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Abstract We introduce a new methodology for measur-
ing the degree of similarity between two intuitionistic
fuzzy sets. The new method is developed on the basis of a
distance defined on an interval by the use of convex
combination of endpoints and also focusing on the property
of min and max operators. It is shown that among the
existing methods, the proposed method meets all the well-
known properties of a similarity measure and has no
counter-intuitive examples. The validity and applicability
of the proposed similarity measure is illustrated with two
examples known as pattern recognition and medical
diagnosis.
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1 Introduction

In the last few decades, several extensions of fuzzy sets
(Zadeh 1965) have been proposed and developed by many
researchers. Among various generalizations of fuzzy sets
such as L-fuzzy sets (Goguen 1967), interval-valued fuzzy
sets (Turksen 1986) and vague sets (Bustince and Burillo
1996), intuitionistic fuzzy sets (IFS) have gained more
attention from researchers. This attention is due to the
consistency of IFS in modeling many real life situations
where hesitation exists, such as fuzzy decision making
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(Szmidt and Kacprzyk 1996), fuzzy pattern recognition
(Pedrycz 1997) and market prediction. As a significant
content in fuzzy mathematics, the research on the similarity
measure between IFSs has received more attention. Simi-
larity measures have been widely applied in many fields
such as multicriteria decision-making (Szmidt and Ka-
cprzyk 2005), group decision (Xu and Chen 2007), grey
relational analysis (Wei and Lan 2008), pattern recognition
(Li and Cheng 2002), image processing (Pal and King
1981), and cluster analysis (Yao and Dash 2000). Since the
similarity measures of IFSs have been applied to many
real-world situations, it is naturally required to have an
efficient similarity measure with no counter-intuitive
examples.

In recent years, some definitions of similarity measures
for IFSs have been proposed. Atanassov (1999), Szmidt
and Kacprzyk (2000) proposed several methods for mea-
suring the degree of similarity between IFSs based on the
well known Hamming distance, Euclidean distance and
their normalized counterparts. Based on the extension of
the Hausdorff distance and L, metric, Hung and Yang
(2007) proposed some methods to calculate the degree of
similarity between IFSs. The methods of Chen, Hong and
Kim, Fan and Zhangyan, Yanhong et al., Dengfeng and
Chuntian, Mitchell, Zhizhen and Pengfei who put forward
the concept of similarity measure for IFSs have been
summarized and discussed by Li et al. (2007). Recently,
Wang and Xin (2005), Huang et al. (2005), Hung and Yang
(2007), and Ye (2011) have established several methods
which are described briefly later in Sect. 4.

Later, it will be observed that all the papers discussed
above may not work as desired because they cannot
meet all or most of the well-known properties of a simi-
larity measure. With this point of view and the need to
overcome the shortcomings of the existing methods, we
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develop a new similarity measure that contains more
information of IFSs. Indeed, the proposed similarity mea-
sure is defined based on the convex combination of the
endpoints of the interval which restricts the membership
degree of an IFS. Moreover, to avoid all the cons cases that
the existing methods have, the proposed method focuses
also on the property of min and max operators.

The present paper is organized as follows: Background
on the intuitionistic fuzzy sets (IFSs) is presented in Sect.
2. In Sect. 3, a new distance is defined on the interval
numbers based on convex combination of endpoints and
then it is extended to IFSs by deriving a distance measure.
Then, the desired similarity measure is established by
combining the mentioned distance measure and a mapping
defined based on min and max operators. Section 4 is
devoted to review briefly the existing similarity measures
for IFSs and they are compared with the desired method. In
Sect. 5, two examples known as pattern recognition and
medical diagnosis are brought to illustrate the validity and
applicability of the new method. Conclusion is drown in
Sect. 6 Finally, the detailed discussions of the main results
which are stated in the last part of Sect. 3 can be found in
“Appendix”.

2 Preliminaries

In this section, we briefly describe the basic definitions and
notions of IFSs and similarity measure for IFSs.
Throughout this article, we use X = {xi, x,..., x,,} to
denote the discourse set.

Definition 1 (See Zadeh 1965) A fuzzy set (FS) Apgin X
is defined as Aps = {(x, u,(x)) : x € X}, where u, : X —
[0,1] is the membership function of the fuzzy set Agg
and p,(x) is the degree of membership of x € X in Ags.

Definition 2 (See Atanassov 1999) An intuitionistic
fuzzy set (IFS) A;rs in X is defined as Ay =
{{x, s (x),va(x)) : x € X}, where py : X — [0, 1] and v, :
X — [0, 1] are such that 0 < pu(x) + va(x) < 1 forall x €
X. The number 4 (x) and v4(x) represent respectively the
degree of membership and nonmembership of x in Ajg.

We denote all the IFSs in X by IFS(X).

Definition 3 (See Atanassov 1999) The complement of
Ayrs, denoted by Ajfrps, is defined as iy (x) = va(x) and
vae(6) = 1 (x).

Remark 1 (See e.g. Li et al. 2007) From the above defi-
nitions, it is obvious that the membership degree of any
Ajrs has been restricted by the interval [pu(x), 1 —
va(®)], where [uy(x),1 —va(x)] C[0,1]. If pa(x) =1 —
va(x), this implies that we know x precisely. In this case
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Ajps degenerates into a fuzzy set. If py(x) =0 and
Va(x) = 1 (or pa(x) = 1 and vua(x) = 0), A;rs degenerates
into a crisp set.

Definition 4 (See Atanassov 1999) Let Ajrs, Birs €
IFS(X). We define A;rs C Byps if and only if pa(x) < pp(x)
and 1 — v4(x) < 1 — vp(x), for each x € X.

The main properties of a similarity measure on IFSs,
S:IFS(X) x IFS(X) — [0, 1]
sometimes considered as axiomatic requirements, are as the
following: (see e.g. Li et al. 2007)

(P1)  S(Ass, Birs) € [0,1];

(P2) S(Ajrs,Birs) = 1 if and only if A;zg = Byps;

(P3)  S(Asrs, Birs) = S(Birs, Airs);

(P4)  S(Asrs, Cirs) < S(Arrs, Birs) and  S(Ajrs, Cips) <
S(Byrs, Cirs) if Ajps € Bips € Cirs;

(PS) S(Alps, A;FS) = 0 lf AIFS iS a Crisp set.

3 New similarity measure for IFSs

In this portion, we describe the construction of a new
similarity measure for IFSs using the convex combination
of the endpoints of the interval which restricts the mem-
bership degree of an IFS.

Let us consider the interval value [p4(x;), 1
Ajrs € IFS(X). We define for any x; € X,

lrs(u) = (1= L)) + 2.0 = ),
j=0,1,...,m,

— Va(x;)] of

(1)

where the convex combination of lower and upper bound
values of the membership degree of A;rs(x;) indicates that
%i(Ars(x;)) stands for any point (if m — oo) in the interval
[hax), T — vax)].

Taking into account the above formulae, a distance
between two IFSs Ajps, Birs € IFS(X) is defined by the
following expression

dirs(Ars, Birs)

B _zn:<m+1

m
[%;(Asrs (x;)) Xj(BIFS(xi>>]2>-
j=0

(2)

Theorem 1 Let X = {xy, x5,...,X,,} denote the universe of
discourse. Then the mapping dips : IFS(X) x IFS(X) —
RTU{0} given by (2) is metric, that is, for any IFSs
Ajps, Bips and Cigs, it holds

()  dirs(Ars, Birs) € [0, 1];
(li) d[FS(AIFS7 BIFS) - d[FS(BIFS7 AIFS);
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(1)  dips(Arrs,Birs) = 0 if and only if Ajps = Birs;
(iv)  dips(Airs, Cirs) < dips(Arrs, Birs) + dips(Birs, Cirs)-

Proof Proof of properties (i), (ii) and (iv) is obvious.
To prove the property (iii), we proceed as follows.
Without loss of the generality, we suppose that
= {x; = x}. By the definition (2) of the distance

measure d;rg, it can be seen that

dirs(Ars, Birs) = 0,
l:ff Xj(A1F5(.x)) = Xj(Blps(x)>, ] = O7 1, R (N
iff (1—:—n)uA(x)+i(1 —va(x)) = (1—L>MB(X)

m
_‘_7] (I—VB(X)) ]—_0 1,...,m
) ) 9 )

For the index j there are two cases to consider: (i) j = 0 and
(i1) j = m. In the former case we obtain p(x) = pg(x), and
in the latter case we get 1 — va(x) = 1 — vg(x). This
implies that Ajps = {(x, tt4(x), va(x))} = {{x, up(x), vp
(x))} = Birs. O

Now, we are in a position to introduce a new similarity
measure between IFSs.

Theorem 2 Let H:[0, 1]— [0, 1] be a strictly monotone
decreasing real function, and d;rs be the distance of IFSs,
given by (2). Then for any Ajrs, Birs € IFS(X)

H(dirs(Aqrs, Birs)) — H(1)

Sirs(Ars, Birs) = H(0) — H(1) )

(3)

is a similarity measure of IFSs Ajrs and Bjrs.

Proof We need to show that % satisfies the properties

P1)—(PS).
Without loss of the generality, suppose that
X = {x; = x}.

Proof of properties (P1) and (P3) is obvious.
To prove the property (P2), we obtain from the
definition of S%xg that

Stes(Airs, Birs) = 1, iff  dirs(Asrs, Birs) = 0.

Now, from the property (iii) in Theorem 1 and the latter
term, it results that

Ses(Airs, Birs) = 1, iff  Arrs = Bigs.

The proof of (P4) is given as follows. If A;pg C Byps C
Cirs, then from Definition 4 we obtain

14 (%) <t (x) < pe (),
1-— VA()C) S 1-— VB()C) S 1-— Vc(x),

[Proved]

and so for any j =0, 1,..., m
%i(Arrs(x)) < 1;(Birs(x)) < 7;(Cirs(x)).

We see immediately that for any j = 0, 1, ..., m,

[ (Arrs(x)) = 13 (Birs(x)) < [;(Arrs(x)) — 7;(Crrs(x))],
[;(Birs(x)) — }{j(Cnvs(x))}2 < [x(Amrs(x)) — Xj(CIFS(x))]27

which result in

dirs(Arrs, Birs) < dips(Airs, Cirs),
dips(Birs, Cies) < dips(Airs, Cirs).

Since the function H(.) is strictly monotone decreasing, it is
easily verified that

St (Airs, Crrs) < Steo(Arrs, Birs),

S4es(Arrs, Cres) < S%hg(Birs, Cirs)- [Proved]

In order to prove the property (P5), we assume that A;rg is
a crisp set, that is, Ajrs = {(x, 1,0)} (or Ajrs = {(x,0, 1)}).
In this regard, the complement set Ajrs is defined as Af., =
{(x,0,1)} (or AGrg = {(x, 1,0)}). Hence, dirs(Airs.Alrs) = 1
which implies that Ss(A;rs.A%rs) = 0. O

Remark 2 Due to Theorem 2, one can develop different
formulas to calculate the similarity measures between IFSs
by choosing different strictly monotone decreasing real
function H :[0,1] — [0, 1], for instance, H (x)=1-—x,

H(x) =e " H(x) =1, and Hx) = 1 — X

Hereafter, we consider H:[0,1] — [0,1] given by
H(x) = 1 — x. Hence, the corresponding similarity mea-
sure of IFSs A;rs and B,gg is defined as follows:

S4es(Airs, Biks) = 1 — digs(Arrs, Birs)

=1- ii( 2"‘: [ (Ars(xi)) — Xj(BIFS(xi))]2>'
i=1 1:0
(4)

Now, we are interested here to introduce a mapping on
IFS(X) x IFS(X) into [0, 1] which satisfies all the
properties (P1)—(PS).

Theorem 3 Let Ajrs, Bips € IFS(X). The mapping S;’% :

IFS(X) x IFS(X) — [0, 1], given by,

SPE(Asrs,Birs)

3 (minfa () ()} +ming1—va (), 1 —vp(x)})
iy (max{py (x:), up (i) } -+ max{1—va(x;), 1 =vp(x;) })’

(5)
satisfies the properties (P1)—(P5) for any IFSs Ars and
Brs.

Proof Without loss of the generality, suppose that
= {x; = x}. Proof of properties (P1) and (P3) is
obvious.
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To prove the property (P2), we obtain from the
definition of S7rs that S7rs(Asrs,Birs) = 1 if and only if

min g ()5 () min {1 v, (), 1 =g )}
max{ g ()i (6) )+ max{ T (5), 15 ()]

{Ha(®), pp(x)} = max{p,(x), pp(x)} and min{l — v,(x),
1 — vp(x)} = max{1l — va(x), 1 — vp(x)}. This implies
that Ajps = {{x, s (x),va(x))} = {{x, pp(x),v5(x)) } = Birs
and hence

Shis(Amrs, Birs) = 1, iff  Arps = Birs.

The proof of (P4) is given as follows. If A;ps C Byps C
Cirs, then from Definition 4 the following results can be
deduced.

=1, if and only if min

[Proved|

14 (%) < pa(x) < pe (), (6)

L —va(x) <1 —vp(x) <1 —ve(x). (7)

The monotonicity conditions of (6) and (7) ensure that

#a (x) = min{ps (x), pe(¥)}, (8)
I —va(x) =min{l —va(x),1 — ve(x)},

fe(x) = max{puy (x), pc(x)}, (9)
1 — ve(x) = max{1l —va(x), 1 —ve(x)},

and

e i i1 v, (10

pp(x) = max{p, (x), up(x)}, (11)

1 —vp(x) = max{l —va(x),1 — vg(x)}.
Once again from (6), we have

Ha(x) + (1 —va(x)) _ pa(x) + (1 = valx))
pe(x) + (1 —ve(x) = pg(x) + (1 —vp(x)
By the use of (8)—(11) together with the latter relation, the
following result is immediate
min{ g, (x), pe(®)} + min{1 —va(x),1 — ve(x)}
max{ iy (x), te(x)} + max{l — va(x), 1 — ve(x)}
< Min{p (x), pup(x)} + min{l — va(x), 1 — va(x)}
~ max{p, (x), up(x)} + max{1 —va(x), 1 —vs(x)}’

.UC(
Mc(

that is,
Spis(Arrs, Crrs) < Sprs(Arrs, Birs).

By a similar reasoning and with the help of

a(x) + (1= va(x)) _ pplx) + (1 = vp(x))
pe(x) + (1 =ve(®) ~ pex) + (1= velx)’

which is ensured by the validity of (6), we find that

min{p(x), ()} + min{1 — vy (x), 1 = ve(®)}

max {4 (x), e ()} + max {1 — va(x), 1 - ve(®)}
min{ s (x), ()} + min{1 — vi(x), 1 — ve(x)}

= max{j15(x), wc ()} + max {1 — vs(x), 1 — ve(®)}’
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that is,

S"(Asrs, Cres) < St(Bigs, Cirs).-
In order to prove the property (PS), we assume that A;xg is
a crisp set, that is, A;rs = {(x,1,0)} (or Ajrs = {(x,0, 1)}).
In this regard, the complement set Ajs is defined as A, =

{(x,0, 1)} (or A%y = {(x,1,0)}). Hence, Si(Aps,Alrg) =

min{gu, () fac (x) }+min{1—va(x),1—vse ()} _ min{1,0}+min{1,0} 0. O
max{ iy (x),pgc (x) }Hmax{1—v4 (x),1—=vse (x)} ~ max{1,0}+max{1,0} :

[Proved]

It should be noted that we do not claim here the mapping
ST is a proper similarity measure for IESs, especially from
a point of view of decision making.

Although, in some cases we do not make any difference
among quite different situations, for example, for A;pg =
{(x, 1, 0)} and quite different IFSs B;rs = {(x, 0.4, 0.4)}
and  Cyps = {{x,0.3,03)} we get Sis(Asrs, Birs) =
SiEs(Arrs, Crrs) = 0.5, but making use of the mapping S7rs
as a part of the following similarity measure S;zg enhances
the distinguishability of the new similarity measure S;gs.

Taking into account the mappings Sis and S/ given by
(4) and (5), respectively, we can obtain a similarity mea-
sure on IFSs as follows.

Theorem 5 Let Agps, Birs € IFS(X). If Sirs:IFS(X) x
IFS(X)— [0,1] and Sp-IFS(X) x IFS(X)— [0,1] are the
mappings given by (4) and (5), respectively. Then, the
mapping Sips:IFS(X) x IFS(X)— [0,1] given by

1 .
Sirs(Arrs, Bips) = 3 (S?FS(AIFS, Birs) + Siis(Ars, Birs)),
(12)
is a similarity measure of IFSs Ajrs and Byrs.

Proof We are required to show that S;r¢ satisfies the
properties (P1)—(PS). Due to Theorem 2 and Theorem 3, it
follows that S%-g and Sivs satisfy the properties (P1)—(P5)
and therefore we get immediately the properties (P1)—(P5)
are fulfilled for S;gg, too. |

Here, we would like to give the reasons why S;zg should
be considered?

1. The formulae of the proposed similarity measure given
by (12) requires no complicated computation.

2. By the fact that “the more the information that the
similarity measure focuses on, the more powerful its
distinguishability”, we adopted the convex combination
of the endpoints of the interval [, , 1 — V4, as follows

s = (12t + 0 = v,
j=0,1,....m,

to define S% as a term of Sjzg. From mathematical
point of view, the larger the value of the parameter
m, the more precise the degree of similarity of IFSs.
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This follows from the fact that S;-g is a monotonically
increasing function as the parameter m increases (See
Theorem 7 in “Appendix”).

3. The existence of some cons cases might be resulted
from the circumstance that the membership-degree
interval [, 1 — v] has equal endpoints. To avoid such
cons cases, we make use of S7e% given by (5) to
enhance the distinguishability of S;gs.

4. From the comparison, one can easily observe that S;g
has no counter-intuitive cases, specially for sufficiently
large value of m, that the existing similarity measures
have. Furthermore, S;rs satisfies all the well-known
properties (P1)—(P5).

4 Comparisons of similarity measures on IFSs

Here, to illustrate and compare our proposed similarity
measure S;rg with the existing similarity measures, we
recall all the methods analyzed by Li et al. (2007), and the
other methods suggested by Wang and Xin (2005), Huang
et al. (2005), Hung and Yang (2007), and Ye (2011).

Consider two IFSs Ajss, Bps € IFS(X), where X =
{x1, x2,....x,,}. The similarity measures analyzed by Li et al.
(2007) are briefly described as follows:

e Chen’s measure

> iz 1Sa(xi) — Sp(xi)|
2n ’

Sc(Ars,Birs) =1 — (13)

where S4(x;) = pa(x;) — va(x;) and Sp(x;) = pp(x;) —
VB(X;).
e Hong and Kim’s measure

St(Airs, Birs)
11— D i (e (i) = g ()| =+ [va (i) = ve(xi)]) '

2n
(14)

e Fan and Zhangyan’s measure

Si(Aps, Birs) =1 — 2zt |SA(Zi) — Ss(x)|
n

i (pa (i) = pg ()| + [va (i) — v (xi)])
4n '

(15)

e Yanhong et al. measure

So(Airs,Birs)

1 \/2?1 (g 050) = pp (50))” + (v () — v (x))°)

2n
(16)

Dengfeng and Chuntian’s measure

Spe(Ams, Birs) = 1 — o[ [Wa (i) — ‘//B(xi”p’

(17)

where /, (x;) = 7’*“)‘")*;“("") and Yg(x;) = 7“3(""“;43("”).
Mitchell’s measure

1
Sus(Airs, Birs) = 3 (p,(Asrs, Birs) + py(Ars, Birs)),
(18)

where pu(Asrs, Birs) = Spc(Ha(x), ugp(x;)) and py(Azrs,
Birs) = Spc(l — valxy), 1 — va(xy).
Zhizhen and Pengfei’s measures

SP(Arrs, Birs) = 1 — | Z?ﬂ(‘f’u(xi + qﬁv(xi))/’, ”

where ¢, (xi) = w and o, (xi) =
\(1—vA(x,»));(l—vB(x,»))\.

n ) AN
S[;(AIFSaBIFS) =1 g Zi:l((f)sl('xl) + (PSZ('xl)) 7 (20)

n

where ¢, (Xi) _ \mm(xi);mm(xiﬂ’ Py (xi) _ |mA2(xi>;mBz(xi>"

may (x;) = (#A(Xf);mA(xi)), mp1 (x;) = (#B(Xi);mﬂ(xi))’ mas (x;)
_ (A=va(xi)+ma(xi)) (1*VB(X,')2+7713(X£))’ mA(xi) —

(i)

)2 . mpy(x;) =
(1*VA(X:;+HA i

, mp(x;) = (1*1’B(Xi%+u5(xx)) )

p [t (1 (0) + mp(8) + m3(i))”
3n ’
(21)

Sy (Asps, Bips) = 1 —

where, n1(i) = du(x) + du(x), (see SD), or 1, (i) =
051 (Xi) + 0p(x:), (see S5), M) = Walx) — Ypx)),
(see Spe), N3(i) = max{ly(D), Ip(i)} — min{l,(D), lp(D)},
where, 14 (i) = (1*"A(xi%*/m(xi)), 15(i) = (1*"8()6:‘%*!!3(&)).
Hung and Yang’s measures

Syy(Asrs, Bies) = 1 — du(Asrs, Birs), (22)

e (Asrs,Birs) _ e !

51211/ (Ars, Bips) = (23)

[ —e! ’

1 — dH(AIFSa B[FS)
P _ 24
ny (Arrs, Birs) 1+ du(Asrs, Birs)’ -

where  dyy(Arps, Birs) = 5 201y max{|pa (x;) — pp(xi),
[va(xi) — vg(x:)[}-

The other existing similarity measures are described by

the following forms:
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e Wang and Xin’s measure (2005)

SWX(AIF57BIFS) =1- %i{l/‘%(xi) — ,UB(X,‘)| I |VA(xi) - VB(xf)‘
i=1
max {|p, (xi) — pp(xi)l, [va(xi) — ve(xi)|}
+ : b
(25)

e Huang et al. measures (2005)

S (Airs, Birs)
IS 2(pa (i) — s ()] + [vaxi) — va(xi)])
no 2+ (Jug (i) — pg(xi)| + [va(xi) — va(xi)|)
(26)

St (Ars, Birs)
_ o 22 () = pp (x| o+ [va () — va (o))
2n+ 370 (lra () — pp(x) | + [va(xi) — vp(xi)]) 7
(27)

e Hung and Yang’s measure (2007)

n

1
Sty (Arrs; Birs) = 1 — ;Z(“‘A(xi) — up(xi)|”
i=1

1
+ [va(xi) = vp(x)[")7, (28)
e Ye’s measure (2011)

c I ) pp(xi) + va(xi)va(xi)
s B = T ) 3T

(29)

With the help of some counter-intuitive examples, we
will show that the similarity measures mentioned above are
not fit so well (see Tables 1, 2). Meanwhile, our proposed
method bears no such drawbacks. This superiority can be
easily found from the last rows of Table 2. Keeping in
mind that each similarity measure may have different
counter-intuitive examples, but it suffices to give one
example for each formula in Table 1.

Table 1 Similarity measures

. MU Counter-intuitive example
and their counter-intuitive

Similarity measure

example Example 1

Eq. (13): S.(A;rs,Birs) = 1 (unreasonable)

Agrs = {(x,0,0)}, Birs = {(x,0.5,0.5)}

Example 2

Eq. (14): Sy(Asrs, Birs) = Su(Cirs, Dirs) (unreasonable)

AIFS = {<)C7 0.3,0.3>},B]F5 = {(x,04,04>}
CIFS = {<x70.3,0.4>}7D1p5 = {(x,0.4,0.3>}

Example 3

AIFS = {<X, 1,0)},311:5 = {()C,0,0>}

Cirs = {(x,0.5,0.5)}
Example 4

Eq. (14): Su(Asrs, Bips) = Su(Cirs, Birs) (unreasonable)

Eq. (15): Si.(Asps, Bips) = Si(Ars, Cirs) (unreasonable)

AIFS = {<)C7 04 02>}7 BIFS = {<)C, 057 03>}

Crrs = {(x,0.5,0.2) }
Same as Example 2
Same as Example 1
Same as Example 2
Same as Example 2
Same as Example 4

Example 5

Eq. (16): So(Asrs, Birs) = So(Cirs, Dirs) (unreasonable)
Eq. (17): Spc(Arss Birs) = 1 (unreasonable)

Eq. (18): Sup(Ars, Birs) = Sus(Cirs, Dirs) (unreasonable)
Eq. (19): S%(Asrs» Birs) = S2(Cies, Dyrs) (unreasonable)
Eq. (20): S¢(Asrs, Birs) = S5(Asrs, Cirs) (unreasonable)
Eq. (21): Si(Asrs, Birs) = Si(Ars, Cirs) (unreasonable)

AIFS = {<X7 0~3,0-7>}7BIFS = {<x704,06>}

Cirs = {(x,0.2,0.8)}
Same as Example 4
Same as Example 4
Same as Example 4
Same as Example 2
Same as Example 2
Same as Example 2
Same as Example 2

Same as Example 3

Eq. (22): Stir(Arrs, Birs) = SuArrs, Crrs) (unreasonable)
Eq. (23): SiidAsrs. Birs) = SilArs. Cirs) (unreasonable)
Eq. (24): SpAsrs. Birs) = SindArs. Cirs) (unreasonable)
Eq. (25): Swx(Asrs, Birs) = Swx(Cirs, Dyrs) (unreasonable)
ECI- (26): Spi(Asrs, Birs) = Sui(Cirs, Dirs) (unreasonable)
Eq. 27): Spa(Asrs, Birs) = Sua(Cirs, Dirs) (unreasonable)
Eq. (28): St(Airs, Birs) = Sin(Cirs, Dirs) (unreasonable)
Eq. (29): SY(Asrs, Birs) = SY(Cirs, Byrs) (unreasonable)
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Table 2 The demonstration table of counter-intuitive examples being visible in bold
1 2 3 4 5 6
Arps = {(x, tu, va) } {(x,0.3,0.3)} {(x,0.3,0.4)} {(x,1,0)} {(x,0.5,0.5)} {(x,0.4,0.2)} {(x,0.4,0.2)}
Birs = {(x, g, vi) } {(x,04,0.4)} {(x,04,0.3)} {(x,0,0)} {(x,0,0)} {(x,05,0.3)} {(x,05,0.2)}
Sc 1 0.9 0.5 1 1 0.95
Su 0.9 0.9 0.5 0.5 0.9 0.95
\Y3 0.95 0.9 0.5 0.75 0.95 0.95
So 0.9 0.9 0.3 0.5 0.9 0.93
Spc 1 0.9 0.5 1 1 0.95
Sup 0.9 0.9 0.5 0.5 0.9 0.95
A 0.9 0.9 0.5 0.5 0.9 0.95
v 0.95 0.9 0.5 0.75 0.95 0.95
\ 0.93 0.933 0.5 0.67 0.93 0.95
Shy 0.9 0.9 0 0.5 0.9 0.9
Shy 0.85 0.85 0 0.38 0.85 0.85
Sy 0.82 0.82 0 0.33 0.82 0.82
Swx 0.9 0.9 0.25 0.5 0.9 0.95
St 0.8182 0.8182 0.3333 0.3333 0.8182 0.9048
St 0.8182 0.8182 0.3333 0.3333 0.8182 0.9048
Sy 0.8586 0.8586 0 0.2929 0.8586 0.9
s¢ 1 0.96 0 0 0.9971 0.9965
Sirs, m =6 0.8758 0.8591 0.4495 0.5000 0.8897 0.9315
Sirs, m =11 0.8764 0.8591 0.4512 0.5030 0.8903 0.9317
Sirs, m =8 0.8768 0.8591 0.4524 0.5053 0.8908 0.9318

5 Applications of S;rg in practice

In this section, to illustrate the efficiency of the proposed
similarity measure and to compare its results with that of
some methods, we apply S;rs with m = 5 to two examples
borrowed from Liu (2005), Vlachos and Sergiadis (2007)
and Ye (2011).

Example 1 (Pattern recognition) Let X = {xi, xp, x3}.
Consider three known patterns C,, C, and Cs which are
represented by the following IFSs, respectively,

Ci = {{x1,1.0,0.0), (x,0.8,0.0), (x3,0.7,0.1) },

Cy = {(x1,0.8,0.1), (x,1.0,0.0), (x3,0.9,0.0) },

Cs = {{x1,0.6,0.2), (x,0.8,0.0), (x3,1.0,0.0) }.

The aim here is to classify an unknown pattern

0 = {(x1,0.5,0.3), (x2,0.6,0.2), (x3,0.8,0.1) },

in one of the above-mentioned classes C;, C, and Cs.
In order to proceed, we use the criteria

max {Sirs(Ci, 0)},

where Sjrs(Ci, Q) = 0.7708,
Sirs(C3, Q) = 0.8378,

Sies(C2, Q) = 0.7739,

give rise to that the pattern Q should be classified in Cs.
This result is exactly matching with that obtained in (Liu
2005) and (Ye 2011).

Example 2 (Medical diagnosis) Suppose that the universe of

discourse is to be a set of symptoms X = {x; (Tempera-

ture), X, (Headache), x3 (Stomach pain), x4 (Cough), x5

(Chest pian)}. Consider a set of diagnosis Q = {Q(Viral

fever), Q-(Malaria), Q5(Typhoid), Q4(Stomach  problem),

Qs(Chest problem)} whose elements are represented by the

following IFSs, respectively,

01 = {(x1,0.4,0.0), (x2,0.3,0.5), (x3,0.1,0.7),
(x4,0.4,0.3), (x5,0.1,0.7) },

0, = {(x1,0.7,0.0), (x2,0.2,0.6), (x3,0.0,0.9),
(x4,0.7,0.0), (x5,0.1,0.8) },

03 = {(x1,0.3,0.3), (x2,0.6,0.1), (x3,0.2,0.7),
(x4,0.2,0.6), (x5,0.1,0.9) },

04 = {(x1,0.1,0.7), (x2,0.2,0.4), (x3,0.8,0.0),
(x4,0.2,0.7), (x5,0.2,0.7) },

05 = {(x1,0.1,0.8), (x2,0.0,0.8), (x3,0.2,0.8),
(x4,0.2,0.8), (x5,0.8,0.1) }.

The aim here is to assign a patient
P = {(x1,0.8,0.1), (x,,0.6,0.1), (x3,0.2,0.8),
(x4,0.6,0.1), (x5,0.1,0.6) },
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to one of the above-mentioned diagnosis Qp, Q,, O3, O4
and QOs.

We now proceed by considering the criteria
121?;45{51“(& 0},

where S]Fs(P, Q]) = 076547 S[Fs(P, Qz) = 07580,

Sirs(P, Q3) = 0.7187,  Sirs(P, Qs) = 0.4482,

Sirs(P, Qs) = 0.3809.

This gives rise to that the proper diagnosis for the patient P
is Q(Viral fever). Here the result is exactly matching with
that obtained in Vlachos and Sergiadis (2007) and Ye
(2011).

6 Conclusion

This article presents a new similarity measure for intui-
tionistic fuzzy sets by making use of the convex combi-
nation of endpoints of the membership-degree interval and
also focusing on the property of min and max operators.
Among the existing methods, the proposed method seems
to be more suitable for real cases and more valuable
because of considering more information of IFSs. The
proposed similarity measure enriches the theories and
methods for measuring the degree of similarity between
intuitionistic fuzzy sets.

Acknowledgments The author thanks the editor-in-chief professor
Antonio Di Nola and the referees for their helpful suggestions which
improved the presentation of the paper.

Appendix

In this section we prove the main results stated in the last
part of Sect. 3. First we prove a key theorem.

Theorem 6 Let Ajps,Birs € IFS(X). The parametric
distance dips : IFS(X) x IFS(X) — [0,1] given by (2) is
monotonically decreasing as the parameter m increases.

Proof Without loss of the generality, we assume that
X = {x; = x} and Ajrs,Bjrs € IFS(X) are respectively
represented by the intervals [a;, a,] and [by, b,] where
ay = pa(x), az = 1 — valx), by = pupx), by = 1 — vp(x).
With the latter in mind, we can now restate d;rs(A;rs, Birs)
in parametric form as follows
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m—|—1j

[;(Arrs(x)) — Xj(BlFS(x))]27

NgE

dﬁs) (Ars, Birs) =

i
=

>al+ia27 j:Oala"'ama
m

S |~

where 7;(Ars(x)) = (1 -

Xj(BIFS('x)) = (1 _L>b1 +Lb27 .]: 07 17"'7m'
m m

As a first step toward the general case, we first show that

1 2
d;p?g (Asrs, Birs) > dﬁ% (Asrs, Birs),
for any Ajrs,Birs € IFS(X). By the definition of the
parametric distance d}"F@, one gets

(dps(Ars, Birs))? — (dips(Arrs, Birs))?

= l[(m - b1)2 + (ap — bz)z] - % [(a1 — b])2

2
by — by

ar, —a
+ (@) + 2= 5

) + (a2 — b2)°].

) — (b1 +

In this and subsequent results, it is notationally convenient
to set

oc:al—bl,
ﬁzaz—b2.

With the use of the above notations, the following result is
obtained

- _ by —b
oc—|—k—ﬁ oc:(al+ka2 al)—<b1+k 2 1>7
m m m

k=0,1,...,m.

Thus, with the above setting in mind, we find that
(d;})s (Asrs, Birs))” — (dﬁ.)S(AIF& Birs))?

2
:%[a2+ﬂz]—% o + <a+?> +5

1 2
= 30 + 3% — 207 — 2(#) —ZﬁZ]

2 oa+ B
6 OCZ—Fﬁ —2< 2 )

1 2
=— (o0 — >0,
S pr>
completing the proof of di{(A;rs, Birs) > d5ps(Airs, Birs).
We are now ready to prove the general case where the
parameter m is a natural number.
For given m and from definition of the parametric

distance di2, we have
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e A Cha )
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—1
ocz—l— m

(
e (8 (8
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) +((m 2)o + 23)

s (Y g
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completing the proof of df#¥(Ars. Birs) > difis (Asrs.
Birs). O
Corollary 1 Let AIFSyBIFS EIFS(X)
similarity measure S}iF(? : IFS(X) x IFS(X) — [0, 1] given
by (4) is a monotone increasing function of the parameter
m.

The parametric

Proof The proof is concluded by taking definition of S?l%)
and Theorem 6 into account. O

Theorem 7 Let Asps, Bips € IFS(X). If Stpg : IFS(X) x
IFS(X) — [0,1] and SpE: IFS(X) x IFS(X) — [0,1] are
the mappings given by (4) and (5), respectively. Then, the

sequence of parametric similarity measures S;;"; : IFS(X) x

IFS(X) — [0, 1] given by (12) which can be restated as
m 1 m mix
S§F5) (Ars, Birs) = 2 (S;lp(s) (Aps, Birs) + STrs(Aurs, Birs)),

is a convergent sequence on [0,1].

Proof Since the parametric similarity measure S%’;):

IFS(X) x IFS(X) — [0,1] given by (4) is a monotone
increasing function of the parameter m (by Corollary 1

and since ST is not dependant on the choice of m), we

deduce that the parametric similarity measure S;le)5
IFS(X) x IFS(X) — [0,1] is a monotone increasing func-
tion of the parameter m, too. This incorporating
with the boundedness of 5%% (by the property (P1)
where S{7%(A;rs.Birs) < 1 for any Ajps, Bips € IFS(X))
will immediately lead to the convergence property

of S, O

The earlier result shows that to have a more precise
comparison we need to choose m sufficiently large. This
finding is confirmed and illustrated by the graph in Fig. 1
where the curves C1-C6 show the behavior of S
applied to each pair of IFSs given in columns 1-6 of
Table 2, respectively, as the parameter m increases from 1
to 50.
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Fig. 1 Graphical illustration of 0.7
the convergence property of Syr Ca
applied to IFSs given in Table 2
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