect. 4 are verified. Finally, some short
comments on the results obtained in this paper and future
work are summarized.

2 Background
2.1 GEP algorithm
In the following, we will first introduce the genotype, phe-

notype and genetic operators in GEP.
The genotype is composed of head and tail. Let x be a

genotype and set x = {X1, X2, ..., X;} where
- TVF, 1<i<h
ST h<i<l®

Here, [ represents the length of genotype. F represents
function set,which is composed of operators, the primary
functions or user-defined functions. 7' represents terminal
set, which is composed of constants and variables. Both F
and T are finite. The elements in head are from F or T, and
the elements in tail are from 7'. Variables & and ral denote
the length of head and tail, respectively. For any given #,
tal is evaluated by formula ral = h X (nmax — 1) + 1,1 =
h+tal, where nmax= max(paraNum( f) rcp), paraNum(f) is
the number of parameters of function .

For a given genotype, the phenotype is inferred as fol-
lows by Karva Language (Ferreira 2001), which reads geno-
type from the start character depending on the number of
arguments of each element (functions may have a differ-
ent number of arguments, whereas terminals have an arity
of zero). And the representation (algebraic expression) is
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Fig. 1 Transformation relation between genotype, phenotype and rep-
resentation

Representation

inferred from the phenotype according to the method of
inorder traversal. The transformation relation between geno-
type, phenotype and representation is shown as Fig. 1.

There are three kinds of genetic operators in basic
GEP (Ferreira 2001), including mutation, transposition and
recombination. Each operation occurs with an active proba-
bility. Next, we show these operators adopted in GEP.

Mutation is allowed to occur anywhere in the chromosome
and each bit flips with a probability independently at time ¢.
In the head of the gene, a function can be flipped into another
function or terminal. In the tail, a terminal can only be flipped
into another terminal.

In GEP, there are two recombination operators: one-point
and two-point. Similar to crossover operators in GA, the
two operations act the same way to one-point and two-point
crossover operators. In all cases of recombination, both off-
spring are conserved into successive evolution.

IS transposition Any sequence in the chromosome can
become an IS element. The chosen sequence copies itself to
any position in the head of a chromosome except the start
position. A sequence with the same length is excluded from
the end of the head to maintain the structural organization of
the gene. For example, there is a parent chromosome whose
head length is 10 and tail length is 11.

Q** 4 abbb*a a bba aaabbab

Suppose that the sequence “bba” becomes an IS element,
which is highlighted, and its target position is 7, as the result
of IS transposition, the last three elements “b*a” of the head
are deleted. The offspring is as follows:

Q™ 4+ ab bba b abbaaaabbab
2.2 ME-GEP algorithm

Although the advantages of a system like GEP are clear from
nature, the most important should be emphasized. First, the
chromosomes (genotype) are simple entities: linear, com-
pact, relatively small, easy to be manipulated genetically
(mutate, recombine, transpose, etc.). Second, Karva language
was created to read and express the information encoded
in the chromosome (genotype). It always guarantees that a
genotype can be converted into a valid phenotype, which

allows the implementation of a very powerful set of uncon-
strained genetic operators acting on genetic space. Clearly, it
is that the unconstrained genetic operators highly improving
the search capability, also making GEP algorithm difficult to
converge. ME-GEP is a kind of GEP algorithm with elitist
strategy. Thus, ME-GEP not only has efficient search capabil-
ity but also ensures the convergence proved by our previous
work Du et al. (2010).

ME-GEP algorithm with population size n(n > 1) can be
described as follows:

Step 1 Initialization: generate randomly an initial sub-
population of n individuals, denote it by X (0) = (x1(0),
..., Xp(0)), where x;(0) € H,i = 1,...,nand lett <« 0.
The optimal individual in generation 0, denoted by x((0), is
then defined as the individual among x{(0), . .., x,(0) with
the biggest fitness. The population in generation 0 is defined
as £(0) = (x0(0), x1(0),...,x,(0)), where x;(0) € H,
i=0,1,...,n.

Step 2 Recombination: generate a new (intermediate) sub-
population by recombination operation based on subpopula-
tion X (¢) with probability p.(0 < p. < 1) and denote it as
Xc().

Step 3 Transposition: generate a new (intermediate) sub-
population by transposition operation based on subpopula-
tion X ¢ (¢) with probability p;(0 < p; < 1) and denote it as
Xr(1).

Step 4 Mutation: generate a new (intermediate) subpopu-
lation by mutation operation based on subpopulation X 7 (¢)
with probability p,,(0 < p,, < 1) and denote it as X pz, (7).

Step 5 Select n individuals from subpopulation X s, ()
and X (¢) according to certain select strategy, where the prob-
ability for each individual to be selected is >0 and then obtain
the next subpopulation X (t + 1).

Step 6 Find optimal individual x( (¢ 4 1) from subpopula-
tion X (¢ 4+ 1) and optimal individual xo(?).

Step 7 Lett < t + 1; then the next population £(r + 1) =
ot + 1), x4+ 1), ..., x,(t +1)).

Step 81f f(xo(t + 1)) = fmax, then stop; otherwise go to
step2.

Remark In this paper, we always assume that all the genetic
operations are independent of each other and fitness function
is a single-valued function. The individual space is denoted
by H and |H| = N

3 Markov chain model of ME-GEP

In reference Du et al. (2010), we have proved that both
{X();t = 0} and {£(¢); t > 0} are Homogeneous Markov
chains with finite states space H” and V = H"*!, respec-
tively; this is because subpopulation X (¢) only depends on
subpopulation X (r—1), and optimal individual x( () depends
on both subpopulation X (¢) and optimal individual xo(r — 1).

@ Springer



1614

X.Duet al.

Hence, population & (¢) only depends on population & (z — 1);
further, all genetic operators adopted in different generation
are fixed.

Since the limit behaviors of Markov chain are determined
by its corresponding transition matrices, some definitions and
symbols about matrix are stated as below.

3.1 The characteristic of nonnegative matrix

Definition 1 Rudolph (1994) A square matrix A = [a;; lmxm
is said to be

(1) nonnegative (A > 0 ), if g;; > 0 for all i,j €
{1,2,...,m},

(2) positive (A > 0),ifa;; > Oforalli, j € {1,2,...,m}.
A nonnegative matrix A = [a;;]nxm s said to be

(3) primitive if there exists a positive integer k such that A¥
is positive,

(4) stochastic, if ZT:l ajj = lforalli € {1,2,...,m},

(5) column-allowable, if it has at least one positive entry in
each column.

Clearly, the product of stochastic matrices is again a sto-
chastic matrix and that every positive matrix is also primitive.
Apart from providing a smaller Markov chain transition
matrix, artificial fitness levels lead to simplified calculations.
Next, the artificial fitness level technique will be introduced.

3.2 Artificial fitness levels

Artificial fitness levels (Oliveto et al. 2007) is a kind of parti-
tion technique of the search space based on the fitness func-
tion. The whole search space S as a set of | S| = n different
states is divided into m < n states Ay, ..., A, such that for
all points a € A; and b € A; it happens that f(a) < f(b)
if i < j. Thus, A, contains only optimal search points, in
such a way the Markov chain can be constructed considering
only m different states rather than n.

3.3 The transition matrices of ME-GEP

Note that the evolutionary process of ME-GEP can be illus-
trated by the following formula:
c T
£(1) = (x0(1), X (1)) —> (xo(1), Xc (1)) —>(x0(2), X7 (1))
M s
—> (xo(®), Xpmu (1)) —> (x0(1), X (t + 1))
5 (o + 1), X+ 1) = + 1), (1

where C, T, M, S and U represent recombination, transpo-

sition, mutation, select and update operation, respectively.
Let PX and P?¢ be the transition matrices associated with

homogeneous Markov chains {X (#); ¢t > 0} and {&(¢); ¢ >
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0}. Then the properties and relations between PX and P¢
will be analyzed in the following. First, some conclusions of
P¥X can be stated as below.

Lemma 1 For any two chromosomes x and y, the mutation
probability from x to y is

P {x M, y} = (1 — py)Hal=—ki—ke phithe

1 ki \k
XGH+W0 Gﬂ)’ @

where k1 and ky are the numbers of different bits in gene head
and tail of x and y separately.

Proof For Vx,y € H, suppose that there are k; bits in head
and k» bits in tail of individual x to be mutated. Each bit in
head has |F| + |T| conditions and each bit in tail has |T|
conditions; hence the probability that individual x becomes
individual y after mutation can be aggregated to

P{x —>M y}
k k
I [
- m
|F|+1T| |T|

1 ok
h+tal—k1—k2pk|+k2 ( ) (_)
" |F|+T] 7|

[}

:(1 _pm)

Lemma 2 Through IS transposition, population in last gen-
eration could generate any chromosome with the probability

of
pr =2p:/(h=2)-1-(+ 1))

Proof Suppose individual X = xq, x2, ..., x7 is selected as
IS transpose with probability p;. Let the beginning bit of IS
stringbe f;, j =1,2,...,1. There would be / — j + 1 possi-
bilities of the IS string, and /& — 2 possibilities of its insertion
bit, except the first bit and the bit. Thus IS transposition with
the beginning bit f; could generate (h —2) - (I — j + 1) kinds
of chromosomes. When IS transposition occurs on X, there
would be

l
Dth-2-(-j+hH=h-21-U+1)2
j=1
kinds of chromosomes. So any chromosome could be gen-
erated by IS transposition with the probability of 2p;/((h —
2)-1-d+ D). o

Lemma 3 PX is primitive, which can be decomposed in a
natural way into a product of stochastic matrices PX =
C-T-M-S, where C = [cjjInnxnn, T = [tijIlnnxnn,
M = [m;jInnxnn and S = [s;j|nnx nn are the intermediate
transition matrices induced by recombination, transposition,
mutation and selection, respectively.
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Proof Crossover, mutation and selection operators may be
regarded as random total functions whose domain and range
are H", i.e., each state of H" is mapped probabilistically to
another state since 0 < p., p < 1. Therefore, C, M and S
are stochastic matrices.

According to Lemma 1, we have

P{aﬂb}

k 5
_ (1 _ p )h+lalfk|7k2pk|+k2 ( 1 ) ! (L) :
- m
" |F|+|T| 7|

h+tal _h+tal 1 " 1 ral
> (1 — ta ta - i
= (L= ) (|F|+|T|) (|T|)

where ky < h, ky < tal.
Denote the minimal mutation probability by pminm =

. M
min p {a — b}; then
a,beH

) . l 1 h 1 tal
) > (1— +ta +ta - e
Pminm = (1=pm)™ "% piy (|F|+|T|) (ITI) -

Forany i, j € H", we have m;; > p"minm > (0. Thus M is
positive.

According to selection operation, the probability of each
individual to be selected is greater than zero. Then for Vi €
H", we have s;; > 0. Thus S is column-allowable.

Let A = [aijlnnxnn =T - M, Q = [gijlnrxnn = C - A,
PX = [pg]Nann = Q- S. Since C and T are stochastic
matrices with at least one positive entry in each row, and
M > 0, then, by matrix multiplication a;; = Z,I(V:n | Likmgj >
Oforalli, j € {1,2,...,N"},ie. A > 0. Similarly, g;; =
21](\]:1 cikarj > 0, and hence pi}j(. = Z,]yznl gikskj > 0 for all
i,je{l,2,..., N"}, because S is column-allowable. Thus
P¥ is positive. Since every positive matrix is primitive. O

In order to analyze the properties of transition matrix P¢,
we will use artificial fitness level technique to partition the
state space V = H"t1 First, set H = {s1,52,..., sy} with
f(s1) > f(s2) > -+ > f(sn); thus H is a totally ordered
set, and the elements in H can be ordered by s1 > s > - -+ >
sn. Let

Vi ={(si, X1, -+, Xn); Xj eH,j=1,...n}, Yi=1,...,N.

3

It is obvious that V; U --- U Vy = H"*! and V; is the
optimal state set. Then the following facts can be reached
immediately:

(1) By step 2 to 5 of ME-GEP, we know that the optimal
individual is not affected by the genetic operators, and the
extended transition matrices on H"*! for recombination
C’, transposition 7', mutation M’ and selection S’ can
be written as block diagonal matrices.

C T
C T
C/ — T/ —
C T
M S
M S
M = N
M S
CTMS
CTM'S — CTMS
CTMS
PX
PX
. PX

(2) Update operation of step 6 is only to update the optimal
individual. And transition matrix U can be written by
matrices U, (1 < r, k < N) as follows:

Un Up -+ U

Uy Uxp --- U
Uu=1|. ) o ,

Unvi Unz Unn

where U;j(1 <1i, j < N)are N x N matrices.
(3) Transition matrix P¢ = (C'T'M’S’) - U.

Some useful properties of P¢ canbe obtained by analyzing
matrix U. Let n, = [{(x1,...x,) : 1Inax fxj) = flsh,
<j=n ’

that is, ny is the number of those subpopulations with best
individual s;. Then we have

Lemma 4 For each subspace V; = {(si, x1,...,X,):xj €
H,j =1,...n}, Yi = 1,...,N in Hn+1, we have
>SN ng=N"andn, = (N —k+1)" — (N — k)", where
k=1,...,N.

Proof According to the definition of V;, we can know imme-

diately that the size of each V; is equal to N"; thus it is clear
that

N

_arn
znk = N".
k=1

In subspaces V;, if subpopulation (xy, ..., x,) satisfies
1m_ax f(xi) < f(sx), then subpopulation (xi, ..., x,) can-
<i<n

@ Springer
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not contain individuals s, s2, . . ., sk—;. Thus, there are (N — pX Ui
k + 1)" states which do not contain individuals s1, 52, . . ., . pPX Uy Ux
sk—1. Likewise, there exist (N — k)" states that do not contain pe = : :
individuals s1, 52, ..., st. So we have pX .UNl .UNZ Unn
ng=(N—k+1)"—(N—-k" PXUy,
a B PXUy PXUp _(Y 0)
: : R T
Lemma 5 U Matrix has the following properties: PXUy1 PXUna PXUynn
(4)
(1) Ineachrowof matrix U, there is exactly one entry equal-
ing to 1, all others are 0, and U1 is a unit matrix. where
2) Ur=00r <k,1<r <N). PXUY, B
3) U2 <r <N,1 <k <r—1)arediagonal matrices PXUs, P Un
such that ny, elements are 1 in primary diagonal line R=1. T=1|" . R#0,T #0,
and the remaining elements are 0. .PXUNl PXUyy --- PXUyy

@) U2 < r < N) are diagonal matrices such that
ZzN:r n; elements are 1 in primary diagonal line and
the remaining elements are 0.

Proof (1) The upgrade operation is represented by an
upgrade matrix U. Let b(i) be the best individual of
the subpopulation (xy, ..., x,) at any state i and write
b(i) = argmax{f(x;):i = 1,...,n}. Then u;; = 1

if f(xg) < f(b@i)) with j é(b(i), X1,...yXy) €V,
i = (x0,X1,...,X,) € V; otherwise u;; = 1, u;j; =
0(j # i). That is, there is exactly one entry equal to
1, and all others are O in each row of matrix U. Notice
that subpopulation (x1, .. ., x,) is unchanged by upgrade
operation. In other words, a state either gets upgraded or
remains unaltered. So there is only one in primary diag-
onal line for each sub-matrix U;;(1 < i,j < N). In
particular, the optimal individual of subspace V] is the
global optimal solution. That is f(x*) > f(b(i)). Then
we have u;; = lu;; = 0(j # i) according to (1). So
U1 is a unit matrix.

(2) The state of population remains unaltered when r < k,
that is s, > s¢. Then we have u;; = 0(j # i). Thus
Uik =00r <k,1<r <N).

(3) There is sy > s, when 1 < k < r — 1. The total state
number with the best individual sy in Vi is nj; according
to Lemma 4. In addition, for any diagonal matrix U, (2 <
r < N,2 < k < r), there are n; elements whose value
equal to 1, while others equal to 0 according to (1).

(4) There is s = s, when 2 < k = r < N. The total state
number with the best individual s; in V, is nj. The best
individual canbe s, $y41,...,5y. ThenU,, (2 <r < N)
are diagonal matrices such thatn, +n, ; +---+ny
elements are 1 in primary diagonal line and the remaining
elements are 0. O

Based on the above, the transition matrix P becomes

@ Springer

Y =PXU; =P >0.

According to the properties of absorbing Markov chain
(Iosifescu 1980) , we have

Vi VAV
Pé =V, Y 0 3)
VAVi \R T

where Y concerns the transition from one absorbing state to
the other, the region O consists entirely of 0’s, the matrix R
concerns the transition from transient state to absorbing one,
and the matrix 7" concerns the transition from transient to
transient states. The matrix Y corresponds to the fact that
once the Markov chain reaches an absorbing state, it will
never leave that absorbing state.

Let P§ = (pfl.;i,j c N"+‘), pX = (pl?j.;i,j c N")
where pfj, pf; are the transition probability from state i to stat
J). According to Lemma 5, we know that matrices U, (2 <
r <N,1 <k <r—1)and matrices U,,(2 < r < N) can
be written as follows:

ni

——
0

g

Urk = 1
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Z;;ll n;
——
0
0
U =
rr ,N=, n;
—_——
1
1
Then we have
X X
P}(] Pg{z
Py P»
PXUy =] | .
X X
Pnny Pnna
X X
P11 P12
X X
PXUsy = Py P2
X X
Pnny Pynp o
X X
P P12
X X
P2y P
PXU22 =

X X
Pnn 1 Pnn

X
P%(Nn
Ponn

p})\(/n Nn

X
* Pinn

X
* Ponn

pl)\(]n’Nn

b'e
© Pine

X
© Ponn

X
N PNn,Nn

The matrix R contains N sub-matrices similar to above
sub-matrix PXU,;. The matrix 7 contains two kinds of

sub-matrices: PXUrk(Z <r <

N,1 <k <r—1)and

PXUrr(Z <r < N); as example PXU32 and PX Uy can be

written as Egs. (7) and (8).

4 The average time complexity of ME-GEP

In this section, EFHT is used to estimate the average time
complexity of ME-GEP based on the Markov Chain Model
and transition matrices of ME-GEP shown above.

The first hitting time (FHT) of ME-GEP is the time that
ME-GEP finds the optimal solution for the first time, and the

X X
.0 Pii Pin, 0
X X 0
Dy o Py
=1. ) (6)
X X
0 Pymi Pinn, O 0
0
X X
0---0 Plmst  Plotm 0---0
X X
0 0 pN"Jll-H pN",nl—i-nz 0---0
0
@)
X X X X
0--0 Plus1 " Plntny Plamtms1 =~ Pl
: Lo - - .
0 0 Pyn 41 PN ny4ny PN7ny4ng+1 "~ PN Nn
(®)
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expected first hitting time (expected FHT) is the average time
that ME-GEP requires to find the optimal solution, which
implies the average computational time complexity of ME-
GEP.

The first hitting time on Vj can be defined by

(V1) = min{k; k > 0, §(k) € Vi} ©))

Let E denote the expectation operators. The first hitting
time (V) is a random variable, and what we are interested
is its expectation value E[t(Vy)].

Hence, we can obtain the following conclusion of EFHT
of ME-GEP:

Theorem 1 Let f = min{ pg]‘. :i, j € N"}; then the EFHT
of ME-GEP is as follows:

P{£(0) ¢ Vl}l_ = E[z(V1)]

(N" —np)p
1

<
(N"—(N—-D"B

Proof Note that P{t(V;) > 0} = 1, P{z(V}) > 1} =
P{£(0) ¢ V1}.

By Markov property of {£(¢); t > 0}, for any [ > 2, we
have

P{z(Vi) = 1}
=PEO) ¢ Vi.E(D) ¢ Vi, 8= 1) ¢ V1)

-2
= P(EO) ¢ Vi) [[ PlEG+1) ¢ VilE() ¢ V1)

k=0

T PIEGK+1) ¢ Vi, ER) ¢ Vi)
= P{EO0) ¢ Vi)
g PLE() ¢ Vi)

iew PEG+ 1) = jlE0) = ) PE®R) = i)
Zs¢v, P{&(k) = s}

-2 ; §
Z,‘¢v, [P{ER) =i} Zj¢v, P,'j]
=PEO) ¢ i} ][] S PEG = 3]

k=0

-2
=PEO) ¢ Vi) ] 2

k=0

Then for any i ¢ V1, according to Egs. (6)—(8), we have
(N"—n)B < > pf; <1—mp.
JEV1

So that for any / > 2, we have

P{z(V)) = 1} = P{£(0) ¢ V1) ﬁ (N" —n1)B
o
> PEO) ¢ Vi [ V" —nn)B
> P{E(0) ¢ vl}{k(zs" —nppY~!
P{z(V1) = 1} < P{£(0) ¢ vl}ﬁ (1 —mp)
k=0
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1-2
= P{EQO) ¢ V1}H (I-(N"=(N=1)")B)

k=0
< P{£(0) ¢ VIH{I—(N"—(N-D)")p)~!

Note that 0 < n18 < 1,0 < (N" —n1)B < 1. Hence
E[t(VD)] = > P{r(V)) > I} = P{£(0) ¢ Vi)

>1
+> Plz(Vi) = 1}
>2
So the upper bound for E[z (V)] is
E[t(V)] =D Pt (V) = I}
I>1
~+00

< P{E(0) ¢ Vi) + PLEQO) ¢ Vi) D

=2
{I—(N"—(N—-D"Hpy~!

+oo
< P{£(0) ¢ vl}[l +
=2

x {1 —(N" = (N = 1)"))™! ]

The lower bound for E[7(V})] is
E[t(V)] =D P{r(V)) = I}

=1

> P{£(0) ¢ V1}

+ P{£(0) ¢ vl}f{uv" —nn)py!
.
> P{E(0) ¢ ViM{1 +§{<N" —nn)BY "
2 PEO) ¢ Vil T g
That is,
PO ¢ Vil =y 5 = ETO)]
1

P{£(0) ¢ V,
= PEO V) iy g

1
(N —mny)-B
1
(N" — (N —1D)"B

PEO) ¢ Vi)1—

< E[z(VD] <

O

In order to make the EFHT associated with parameters of
ME-GEP directly, Corollary 1 is given.
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Corollary 1 Let ppin; = min p {a —T> b}, Pmins =
Ya,be H

min { R } min  pf ﬂ>b} th
a at, Pminm = a ; then we
vaen ¥ Pminm = en ¥

have

1
(N — (N = 1))« pi s Pl Prins

Proof Foranyi,§,n, k, j € H", we have

E[r(VD] <

Cc _ T n M n S n
Z Pis = 1, pér] Z Pmint> pr/k Z Pminm> pjj Z Prmins-
i,6eH"

Then we have
Py = PX(t+1)=jIX(1)=1i)

C T M S
= Z Pis = Psn * Pk * Pj

n,8,ke H"
C T M S
> > > G pi,ra PR
k=j 8,neH"
S n n C
z Pjj* Pmint " Pminm * Z Pis

SeH™

n n n
Z Pmins * Pmins * Pminm

So we get
,3 = prnnint : prr1l1inm : pgﬂns
By Theorem 1, we have
1

E[z (VD] <
(N" = (N —=1")- pr’;int : pglinm : pglins

O

Theorem 1 estimates the upper and lower bounds of
EFHT of ME-GEP algorithm. Further, Corollary 1 makes
the upper bound associate with parameters of ME-GEP algo-
rithm directly. Thus, Theorem 1 and Corollary 1 can be used
to direct algorithm design of ME-GEP.

5 Case study

In order to justify our theoretical results, the EFHT of ME-
GEP for solving function modeling and clustering problems
are analyzed below.

To guarantee the validity of results, each execution of each
algorithm on each parameter set was independently repeated
50 times.

5.1 Function modeling problem
5.1.1 The description of function modeling problem

Function modeling problem can be described as follows:
given a group of datum (x}, x4, ..., x}, y),i =1,2,...k,

find a function ¢(x1, x2, ..., X;;) in a certain function set

d(x), x = (x1, ..., Xx;y), which satisfies
: i i \2
Min ( (x,x,...,x)— )
s(Ded (@) & s\t m) =Y

i i2
k)Y

where g(x) is an arbitrary function in set ® (x).

Next, the function modeling about the amount of gas emit-
ted from coalfaces (Xin et al. 2006) is used as an example
to be described as follows. The amount of gas emitted from
coalfaces in coal mine is the main unsafe factor during the
production of coal mine. However, this amount is hard to
predict because it is affected by many factors and has com-
plicated nonlinear relations with these factors. In Table 1, the
sampling cases are given. There are six main factors as input
variables: the depth of coalface x1, the height of coalface
X7, the amount of coalfaces x3, the layer interval between
working coalface and neighboring coalface x4, average daily
advance of working face x5 and average daily output x¢. The
amount of gas emitted from coalfaces y is the output variable.
By ME-GEP, the function can be found to model accurately
the nonlinear relations between input variables and y.

5.1.2 The EFHT of ME-GEP for solving the amount of gas
emitted from coalfaces

The parameters of ME-GEP algorithm are designed as fol-
lows: Let n = 80, h = 15 then tal = 16,1 = 31,
F = {+, —, %, /, sqrt, exp, sin, cos, In}, T = {R, x} where
R is a set of random constants, and we assume that R has
20 elements. The genetic operators adopted are one-point
recombination, IS transposition, selection and mutation oper-
ators. Especially, mutation operators include uniform muta-
tion that flips independently each bit with probability p,,
and one-point mutation that flips one bit with probability p,,
randomly. Each individual is selected with same probability
in selection strategy. Next, the EFHT of ME-GEP with two
different mutation operators is analyzed below.

The fitness (Ferreira 2001) of ME-GEP is evaluated by
Eq. (10).

k

fi = max M—Z(‘”—yl

=Y

. factor), 0]. (10)

where k is the number of sampling, and M is the range of
selection. For this example, let M = 1,000, factor = M/ k~
56, C;; be the value returned by the individual i for sample
case j, and y; be the target value for sample case j.
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Table 1 Sample cases of gas

emitted from coalfaces X1 X2 X3 X4 X5 X6 y
408 2.0 1.92 20 442 1,825 3.34
411 2.0 2.15 22 4.16 1,527 2.97
420 1.8 2.14 19 4.13 1,751 3.56
432 2.3 2.58 17 4.67 2,078 3.62
456 22 2.40 20 4.51 2,104 4.17
516 2.8 322 12 3.45 2,242 4.60
527 2.5 2.80 11 3.28 1,979 4.92
531 2.9 3.35 13 3.68 2,288 4.78
550 2.9 3.61 14 4.02 2,325 5.23
563 3.0 3.68 12 3.53 2,410 5.56
590 5.9 4.21 18 2.85 3,139 7.24
604 6.2 4.03 16 2.64 3,354 7.80
607 6.1 4.34 17 2.77 3,087 7.68
634 6.5 4.80 15 2.92 3,620 8.51
640 6.3 4.67 15 2.75 3,412 7.95
450 2.2 2.43 16 4.32 1,996 4.06
544 2.7 3.16 13 3.81 2,207 4.92
629 6.4 4.62 19 2.80 3,456 8.04

Applying Theorem 1 and Corollary 1, we have
1
(N*— (N —=D")- prrilint : prrilinm : pglins

Let pminm1 and pminm2 be the minimum probabilities
when an individual x becomes individual y after uniform
mutation and one-point mutation, respectively. Next, we will
estimate N, Pmins> Pminm1s> Pminm2 and Pmins.

(1) The size of individual space N.

Denote the tree height of phenotype by variable ht.
Because the individual length is 31, we have ht < 5. It fol-
lows that

E[r(VD)] <

N =|H|< 9(2+2!42742%) (IR| + 6)24 — 915 5 7616

(2) Pminm1
According to Lemma 1, we have

k1+ko
Pl 5y} =a-p) (p—’")
1— Pm

(rim) ()"

If1 — py > pm,thatis p, < % it follows that

[ ! 1
M 1 Pm 1 L
P[x_”] = d=pm (1—pm) (|T|+|F|) (ITI)

_ (Pm)’ - (L
(T|+|F]) - (T)) 910

@ Springer

It is easy to find that the minimum probability that any indi-
vidual x mutates to another individual y is (9”T"(’))3] where

Pm € (0,0.5). Thus, we have puinmi > (%)31

(3) pminm2

There are two situations for one-point mutation. One is
that one bit flips in head. The other is that one bit flips in tail.

For the first situation according to Lemma 1, we have

M — Pm
P{x—) }: 1— L
y (1= pm) Fl+ [T
Pm 1
= (1= pw) —_
"1 — pw |F|+IT|

If1 — pm > pm,thatis p,, < %, it follows that

P{xﬂy}>(1—1’m)l(lfp ) (|T|+|F|)

Pml Pm31

T TI+|F] 35

For the second situation according to Lemma 1, we have

M I—1 Pm | Pm 1
P{x—>y}=(1—p) == py) T —
T "1 — pw IT|
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If 1 — py > pp. thatis p, < 1, it follows that

I
M ! Pm 1
Pt} - o (725) ()

|T| 26
From above analysis, the minimum probability that any

. . . . . 31
individual x mutates to another individual y is pg’—s where

31
pm € (0,0.5). Thus, we have pminm2 > %=

4) Pmint
According to Lemma 2, for Vx, y € H, we have

P {x —T> )’} = 2 " Pr
(h—=2)-1-(+1)
2 2
Tu-ya+n T rayny’
Thus, we have
2 1
2i+n 7T 15376
(5) Pmins
According to selection operator, obviously, we have

Pt

Pmins =

Pmins = ﬁ
According to Corollary 1, the EFHT of ME-GEP with
uniform mutation is as follows:

1
E[z(V1)] <

(N" = (N = D" Proins * Pminm1 " Prmins
280 . 8030 . 9102480 . 1537680
<
((915><2616)80 _ (915><2616 _ 1)80) . pr2n480 X pt80
(1D

and the EFHT of ME-GEP with one-point mutation is as
follows:

1
(N" = (N =D pl}:lnil’lf ’ p:lninm2 ’ pl}:lnil’l_&‘
2808080 . 3580 . 1537680
<
((915X2616)80 _ (915X2616 _ ])80) 'Pr2n480 X p;;O
(12)

E[t(VD] <

5.1.3 Numerical experiment

From above formulas (11) and (12), the EFHT of ME-GEP
can be decreased by increasing mutation probability and
transposition probability.

The following experiments to observe the actual average
first hitting time of ME-GEP, especially considering different
mutation operators, are done:

(1) When IS transposition probability is 0.1, uniform and
one-point mutation probabilities are changed;

(2) When uniform and one-point mutate probabilities are
0.04, the IS transposition probability is changed.

Green line : One-point Mutation Probability=0.04
Red line : IS Probability=0.1

EFHT

0.4

02

04) 01

IS Probability One-point Mutation Probability
Fig. 2 The EFHT of ME-GEP for solving gas emitted from coalfaces
modeling with different one-point mutation and IS transposition prob-
abilities
Green line : Uniform Mutation Probability=0.04

Red line : IS Probability=0.1

EFHT

04

02

04) 01
IS Probability 0o Uniform Mutation Probability

Fig. 3 The EFHT of ME-GEP for solving gas emitted from coalfaces
modeling with different uniform mutation and IS transposition proba-
bilities

The results obtained are shown in Figs. 2 and 3. The EFHT
of ME-GEP decreased with the increasing of one-point and
uniform mutation probabilities when IS transposition prob-
ability was 0.1. And the EFHT of ME-GEP decreased with
the increasing of IS transposition probability when one-point
and uniform mutation probabilities were 0.04. In this exam-
ple, the experimental results conformed to formulas (11) and
(12).

5.2 Clustering problem
5.2.1 The description of clustering problem

Clustering problem can be described as follows: given a set
of observations (P, ..., Py), where each observation is a
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d-dimensional real vector, partition the m observations into
g(< m) sets C = {C1, ..., Cq}, which satisfies

Minimize i > |IPj — wil|?, where p; is the mean of
i=1 PjeC;
points in Cj.

In ME-GEP for solving clustering problems, two special
clustering operators, namely ‘U’ and ‘", are introduced as
binary operators used to define aggregation and segmentation
of clusters respectively.

Let O and O, be the centers of cluster Cy and C».

(1) The aggregation operator ‘"\’ is defined as O; N
0, =centroid (O, 0,), where the return of function
centroid is the center vector of O and O;. And C; and
C» are aggregated into a cluster C with the center O =
centroid (O, 03).

(2) The segmentation operator ‘U’ is defined as O; U O,
= {01, 02}. Cy and C; are two distinct clusters, and
they still keep the segmentation, whose centers of the
clusters are O and O», respectively.

The chromosome is also composed of head and tail.
The function set is F = {U, N}, and the terminals set is
T = {x1,x2,...,x;}, where i € (1, n). Here, the symbol x;
represents the center of a cluster in the data set.

Based on above definitions, the clusters are easily defined
in the chromosome of ME-GEP framework.

The main procedure of ME-GEP for solving clustering
problem is described as follows. The detailed content can be
got in reference (Chen et al. 2007):

Step 1 Initialize the population;

Step 2 Select and aggregate cluster centers by coding and
decoding expression trees;

Step 3 Calculate the Euclidean distances between each
data object and cluster centers and tag the corresponding
data object;

Step 4 Update the cluster centers and compute the fitness
of each individual,

Step 5 Preserve the best individual to the next generation;

Step 6 Select individuals with same probability;

Step 7 Mutate and recombination with a certain probabil-
ity;

Step 8 Generate a new population, and if the optimal solu-
tion has been found, then turn to step 9; otherwise, turn to
step 2;

Step 9 Select the best individual,

Step 10 Auto-clustering algorithm of best individual;

Step 11 Output the result of clusters.

The EFHT of ME-GEP (Chen et al. 2007) for solving
two actual clustering examples of Iris and Yeast (benchmark
databases) (Zhou et al. 2003) with different data dimensions
and sizes is analyzed as follows:

To solve clustering problems in examples, the parame-
ters of ME-GEP are designed as Table 2. The genetic opera-
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Table2 Parameters set of ME-GEP for clustering two benchmark data-

bases

Database  Size Data The length of  Popsize (n)
dimensions gene head (h)

Iris 150 4 4 20

Yeast 1,484 8 15 30

tors adopted include one-point recombination, selection with
equal probability, uniform and one-point mutation operators.

The fitness of ME-GEP algorithm for solving the cluster-
ing problem is evaluated by Eq. (13).

f= 1 : u,:%ZP», (13)
> 2 P —will? ' PieC;
i=1 P;jeC;
where ¢ is the number of clusters, C; is the ith cluster, P;
is the observation point of cluster C; and u; is the center of
ith cluster. The bigger the individual fitness, the more com-
pact and independent the cluster, namely the corresponding
individual is better.

5.2.2 The EFHT of ME-GEP for sloving clustering Iris
database

The parameters of ME-GEP for clustering Iris database are
as follows: Let h = 4; then tal = 5,1 = 9. T = {xy, x2,
X3, X4, X5}.

Applying Theorem 1 and Corollary 1, we have

1
(N" = (N = D" Phoinm " Phnin s

Let pminm1 and pminm2 be the minimum probabilities
when an individual x changes to individual y after uniform
mutation and one-point mutation, respectively. Next, we will
evaluate and estimate N, pminm1> Pminm2 and Pmins.

(1) The size of individual space N.

Denote the tree height of phenotype by variable ht.
Because the individual length is 9, we have ht < 4. It follows
that

N = |H| <2@+2'42) 52 o7 , 58

E[t(VD] <

(2) Pminml
According to Lemma 1, we have

ki1+ky ki k2
M — (1 — N _Pm 1 1
P{x—”}—“ P’")(l—pm) (|F|) (|T|)

If 1 — py > pp, thatis p, < 1, it follows that

! ! !
M o (P Y (L) (L
) A G )

m ! O
:((|F|>p~ (|T|)) :(%)
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From the above analysis, the minimum probability that
any individual x mutates to another individual y is (’1’—’")9
where p,, € (0,0.5). Thus, we have puinmi > (’1’—’6’)9.

(3) pminm2

There are two situations for one-point mutation. One is
that one bit flips in head. The other is that one bit flips in tail.

For the first situation according to Lemma 1, we have

pm_ 1

M —
Plx =5 yh=a—p) = B = = pa)
1= pm |F]

|F|

If I — pyy > pm, thatis p, < %, it follows that

I
M ! Pm 1
rleto] - o (75) ()

pml ng

Tl 2

For the second situation according to Lemma 1, we have

M i—1Pm ; Pm 1
Plx =y} =0 —p) 't = (1 = pp) —"——
"T) "1 — pw IT|

If 1 — py > pp. thatis p,, < 3, it follows that

1
M 1
Plx =5y} = a-pa (”—’”) ()
I—pu) 7]
_ ol pn’
B

From above analysis, the minimum probability that any
individual x mutates to another individual y is p%, where
9
pm € (0,0.5). Thus, we have pminm2 > 22-.

(4) Pmins
According to selection operator, obviously, we have

Pmins = ﬁ
According to Corollary 1, the EFHT of ME-GEP with
uniform mutation is as follows:

1
(N = (N = 1") - Prinm1 * Pinins
10180 . 220 X 2020

< (14)
(27 x 58)20 — (27 x 58 — 1)20) . pl80

E[t(V1)] <

And the EFHT of ME-GEP with one-point mutation is as
follows:

1
(Nn - (N - l)n) : p[r;ﬂan ’ prrilins
520 . 220 . 2020
<
((27 X 58)20 _ (27 X 58 _ 1)20) . prln80

E[r(VD)] <

(15)

5.2.3 The EFHT of ME-GEP for clustering yeast database

The parameters of ME-GEP for clustering yeast database
are as follows: Let & = 15; then tal = 16,1 = 31. T =
{x1,x2,..., x16}.

Applying Theorem 1 and Corollary 1, we have

1

E[t(V
[z(VD] < (N — (N — 1)) - pra s Prin o

Let pminm1 and pminm2 be the minimum probabilities
when an individual x mutates to individual y after uniform
mutation and one-point mutation, respectively. Next, we will
evaluate and estimate N, pminm1, Pminm2 and Pmins-

(1) The size of individual space N.

Denote the tree height of phenotype by variable ht.
Because the individual length is 31, we have ht < 5. It fol-
lows that

N=|H| < 220421427420 g2 915 1410

(2) Pminm1
According to Lemma 1, we have

ki1+ky k1 ko
Mo\ o i P Ty L
P{x—’y}—“ P’")(l—pm) (|F|) (|T|)

If 1 — py > pp. thatis p,, < 3, it follows that

! I I
1 1
e (25 ) ()
1= pm |F| 17|
_ ( P )l _ (L
AFD-ATD 32

It is easy to find that the minimum probability that any
individual x mutates to another individual y is (’;—’5)31 where
pm € (0,0.5). Thus, we have pminm1 > (’;—’2”)31.

(3) pminm2

There are two situations when an individual does one-
point mutation. First is that one bit flips in head. Second is

that one bit flips in tail.
For the first situation according to Lemma 1, we have

M 1P
Pix = y} =1 —pn) 122
|F|

pm 1

= (1= pw) —

"= pa |F

If1 — pw > pm,thatis p,, < % it follows that

l
M DPm 1
o) o (25 (o
= de ) (1—pm) (|F|)
pml_pm31

|F 2
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For the second situation according to Lemma 1, we have

M _1Pm | Pm 1
Pl ) =a-p 2 == pw) o
T "1 — pw IT|

If 1 — py > pp, thatis p,, < 3, it follows that

[
M ! Pm 1
A R ) (1_pm> (l_Tl)

B p_ml B pm31
IT| 16

From above analysis, the minimum probability that any

31
individual x mutates to another individual y is p'l”—() where
31
Pm € (0,0.5). Thus, we have pminm2 > 2.

4) pmins

According selection operator, obviously, we have p,i,s =
1

2n*
According to Corollary 1, the EFHT of ME-GEP with
uniform mutation is as follows:

1
(N" = (N = 1)) * Prinm1 * Phins
32930 . 230, 3030
= (215 x 1616)30 — (215 x 1616 — 1)30) . p930
(16)

E[r(VD)] <

And the EFHT of ME-GEP with one-point mutation is as
follows:

1
(N"— (N —-D") - prrilian ’ prrilins
1630 . 230 . 3030
<
((215 % 1616)30 _ (215 x 1616 — 1)30) . p%30
(17)

E[r(VD)] <

5.2.4 Numerical experiments

From the above formulas (14)—(17), the upper bound of the
EFHT of ME-GEP for solving clustering Iris and Yeast data-
bases can be decreased by increasing mutate probability.

In order to verify formulas (14)—(17), the following exper-
iments to observe the actual average first hitting times of
ME-GEP, especially considering different mutation opera-
tors: (1) the uniform mutation probability is changed; (2) the
one-point mutation probability is changed.

The results obtained are shown in Figs. 4 and 5. The EFHT
of ME-GEP decreased with the increasing of mutate proba-
bilities. In the above mentioned examples, the experimental
results conformed to formulas (14)—(17).
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Red line : One-point mutation Probability
x10° Green line : Uniform mutation Probability

EFHT

'0.05 0.1 0.15 02 025 03 0.35 04 0.45
Mutate Probability

Fig. 4 The EFHT of ME-GEP algorithm for clustering Iris database
with different one-point and uniform mutation probabilities

Red line : One-point mutation Probability
x 10 Green line : Uniform mutation Probability

EFHT

1 1 1 1 1
0.05 0.1 0.15 02 025 0.3 0.35 04 0.45
Mutate Probability

Fig. 5 The EFHT of ME-GEP algorithm for clustering Yeast database
with different one-point and uniform mutation probabilities

Conclusion and future work

This paper studies the computational time complexity of ME-
GEP. By Markov chain theory and artificial fitness levels
technique, the upper and lower bounds of expected first hit-
ting time of ME-GEP are obtained. Furthermore, the relations
between the upper bound and the parameters of the ME-GEP
are given. Moreover, the relations between the expected first
hitting time and the parameters of the algorithm are veri-
fied by actual examples for function modeling and clustering
problems. Our results obtained in this paper are the general
theoretical results, which can be used to guide the design and
implementation of GEP. What is more, it has shown that the
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analytical methods and techniques adopted in this paper have
broad suitability and useful reference for the researchers in
relevant research area of GEP theory.

Crossover operator has an important role in GEP. The
influence of crossover operator on EFHT of GEP will be
discussed in our future work. We will also research on the
approach to judging whether a problem belongs to ME-GEP-
easy class or ME-GEP-hard class.
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