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Abstract Rough sets theory and fuzzy sets theory are math-
ematical tools to deal with uncertainty, imprecision in data
analysis. Traditional rough set theory is restricted to crisp
environments. Since theories of fuzzy sets and rough sets
are distinct and complementary on dealing with uncertainty,
the concept of fuzzy rough sets has been proposed. Type-
2 fuzzy set provides additional degree of freedom, which
makes it possible to directly handle highly uncertainties.
Some researchers proposed interval type-2 fuzzy rough sets
by combining interval type-2 fuzzy sets and rough sets. How-
ever, there are no reports about combining general type-2
fuzzy sets and rough sets. In addition, the «-plane represen-
tation method of general type-2 fuzzy sets has been exten-
sively studied, and can reduce the computational workload.
Motivated by the aforementioned accomplishments, in this
paper, from the viewpoint of constructive approach, we first
present definitions of upper and lower approximation oper-
ators of general type-2 fuzzy sets by using a-plane repre-
sentation theory and study some basic properties of them.
Furthermore, the connections between special general type-
2 fuzzy relations and general type-2 fuzzy rough upper and
lower approximation operators are also examined. Finally, in
axiomatic approach, various classes of general type-2 fuzzy
rough approximation operators are characterized by different
sets of axioms.
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1 Introduction

Rough sets theory proposed by Pawlak (1982, 1991) is a
mathematical tool to deal with uncertainty, imprecision in
data analysis. The core of rough set theory and application
is a pair of approximation operators derived from approxi-
mate space. In general, there are two ways to study approx-
imation operators, including the constructive and axiomatic
approaches (Wu et al. 2003). The goal of the constructive
method is to construct the lower and upper approximation
operators on the basis of binary relation, boolean subalgebra
and so on. On the other hand, the basic idea of the axiomatic
approach is find to approximate operators which can satisfy
certain axioms set and focus on studying the mathematical
structure of rough sets, such as algebraic and topologic struc-
tures (Zhao et al. 2009). The equivalence relations play an
important role in Pawlak’s rough set model. However, the
equivalence relations are very restrictive requirement, which
would limit the application scope of rough sets theory. Hence,
the generalization of the Pawlak’s rough set model is an
important research direction in rough sets theory (Zhou et al.
2009). Thus, many extensions of rough sets, such as rough
set model based on general binary relations, variable preci-
sion rough set model, covering rough set model, rough fuzzy
set model, fuzzy rough set model, intuitionistic fuzzy rough
set model and interval type-2 fuzzy rough set model, have
been proposed and studied.

Fuzzy set theory (type-1 fuzzy sets) was proposed by
Zadeh (1965). Since theories of fuzzy sets and rough sets
are distinct and complementary on dealing with uncertainty,
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the concept of fuzzy rough sets has been proposed. Dubois
and Prade (1990) did pioneering work about fuzzy rough sets.
They extended crisp concept to fuzzy concept, and proposed
rough fuzzy sets. Further, they extended crisp partition to
fuzzy partition, and introduced the concept of fuzzy rough
sets. Currently, there are two main branches on the researches
of fuzzy rough sets: the knowledge representation of fuzzy
rough sets and attribute reduction using fuzzy rough sets.
About the study of attribute reduction using fuzzy rough sets,
readers can refer these literatures (Jensen and Shen 2004,
Bhatt and Copal 2005; Jensen and Shen 2005, 2009a,b; Zhao
and Tsang 2008; Tsang et al. 2008). The knowledge repre-
sentation of fuzzy rough sets includes two research ways, i.e.,
the mentioned constructive and axiomatic approaches. Many
valuable results about the knowledge representation of fuzzy
rough sets have been extensively studied. In Wu et al. (2003),
a general framework for the study of fuzzy rough sets was pre-
sented in which both constructive and axiomatic approaches
were used. By suing a residual implication, the definitions for
generalized fuzzy lower and upper approximation operators
were introduced in Mi and Zhang (2004). Based on outer and
inner products, the lower and upper approximations of rough
sets and fuzzy rough sets were respectively characterized in
Liu (2008). The connections with lattice theory and fuzzy
topology were also developed in Yeung et al. (2005). In Wu
and Zhang (2004), the minimal axiom sets of fuzzy approx-
imation operators were proposed to guarantee the existence
of certain types of fuzzy relations producing the same oper-
ators. Three classes of fuzzy rough sets were also defined by
employing three main classes of implicators in Radzikowska
and Kerre (2002).

Type-2 fuzzy set was proposed by Zadeh (1975). Type-2
fuzzy set is a fuzzy set whose membership values are type-1
fuzzy sets on [0, 1]. At least four sources of uncertainty in
fuzzy logic systems have been summarized in Mendel (2001),
which are as follows: (1) uncertainty about the meanings of
the words that are used in the rules; (2) uncertainty about the
consequent that is used in a rule; (3) uncertainty about the
measurements that activate the fuzzy logic systems; and (4)
uncertainty about the data that are used to tune the parame-
ters of a fuzzy logic system. All these uncertainties lead to
uncertain membership functions. Type-2 fuzzy sets are able
to handle the four types of uncertainty because they directly
model uncertainties. Due to the computational complexity,
general type-2 fuzzy sets are limited in practical applications.
Therefore, interval type-2 fuzzy sets, as the special case of
general type-2 fuzzy sets, have been considered and stud-
ied. Thus, to deal with highly uncertain data, interval type-2
fuzzy rough sets combining the characteristics of rough sets
and interval type-2 fuzzy sets have been proposed. A rough
approximation of every interval type-2 fuzzy set in the inter-
val type-2 fuzzy information system was proposed in Sun et
al. (2008). In Zhang et al. (2009), a general study of (I, T')
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interval type-2 fuzzy rough sets on two universes of discourse
was presented by integrating the rough set theory with the
interval type-2 fuzzy set theory, where both constructive and
axiomatic approaches were considered. The new definitions
of interval type-2 fuzzy rough sets were developed in Wu et
al. (2009), and the properties of interval type-2 fuzzy rough
approximation operators and a method of attribute reduction
within the interval type-2 fuzzy rough set framework were
presented.

General type-2 fuzzy sets can handle complex and chang-
ing systems, and therefore must be better than the interval
type-2 fuzzy sets to deal with uncertainties (John and Coup-
land 2007). In order to simplify the calculation for the general
type-2 fuzzy sets, the a-plane representation of the general
type-2 fuzzy sets was proposed in Liu (2008). The «-plane
representation of a general type-2 fuzzy set has been proved
to be useful for both theoretical and computational studies of
and for general type-2 fuzzy logic systems in Mendel et al.
(2009).

As is well known, traditional rough sets only could han-
dle the datasets with discrete attributes, and have difficulty
in handling real-valued datasets. In fact, real-valued data has
certain uncertainty and fuzziness, and the boundary between
concepts is not clear. A reasonable approach is to use the
method of fuzziness such that the real-valued data can be con-
verted to determined membership degree value. Currently,
the type-1 fuzzy rough set model has been proposed to deal
with real-valued datasets, and many valuable results have
also been obtained. In fact, real-valued data has highly uncer-
tain feature due to the influence of noises. Thus, it may not
be very reasonable or be very difficult, that one can con-
vert the real-valued data to determined membership degree
value. However, type-2 fuzzy sets can improve the ability
of dealing with uncertainties. Therefore, it may be useful to
handle real-valued datasets having uncertainty and fuzziness,
by combining general type-2 fuzzy sets and rough sets. Fur-
thermore, we find that the «-plane representation method of
general type-2 fuzzy sets can reduce the computational work-
load. Motivated by the aforementioned accomplishments, in
this paper, we present a general framework for the study of
general type-2 fuzzy rough sets in which both constructive
and axiomatic approaches are used. The rest of our work is
organized as follows. In Sect. 2, the basic definitions and ter-
minologies on type-2 fuzzy sets will be reviewed briefly. In
Sect. 3, we define upper and lower approximation operators
of general type-2 fuzzy sets by using a-plane representation
theory and study some basic properties of them. In Sect. 4, the
connections between special general type-2 fuzzy relations
and general type-2 fuzzy rough upper and lower approxi-
mation operators are also discussed. In Sect. 5, we show
that general type-2 fuzzy rough approximation operators can
be characterized by axioms. The last section concludes this
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2 Preliminaries

In this section, we recall the basic definitions and terminolo-
gies on type-2 fuzzy sets and interval type-2 fuzzy rough
sets, which are necessary preliminaries for studying general
type-2 fuzzy rough sets.

A type-2 fuzzy set, as an extension of a type-1 fuzzy set,
was first proposed by Zadeh. In this part, we give the relative
definitions of «-plane representation for type-2 fuzzy sets
with some modified notations.

Definition 2.1 (Mendel 2001) A type-2 fuzzy set, denoted
A, is characterized by a type-2 membership function
up(x,u), wherex e U andu € J, C [0, 1],1.e.,

A={((x,u),ualx,u))|Vx e U,Yu € J, C [0, 1]}

in which 0 < u4(x, u) < 1. A can also be expressed as:

A=/ /uA(x,w/(x,u) Ji S0 1]

xeU uel,

where [ [ denotes union over admissible x and u.
Based on the concept of secondary sets (Mendel 2001),
we can re-expressed A as:

= [waeor= [ | [ s/ /x 510,11

xeU xeU |uely

where Jy is the primary membership of x; fy(u) is a sec-
ondary membership grade.

When fy(u) = 1,Vu € J, < [0, 1], then the secondary
membership functions are interval sets, and, if this is true for
Vx € X, we have the case of interval type-2 fuzzy set. i.e.,

A=/uA(x)/x=/ /l/u /x, Jy € [0, 1].

xeU xeU |uel,

In the following sections, the class of all general type-2 fuzzy
sets of the universe U is denoted as F>(U), and the class of
all interval type-2 fuzzy sets of the universe U is denoted as
I F>(U). In practical applications, in order to simplify calcu-
lation, we often choose these type-2 fuzzy sets whose sec-
ondary membership functions are normal and convex, for
example, Gaussian type-2 fuzzy sets and triangular type-2
fuzzy sets. In this paper, we only study these type-2 fuzzy
sets whose secondary membership functions are normal and
convex.

Definition 2.2 (Mendel 2001) Let U be a nonempty uni-
verse. A type-2 fuzzy set R is defined as a type-2 fuzzy binary
relation from Uto U

R = {((x, ), ur((x, y), u)|(x, y)
e UxU,u € Jyy C€[0,1]}

where 0 < ug((x,y),u) < 1. R can also be expressed as

R= / /uR«x,y),r)/((x,y),t)

(x,y)eUxU tGJ(X_y)

/ ur (e, )/ (. y)

(x,y)eUxU
= / / f(x,y)(u)/u /(x’ )’)
(x,)eUXU |uelp,y)

where f(y y)(u) = ur((x,y), u).

Definition 2.3 (Mendel 2001) Uncertainty in the primary
memberships of a type-2 fuzzy set, A, consists of a bounded
region that we call the footprint of uncertainty (FOU). It is
the union of all primary memberships, i.e.,

FOU(A) = U J;
xeU

Definition 2.4 (Mendel 2001) An upper membership func-
tion and a lower membership function are two type-1 mem-
bership functions that are bounds for the F OU (A) of a type-
2 fuzzy set A. The upper membership function is associated
with the upper bound of FOU (A), and is denoted u 5 (x).
The lower membership function is associated with the lower
bound of FOU (A), and is denoted u 4 (x).

Definition 2.5 Mendel et al. (2009) An «-plane for general
type-2 fuzzy set A, which is denoted by A, is defined as
follow:

Aa=/ /{(x,u)lfx(u)za}

xeU uel,
u /x a €[0,1].

YU | ue[SP (xlor). S (x]er)]
where [Sf (x|a), Si‘} (x]er)] denote an «-cut of the secondary
membership function u 4 (x).
Definition 2.6 (Mendel et al. 2009) The «-plane represen-
tation (theorem) for type-2 fuzzy set A is

A= U a/Aq.
ael0,1]

Theorem 2.1 (Mendeletal.2009) Let (AUB)y and (ANB)g
be a-plane of AU B and A N B, respectively, we have

AUB= U «a/(Ay U By);
ael0,1]

ANB= U /(AN Bo).

ael
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where

- | /

YeU uelSP(xla)vSE (xlo), S (xla)vSE (x])]

non - /

xel MG[S’L“(xloz)ASg(x\a),S{}(xla)ASg(xla)]u

ave
/.

Obviously, SpVB (x|a) = Sit(xla) v SB(x|a), S{HY8 (x]a)
= Sf(xla) v SE(x|e), SPB(x|a) = SP(xle) A SB(x|a),
and SHNB (x]or) = S{ (x]or) A SB(x|e) hold.

Theorem 2.2 Let (A€), be a-plane of A€, we have

A= U af(Aq = U a/(A)".

el0,1] a€l0,1]
where Aq = fer[ﬁlelsf(xm),s;}(x\a)] ul/x.

Proof Let A€ = er[fueJx feu)/1 —ul/x, J, € [0, 1].
From Definition 2.5, it follows that for (A¢), and therefore,

<A°‘>a=/ /{(x,l—u)lfx(u)za}

xeU uely
u /x

XeU | 1-uelS} (x|e). S (x]o)]
u /x.

In addition, (Ay)¢ = fer[fue[l_S{}(x‘a)!l_Sf(xla)] ul/x.

Thus, (A)qy = (Aq)¢. This completes the proof of the

theorem.

XeU |uell-S(x|e). 1-S7 (x|o)]
: A€ _ 1 _ qA A€ _
Obviously, §7° (x|a) = 1 — S(x|a) and S (x|a) =
1 — S (x|e) hold. o

Definition 2.7 Let A, B € F;(U), define A C B if
St (xla) < SB(x|a) and Sj} (x|a) < SE(x|er) hold for any
o« €[0,1]1andVx € U.If A C Band B C A, then A = B.

Definition 2.8 The «-plane representation (theorem) for
type-2 fuzzy relation R is

R= U «a/Ry.
ael0,1]

where Ry = f(x,y)eUxU fue]x{((x’ ), W fxyy @) > al =

Joe v vl ucist ey, sB ey 41/ ¥) @ € 10,1,

and [Sf((x, Vo), Sﬁ((x, v)|a)] denote an a-cut of the sec-

ondary membership function ug(x, y).
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The definitions of interval type-2 fuzzy rough sets have
been proposed in Sun et al. (2008). In this following, the
concept of interval type-2 fuzzy rough sets is briefly recalled
with some modified notations.

Definition 2.9 (Sun et al. 2008) Let U be a nonempty uni-
verse of discourse and R € [ F>(U x U), the pair (U, R)
is called an interval type-2 fuzzy approximation space. For
any A € [F»(U), define lower and upper interval type-2
fuzzy rough approximation operators Ry, R* : [ F>(U) —
I F>(U) about (U, R) by

R.A = / / 1/(x, u)

xeU ueDR(A)(x)

R*A = / / 1/(x, u)

X€U yeDR(A)(x)

where for any x € U, DR(A)(x) = [uR*A(x),um(x)],
DR(A)(x) = [uga(x), uzr7(x)], and

up,aA(x) = A (I —ug(x, y) Vua(yl
yeU

uga(x) = yQU[(l —ugp(x,y)) Vui(y]
upA(x) = V [ug(x,y) Aua(y)]

yeU
Ugz(x) = ygu[u,@(x, ) Aug(n)]

The pair (RyA, R*A) is defined as interval type-2 fuzzy
rough set.

3 General type-2 fuzzy rough sets

In this section, we will introduce general type-2 fuzzy rough
approximation operators induced from a general type-2 fuzzy
approximation space and discuss their properties.

3.1 General type-2 fuzzy rough approximation operators
based on general type-2 fuzzy relations

In this part, we introduce the constructive definition of gen-
eral type-2 rough sets and show that the general type-2 fuzzy
rough set model is an extension of the classical rough set
models.

Definition 3.1 Let U be a nonempty universe of discourse
and R € F>(U xU), thepair (U, R) is called a general type-2
fuzzy approximation space. Forany A € F»>(U), define lower
and upper general type-2 fuzzy rough approximation opera-
tors f, f : Fa(U) — F2(U) about (U, R) by

fh= G a/(f A
fA= U a/(f(A)a.
ael0,1]
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where (f(A))a ul/x,

i fer[f 52O a1y, S22 )
(f(A))a = fer [fME[S‘Z(A)(XkX),SLC(A)(X‘c()] u]/x, and

s; 7w = [(1 = sE . 1) v sf 1]
f( ) i
oy = A [(1=SE (@ i) v so1]
s{ ko) = v, [SE( vl A S (1]
TP (xla) = Y :S{}((x, Wle) A A (y|a)]

The pair (f(A), f(A)) is defined as general type-2 fuzzy
rough set.

Example 3.1 Let U = {x1,x2,x3}. A € F,(U) and R €
F>(U x U) are given as follows:

u(xy) = trimf(0.18, 0.36, 0.54);
u 4 (x3) = trapmf(0.38, 0.52, 0.74, 0.86);

4 (x3) = trimf(0.39, 0.61, 0.72);
1 1

ur(xy, x1) = T uR(xz, x2) = T ug(x3, x3) = T

ur(x1, x2) = ug(x2, x1) = trapmf(0.2, 0.3, 0.37, 0.45);

ur(xy, x3) = ug(xs, x1) = trimf(0.1, 0.23, 0.39);

ug(x2,x3) = ugr(x3, x2) = trimf(0.8, 0.95, 1).

Where trapmf(-, -, -, -) denotes trapezoid function, the first
parameter and four parameter of () denote bottom left and
right endpoint, respectively, and the second parameter and
third parameter of () denote top left and right endpoint,
respectively. Furthermore, trimf(, -, -) denotes triangular
function, the first parameter and third parameter of () denote
bottom left and right endpoint, respectively, and the second
parameter of () denotes apex.

In the following, we should decide on how many «-planes
will be used, where o € [0, 1]. Call that number A + 1. Its
choice will depend on the accuracy that is required. Regard-
less of A + 1, « = 0 and « = 1 must always be used. If
A+1 = 101,thena = 0, 0.01, 0.02, 0.03, 0.04, . . .,
When a = 0.5, we have

St (x110.5)=0.27, Si(x2]0.5)=0.45,
S(x110.5)=0.44, S{(x210.5)=0.79,

(1025 0.177]
025 1 088 |,
| 0.17 088 1

[1 040 0317
040 1 097
| 031 097 1

St (x310.5)=0.5,
S(x30.5)=0.66,

SF((x, ¥)10.5) =

SE((x, )10.5) =

0.99, 1.

According to Definition 3.1, we can obtain:

f(A)

s2Y (11105 =027, (1210.5)=045, 5 (4310.5)=0.45,

f(A) f(A)

(x110.5)=0.44, (x210.5)=0.66, f( ) (x310.5) =0.66,

S{‘A>(x1|o.5)=o.27, s[<*‘)(x2|0.5)=0.50, s[“)(x3\0.5):0.50,

5 (110.5) =044, §/P(120.5)=0.79, 5}V (x3]0.5)=0.79.

Similarly, we can compute the other approximation results
for o # 0.5.

In the following, we will establish the relationships
between the general type-2 fuzzy rough set with the other
classical rough set models. It is easy to prove that the general
type-2 fuzzy rough set model is an extension of the classical
rough set models.

Theorem 3.1 If A is the interval type-2 fuzzy set on U and R
is the interval type-2 fuzzy relation on U, then general type-2
fuzzy rough set model degenerates to interval type-2 fuzzy
rough set model defined in 2.9.

Proof Since A is the interval type-2 fuzzy set on U, we have

Az/uA(x)/xz/ /l/u /x, Je € [0, 11.

xeU xeU |uely

Thus, we obtain Sj(x|e) = Sp(x[1) and SP(x|e) =
Sg(x|1) forany x € U and « € [0, 1].

Similarly, for any x,y € U and « € [0,1], we
have SF((x, pla) = Sf((x, »I1) and S{((x, yle) =
S{ (e, WD,

If we set S7(x|1) = A(x), Sp(x|l) = A(x), SR((x,
I = R(x,y), and S¥((x, y)|1) = R(x, y), then

sEY o) = sEY ) = A 10 = R, y) v AO)LL
yeU

sEY ey = sE YV (x Xl = A L0 = RGx 3 v A,

$1 el = 5[V = v, IR 3) A A

and 57V (xlar) = ST (x]1) = vyeu [R(x, y) AA(y)] hold
forany x € U and o € [0, 1].
Thatis, forany o € [0, 1], we have (i(A))a = (i(A))1 =

fXEU[fue[sf( )l SE@ el ul/x and (f(A))o = (f(A)N
= XEU[IME[SZ(A)(X|1),S5(A)(x\1)] ul/x.

Hence, f(A) = (f(A)1 and f(A) = (f(A)1.

This completes the proof of the theorem. O

Theorem 3.2 If A is the type-1 fuzzy set on U and R is the
type-1 fuzzy relation on U, then general type-2 fuzzy rough
set model degenerates to type-1 fuzzy rough set model.
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Proof Since A is the type-1 fuzzy set on U, we have

A:/uA(x)/x:/ /l/u /x, Jy €10, 1].

xeU xeU |ueldy

That is, the primary membership J; of x only can take a sole
value.

Thus, we obtain S7' (x|er) = S{} (x|e) = S7 (x|1) for any
xeUanda €0, 1].

Similarly, we have Sf((x,y)la) = 55((x,y)|a) =
SR((x, y)I1) forany x,y € U and « € [0, 1].

If we set S (x|1) = A(x) and SR((x, y)1) = R(x, ),

f(A) f(A) Fi)
(x[1) = Ayeu[(l —

then Sy (xlo) = S5 (xle) = S ( (1
R, ) v A)] and §]P (xle) = §§ P xla) = 5]

(x|1) = VyeulR(x,y) A A(y)] hold for any x € U and
a €[0,1].

Thatis, forany« € [0, 1], we have (i(A))a = (i(A))l =
Jecv (Ayeul(1 = R(x, y)) v A(W)]}/x and (f(A))o = (f
(A1 = [rey IVyeu[RG, y) A AT} /x .

Hence, f(A) = [y (Ayeul(l = R(x, ) vV A(»)]}/x

and f(A) = [y {Vyev[R(x, y) A A(»)]}/x. This com-
pletes the poof of the theorem. O

3.2 Properties of the general type-2 fuzzy rough
approximation operators

In this part, we discuss some basic properties of general type-
2 fuzzy rough approximation operators.

Theorem 3.3 Let (U, R) be a general type-2 fuzzy approx-
imation space, f and f be lower and upper general type-2
Sfuzzy rough app_roximation operators about (U, R), for any
A € F,(U), the following properties hold:

L (f(A9))" = )
2. (f(AD)) = f(A)

Proof (1) Forany x € U and @ € [0, 1],

f(A9) ¢
st o= A [(1 =SB i) v s e

= [(- St0i) |

= a1 =SB I A SE 01 ]

sE i) v (1-

=1-y st i A sg o]

1— S{;(A)(xm).
A 7
Similarly, 52 (xley = 1 — 57 ® (x[a0).

Thus, (f(A)e = [icy [f erst” 9 (xle )Sﬂ ) ul/x

= [ict [fue[l—sgw(xla),l—SZ(A)(xhx)] ul/x.
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According to Theorem 2.2, we have ((i(AC))C)a =
((f (A))a) .
Hence, ((f(A9))a = ((f(A9))a)*

(rler). LY Celenlulfx = (F (A
We can obtain (f(A9)) = f(A).
(2) The proof procedure is similar to (1). O

= Jiew [fue[)SZw

Theorem 3.4 Let (U, R) be a general type-2 fuzzy approx-
imation space, f and f be lower and upper general type-2
Sfuzzy rough app_roximatiOn operators about (U, R), for any
A, B € F5(U), if A C B, then the following properties hold:

L f(A) S £(B)
2 F ST

Proof (1) Since A C B, we have that 7 (x|a) < S (x|o)
and SiH(xle) < SE(x|w) hold for any & € [0, 1] and

Vx € U. Hence, S27 (xla) = Ayeul(1 — SR((x. y)la)) v
Style)] < /\veU[(l - SR(()C M) vV SE(yle)] =
sEP (xl). Similarly, S5V (xje) < 527 (xl).
We can obtain f(A) g f(B).
(2) The proof procedure is similar to (1). O

Theorem 3.5 Let (U, R) be a general type-2 fuzzy approx-
imation space, f and f be lower and upper general type-2
fuzzy rough app_roximation operators about (U, R), for any
A, B € F,(U), the following properties hold:

1. f(ANB)
2. f(AUB)

= f(A) N £(B)
= f(A) U f(B).

Proof (1) For any @ € [0, 1] and Vx € U,

f(ANB)
Sr (x

ol

@
(-

2o L= sE@ i) v [st ol A 5 ol ||
o

SE(Cr ) v SEE (vl

(1= sE@ i) v siolo]

{ [ 55<<x,y>|a>)vsf(y|a>]]

JAGY] S (B)

=S8, (xlo) AST (xe).

similarly, 52" ey = 2V ey A 55 (xa).
Thus, £(A N B) — F(A)N f(B).
(2) The proof procedure is similar to (1). m]
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4 Connections between approximation operators and
special general type-2 fuzzy relations

In previous section, some properties of general type-2 fuzzy
rough approximation operators have been discussed. How-
ever, some properties of general type-2 fuzzy rough approx-
imation operators may be relative to special general type-2
fuzzy relations. In this section, the relationships between spe-
cial properties and special general type-2 fuzzy relations will
be constructed.

Definition 4.1 Let U be a nonempty universe and R be a
general type-2 fuzzy relation on U, then:

1. if for any x € U and & € [0, 1], SR((x, x)|o) =
S 5 ((x, x)|o) = 1, then R is defined as a reflexive general
type-2 fuzzy relation on U.

2. if for any x,y € U and a € [0, 1], SR((x, y)le) =
SE((y, )le), and S{((x, y)le) = S{((y, x)l), then R
is defined as a symmetric general type-2 fuzzy relation
onU.

3. if for any x,y € U and a € [0, 1], SR((x, y)|)
VaeulSE (@, 2)lo) A SF((z. y)le)] and SE((x. y)ler)
vzeU[Sg((x, 2)|a) A S{}((z, y)|a)], then R is defined as
a transitive general type-2 fuzzy relation on U.

IV 1V

If R is reflexive, symmetric and transitive, then R is called
general type-2 fuzzy similarity relation on U.

For any y € U, a type-2 fuzzy singleton set 1, and its
complement 1y_(y) are, respectively, defined as follows:
/1 x=y _J1/0 x=y
10 x#y° ”lvm(x)_[m X#y

.. . 1,
Based the above definition, we can obtain that § L’ (x|la) =

S, (xlor) = {

up, (x) = [

1 x=
0 x #
[0 * =Y hold forany « € [0, 1]and x € U

L x#y ' ’
Theorem 4.1 Let (U, R) be a general type-2 fuzzy approx-
imation space, f and f be lower and upper general type-2

fuzzy rough approximation operators about (U, R), for any
A, B € F,(U), the following statements are equivalent:

i and S, (x|a) = S, (x]er) =

1. R is reflexive
2. f(A)CA
3. AC f(A).

Proof (1) = (2)
If R is reflexive, then for any « € [0, 1] and x € U, there
always holds that S¥((x, x)|e) = SB((x, x)|a) = 1.
f(A)
Thus, ST (x]a) = Ayer[(1=SE((x, )le) v S (y]e)]
= {Ayeu,y£c[(1 = SR((x, y)e)) vV SP(yle)]} A [(1 — SE

(e, D)) v S]] = {Ayer yze[(1 = SF((x, y)le) v
Sy} A SP(xle) < Si*(x|er). Similarly, we can derive
Fa)
S5 (xla) < S (x|e).
Thus, f(A) C A.
2)=(3)
We can obtain the conclusion according to Theorem 3.3.
3 =)
Forany y € U, let A = 1,, thus Sf(x|a) = S(‘}(xkx) =

I x=y

0 x#y’

IfA € F(A), then S2 (x|a) < S/ (x]) and S2 (x|ar) <
5™ (x|a) hold for any « € [0, 1] and x € U.

Hence, 1 < S/V(yl) and 1 < §{™ (y]a).

We can obtain 1 = S{(A)(ykx) and 1 = Slf](A)(y|oe).

Therefore, Vocu[SF((y. 2)la) A S (zle)] = Veey[SE
(5, Do) A S (zle)] = 1.

That is to say, {V.ev,:£,[SK((y, 2)la) A SP(zle)]} Vv
SRy, WIe)ASE (yle)] = 1and {V ey, .2, [SE (v, 2) ) A
S5z} V ISR (v, wle) A Si(yle)] = 1.

Thus, SK((y, o) = SE((y, »la) = 1.
We can conclude that R is reflexive. O

Theorem 4.2 Let (U, R) be a general type-2 fuzzy approx-
imation space, f and f be lower and upper general type-2
Sfuzzy rough app_mximation operators about (U, R), for any
A, B € F2(U), the following statements are equivalent:

1. R is symmetric -
2. For any o« € [0,1] and x,y € U, Sz(l")(ykx) =
$TY (xlary and S5 (yler) = 57" (x|) hold.

y—iy
3. For any a € [0,1] and x,y € U, 5%( v U)(xlot) =
fQu—zp) fu—pyp) FAy—ix))
Sp Ol and Sy ey = ST (vl
hold.

Proof (1) < (2)

SZ“")(yIOl) = v [sf((y, Dla) A S} (zla)]

R 1,
[Zeu\’/z#x [SL ((y, D)y A Sy (Z|0t)]]

v [SEO. 0l A S]]
=0V SRy, 0le) = SF((y, x)|a).

Similarly, S " (x|a) = SR ((x, )a0).
. (1 x
In addition, SZJ;( )(ylot) =VzeU [S{}((y, 2)|e) /\Szlj (zle)]

= (Ve [SE (. Dle) A S @)l v ISF (0, 0)ler) A
Sy(xle)] = 0V SR((y, 0)le) = SE((y, x)le). Similarly,

§70 (xla) = SE((x. y)la).
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Thus, 5{"(vley = 57 (xle) and $7(yla) =

57 () hold & SR yle) = SF(y. 1)), and
SE(x, yle) = SE((y, x)|a) hold.
That is to say, (1) < (2).

2) <)
Since 1, = (ly_(y))° for any y € U, according
Ly
to Theorem 3.3, we have that Sg( v U)()C|Ol) = 1-
Sy Sy 7, FUu_py)
s @, sp T gley = 1= $) M gl s
_ U
@) = 1 - 5/ @la), and 2V 1) = 1 -
§799(y]a) hold.
That is, (2) < (3). O

Theorem 4.3 Let (U, R) be a general type-2 fuzzy approx-
imation space, f and f be lower and upper general type-2
fuzzy rough app_roximation operators about (U, R), for any
A, B € F,(U), the following statements are equivalent:

1. 5 iitransiti\f
2. f(f(A) € f(A)
3. f(A) S f(f(A)).

Proof (1) = (2)
Forany @ € [0, 1]and x € U,

F(f(A
S{(f( ))(x|a)

= v [st@ i A s e]

SE ey A v [SE. D) A Sé(z|a>]]

v [SE@ e A SF L Dl A Sl

v [sF i A SE. 210 | A Sf(zla)]
yeU

Since R is transitive, we have Sf((x, 2)|a) > \/ZGU[Sf((x,
V) A SF 2le)]:
F(f(A) R A

Hence, §7 (xle) < Vzev[Sy ((x, Do) A ST (z]e)]
< ST (xja).

Similarly, we can obtain Slj;(f(A))(xla) < SLJ;(A)(xkx).

Therefore, f(f(A)) C f(A).

2)= @

Forany«a € [0, 1]and x, v,z € U,

§T99) (x )

[SR((x, y)la) A Sy (yla)]

\
yeU

RACRIDEIN (y|a>]]

= [ V
yeU,y#z
v [SF (@, 2l A S]]
=0V SR((x, D) = SK((x, 2)|).

@ Springer

Similarly, 57" (vle) = SE((y, 2)l), and 57" (x]e) =
SH(G, D). B
Inaddition, S V" (x|a) = V,eu [SR((x, y)la)AS{
Gle)] = VyeuSF (G M) A SF((v, 2)le)]. Similarly,
we can obtain S}V (xla) = v, [SE((x, y)la) A
S, D] o
Since F(f(A)) < F(A), we have §]Y"(x|a) <

s719 (xl0), and S§7 (xle) < 719 (xla).

Thus, Vyey [SF (2, MIASF(y, Dle)] < SF((x, 2)|e)
and Vyey[S{((x, mla) A SF((y, D] < SH(x, D).
That is, R is transitive.

2)& (3)

We can obtain the conclusion according to Theorem 3.3.

]

5 Axiomatic characterization of general type-2 fuzzy
rough sets

In axiomatic approach of general type-2 fuzzy rough sets, the
primitive notion is a system (F,(U),N, U, ¢, L, H), where
L,H : FLb(U) — Fy(U) are operators from F»(U) to
F>(U). In this section, we show that general type-2 fuzzy
rough approximation operators can be characterized by sets
of axioms.

Here we first define a constant type-2 fuzzy set 8~ =
Sy o (x)/x = [..; B/x. where B is secondary member-

ship function. That is to say, the secondary membership func-

tions of constant type-2 fuzzy set B in each of main variables
are the same, i.e., 8. Obviously, Sf (x|la) = Sf (y|a) = l(x)

and Sg (x|la) = Sg (y|la) = r(x) hold for any o € [0, 1] and

x,y € U, where [(«) and r(«) are functions related to «.
In the following, for any « € [0,1], x € U and

A € F(U), we define two special type-2 fuzzy sets,

which are denoted by Sf (x|e) and S{} (x]ar), respectively,
> >

A A
and satisfy S;* " (i) = st@im, sty =
8§ (x|at) S{ (xla)
SEelm, S0 (vl = Spxlp) and S,V (vl =
<>

S{}(xln) for any n € [0,1] and y € U. Clearly, SZ‘ (x|a)
>

and Sé (x|or) are constant type-2 fuzzy sets.

Definition 5.1 Let L, H : F,(U) — F>(U) be two oper-
ators. They are referred to as dual operators if for all A €
F(U),

(L1) (L(A%) = H(A); (HI) (H(A)) = L(A).
Lemma 5.1 Ler (U, R) be a general type-2 fuzzy approxi-
mation space, f and f be lower and upper general type-2
fuzzy rough ap;roximation operators about (U, R), for any
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<> >
A € F»(U) and constant type-2 fuzzy set B, the following ‘eu[luf(ylﬁsf(ﬂ“ﬂ B
statements hold: Similarly, S (xIm) = Sy (xlm).
L Thus, Ay = ( 0 [y U SE (le)Dy.
L. f(Aﬁ(/i)=f(A)ﬂg Thatis. A 1 §A—>
atis, A= N iy .
2. f(AUB) = f(AUB yeU[ U-iyy YU SE (vle)]
(2) The proof procedure is similar to (1).
Proof (1) Forany @ € [0, 1]and x € U, (3) Forany n € [0, 1]and x € U,
FANE (1,NS (vle)]
f(ANB) _ nB vg yNS7 (vl
Y (x]a) = W U |: (e, M) A S (ylot)] sy 4 (x|
(1S (vle)]
= v [S (Cx, y>|a)ASL(y|a)ASﬁ(y|a)} = v 8" T e
yeU yeU
= v [SL (6, W) A SEOI0 | A L@ L
vet = v [SL« (x[n) A 7 (ym)]
— < yeU
f(A) B
=8 (xla) A S (xla). 1. "
= Vv S’ AS ]
yeU’y#x[ L xIm) A SE (i)
7 Pt =z 1y A
Similarly, we can obtain S/ " (xja) = §/ (xla) A v [SL (xlm A ST (xln)]
< _ oA
SE (x]a). = Sp (x[m).
—_ <~ J— <>
Thus, f(ANB) = f(A)NB. s
(2) The proof procedure is similar to (1). | Wy 0SE(le]
Similarly, Sy, (x|n) = Sp(xIn).
Lemma 5.2 Forany A € F,(U), a € [0, 1]and y € U, the _ A
following statements hold: Thus, A = yEUU[ly N SE Ole))-
(4) The proof procedure is similar to (3). O

A
L A= N [ly—nUS; (ylo)]
yeU

A
2. A= N [lU—{y} U SU ()’|O‘)]
yeU

A SE—
3. A= U [l,NS ()
yeU -~

A re——
4. A= U [1, NS le)]
yeU ~

Proof (1) Forany n € [0, 1]and x € U,
>
0 Mo NS (yle)]
S (x]n)

A
—(yUSE (vle)]

= A sl (xIn)

yeU
S
= A [S” el v 8P
yeU
=~

Lu—y) A
s @ v stom)]

_ glo-t

B [)’EU/,\y;éx [ Ve v SE(vim) }
A [SZU*‘X’ (x|n) v SZ‘(xm)]

= S (xln).

Theorem 5.1 Suppose that L, H : F>(U) — F>(U) are
two dual operators. Then there exists a general type-2 fuzzy
relation R on U such that forall A € F,(U), L(A) = i(A)
and H(A) = f(A) ifand only if L and H satisfy the axioms:
<>
forall A, B € F>(U) and any constant type-2 fuzzy set B,
(L2) LLANB) = L(A) N L(B)
<> <>
(L3) LLAUB)=L(A)UBPB

Proof “=" It follows immediately from Theorem 3.5 and
Lemma 5.1.

“«<” Using L, we can define a general type-2 fuzzy
relation R on U by R = Uqgejo,1] @/ Ry, Where R, =

R
Joeyyevxu [fue[sR((x Wla), S8 (e, ey 41/, 1=S1 (G, y)le)

= 8,10 (xlary and 1 — SE((x, y)le) = S7 V0 (xa).
Foranya €[0,1]and x € U,
e
(x|a)
_ (1 _ <R A
= A (1= st i) v st ol
Ly
= S \VANY
LS e v s e
~ (—)
= A | SED ey v SO (i |a>}
yeU
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A
L(ly—ypUSy (yle)
= A SL

yeU

(xa)

>
L(1y—{yUSi (yle))

= /\US (x]a) (According to (L3))
ye
>
0 Ly WUSE (yle)]
= SL (x|e)
>
L( 0 tu-py) PUSL(yle)])
=S, (x|a) (According to (L2))

= SL(A) (x]or) (According to Lemma 5.2)

Similarly, we can obtain S* (xla) = S (xla).
Thus, L(A) = f(A).

We have H(A) = ?(A) according to Theorem 3.3. ]

Theorem 5.2 Suppose that L, H : F>(U) — F>(U) are
two dual operators. Then there exists a general type-2 fuzzy
relation R on U such that forall A € FR(U), L(A) = i(A)

and H(A) = f(A) ifand only if L and H satisfy the axioms:

<>
forall A, B € F>(U) and any constant type-2 fuzzy set B,
(H2) HLAUB) = H(A) U H(B)
<> <>

(H3) H(AN B) =H(A)N B

Proof “=" Tt follows immediately from Theorem 3.5 and
Lemma 5.1.

“«<” Using H, we can define a general type-2 fuzzy

relation R on U by R = Uqgejo,1] @/ Ry, Where R, =

R -

Jormevsu Uets®xpion. st . y)|a)] ul/x, Sy ((x, y)la) =
H( y) y)

(x|e) and S§5((x, y)|er) —S (x]a).
Foranyoe e [0, 1] andx € U,

STM (x|a)

- v, [squ, le) A S|

Hl
= v (1y)
yeU-

_ <
= v Sf(ly)(xkx)ASLL(ya)(xla):|

(xle) A S (vl

yeU

1 HS‘!‘ o
H(ly,

= V Sl(“) ol )(x|oz)
yeU

[ A

H(1,NS? (y|a))

v SL(} L(}l )
yeU

(x |a):| (According to (H3))

<«—>
U H(1,NnSP (yle))

=5 (xer)

— —
H( U [1,NSE(yle)])
€U

=15 " (x|e) | (According to (H2))

Sf(A)(xIa) (According to Lemma 5.2)

@ Springer

Similarly, 5§ (x|a) =
Thus, H(A) = f(A).
We have L(A) = f(A) according to Theorem 3.3. O

SHD (x]a).

Definition 5.2 Let L, H : F>,(U) — F>(U) be a pair of
dual operators. If L satisfies axioms (L2) and (L3) or equiva-
lently, H satisfies axioms (H2) and (H3), then the system
(F,(U),N,U,c, L, H) is referred to as a general type-2
fuzzy rough set algebra, and L and H are referred to as gen-
eral type-2 fuzzy approximation operators.

Theorem 5.3 Suppose that L, H : Fo(U) — F>(U) are a
pair of dual general type-2 fuzzy approximation operators,
i.e., L satisfies axioms (L1), (L2) and (L3), or H satisfies
axioms (HI), (H2) and (H3). Then there exists a reflexive
general type-2 fuzzy relation Ron U such that for all A €
F>(U), L(A) = f(A) and H(A) = f(A) if and only if L
and H satisfy the axioms:

(L4) L(A) € A

(H4) A C H(A)

Proof “=" It follows immediately from Theorem 4.1
“<” It follows immediately from Theorems 4.1, 5.1
and 5.2. O

Theorem 5.4 Suppose that L, H : F,(U) — F>(U) are a
pair of dual general type-2 fuzzy approximation operators.
Then there exists a symmetric general type-2 fuzzy relation
R on U such that for all A € F>(U), L(A) = f(A) and

H(A) = f(A) ifand only if L and H satisfy the axioms:

(L5) Foranya € [0, 1] and x, y e U, SL( v-

L
S, (vly and 50 () =
hold

(HS5) For any o € [0,1] and x,y € U, S X)(y|ot) =

H(l )(xla) and S, Ha X)(y| ) = ( ) (x]a) hold.

(x|a) =
(yla)

H(l

Proof “=" It follows immediately from Theorem 4.2.
“<” It follows immediately from Theorems 4.2, 5.1
and 5.2. O

Theorem 5.5 Suppose that L, H : F,(U) — F>(U) are a
pair of dual general type-2 fuzzy approximation operators.
Then there exists a transitive general type-2 fuzzy relation
R on U such that for all A € F>(U), L(A) = f(A) and
H(A) = f(A) ifand only if L and H satisfy the axioms:
(L6) L(A) S L(L(A))
(H6) H(H(A)) € H(A)

Proof “=" It follows immediately from Theorem 4.3.
“«<” It follows immediately from Theorems 4.3, 5.1
and 5.2. O

Theorem 5.6 Suppose that L, H : F>,(U) — F>(U) are a
pair of dual general type-2 fuzzy approximation operators.
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Then there exists a similarity general type-2 fuzzy relation
R on U such that for all A € F>(U), L(A) = f(A) and
H(A) = f(A) if and only if L satisfies the axioms (L4)—(L
6) and H satisfies the axioms (H4)—(H0).

Proof “=" It follows immediately from Theorems 4.1, 4.2
and 4.3.

“«" It follows immediately from Theorems 4.1, 4.2, 4.3,
5.1 and 5.2. O

6 Conclusions

A general framework for the study of general type-2 fuzzy
rough sets has been developed by combining rough set the-
ory with general type-2 fuzzy set theory. Since he «a-plane
representation method of general type-2 fuzzy sets has been
extensively studied and can reduce the computational work-
load, and we therefore study general type-2 fuzzy rough sets
by using «-plane representation method in which both con-
structive and axiomatic approaches are considered. Based
on an arbitrary general type-2 fuzzy relation, a pair of upper
and lower general type-2 fuzzy rough approximation opera-
tors have been derived and the properties of them have been
investigated. The connections between special general type-
2 fuzzy relations and general type-2 fuzzy rough upper and
lower approximation operators are examined. We also pro-
vide axiomatics to fully characterize the general type-2 fuzzy
rough approximation operators. Further research will con-
centrate on the applications to data analysis of the proposed
general type-2 fuzzy rough set model.
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