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Abstract Based on uncertainty theory, multiproduct
aggregate production planning model is presented, where
the market demand, production cost, subcontracting cost,
etc., are all characterized as uncertain variables. The
objective is to maximize the belief degree of obtaining the
profit more than the predetermined profit over the whole
planning horizon. When these uncertain variables are lin-
ear, the objective function and constraints can be converted
into crisp equivalents, the model is a nonlinear program-
ming, then can be solved by traditional methods. An
example is given to illustrate the model and the converting
method.

Keywords Aggregate production planning - Uncertain
variable - Uncertain distribution

1 Introduction

The goal of making aggregate production planning (APP)
is to determine the optimal product quantity, inventory
level, etc., to meet the demand for all products over a finite
planning horizon for obtaining the maximum profit or
minimum cost. Since Holt et al. (1955) proposed the
HMMS rule, a lot of researchers have developed various
types of models and approaches to solve APP decision
making problems. Zhang et al. (2012) built a mixed integer
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linear programming (MILP) model to characterize mathe-
matically the problem of APP with capacity expansion in a
manufacturing system including multiple activity centers,
and developed a hybrid heuristic combining beam search
with capacity shifting, which was capable of producing a
high quality solution within reasonable computational time.
Ramezanian et al. (2012) developed an MILP model for
general two-phase aggregate production planning systems,
and designed a genetic algorithm for solving this problem.
Bergstrom and Smith (1970) generalized the HMMS
approach to a multiproduct formulation, which was further
extended by Hausman and Mcclain (1971) to a stochastic
programming model to deal with the randomness of
product demand. Bitran and Yanassee (1984) considered
the problems of determining production plans over a
number of time periods under stochastic demands. Fung
et al. (2003) developed a fuzzy multiproduct aggregate
production planning model whose solutions were intro-
duced to cater to different scenarios under various decision
making preferences by using parametric programming, best
balance and interactive techniques. Wang and Fang (2001)
presented a fuzzy linear programming method for solving
APP problems with multiple objectives where the product
price, unit cost to subcontract, work force level, production
capacity and market demand were fuzzy in nature. Then an
interactive solution procedure was developed to provide a
compromise solution. Wang and Liang (2005) provided an
interactive possibilistic linear programming approach for
solving APP problems with fuzzy demand, interrelated
operating costs, and capacity. Based on ranking methods of
fuzzy numbers and tabu search, Baykasoglu and Gocken
(2010) proposed a direct solution method to solve fuzzy
multi-objective aggregate production planning problem.
The parameters of the problem were defined as triangular
fuzzy numbers.
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However, in the real APP decision making problems,
randomness and fuzziness usually coexist. Fuzzy random
variable is a strong tool to deal with the above problems
(Kwakernaak 1978, 1979; Liu 2001a, b). Ning et al. (2006)
established a multiproduct aggregate production planning
(APP) decision making model in fuzzy random environ-
ments. The objective was to maximize the chance of
obtaining the profit more than the predetermined profit over
the whole planning horizon. In the model, the market
demand, production cost, maximum capital level, etc., were
all characterized as fuzzy random variables. A hybrid
optimization algorithm combining fuzzy random simula-
tion, genetic algorithm (GA), neural network (NN) and
simultaneous perturbation stochastic approximation (SPSA)
algorithm was proposed to solve the model.

When historical data are not available to estimate a
probability distribution, we have to invite some domain
experts to evaluate their belief degree that each event will
occur. Since human beings usually overweight unlikely
events, the belief degree may have much larger variance
than the real frequency. Perhaps some people think that the
belief degree is subjective probability. However, Liu (2012)
showed that it is inappropriate because probability theory
may lead to counterintuitive results in this case. In order to
deal with this phenomena, uncertainty theory was founded
by Liu (2007) and refined by Liu (2010a). Nowadays
uncertainty theory has become a branch of mathematics for
modeling human uncertainty, and have been developed and
applied widely to operational research, risk analysis, reli-
ability, comprehensive evaluation, portfolio selection,
transportation planning, etc. (Liu 2009a, b, 2010b, 2011,
2012; Yan 2009; Yang et al. 2009, 2012; Liu and Ha 2010;
Rong 2011; Liu and Chen 2012; Li et al. 2012a, b). Liu
(2011) proposed an uncertain comprehensive evaluation
(UCE) method, where all weight values of indices in eval-
uated system were characterized as uncertain variables to
constitute a vector, and all the corresponding remarks to
evaluated indices were also characterized as uncertain
variables to constitute a matrix. Liu (2012) presented an
analytic method to solve a class of uncertain differential
equations. Liu and Chen (2012) introduced an uncertain
currency model, derived a currency option pricing formula
for uncertain currency market, and discussed some mathe-
matical properties. Liu and Ha (2010) proved that the
expected value of monotone function of uncertain variable
was just a Lebesgue—Stieltjes integral of the function with
respect to its uncertainty distribution, and gave some useful
expressions of expected value of function of uncertain
variables. Rong (2011) provided two new models of eco-
nomic order quantity (EOQ), where the holding cost,
shortage cost and ordering cost per unit were assumed to be
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uncertain variables. The models could be converted into
deterministic equivalents and solved by 99-method. Yan
(2009) provided two new models for portfolio selection,
where the securities were assumed to be uncertain variables.
The original problems could be converted into their crisp
equivalents when the returns were chosen as some special
uncertain variables such as rectangular uncertain variable,
triangular uncertain variable, trapezoidal uncertain variable
and normal uncertain variable.

Motivated by all the literature mentioned above, this
paper will present an uncertain APP model based on
uncertainty theory, where the market demand, production
cost, subcontracting cost, etc., are all characterized as
uncertain variables. The objective function and constraints
can be converted into crisp equivalents when they are
linear uncertain variables. Then the model can be solved
by traditional methods. At the end of this paper, an
example is given to illustrate the model and the con-
verting method.

2 Uncertain variable

Definition 1 Liu (2007) Let I" be a nonempty set, 7 a
g-algebra over I'; and M an uncertain measure, M meets
the three axioms: (1) (normality axiom) M{I'} = 1; (2)
(duality axiom) M{A} + M{A°} =1 for any event A. (3)
(subadditivity axiom) For every countable sequence of
events {A;}, M{UJ:Z, Ai} < D", M{A;}. Then the triplet
(T',t,M) is called an uncertainty space.

Definition 2 Liu (2007) An uncertain variable is a mea-
surable function from an uncertainty space (I', 7, M) to the
set of real numbers, i.e., for any Borel set B of real num-
bers, the set {¢ € B} = {r € I'|£(r) € B} is an event.

Definition 3 Liu (2007) The uncertainty distribution ® of
an uncertain variable ¢ is defined by

®(x) = M{C <x} (1)
for any real number x.

Definition 4 Liu (2007) An uncertain variable ¢ is called
linear if it has a linear uncertainty distribution

0, if x<a,
O(x)=1< (x—a)/(b-a), ifa<x<b (2)
1 ifx>b

denoted by L(a, b) where a and b are real numbers with
a<b.

For other special uncertain distributions, see Liu (2007).
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Definition 5 Liu (2007) An uncertain variable & is called
zigzag if it has a zigzag uncertainty distribution

0, if x<a,
(x—a)/2(b —a), ifa<x<b (3)
(x+c—2b)/2(c —b), ifb<x<c

1, ifx>c

D(x) =

denoted by Z(a, b, ¢) where a, b, ¢ are real numbers with
a<b<ec.

Definition 6 Liu (2007) An uncertain variable & is called
normal if it has a normal uncertainty distribution

D(x) = <l+exp<%>)la XER (4)

denoted by N(e, 0) where e and ¢ are real numbers with
o> 0.

Theorem 1 Liu (2007) Assume that &, and &, are inde-
pendent linear uncertain variables L(a;, b,) and
L(a,, by), respectively. Then the sum &, + &, is also a
linear uncertain variable L(a, + a», by + by), i.e.,

L(ay,b1) + L(az, by) = L(ay + az, by + by). (5)

The product of a linear uncertain variable L(a, b) and a
scalar number k > 0 is also a linear uncertain variable
L(ka, kb), i.e.,

kL(a,b) = L(ka, kb) (6)

Theorem 2 Liu (2007) The product of a linear uncertain
variable L(a, b) and a scalar number k < 0 is also a linear
uncertain variable L(kb, ka), i.e.,

kL(a,b) = L(kb, ka) (7)

3 Formulation for uncertain APP model

Assume that acompany produces N types of products to meet
the market demands over a planning horizon 7 in uncertain
environments. For convenience, the notations used in this
paper are described in Table 1, where the notations
Doty 8> Jnts Znts Guts €nts N> Lt Tuts Mt Virts Frts Wimaxs Mimaxs
Vimax and Cyna.x are characterized as uncertain variables,
Q. Oty Syts Ly By H and L, are decision variables,
n=12..,N, t=12,..,T

In an APP decision making problem, the profit function
can be defined as follows,

f:ZZrnt nt—1 —

n=1 t=1

Bnt—l + Qnt + Onr + Snt - Int + Bm‘)

T
Z 8 Qnt + jntOnt + ZuSps + dpidy + entBnt)

t=1

Mq iMz

(hH; + LL,), (8)

t=1

where 7, 8t Jus Zues Auss €nes iy and [, are  uncertain
variables, the term > a S Ciru(ly—1 — Bu—i + On +
0,; + S, — I + B, is the total revenue, and the term
Zn:th:I(ngm + .]nz e T ZntSnt + dntlnt + entBnt) isthe
total production cost, and Z,ll(h,H, + L.L,) is the cost of
changing labor level including the costs to hire and lay off
workers. It is obvious that the profit function fis an uncertain
variable.

In the real APP decision making problems with uncer-
tain coefficients, the demand D,,, cannot be predicted pre-
cisely. Therefore, the decision can only be made to meet
the market demand within a permitted fluctuation scope at
a predetermined confidence level. If the decision maker
hopes that the belief degree of satisfying the market
demand within a permitted fluctuation scope is at least
4, then the constraints on product-inventory are as follows,

M{| Lu—1 = By—1 + Ot + Oy + Sue — I
+Bnt_Dnt | SP}Z/ly (9)

where p is the permitted fluctuation scope, 4 is the prede-
termined confidence level, 0<A<1,n=1,2,...,N, and
t=1,2,....T

If the decision maker hopes that the belief degree of
balancing the labor level in two successive periods within a
permitted fluctuation scope is at least f3, the constraints on
labor level can be described as follows,

“

where ¢ is the permitted fluctuation scope, f3 is the prede-
termined confidence level, 0 < f < l,andt=1,2,...,T.
If the decision maker expects that the belief degree that
the hours of labor used by all products in period ¢ do not
exceed the maximum labor level available in the period is
at least ¢, the constraints on labor usage are as follows,

N
Zim‘fl(Qntfl + Ontfl) +Ht - Lt

n=1

N
- Z int(Qnt + Ont)
n=1

Sq}ZﬁZ (10)

N
M{Zim(QmOm)Smeax} >q, (11)

n=1

where ¢ is the predetermined confidence level, 0 <¢c <1,
andr=1,2,...,T

If the decision maker wishes that the belief degree that
the hours of machine usage by all products in period ¢ does
not exceed the maximum machine capability available in
the period is at least J, the constraints on machine usage
are as follows,

n=1

N
M{me(Qm + Op) SM,max} >, (12)
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Table 1 Notation Notation Meaning

N Types of products

T Planning horizon

f Profit function over T

D, Demand for the nth product in period 7 (units)

&t Production cost in regular time per unit of the nth product in period ¢ ($/unit)

O Production in regular time per unit of the nth product in period ¢ (units)

Jnt Production cost in overtime per unit of the nth product in period 7 ($/unit)

O, Production in overtime per unit of the nth product in period ¢ (units)

Zns Subcontracting cost per unit of the nth product in period ¢ ($/unit)

S Subcontracting quantity of the nth product in period ¢ (units)

dpy Inventory carrying cost per unit of the nth product in period ¢ ($/unit)

L. Inventory level of the nth product in period ¢ (units)

€ Backorder cost per unit of the nth product in period # ($/unit)

B, Backorder level of the nth product in period ¢ (units)

h, Cost to hire one worker in period ¢ ($/man-hour)

H, Workers hired in period ¢ (man-hour)

A Cost to lay off one worker in period ¢ ($/man-hour)

L, Workers laid off in period ¢ (man-hour)

- Hours of labor per unit of the nth product in period ¢ (man-hour/unit)

My, Hours of machine usage per unit of the nth product in period ¢ (machine-hour/unit)

Vo Warehouse spaces per unit of the nth product in period ¢ (ft*/unit)

Tt Sales revenue per unit of the nth product in period ¢ ($/unit)

Wimax Maximum labor level available in period ¢ (man-hour)

M max Maximum machine capacity available in period ¢ (machine-hour)

Vimax Maximum warehouse space available in period ¢ (ft>)

Cimax Maximum capital level available in period #$)

where 9 is the predetermined confidence level, 0 < < 1,
andr=1,2,...,T.

If the decision maker expects that the belief degree that the
warehouse space used by all products in period ¢ does not
exceed the maximum warehouse space available in the period
is atleast g, the constraints on warehouse space are as follows,

N
M Z Vardpt < Vimax ¢ 2 0, (13)

n=1

where ¢ is the predetermined confidence level, 0 < ¢ < 1,
andr=1,2,...,T.

If the decision maker hopes that the belief degree that all
the costs in period ¢ do not exceed the maximum capital
level available in the period is at least 7, the constraints on
capital are as follows,

N
M Z(gntQm‘ +jnt0nt + ZntSm‘ + dntlnt + entBnt)
n=1
+hH +LL < Crmax p 27, (14)
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where 7 is the predetermined confidence level, 0 < 17 < 1,
andr=1,2,...,T.

The non-negativity constraints on decision variables are
as follows,

Qm‘aOntasntalnthm‘aHt,Lt205 (15)

where n=1,2,...,N,andr=1,2,...,T.

In many APP decision problems, a decision-maker is
usually concerned about the profit rather than the cost.
Moreover, the decision maker usually predetermines a
number of total profit over the whole planning horizon, and
wants to maximize the chance that the real profit exceeds
the predetermined value. In such cases, the following
uncertain APP model can be constructed,

max M{f > fo}
subject to: (16)

9) - (15)

where fis given by (8), fy is the predetermined profit by the
decision-maker.
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Table 2 Uncertain variables

Uncertain variable Distribution
D,, L(ap,,,bp,,)
8nt L(ag,; bg,,)

Jnt L(aj,,, bj,)

Znt L(a,,b,,)

d, L(ag, ,ba,)

[ L(ae,,be,)

h, L(ay,, by,)

1 L(ay,,by)

It L(a;,, b;,)

My L(am,,; bm,,)

Ve L(ay,,,by,,)

ot L(ay,,by,)
Wimax L(aW s> DWinar)
M max L( My > DM, )
Vimax L(@V > D Vi)

4 Solving method

Suppose that all the uncertain variables in Model (16) can
be characterized as linear ones, as shown in Table 2, the
model can be converted into crisp equivalent, and the steps
can be described as follows.

Step 1: conversion of objective function

From Eq. (8) and Theorems 1 and 2, it is obtained that
f — fo is the uncertain variable L(A, B) where

A= Zzarm nt—1 —

n=1 t=

ntfl + Qm + Ont + Snt

N T

Z Z bg,,,Qm +b Jint nt + bzmSnz

n=1 t=1
T
= (bwHi +byLy) — fo,

t=1

ilt + Bnt
+ bdm nt + bl’n/ B”t

N
B = Z Z br,l, (Intfl - Bnlfl + in + Ont + Snr

n=1 t=1

- Int + Bnt) - (ag,,, in + ajn, Ont + az,,,Sm‘

M=
M-

n=1

M)~

+ag, Ly + ae,Bu) — ) (anH; + a, L) — fo.

t=1

Then we have

M{f > fo} = 1 = Mif — £, <0}
0—-A B
B ATE A (17)

Step 2: conversion of product-inventory constraints
From Eq. (9) and Theorems 1 and 2, it is obtained that

M{—PSIm 1 = Bu—1 4+ Ont + Ops + Syt — m"!‘Bnr_DmSp}
= M{Inzfl nt 1+ Qnt + Om + Snt - nt
+ B, fD,,,fp<0}
- M{Int—l - Bm 1 + Qm + @) nt + Snt nt
JerfD,,,erSO}
Then 1,1 — Bu—1 + One + O + Sut — Lt + By — Dy

— p is uncertain variable L(l;;—1 — By—1 + Qu + On +
Snt - Int + Bnt - me - P, Intfl - Bntfl + Qnt + Om‘ + Snt
—nt +an —dap, _p)a and Int—l - Bnt—l + Qnt + Ont +
Sn, — I, + B,; — D,; + p is uncertain variable L(I,_;—
nt 1+ Qm + Ont + Snz nt +Bnt bD,,t +p51m71 -
Bnt 1+ Qnt + Ont +Snt nt + Bnt ap, +p)
Then the product-inventory constraints (9) are converted
into

2p
— > 18
bp, —ap, — (18)

Step 3: conversion of labor level constraints
From Eq. (10) and Theorems 1 and 2, it is obtained that

N
M{—CIS Zim—l(Qnt—l + Onr—l) +Ht —Lz

n=1

N
- Z int(Qnt + Om) S q}

n=1

N
=M{Zim 1(Qu-1+ Ow) +H — L,

n=1

N
Ins Qnt + Onl —gq< 0}
n=1

N
{Zlm 1 Qnt 1+ On— 1)+Ht L

n=1

— Z Int(One + On) + g < 0}~
n=1

While the term S0 | iu—1(Qu—1 + Op—1) + H, — L, —
Zflv:l int(Qw + On) —q is  the uncertain  variable
L0y iy (Qut + Owt) + Hy— L= 32 N by, (O +
Ont) - dq, E];:,:I b, (Oni—1 + Op—1)+ H — L, — ZnNzl a;,
(On + Ow) —q), and the term ZnN:1 Ini—1(Qni—1 +
Ow-1)+H — L — ZnN:1 int(Qus + On) + g is the uncer
tain variable L(Zi,vzl ai  (Ont—1 + Op—1) + H — Ly —
Sonct Bin (O + Ou) + 0 S0 by (Qut + Ont) +
H, — L, — Z _1 di, (O + On) + g). So we have
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0— (0 i, (Qu—t + Owt) + Hi— L — 30 b, (Qui + Ou) — q)

Zi:v:l(Qnt—l + On—1 )(bim—l - aim—l) + ij:l(Qnt + Onz)(bim - aim)
0- (ZLVZI Qi (Qnt—l + Onl—l) +H, — L — Zivzl bim(Qnt + Ont) + CI)

ZQI:I (mel + Om‘*l)(binr—l - aim—l) + ZnN:I (Qm + 0m>(bim - ainr)

2q

S 1 (Quit + Out) (i, — @iy ) + S0 (O + Ot (b, — ai,)

Then the labor level constraints Eq. (10) are converted into

2q
CJr—D Zﬂ (19)

where

C =

M=

(Qnt—l + Ont—l)(bimq - aim—l)7

n=1

N
D= (Qu+ 0u)(bi, —a,).

n=1

Step 4: conversion of labor usage constraints

From Eq. (11) and Theorems 1 and 2, it is obtained that
ZQI:I Int(Ont + Ont) — Wimax is  the uncertain variable
L(Zi,vzl aim(Qnt + Ont) — by max, ZQ]:] bim(Qnt + Ont) -
aw,,..)- Then the labor usage constraints are converted into

— Zflv:l ainr (Qn[ + Om) + bWrmax

Zf’l\,:l (bint - aim)(Qn[ + Om) + bthux = AW, ax

Step 5: conversion of machine usage constraints

From Eq. (12) and Theorems1 and 2, it is obtained that
ST My (Qus 4 Ony) — Mimay is the uncertain variable

N N
L(anl amm(Qnt + Om) - bM,maw anl bmm(Qnt + Ont)_
aMrmax)'

Then the machine usage constraints are converted into

N
- anl amm(Ql‘Lt + On[) + bthux
N
Zn:l (bmn/ - amm)(Q’lt + Om) + bMImux = Mo
Step 6: conversion of warehouse space constraints
From Eq. (13) and Theorems 1 and 2, it is obtained that
S Vpdwe — Vimax is the uncertain variable L(Zf:’zl
N
avnrlnt - thmax? Zn:l meInf - aVImz\x)'
Then the warehouse space constraints are converted into
N
— Zn:l aVanm + ermax
N
Zn:l (bvnt - avul)lnf + szmax - aVlmax

>¢ (20

>a (21)

>0 (22)
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Step 7: conversion of capital constraints

From Eq. (14) and Theorems 1 and 2, it is obtained that
ZnN=l (8ntQnt + JntOnt + 2u0sSps + dyelys + €4:Bry) + hH, +
L,L, — Cimax is the uncertain variable L(E, F), where E =

Zivzl (agm O + a;, Ot Az, Sue + aa, Ine + e, Bu)+ anH,

+a11Lt - bszax’ and F = ZnNZI (bgnr Qm + bjm Om + ban Sm
+bdm1m + bean”[) + bhrHt + bltLt - aszux .

Then the capital constraints are converted into
—— >z (23)

F—-FE—

Therefore, the crisp equivalent of APP Model (16) is
made as follows,

max (17)
subject to : (24)
(18) — (23)
It is obvious that model (24) is a nonlinear

programming. The model can be
traditional methods.

solved by many

5 An example

A food company produces two types of products to meet
the market demand during two periods (denoted by Period
1 and Period 2, respectively) in uncertain environments.
The basic data are shown in Table 3. It can be seen that
there are 52 uncertain variables in this problem. In addi-
tion, the parameters in model (16) are given as fol-
IOWS, [10 = 0, 120 = 0,310 = 0, Bz() = 0, ilO = 0, i20 =
0,2=06, p=07,6=07, 6=09, ¢ =0.7,7=0.8,
p =100, g = 100, fo = 9,000.

The objective function can be converted into the fol-
lowing form.
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Table 3 Basic data

Item Period 1 Period 2
Dy, L(80, 150) L(65, 100)
Dy, L(65, 80) L(70, 95)
g1 L3, 8) L4, 10)
82 L4, 7) L4, 8)

Jie L4, 8) L(3, 8)

Jor L3, 9) L3, 10)
21 L3, 9) L(3, 10)
2 L(2, 8) L3, 8)
dy, L(0.3, 0.8) L(0.4, 0.8)
dy; L(0.3, 0.6) L(0.3, 0.6)
ey, L(0.3, 0.7) L(0.4, 0.7)
ey L(0.4, 0.8) L(0.3, 0.6)
h, L(3, 8) L4, 8)

I L3, 8) L3, 8)

i1 L3, 6) L(3, 6)

i L4, 8) L4, 9)
my, L3, 8) L4, 8)
my, L4, 6) L3, 7)

Vi, L(35, 70) L(40, 70)
Vo, L(30, 80) L(30, 55)
Ty L(40, 70) L(35, 70)
oy L(45, 60) L(45, 65)
Wimax L(30, 80) L(20, 90)
Mmax L(35, 70) L(40, 70)
Vimax L(150, 300) L(0, 300)
Cimax L(300, 800) L(200, 1,000)

(67011 + 6604, + 67511 — 0.31;; — 0.3By;

+ 6601, + 6701, + 6781, — 70.411, + 69.6B;

4 56051 4+ 570;,1 + 58831 — 60.31; + 59.6B;;

4+ 6102 + 6209, + 6252 — 65.31; + 64.7B5)

—3H; — 3L, — 4H, — 3L, — 9000)/(35Q,; + 340,

+ 36811 +5.5111 —4.6B;; +4101, + 400,

+ 4281, — 34.611, + 35.3B1, + 18031 + 210y

+ 218, — 14.71 + 15.4B;; 4 2405 + 2707,

+ 2582 — 19.715, + 20.3By, + 5H| 4 5L,

+4H, 4 5L5). (25)

The the constraints can be converted into the following
form.
67011 + 6601, + 67s1; — 0.31;; — 0.3B1; + 660>
4+ 6701, 4+ 6781, — 70.4115 + 69.6B1, + 5607
+ 58S, — 60.35; + 59.6B3; + 6102 + 620,
+ 6282 + 570,y — 65.31 + 64.7By, — 3H, — 3L,
—4H, — 3L, — 9,000 > 0. (26)

3201 + 3201, + 31511 — 58Iy +4.3B; + 2501,
+ 27015 + 2581, — 35.811, + 34.3By, + 380,

+ 360y, + 37851 — 45.61y1 + 44.2B; + 3705, (27)
+ 3500 + 378y, — 45.61, + 44.4B,, — 8H,

— 8L, — 8H, — 8L, — 9000 <0.

200/(3(Q11 + O11) +4(Q21 + 021)) >0.7. (28)
200/(3(Q11 + O11) +4(Q21 + 021) +3(Q12 + O12)
+ 5(Q22 + 022)) >0.7. (29)
(=3(Q11 + O11) —4(Q21 + 021) +80)/(3(Q11 (30)
+ 011) + 4(Q21 + 021) + 50) >0.7.
(=3(Q12 + O12) —4(02 + 02) +90)/(3(Q12 (31)
+ 012) + 5(Q22 + 022) + 70) >0.7.
(=3(Qi1 + O11) —4(Q21 + 021) +70)/(5(Qn1 (32)
+ 011) + 2(Q21 + 021) -+ 35) 209
(—4(Q12 + O12) — 3(02 + Ox) +70)/(4(012 (33)
+ 012) + 4(Q22 + 022) + 30) >0.9.
(=35I, — 30Dy + 300)/(351; + 50L, + 150) >0.7.
(34)
(—40112 — 30122 + 300)/(30112 + 25122 + 300) 2 0.7.
(35)
(—3Qll - 4011 — 3511 — 0.3111 — 0.3311 — 4Q21
— 30,3 — 28, — 0.3,y — 0.4By; — 3H; — 3L,
+ 800)/(5Q11 + 40, + 6511 + 0.5}, + 0.4By,
+5H, 4+ 5L; + 3021 + 60,1 + 6521 + 0.3
+0.4B,; + 500) > 0.8. (36)

(—4Q12 — 3012 — 3812 — 0.4, — 0.4B1, — 40y

— 302 — 382 — 0.3, — 0.3By», —4H, — 3L,
+1000)/(6012 + 5012 + 781> + 0.411» + 0.3B1

+ 4H, + 5Ly + 409 + 705 + 58 + 0.31n

+ 03B, + 800) > 0.8. (37)

011 20; 012 >0; 021 > 0; 02 > 0;
011> 0;012 > 0; 021 2 0; 02 > 0;
S11 205812 > 0581 > 05822 >0;
B11 > 0;B12 > 0; By >0; B > 0;
111 > 0;112> 05151 > 031 > 0;
Hy>0;Hy >0;L; >0;L, >0.

Up to now, the model (16) can be converted into the
crisp one with the objective (25) and constraints (26)—(38).
It is a nonlinear programming. We use software Lingo to
solve the model. The optimal objective value is 1, and the
optimal solution (production plan) is shown in Table 4.
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Table 4 Optimal production plan

Variables Period 1 Period 2  Variables Period 1  Period 2
O 0.9792 09782  Q,, 1.0043 1.0043
0y, 0.9800 0.9809 0,, 1.5338 1.3112
Si 0.9965 0.9861 Sy, 1.0146 1.0112
L, 1.0143 0.9539 I, 0.7500 0.4497
By, 1.0077 251.2463 B, 1.0257 1.0217
H, 0.9887 0.9887 L, 0.9896 1.8593

6 Conclusion and future research

This paper presents an uncertain APP model based on
uncertainty theory. The objective function and constraints
can be converted into crisp equivalents when they are
linear uncertain variables. Then the model can be solved by
traditional methods. Similarly, the objective function and
constraints can also be converted into crisp equivalents
when they are other uncertain variables, such as zigzag
uncertain variable, normal uncertain variable, etc. Very
importantly, if the uncertain distributions of the market
demand, production cost, subcontracting cost, etc. do not
belong among one same type, it may be impossible that the
model is converted into crisp equivalent. In the situation,
uncertain simulation can be used to estimate the values of
objective function and constraint functions, then an intel-
ligent algorithm (such as genetic algorithm) can be
employed to solve the model.
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