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Abstract This paper proposes the use of the g-Gaussian
mutation with self-adaptation of the shape of the mutation
distribution in evolutionary algorithms. The shape of the
g-Gaussian mutation distribution is controlled by a real
parameter g. In the proposed method, the real parameter
q of the g-Gaussian mutation is encoded in the chromo-
some of individuals and hence is allowed to evolve during
the evolutionary process. In order to test the new mutation
operator, evolution strategy and evolutionary programming
algorithms with self-adapted ¢-Gaussian mutation gener-
ated from anisotropic and isotropic distributions are pre-
sented. The theoretical analysis of the g-Gaussian mutation
is also provided. In the experimental study, the g-Gaussian
mutation is compared to Gaussian and Cauchy mutations in
the optimization of a set of test functions. Experimental
results show the efficiency of the proposed method of
self-adapting the mutation distribution in evolutionary
algorithms.
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1 Introduction

Evolutionary algorithms (EAs), which are a class of sto-
chastic search algorithms inspired by the principles of
natural evolution, have been successfully applied to a large
number of optimization problems. Many of these problems
are continuous optimization problems and, as a conse-
quence, several interesting EA variants for real-valued
optimization have been investigated, as evolution strategy
(ES) with adaptive encoding (Hansen 2008), differential
evolution (DE) (Das et al. 2009; Price et al. 2005; Qin
et al. 2009), real-coded genetic algorithms (Herrera et al.
1998; Garcia-Martinez et al. 2008), memetic algorithms
(Lozano et al. 2004; Nguyen et al. 2009; Noman and Iba
2008), and hybrid approaches (Vrugt et al. 2009).

Stochastic search algorithms, like EAs, differ from other
optimization algorithms by using random samples to gen-
erate new candidate solutions. Traditionally, when EAs are
applied in real-valued optimization, new candidate solu-
tions are generated by mutation using multivariate samples
taken from Gaussian distributions with zero mean (Beyer
and Schwefel 2002). The isotropic Gaussian distribution,
which has a finite second moment, maximizes the
Boltzmann—Gibbs entropy (and the differential entropy,
i.e., the extension of the Shannon’s concept of information
entropy to the continuous case) in the unconstrained real-
valued search space (Thistleton et al. 2007) and, in this
way, does not favor any direction in the search space. In
this way, the generation of new candidate solutions by
mutation does not require the knowledge of any informa-
tion about the geometry of the search space.

However, in recent years, researchers have proposed the
use of distributions with longer tails and an infinite second
moment in EAs. For example, in the fast evolutionary
programming (FEP) (Yao etal. 1999), the Cauchy
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distribution is employed, while in the evolutionary pro-
gramming (EP) with Lévy mutation (LEP) (Lee and Yao
2004), mutation based on the Lévy distribution is used. The
Lévy distribution is a class of probability distributions with
an infinite second moment, which includes the Cauchy
distribution, and allows to control the tail of the distribu-
tion by changing a scalar parameter o.

The use of mutation taken from heavy tail distributions
implies jumps of scale-free sizes, allowing to reach distant
regions of the search space faster. This property can be
interesting when EAs are applied to multimodal problems
or dynamic optimization problems as it can allow the
population to escape faster from local optima. However,
some controversy about the benefits of the use of distri-
butions with heavy tails in EAs have appeared in recent
years (Hansen et al. 2006). For example, some researchers
argue that most of the proposed algorithms use heavy tail
distributions that are anisotropic, i.e., where some direc-
tions of the mutation are privileged in the search space
(Obuchowicz 2003). Moreover, in some fitness landscapes,
it can be difficult to reach a fair region of the search space
from a long jump as the probability to reach a point with a
worse fitness is generally much larger for a long jump
(Hansen et al. 2006).

In this paper, self-adaptation is employed to control the
mutation distribution. In this way, the choice of a mutation
distribution for a given problem and, at a given moment of
the evolutionary process, is made by the algorithm, and not
by the programmer. In the proposed algorithm, a real
parameter that defines the shape of the distribution
employed by the mutation operator is encoded in the
chromosome of the individuals and is allowed to evolve.
For this purpose, the g-Gaussian probability density func-
tion (Thistleton et al. 2007) derived from the Tsallis
generalized entropy (Tsallis 1988) is employed. The
g-Gaussian distribution allows to control the shape of the
distribution by setting a real parameter g and can reproduce
either finite second moment distributions, like the Gaussian
distribution, or infinite second moment distributions, like
the Cauchy distribution.

The rest of this paper is organized as follows: Related
work and the main contributions of the paper are pre-
sented in Sect. 2. The g-Gaussian distribution is briefly
introduced in Sect. 3. In Sect. 4, self-adaptation of the
mutation distribution in EAs is proposed. Evolutionary
programming algorithms with mutations generated from
anisotropic and isotropic distributions are presented
in Sect. 5. In Sect. 6, the theoretical analysis of the
g-Gaussian mutation is provided. In Sect. 7, the
g-Gaussian mutation is used in a (u, A)-ES with restart.
The experimental study based on a suite of benchmark
test functions is presented in Sect. 8. In the experiments
with EP algorithms, Gaussian, Cauchy and g¢-Gaussian
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mutations generated from anisotropic and isotropic dis-
tributions are compared, while in the remaining experi-
ments, a (u, 1)-ES with g-Gaussian mutation and restart is
compared with other continuous optimization EAs.
Finally, Sect. 9 concludes this paper with discussions on
the relevant future work.

2 Related work

In this paper, instead of only controlling the mutation
strength parameter that defines the spread of a fixed
mutation distribution like in ESs and EP, the shape of the
mutation distribution is also controlled during the evo-
lutionary process. There are three main classes of
parameter control in EAs (Eiben et al. 1999): determin-
istic, where the parameters are changed by deterministic
rules; adaptive, where feedback from the optimization
process is employed for parameter control; and self-
adaptive, where parameters of the EA are encoded in the
chromosome and allowed to evolve. The use of self-
adaptation to define the mutation strength parameters is
usual in EP and ESs. Here, self-adaptation is used to
control the parameter g, that allows to modify the shape
of the g¢-Gaussian distribution employed to generate
random mutations.

The use of mutations generated from g-Gaussian dis-
tributions in EAs is not new (Iwamatsu 2002; Moret et al.
2006). However, in such algorithms, like in most other
algorithms that use heavy tail distributions, new candidate
solutions are produced by generating random deviates for
each coordinate of the individual, which implies aniso-
tropic distributions where large steps are generated close to
the coordinate axes. Moreover, in such algorithms, the
parameter g, which defines the shape of the distribution, is
fixed during the searching process or starts with a large
value and decreases during the searching process, like the
temperature control in simulated annealing. That is, the
control is deterministic. In Lee and Yao (2004), the authors
proposed two schemes for LEP: in the first scheme, all
offspring are generated from a distribution with a fixed o,
and in the second, each parent generates five offspring,
each of which is generated from a distribution with a dif-
ferent pre-defined value of «. All individuals in LEP use
the same pre-fixed values of « during the whole evolu-
tionary process.

Control of the mutation probability density function is
not new too. In Davis (1994), the mutation probability
density function is generated from a histogram with 101
bars representing the values of probability between a
range of interest in a one-dimensional space. Self-adap-
tation is employed to control the heights of the bars,
allowing to change the shape of the mutation distribution
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during the running of the EA (Bick 2000). Experiments
indicated the formation of histograms with a peak in the
center, suggesting that Gaussian and Cauchy distributions
are good candidates as mutation distributions. However,
the use of histograms is not suitable when the number of
dimensions of the search space is high because the
required number of histograms exponentially increases
with the dimension of the search space. As pointed in
Bidck (2000), the control of the mutation probability
density function by a few control parameters would be
more interesting.

In Dong et al. (2007), four types of mutation can occur:
Cauchy, Lévy, and two types of Gaussian mutation (i.e.,
the standard Gaussian mutation and the single-point
mutation, where in each occurrence, only one dimension is
changed). A four-string vector containing the probabilities
of choosing each type of mutation is added to the indi-
vidual and is modified according to the performance of
each type of mutation.

The solution presented in this paper to control the
shape of the mutation distribution employs only one
parameter for each individual: the g-Gaussian distribution
parameter g. Differently from the strategy used in Dong
et al. (2007), the control of the parameter g allows to
smoothly and continuously change the shape of the dis-
tribution, as ¢ is a real parameter and a small change in its
value causes a small change in the shape of the mutation
distribution. In this way, the main contributions of this
paper are (1) the use of the g-Gaussian mutation generated
from anisotropic and isotropic distributions are proposed
and compared in EP; (2) self-adaptation is used to control
the parameter g, which allows changing the shape of
the distribution during the solving process; (3) Gaussian,
Cauchy, and ¢-Gaussian mutations generated from
anisotropic and isotropic distributions are compared in a
series of experiments based on a suite of benchmark test
functions; and (4) an ES with g-Gaussian mutation is
proposed and compared with other continuous optimiza-
tion EAs.

3 The g-Gaussian distribution

One of the most interesting properties of the Gaussian
distribution is that it maximizes, under certain constraints,
the entropy in the form

+00

s= [ pomipeoa (1
-

where p(x) is the distribution density function. This

entropy is known as the Boltzman—Gibbs entropy. While
the Gaussian distribution is an attractor for independent

systems with a finite second moment, it does not represent
well correlated systems with an infinite second moment
(Thistleton et al. 2007). In this concern, Tsallis (1988)
proposed a generalized entropy form as follows:

1= [T p(x)dx

S,
q Q*l

, @)
where g € R. Equation 2 recovers the entropy form given
by Eq. 1 in the limit ¢ — 1. The g-Gaussian distribution
arises when maximizing the generalized entropy form
given by Eq. 2. The g-Gaussian distribution has interesting
properties. The parameter g controls the shape of the
g-Gaussian distribution. The second-order moment is finite
for g < 5/3 and the g-Gaussian distribution reproduces the
usual Gaussian distribution when ¢ — 1. When g <1, the
g-Gaussian distribution has a compact form, and decays
asymptotically as a power law for 1 <g<3. When ¢ = 2,
the g-Gaussian distribution reproduces the Cauchy distri-
bution, while for ¢ = (3+4d)/(1 +d) where 0<d<oo0,
it becomes a Student’s ¢-distribution with d degrees of
freedom (Souza and Tsallis 1997).

When —oo <¢g <3, the g-Gaussian distribution density
(Thistleton et al. 2007) is given by

N/
q e By( Hq) (3)

q )
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pq(ﬁqﬁﬂ (x) =

where i, and 6, are the g-mean and the g-variance,
respectively, A, is the normalization factor, B, controls the
width of the g-Gaussian distribution, and e ” is the g¢-
exponential function of —y defined as follows:

R
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0, otherwise

When g — 1, the limit of the g-exponential function of —y,
if we write z = (¢ — 1)y, is given by
-y

lime > = lim ((1 + z)%) . (5)
g—1 q 7—
The limit of the function (1 + z)% is well known and
converges to e when z — 0. Thus, we have
(llilr} e;y =e”, (6)
i.e., the g-Gaussian exponential converges to the expo-
nential when g — 1.

In Eq. 3, the g-mean p, and the g-variance G, (This-
tleton et al. 2007) are, respectively, defined as follows:

 [apar
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and, respectively, reduce to the usual mean and variance
when ¢ — 1.

In Eq. 3, the normalization factor A, is given by A, =

— 32
[t ey T 4y (Umarov et al. 2008) and B, is given by

B, = ((3——q)6$)71. 9)

A random variable x taken from a g¢-Gaussian
distribution with g-mean p, and g-variance 53 is here
denoted by x~ N (1, 04). In this paper, the generalized
Box—Miiller method proposed in Thistleton et al. 2007,
which is very simple (see its pseudo-code in Thistleton
et al. 2007) and allows to generate samples from g-
Gaussian distributions for —oo<g<3, is employed to
generate g-Gaussian random variables x ~ N, (0, 1).

Figure 1 presents the empirical g-Gaussian distribution
for random variables x ~ A\, (0, 1) with different values of
g. It can be observed that larger values of g result in longer
tails of the g-Gaussian distribution.

4 Self-adaptation of the mutation distribution

In an m-dimensional real-valued search space, a new can-
didate solution is generated by the EA’s mutation operator
from individual x; as follows:

ii:Xi-i-CZ, (]O)

where i = 1,..., 4, Z is an m-dimensional random vector
generated from a given multivariate distribution with zero
mean, and C is the matrix which defines the mutation

x 10

n(x)

-10 —.5 6 é 10
X

Fig. 1 Empirical distribution for 500,000 observations of a g-

Gaussian random variable x~N,(0,1) for: ¢g=-05, ¢=1.0

(Gaussian), ¢ = 2.0 (Cauchy), and ¢ = 2.8. Only the values for x
between —10 and +10 are shown
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strength in each coordinate j = 1, ..., m. In the most simple
case,
C=ol, (11)

where I is the identity matrix and the unique parameter, o,
defines the mutation strength for all components of x;.
There are some cases, however, where it is interesting to
define one different parameter o(j) for each component of
x;. In this way, we have

C = diag(a"). (12)

That is, C is a diagonal matrix with the main diagonal
composed by the elements of vector ¢ = [¢(1)a(2)- -
a(m)]T. In the most general situation, e.g., in the covari-
ance matrix adaptation ES (CMA-ES) (Hansen and
Ostermeier 2001), C is a matrix with elements indicating
the correlation between the components of z.

In general, when self-adaptation is used in the stan-
dard EP (Yao etal. 1999) and in ES (Beyer and
Schwefel 2002), the mutation strength parameter for each
offspring i = 1, ..., u of the population is multiplicatively
updated. If all elements of the mutation parameter vector
are equal [i.e., g;(j) =0; for j=1,...,m, see Eq. 11],
then the updated value of the mutation parameter is
given by

G; = o,V O, (13)

where 1, denotes the standard deviation of the Gaussian
distribution used to generate the change in o¢;. If each
element of the vector x; has an individual mutation strength
parameter, as shown in Eq. 12, ¢;(j) is updated according
to the following formula:

5',(]) — O_i(j)er,,,/\/(o,l)ﬁrrﬁ./\/(o,l)’ (14)

where 7, denotes the standard deviation of the Gaussian
distribution used to generate the random deviate N(0, 1),
which is common for all elements of the vector Xx;, and 7, is
the standard deviation of the Gaussian distribution used to
generate the separated random deviate N'(0, 1) for each
elementj=1,...,m.

In EAs, the use of the Gaussian distribution is generally
employed to generate the m-dimensional vector z (Beyer
and Schwefel 2002). Here, an m-dimensional random
vector generated from the Gaussian distribution is denoted
by z~ N". A Gaussian random vector z ~ N is generated
by sampling m independent Gaussian variables N (0, 1). Tt
is important to observe that when the same procedure is
adopted to generate multivariate random samples with a
heavy tail distribution, some directions in the search space
are much more explored than others, i.e., the distribution is
highly anisotropic.
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To the best of the authors’ knowledge, all stochastic
search algorithms with the g-Gaussian mutation, like the
generalized simulated annealing (Tsallis and Stariolo
1996) and the generalized genetic algorithm (Moret et al.
2006), make use of anisotropic g-Gaussian distributions
generated by sampling m independent g-Gaussian vari-
ables. Most mutation operators for EAs that are based on
heavy tail distributions, e.g., in fast evolution strategies
(Yao and Liu 1997), FEP (Yao et al. 1999), and LEP (Lee
and Yao 2004), make use of anisotropic distributions
generated by sampling independent random variables too.
The use of random variables generated by sampling
independent random variables taken from a heavy tail
distribution is very interesting for optimization problems
with separable functions, as most of the large steps occur
close to the coordinate axes (Obuchowicz 2003; Thistle-
ton et al. 2007) and the optimization can be solved by m
one-dimensional optimization processes parallel to the
coordinate axes. However, the performance of the opti-
mization process can be strongly affected for some non-
separable functions.

In this paper, we investigate the use of two multivariate
g-Gaussian distributions, the anisotropic g-Gaussian dis-
tribution generated by sampling independent g-Gaussian
random variables (Sect. 5.1) and the ¢-Gaussian distribu-
tion generated from isotropic distributions (Sect. 5.2), to
produce new candidate solutions in EAs. As mentioned
earlier, the use of the g-Gaussian distribution allows us to
reproduce different distributions by changing only one real
parameter q.

We propose to self-adapt the parameter g, which defines
the shape of the distribution. Based on the mutation
strength self-adaptation (Beyer and Schwefel 2002), we
propose to multiplicatively update the parameter ¢ in
individual i as follows:

qi — qierq./\/'(o.])7 (15)

where 1, denotes the standard deviation of the Gaussian
distribution. In this way, different distributions can be
reproduced during the evolutionary process. However, it is
not possible to identify the separated influence of a change
in ¢; or g; in the fitness of individual i if both mutation
strength vector and parameter ¢ are mutated in the same
generation for individual i. For example, a beneficial
mutation in 6; can be masked in the fitness of individual i if
the parameter g is mutated to a bad value in the same
generation. Here, 6; and ¢; are not mutated together (i.e., in
the same generation) in each individual. The mutation
strength vector ¢; is updated for individual i in each gen-
eration if a uniform random number in the range [0, 1] is
equal to or larger than a real parameter r, € [0, 1]. Other-
wise, the value of ¢; is updated.

Algorithm 1 EP with ¢-Gaussian
(qGEP and IqGEP)

1: Initialize the population composed of individuals (x;, o4, ;)
fori=1,...,pn

mutation

2: Evaluate the individuals (x;, 04, ¢;) fori=1,...,u

3: while (stop criteria are not satisfied) do

4: for i <~ 1 to u do

5: if rand(0,1) > r4 then

6: Update the mutation strength parameter &;(j) for
j =1 to m. Use Eq. (14) for qGEP or Eq. (13) for
IqGEP. In the last case, ;(j) = &; for j =1 to m

7 else

8: Update the parameter ¢; according to Eq. (15)

9: end if

10: X; < X; + C; z, where z is a ¢g-Gaussian random vec-

tor generated from anisotropic (qGEP - Section 5.1) or
isotropic (IgqGEP - Section 5.2) distributions with pa-
rameter §; and C; = diag(6¥) (qGEP) or C; = &;1I
(IqGEP)

11: end for

12: Evaluate the offspring (X;, 64, ¢;) fori =1,..., 1

13: Compute the winning function [18] of the population com-
posed of p parents and p offspring
14: Select, to compose the new population with individuals

(x4, i, qi), the p individuals with the largest winning
function from the population composed of p parents and
u offspring

15: end while

5 Evolutionary programming algorithms
with g-Gaussian mutation

In order to test the proposed ideas, an EP algorithm with
the g-Gaussian mutation, called qGEP for the anisotropic
version and IqGEP for the version generated from isotropic
distributions, is proposed and presented in Algorithm 1. EP
was selected to test the g-Gaussian mutation because it
only uses mutation as a transformation operator, which
makes it easier to compare the g-Gaussian mutation with
Cauchy and Gaussian mutation.

There are two main differences of the EP algorithm
presented in Algorithm 1 from the Gaussian EP, FEP (Yao
et al. 1999), and LEP (Lee and Yao 2004). First, in the
proposed algorithm, the g-Gaussian mutation is employed
(step 10) instead of the Gaussian (Gaussian EP), Cauchy
(FEP), or Lévy (LEP) mutation. Second, a procedure to
adapt the g parameter is adopted in the proposed algorithm,
i.e., steps 5 to 9 in Algorithm 1. For Gaussian EP, FEP, and
LEP, steps 5, 7, 8, and 9 in Algorithm 1 are removed.

5.1 EP with g-Gaussian mutation generated
from anisotropic distribution

In an EA with g-Gaussian mutation generated from

anisotropic distribution, the vector z in Eq. 10 is created by
sampling m independent g-Gaussian random variables.
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Each element z(j), j=1,...,m, of the random mutation
vector z is generated as follows:
2(j) ~ Ny (0, 1). (16)

Here, an m-dimensional random vector generated from
the multivariate anisotropic ¢-Gaussian distribution is
denoted by z~ M.

In order to investigate the contribution of the scheme of
self-adapting the parameter g, the qGEP algorithm is
compared, in Sect. 8, with three other approaches where
the parameter g is fixed, i.e., the shape of the mutation
distribution is fixed during the evolutionary process. For
fixed values of ¢, the g-Gaussian mutation can reproduce
Gaussian and Cauchy mutations. Lévy mutation can be still
reproduced, as Lévy and ¢-Gaussian distributions are
related for some values of g (Rathie and Da Silva 2008). In
all approaches described here, Eq. 16 is employed to
generate new candidate solutions. The approaches are
defined as follows:

e Algorithm GEP: uses only one fixed parameter ¢ = 1.0
for all individuals. That is, in Algorithm 1, the initial
value of g; is equal to 1.0 fori =1,...,u and r, = 0.
In this way, the Gaussian mutation generated from
sampling m independent Gaussian random variables is
reproduced.

e Algorithm CEP: uses only one fixed parameter g = 2.0
for all individuals. That is, in Algorithm 1, the initial
value of g; is equal to 2.0 fori=1,...,p and r, = 0.
In this way, the anisotropic Cauchy distribution is
reproduced.

e Algorithm EP (¢ = 1.5): uses only one fixed parameter
g = 1.5 for all individuals. That is, in Algorithm 1, the
initial value of ¢g; is equal to 1.5 for i =1,...,u and
rg =0.

e Algorithm qGEP wuses one changing ¢ for each
individual and r, > 0, i.e., Eq. 15 is employed.

5.2 EP with g-Gaussian mutation generated
from isotropic distribution

Here, the use of g-Gaussian mutations generated from
isotropic distributions is proposed. In Obuchowicz
(2003), a method to generate the Cauchy random muta-
tion vector from an isotropic distribution was proposed.
For this purpose, the random mutation vector is gener-
ated with (1) a random direction uniformly distributed on
the surface of the m-dimensional unit hypersphere, and
(2) an Euclidean norm obtained from a Cauchy
distribution.

Based on the works Obuchowicz (2003) and Thistleton
et al. (2007), we propose to generate the random mutation
vector z as follows:
z~ru, (17)

where r~N,(0,1), ie., a random variable with the g¢-
Gaussian distribution, and u is an uniform random vector
obtained by sampling a random vector with a Gaussian
distribution and normalizing it to length one, i.e., u=
v/||v|| where v ~N" and ||v|| denotes the Euclidean norm
of the vector v. In this paper, an m-dimensional random
vector generated from an isotropic distribution and step
length given by a g-Gaussian distribution is denoted by
z~ Ny,

Figure 2 presents two-dimensional multivariate samples
obtained from an anisotropic g-Gaussian distribution, a
Gaussian distribution, and a g-Gaussian distribution gen-
erated as described in this section. It can be observed that,
in the anisotropic g-Gaussian distribution, larger steps
occur more often close to the coordinate axes. This effect is
more evident in high-dimensional spaces and/or for larger
values of g for ¢ <3.

The EP algorithm with g-Gaussian mutation generated
from isotropic distribution, called IqGEP here, is com-
pared, in Sect. 8, with three other approaches where the

20 20
15} 15
10} 10+
5t 51

> 0 > 0
5| 5}
-10 ~10}
-15} -15 ¢

-20 -20
-20 -20

0 20
X

Fig. 2 Two-dimensional points from: random vector z ~ /\/lg’ with anisotropic g-Gaussian distribution and g = 2.0 (left), random vector z ~ N

with Gaussian distribution (center), and g-Gaussian random vector z ~ V2N '; generated from isotropic distribution and g = 2.0 (right)
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parameter ¢ is fixed. In all approaches, Eq. 17 is employed o
to generate the new candidate solutions. The approaches )

P,(lox —x"| <€) = x)dx. 20
are defined as follows: ol =) Pq(¥) (20)

e Algorithm IGEP: uses only one fixed parameter ¢ = 1.0
for all individuals. That is, in Algorithm 1, the initial
value of g; isequal to 1.0 fori = 1,...,pand r, = 0. In
this way, the Gaussian mutation generated from an
isotropic distribution and with step length given by the
Gaussian distribution is reproduced.

e Algorithm ICEP: uses only one fixed parameter ¢ = 2.0
for all individuals. That is, in Algorithm 1, the initial
value of g; isequal to 2.0 fori = 1,...,pand r, = 0. In
this way, the Cauchy mutation generated from an
isotropic distribution and with step length given by the
Cauchy distribution is reproduced.

e Algorithm IEP (¢ = 1.5): uses only one fixed parameter
g = 1.5 all individuals. That is, in Algorithm 1, the
initial value of ¢; is equal to 1.5 for i =1,...,u and
rqg = 0.

e Algorithm IqGEP uses one changing ¢ for each
individual and r, > 0, i.e., Eq. 15 is employed.

6 Analysis of the g-Gaussian mutation

In this section, the impact of changing the mutation
strength parameter o and the ¢-Gaussian distribution
parameter g on the probability of generating a jump ox,
where x ~ N, (0, 1), in the neighbourhood of a point x* is
analysed. The analyses presented here are similar to the
analysis of Gaussian and Cauchy mutations presented in
Yao et al. (1999).

When i, =0 and 65 =1, the g-Gaussian distribution
density for —oo <g <3 (see Eq. 3) is given by

1 2

Pq(x) = NeETTY eq’, (18)

where considering (1 +x*(g—1)//3—¢q) >0, the g-
exponential is given by

=2 -1
e; ! = <1+—§_q

1

xz)l_q. (19)

We consider that the g-Gaussian mutation is applied in
an EA in the one-dimensional case, i.e., the mutation
produces a jump ox, where ¢ is the mutation strength
parameter and x~A,(0,1). For simplicity, we will
consider 1<g<3. The probability of reaching the
neighbourhood of a point x* from a jump ox, i.e., the
probability that x* — e <ox <x* 4 ¢, where € > 0 defines
the neighbourhood size, is given by

The mean value theorem for definite integrals states that
there is a number 6 (0 <d < 2¢), at which the value of the
integral given by Eq. 20 is equal to the difference between
the limits of the integral multiplied by p,((x* — ¢ + J)/a).
In this way, Eq. 20 can be written as follows:

. 2¢ [x*—e+d
Pilox x| ) = Zp, (F2EEL). 1)

Substituting Egs. 18 and 19 in Eq. 21, we obtain

1

— 13\ ™
+1 ) L (22)

P(lox — x| <€) = o

2€
1
ov3 — qu<

where ¢ = x* — e+ 0.
6.1 The impact of changing ¢

Taking the derivative of Eq. 22 with respect to o, we can
write

g *
&Pqﬂax —x"|<e)

__ 2 91 1+_q—1c_2 ﬁ 23
V3 -—qA00\a 3—gao? ’

and, then,

0 2q.c?
Py (|ox — x| <€) = =

2e c? =
4 1 +Qa_2
oo V3—qgA;\(g—1)o o

1
1 A\
=) (1 + Qa;> > ) (24)

where g, = (¢ — 1)/(3 — q). After some manipulation, we
obtain

0
—P,(Jox —x*[ <€)

0o
1
2¢ A\ 2 — g2
=—— |1 — | —. 25
V3= qu02< +a 02> qac? + o2 (25)
From Eq. 25, we can write for 1 <g<3
0 >0if |c| >0
— — x| < .
ao_Pq(|(7x X |_e){ <0if c|<o (26)

Equation 26 states that an increase in the mutation strength
o results in an increase in the probability of reaching the
point ¢, which is located in the neighbourhood of the point
x*, from a jump ox only if |c|<g. In other words, an
increase in the mutation strength is beneficial to reach the
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neighbourhood of a point x* if it is distant (|c| > o) from
the current solution (before the mutation). A similar
result was found for the Gaussian and Cauchy mutations
(Yao et al. 1999). The above analysis also states that the
probability changing rate given by Eq. 25 depends on the
value of gq.

6.2 The impact of changing g

Taking the derivative of Eq. 22 with respect to g, we can
write

0
—Py(Jox — x| <e)

dq -7 6dq \/3—quy ’

where

qg—1c ™
<1+ﬂp) (28)

is the g-exponential given by Eq. 19 at the point x = ¢/a.
We now analyse the derivative of the g-exponential y given
by Eq. 28). Applying the natural logarithm in both sides of
Eq. 28 and taking the derivative on g, we have

dy 0 1 g—1c2
@_ﬁﬁgaqh<l+3q§>) 29)

After some manipulation, we can write

dy 1 . (In 2
= pr (p)_ 3 5P ! ’ (30)
g gq-—1 g—1 (3-g)0
where
g—1¢c2
=1 31
P +3— 62’ (31)

L

ie.,y =p—. In Eq. 30, p > 1 for 1 <q <3. In this way, we
can write

6y{ >0ifa>b

g\ <0if a<b (32)

where a :128’1 and b = q)2 & p~'. While |a| > |b| for
small values of |c| (until the value of ¢ where a = b),
la| <|b| for larger values of |c| as lim),_., a = +o0. and
lim‘c‘ﬁoo b= Wz(qfl)

Figure 3 shows the regions where the derivative of the
g-exponential given by Eq. 28 is positive or negative for
=3 and |c|]<10. When the derivative is positive,
increasing (or decreasing) g by a small value implies
increasing (or decreasing) the value of the g-exponential at
the point ¢, while the opposite occurs for a negative
derivative. It can be observed that the location ¢ where the
derivative changes its sign moves according to the value
of g. The larger the value of ¢, the farther the locations of

|c| where the derivative changes its sign. Figure 3 (and
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Fig. 3 Positive (gray) and negative (white) regions of the derivative
of the g-exponential given by Eq. 28 for ¢ =3

N

Eq. 30) also suggests that values of g close to 3 are not
interesting as the location where the derivative changes its
sign is very far away from the current solution.

Using the derivative of the g-exponential given by
Eq. 28, we can now write, after some manipulations, the
derivative of Eq. 22 with respect to g (see Eq. 27)

3P (lox—x"|<e)= o

oq * - vh__q 1)

) (( (4, - (-
(3—q)A,

) ).

(33)

As the first term inside the parenthesis does not depend
on c, the analysis is similar to that one presented before for
the g-exponential given by Eq. 30. Equation 33 indicates
where a small change in the value of g is beneficial to
increase the probability of reaching the neighbourhood of a
point x* from a jump ox. In other words, an increase in the
value of ¢ is beneficial to reach the neighbourhood of a
point x* if it is distant (at a location where the derivative
given by Eq. 33 is positive) from the current solution
(before the mutation). Otherwise, the value of ¢ should be
decreased.

7 Restart g-Gaussian evolution strategy

In Sect. 5, EP algorithms with g-Gaussian mutation were
presented. However, it is important to observe that the
proposed self-adapted g-Gaussian mutation can be used
in other EAs. In this section, the g-Gaussian mutation
is proposed in a (u, 4)-ES with recombination. The
proposed algorithm, called RqGES, is presented in
Algorithm 2.



Use of the g-Gaussian mutation in evolutionary algorithms

1531

Algorithm 2 Restart (p,A)-ES with ¢-Gaussian muta-
tion (RqGES)

1: Initialize the population composed of individuals (xy, o, qx)

fork=1,...,pn

2: Evaluate the individuals (xy, ok, qx) for k=1,...,u
: while (stop criteria are not satisfied) do
if the best fitness found in the last gs generations did not
change then

=~ W

5: if A < \naz then

6: A =2\ and p = 2pu.

7 end if

8: Restart the population

9: end if

10: Use recombination to generate the individuals (X;, 6, ¢;)
for i = 1,..., A from the individuals (xy, ok, q) for k =
1,...,p

11: for i < 1 to A do

12: if rand(0,1) > r4 then

13: Update the mutation strength parameter &; using

Eq. (13).

14: else

15: Update the parameter g; according to Eq. (15)

16: end if

17: X; + X; + C; z, where z is a g-Gaussian random vector

generated from isotropic distribution with parameter §;
and Cz = 5'7;1

18: end for

19: Evaluate the offspring (X;, &5, ¢;) fori=1,..., A

20: Select, to compose the new population with individuals

(XK, Ok, qk), the p individuals with best fitness from the
population composed of the offspring (Xi, &;, ¢;) for i =
1.\

21: end while

Besides mutation, like in the EP algorithms presented in
Sect. 5, the proposed RqQGES employs an intermediate
recombination with p = 2, i.e., two parents are randomly
chosen from the parent population and are mixed to gen-
erate an offspring. The intermediate recombination is
applied to the variables (x;) and parameters (o; and g;).
After recombination, the g-Gaussian mutation generated
from isotropic distribution is used. In multimodal prob-
lems, larger population sizes can be useful to help the
population escaping from local optima. In this way, fol-
lowing the scheme proposed in (Auger and Hansen 2005a),
the population is restarted with a larger number of indi-
viduals if a convergence criterion is met. Here, like in
(Auger and Hansen 2005a), the population is increased by a
factor of 2 until a maximum allowed size Agax.

8 Experimental study

In order to investigate the performance of the proposed
algorithms, 25 benchmark functions as described in
Suganthan et al. (2005) are selected as the test suite in our
experiments. The test functions, which should be mini-
mized, are presented in Table 1 and are used with the same
parameters as described in Suganthan et al. (2005).

In the test suite, functions f; to f5 are unimodal and the
remaining functions are multimodal. Functions fis to f»s are
hybrid composition functions (Suganthan et al. 2005).
Such functions are composed of basic functions, which
results in hybrid composite functions with different basic
function properties, and are given by

10

f(x) = Z(Wi (ff (Mi(x — 0;) / 2;) + bias;) ) + foias,

i=1

(34)

where f(.) is the normalized i-th basic function, M;, /4;, and
w; are the linear transformation matrix, the compress rate,
and the weight value for each function f;(.), respectively, o;
defines the position of the local and global optima, bias;
defines which optimum is the global optimum, and fy;,s is
the bias in the function value. For example, function fs is
composed of five basic functions: Rastrigin, Weierstrass,
Griewank, Ackley, and Sphere. See Suganthan et al. (2005)
for details and parameters.

The functions presented in Table 1 allow comparing the
three types of mutation operators described in this paper,
i.e., Gaussian, Cauchy, and g¢-Gaussian mutations, on
problems with different properties. For example, while
some functions in Table 1 are separable, others are non-
separable. Some important properties of the functions are
presented in the last column of Table 1. The comparison of
Gaussian, Cauchy, and g-Gaussian mutations on EP is
performed in Sect. 8.2.

The functions presented in Table 1 also allow compar-
ing the results of the algorithms with other EAs found in
the literature. The comparison of RqGES, which presented
better performance than qGEP and IqGEP, and other EAs
for continuous optimization is performed in Sect. 8.3.
In the following section, the design of all experiments
presented in this paper is described:

8.1 Experimental design

In order to compare the EP algorithms with different types
of mutation, each one was executed 25 times for each test
function presented in Table 1 with m = 10 and m = 30
(Suganthan et al. 2005). The same was done for RqQES, but
also with m = 50. For each run of an algorithm, the indi-
viduals of the initial population were randomly chosen with
uniform distribution in the range of each function (see
Table 1), except for the experiments with functions f; and
J>5, where the populations were, respectively, initialized in
the ranges [0,600]" and [2,5]". The number of fitness
evaluations was set to 10,000m. In the EP algorithms, the
population size was set to 100 individuals and the tourna-
ment size in the winning function (Lee and Yao 2004) for
selection was set to 10. In RqGES, the initial A was set to
50, Amax = 200, the initial 4 was set to 15, and g, = 120.
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Table 1 Test functions, where the vector x* is the global optimum and the range is for each element of x

Prob. Name f(x*) Range Properties!

h Shifted sphere function —450 [—100, 100] U, S

H Shifted Schwefel’s Prob. 1.2 —450 [—100, 100] U, NS

f Shifted rotated high conditioned elliptic function —450 [—100, 100] U, NS, R

fa Shifted Schwefel’s Prob. 1.2 with noise —450 [—100, 100] U, NS, N

fs Schwefel’s Prob. 2.6 with global optimum on bounds =310 [—100, 100] U, NS, B

fe Shifted Rosenbrock’s function 390 [—100, 100] M, NS

f Shifted rotated Griewank’s function without bounds —180 [—o0, 00] M, NS, R

B Shifted rotated Ackley’s function with global optimum on —140 [—32, 32] M, NS, R
bounds

fo Shifted Rastrigin’s function —330 [-5, 5] M, S

fio Shifted rotated Rastrigin’s function —330 [-5, 5] M, NS, R

fin Shifted rotated Weierstrass’ function 90 [-0.5, 0.5] M, NS, R

fi2 Schwefel’s Prob. 2.13 —460 [—=, 7] M, NS

fi3 Shifted expanded Griewank’s plus Rosenbrock’s function —130 [-3, 1] M, NS

Sfia Shifted rotated expanded Schaffer’s F6 function —300 [—100, 100] M, NS

fis Hybrid composition function 120 [-5, 5] M, SO

fie Rotated version of hybrid composition function fis 120 [-5, 5] M, NS, R

fi7 Function fj¢ with noise 120 [-5, 5] M, NS, R, N

fis Rotated hybrid composition function 1 10 [-5, 5] M, NS, R

fio Rotated hybrid composition function 1 with narrow basin 10 [-5, 5] M, NS, NB
global optimum

o Rotated hybrid composition function 1 with global 10 [-5, 5] M, NS, B
optimum on bounds

o Rotated hybrid composition function 2 360 [-5, 5] M, NS, R

fn Rotated hybrid composition function 2 with high condition 360 [-5, 5] M, NS, B
number matrix

3 Non-continuous rotated hybrid composition function 2 360 [-5, 5] M, NS, B

N Rotated hybrid composition function 3 260 [-5, 5] M, NS, R

s Rotated hybrid composition function 3 without bounds 260 [—00, o0] M, NS, R

U unimodal, M multimodal, S separable, NS non-separable, SO separable near x*, R rotated, N with noise in fitness, B with Xx* on bounds,

NB narrow basin for x*

As suggested by the theoretical and empirical work

(Beyer and Schwefel 2002), the parameters 1, and 7. are

defined by 7, = ﬁ and 7. = m Here, we propose to

define the parameter 7, as follows:

(35)

The initial mutation strength parameter o;(j) was set to
0.4|Xmax — Xmin|/+/m for the algorithms with anisotropic
mutation distributions, as employed in (Mezura-Montes and
Coello 2004), and 0.4|xp.x — Xmin| for the algorithms with
mutations generated from isotropic distributions, where X,
and xp.x are, respectively the minimum and maximum
allowed values of each element of the solution in the initial
population. The initial g-Gaussian parameter ¢ in algorithms
with g-Gaussian mutation was set to 1.0 (value where the
Gaussian distribution is reproduced). In the algorithms with g-
Gaussian mutation, 7, = 0.8 and the minimum and maximum
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values of the g-Gaussian parameter g were set to 0.8 and 0.8e,
respectively, i.e., values, respectively, smaller and higher than
the values of g where the Gaussian and Cauchy mutations are
reproduced. Experiments, not presented here, using the EP
algorithm with different parameter settings (e.g., with the
minimum and maximum values of the g-Gaussian parameter
g, respectively, set to 0.5 and 0.5e) showed similar results to
those presented in the following section:

8.2 Experimental results: evolutionary programming
8.2.1 Experimental results on gqGEP

The experimental results of the fitness error
F(xPeY) — £(x*), where f(xP®) is the best value of fitness
found during the run, averaged over 25 runs in the exper-
iments with anisotropic mutation distributions for m = 10
and m = 30 are presented in Tables 2 and 3, respectively.
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Table 2 Experimental results of the error of the best fitness in each Table 2 continued
run obtained for algorithms GEP, CEP, EP (¢ = 1.5), and qGEP on o G C _—y G
the test functions with m = 10 Pro EP EP EP (¢ =15) qGEP
Prob GEP CEP EP (g = 1.5) qGEP Mean 1.18E+00 6.88E—01 1.20E+00 9.76E—01
std 484E—01  2.89E—01  4.54E—01 321E—01
/i ) Sia
Median  1.25E—10  4.83E-10  1.87E-10 932E-11 Median ~ 346E400  3.28E+00  3.29E-+00 2.68E+00
Mean 131E-10  4.71E-10  1.89E—10 9.06E—11 Mean 327E400  321E4+00  3.27E400 2.71E+00
std 388E—11  1.04E—10  4.83E—I1 245E—11 wd LGAE Ol A36E_01  329E_01 L 64E_O1
R fis
Median ~ 8.07E-06  146E—04  4.54E-05 4.12E-07 Median ~ 431E+02  430E4+02  4.43E+02 4.16E+02
Mean 244E—-04  852E-02  5.06E—03 1.95E—02 Mean 3.80E402  3.57E402  4.10E+02 4.18E+02
std 937E—04  4.I18E—01  2.41E—02 9.36E—02 std LIIE402  131E4+02  1.00E+02 1.20E4+01
5 . fis
Median ~ 240E405  5.14E405  2.61E405 2.36E+05 Median  144EL02  137EL02  1AOEA02 LISE+02
Mean 271E+05  5.92E+05  3.01E+05 2.79E+05 Mean 145E402  L46E4+02  1.45E+02 1.21E402
std 1.93E405  373E405  1.92E+05 2. 41E+05 d 6SEL0l 2005401 265401 | 63E101
fa p
17
Median ~ 1.02E+01  575E+00  3.30E+00 3.70E—02 Median  143E+02  1.51E4+02  1.38E+02 1.22E+02
Mean 404E+01  2.06E+01  4.23E+01 2.48E—01 Mean LAIE+02  149E4+02  1.41E+02 1.23E402
s 6.90E+01  3.32E+01  9.50E+01 4.17E-01 std 2.08E+01  244E401  2.69E+01 1.60E+01
fS . f18
Median ~ 1.76E-01  3.58E—-04  5.35E-04 4.11E-04 Median  7.90E4+02  4.85E4+02  8.00E402 3.55E+02
Mean 7T25E+01  8.78E—01  L43E+01 4.90E+00 Mean 681E+02  5.63E+02  6.97E+02 4.80E4+02
std 1.88E+02  3.11E+00  5.12E+01 2.32E+01 std 228E402  2.06E+02  2.19E+02 2.26E4+02
fo I
J19
Median  5.70E+00  1.63E+01  5.16E+00 8.21E+00 Median ~ 8.00E+02  5.04E4+02  6.79E+02 3.48E+02
Mean S.08E+01  1.33E+02  2.23E+01 6.19E+01 Mean 7.04E402  570E4+02  6.55E+02 439E+02
std 701E4+01 281402 3.94E401 1.55E+02 wd SATELDY  205EL02  2.08E402 > 09E402
o fo
Median  7.26E-01  473E-01  6.95E-01 8.11E-02 Median  8.00E4+02  425E4+02  6.37E+02 4.07E+02
Mean 1.90E+00  9.36E—01  1.08E+00 1.09E—01 Mean 7A5E402  487E+02  6.35E4+02 4.94E+02
std 456E+00  130E+00  1.20E+00 7.65E—02 std 215402 1.84E+02  1.97E402 2236402
ko s
Median ~ 2.04E401  2.04E401  2.03E+01 2.03E+01 Median  9.08E102  S.00E+02  5.00E+02 S.00E+02
Mean 2.03E+01  2.03E+01  2.03E+01 2.03E+01 Mean 826E+02  639E+02  6.75E+02 6.27TE+02
std 868E—02  7.99E—02  6.88E-02 7.95E—02 std 306E402 268402  2.42E402 2.20E4+02
fo £
J22
Median ~ 1.29E401  4.97E+00  1.49E+01 8.95E+00 Median  768E40  TI8EL02  767E402 7 2E+02
Mean 149E+01  6.77E4+00  1.54E+01 8 24E+00 Mean T6SEL02  TOIEA0D 7 S8EL02 7 ASEL02
std 7.96E400  6.09E4+00  5.79E400 2.70E+00 wd LOPEL0?  393E+01  1OIE402 5 0401
flO f2%
Median 209401  2.09E+01  2.19E-+01 LO9E+01 Median 9640 5.59E402  721E40 5.50E+02
Mean 236E4+01  223E401  2.12E401 1.21E+01 Mean 012402 T3SEA0D 8 39EL02 S OSEL02
std LI4E+01  1.07E401  9.28E+00 5.05E+00 d TSEL02  289EA0D  28AEL02 > 64E102
fll f
24
Median ~ 443E400  424E+00  4.99E-+00 3.12E+00 Modian  2.00E402  2.00E402  2.00E-4-02 5. 00E+02
Mean 424E4+00  4.08E+00  5.15E400 3.07E+00 Mean DO0EL02  232E402  200EL02 > 00E402
std LISE+00  142E400  1.12E4+00 1.08E-00 d DO0ES00  1S9E402  0.00EL00 0.00E400
f12 f
25
Median  2.58E402  2.10E+02  5.95E401 3.59E+01 Median 4115402 410E402  410E402 LOGE+02
Mean .ITE+03  483E402  5.82E4+02 341E+02 Mean AEL0r  ANIEL0Y 4 11E40 308E4+02
std 207E4+03  6.58E+02  1.34E+03 7.39E4+02 d LOIE01  SI8E400  957E-400 A 1SE01
fis - :
Median ~ 1.09E+00  7.49E—01  1.09E+00 9.11E—01 The best values for the median are in bold
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Table 3 Experimental results of the error of the best fitness Table 3 continued
obtained for algorithms GEP, CEP, EP (¢ = 1.5), and qGEP on

the test functions with m = 30 Prob GEP CEP EP (¢ =1.5) qGEP -
Prob GEP CEP EP(g=15) qGEP Mean  825E400  3.03E400  1.03E401 3.29E+00
std 281E400  1.I3E400  5.24E+00 8.48E—01
fi
. fia
Median  3.10E=09  3.17E-08  554E-09  4.33E-09 Median LI9E+01  1.20E4+01  1.20E+01 1.22E+01
Mean — 3.16E-09  3.09E—08 = 5.75E—09 4.33E-07 Mean  L.I9E+01  1.19E401  1.19E401 1.22E+01
std 3.52E-010 3.71E-09  1.0SE—09 1.82E—06 wd 633501 543501  563E_01 S TE 01
£ fis

Median  7.30E+402 2.77E402  4.04E+02 2.04E+02
Mean 7.02E+02 4.94E+02  6.27E402 3.96E+02
std 5.19E+4-02 6.13E402  5.59E+02 5.61E402

Median  4.42E+402 3.02E+02  4.08E+02 4.07E402
Mean 4.70E+02 3.12E402  4.24E4-02 4.32E+02

std 626E401  1.05E402  3.95E+01 6.27E+01
f
. fis
Median  5.62E406  641E4+06 447E+06  4.17E+06 Median 1295402 LOTEL02  135E402  679E-401
Mean  5.86E4+06  6.28E406 S536E+06  4.32E406 Ve 1907 LISEL02  L4IES02  789ELO01
sd 275E+06  2.53E+06  3.26E+06  2.34E+06 std 634E+01  329E+01  6.57E+01 3.03E401
fi
fiz

Median  1.06E+04 1.14E404  1.11E404 1.72E+03

Mean 1.31E+04 1.31E404  1.38E404 2.37E+03

std 8.21E+03 6.45E+03  7.95E+03 1.81E+03
Is

Median  7.53E+403 6.80E4+03  7.42E+03 3.56E+03

Mean 7.28E+03 6.71E4+03  7.52E+03 3.80E+03

Median  1.62E+402 1.14E402  1.50E4-02 7.91E+01

Mean 1.86E+02 1.33E402  1.55E+402 9.21E+401

std 9.40E+01 7.53E4+01  4.12E+401 3.47E401
fig

Median  9.45E402 9.16E4+02  9.38E+02 9.12E+02

Mean 9.48E+02 9.19E+02  9.39E+02 9.14E+02

std 1.58E4+03  1.34E403  1.67E4+03 1.39E-+03 w D 17E401 SO9EA00 143401 64SE100
fo
. fio
Median  1.I3E+02  7.56E+01  8.02E+01 8.38E+01 Median 9.41E4+02  9.16E4+02  9.33E+02 9.13E+02
Mean  1.88E+02  2.16E+02 1.04E+02  233E+02 Mean  9AAEL02  9A9E102  936EL02  9.15E02
. std 281E+02  3.50E+02  1.02E402  321E+02 wd L0SEL0l  93EL00  1AREAO] 7 S3E400
7
. o
Median  2.08B401  2.00E400  1.79E+01 L13E+00 Median  938EL02 9135402  938EA02  9.1E+02
Mean ~ 2.89E+01  2.88E+00 245E4+01  4.15E-+00 Mean  OAEL02  9AGEL02  940BL03  9.14EL02
std 220E+01  1.76E+00  2.19E+01 8 35E400 wd LSAELOL 638400 L6IESOl  6.97E400
f o
Median ~ 2.09E+01  2.10E+01  2.10E+01  2.10E+01 Median 5.00E402  S5.00E402 5.00E+02  5.00E+02
Mean — 2.09E+01  2.09E+01  2.09E+01 2.09E+01 Mean  657E4+02  7.07E4+02  6.65E+02 5.37E+02
std >19E—02  421E-02  5.69E—-02  5.01E-02 std 286E+02  2.95E+02  2.78E+02  1.02E+02
fo 5
’ . fn
Median ~ 945E+01  L10E+01  8.76E+01  3.58E+01 Median 9.30E+02  8.76E+02 9.05E+02  8.84E+02
Mean — 934E+01  1.16E+01  8.56E+01 3.75E+01 Mean  927E4+02  88IE+02  9.10E+02 8.85E+02
std 272E+01  348E+00  1.94E+01 1.19E+01 std 3476401  341E401  3.00E401 3.02E401
fio 5
’ f23

Median  1.05E+02 9.35E+01 1.03E+-02 5.31E+01
Mean 1.11E4-02 9.72E+01  9.68E+01 5.40E+4-01

Median  8.97E+402 534E+02 7.95E+02 5.40E+4-02
Mean 9.12E+02 6.96E4+02  8.26E+02 6.24E+02

std 2.86E+01  2.34E+01  2.24E+01 1.72E+01 std 151E402  2.64E4+02  1.78E402 1.74E+02
fll
’ . foa
Median  229E+01  2.00E+01 ~ 2.07E+01  1.32E+01 Median  6.09E4+02  9.74E+02  2.00E+02  2.00E+02
Mean — 226E+01  1.97E+01  2.14E+01 1.37E+01 Mean  5.83E402  791E4+02  4.81E+02 2.43E+02
std 331E400  2.62E4+00 2.61E400  1.98E+00 wd SOlEL02  30BL02 36602 | 60E1.02
le

fs

Median  2.42E+404 1.98E+04  2.58E+04 1.69E+04
Mean 3.14E+04 2.54E+04  3.30E+04 2.10E+04
std 2.36E+04 2.04E4+04  2.75E+04 1.17E4-04

f13
Median ~ 7.86E4+00  248E+00 855E+00  3.36E400 The best values for the median are in bold

Median  2.53E+02 220E+02 2.46E+402 2.25E+402
Mean 4.19E+02 2.21E402  3.05E+02 2.30E+4-02
std 3.92E+02 4.15E+00  2.21E4-02 2.06E+01
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Fig. 4 Mean f(x‘g?e“) —f(x*), where xgeS‘ is the best-of-generation individual and x* is the global optimum, in the experiments with functions

fo and fip with m = 30 for the algorithms: GEP (solid line), CEP (dashed line), EP (g = 1.5) (dotted line) and qGEP (dash-dotted line)

Figure 4 shows the convergence of the mean best-of-gen-
eration fitness error in the experiments with m = 30 for

functions fy and fo.

In Tables 4 and 5, the statistic comparison regarding the
fitness error of the best individual found during each run is
carried out by the Wilcoxon signed rank test (Garcia et al.
2009). Tables 4 and 5 show the p value of the Wilcoxon

Table 4 Statistical comparison
of algorithms GEP, CEP, EP
(g = 1.5), and qGEP regarding
the error of the best fitness on
the test functions with m = 10

The p value of the Wilcoxon
signed rank test regarding the
comparison Alg. A-Alg. B is
presented. When the median of
Alg. A is smaller or higher than
the median of Alg. B, the result
is, respectively, shown in
parentheses as “+” or “—".
When the result is statistically
significant, an “s” is added. In
the last line, the difference
between the number of “+” and
“—” of each column is still
shown in the second parentheses

signed rank test for each function, which indicates the
significance for testing the null hypothesis that the differ-
ence between the matched samples of the results regarding
Alg. A and Alg. B comes from a distribution with median
equal to zero. For each problem f;, the result regarding the
comparison Alg. A-Alg. B is shown, in parentheses, as
“=" when the values of the median of Alg. A and Alg. B

Prob  CEP — GEP qGEP — GEP qGEP — CEP qGEP — EP (g = 1.5)
A 1.23E—05 (s—) 2.40E—04 (s+) 1.23E—05 (s+) 1.23E—05 (s+)
I 2.83E—02 (s—) 9.46E—01 (+) 3.67E—01 (+) 8.82E—01 (4)
A 2.47E—03 (s—) 7.78E—01 (+) 2.66E—04 (s+) 3.67E—01 (+)
fi 2.11E-01 (+) 5.76E—05 (s+) 1.13E—04 (s+) 4.03E—04 (s+)
fs 3.22E—03 (s+) 2.30E—02 (s+) 3.67E—01 (=) 4.12E—-01 (+)
fs 7.98E—01 (-) 4.59E—01 (=) 3.97E-01 (+) 5.81E—01 (=)
2 4.43E-01 (+) 1.23E—05 (s+) 2.26E—05 (s+) 1.77E—05 (s+)
f 8.19E—01 (+) 8.40E—01 (+) 6.38E—01 (+) 9.25E—01 (+)
fo 1.40E—04 (s+) 2.35E—03 (s+) 7.14E—02 (-) 3.03E—05 (s+)
fio 6.96E—01 (=) 1.62E—04 (s+) 3.11E—04 (s+) 1.30E—03 (s+)
fi 9.25E—01 (+) 7.33E—04 (s+) 4.53E—03 (s+) 5.76E—05 (s+)
Sz 3.00E—01 (+) 4.80E—02 (s+) 4.50E—02 (s+) 6.77TE—01 (+)
fis 1.74E—04 (s+) 5.11E—02 (4) 1.72E—03 (s—) 24TE—02 (s+)
fia 3.00E—01 (+) 8.91E—04 (s+) 1.19E—03 (s+) 2.96E—04 (s+)
fis 4.59E—01 (+) 4.76E—01 (+) 9.04E—01 (+) 6.53E—02 (+)
fie 7.78E—01 (+) 6.02E—04 (s+) 2.70E—03 (s+) 2.70E—03 (s+)
fir 3.53E—01 (-) 1.19E—02 (s+) 5.45E—04 (s+) 1.38E—02 (s+)
fis 6.53E—02 (+) 2.70E—03 (s+) 1.71E=01 (+) 1.OIE—04 (s+)
fio 2.64E—02 (s+) 3.18E—04 (s+) 5.11E—02 (4) 1.43E—03 (s+)
Fo 6.02E—04 (s+) 1.89E—03 (s+) 7.53E—01 (+) 8.14E—03 (s+)
i 5.09E—02 (+) 1.66E—02 (s+) 6.69E—01 (=) 4.66E—01 (=)
fo 5.10E—01 (-) 2.16E—04 (s+) 4.03E—04 (s+) 1.57E—03 (s+)
P 5.34E—02 (+) 8.22E—03 (s+) 501E-01 (=) 1.26E—01 (+)
Pou 1.00E+00 (=) 1.00E4-00 (=) 1.00E-+00 (=) 1.00E+00 (=)
Fs 8.19E—01 (+) 6.65E—04 (s+) 1.43E—03 (s+) 2.96E—04 (s+)
fi—fos 9.A46E—02 (+), (+11) 5.60E—03 (s+), (+22) 3.00E—03 (s+), (+16) 5.88E—04 (s+), (+21)
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Table 5 Statistical comparison

of alsorithis GEP, CED. EP Prob  CEP — GEP qGEP — GEP qGEP — CEP qGEP — EP (¢ = 1.5)

(¢ =15), and qGEP regarding ¢ 1.23E—05 (s—) 1.73E—02 (s—) 6.53E—02 (+) 581E—01 (+)

the error of the best fitness on

the test functions with m— 30 /2 3.96E—02 (s+) 3.96E—02 (s+) 1.92E—01 (4) 2.64E—02 (s4)
£ 7.78E—01 (-) 2.30E—02 (s+) 3.70E—02 (s+) 1.04E—01 (+)
fi 8.19E—01 (—) 1.39E—05 (s+) 1.77E—05 (s4) 1.23E—05 (s+)
f 1.74E—01 (+) 2.00E—05 (s+) 9.04E—05 (s+) 2.54E—05 (s+)
fs 5.10E—01 (4) 427E—01 (4) 4.43E—01 (—) 2.11E—01 (-)
f 2.54E—05 (s+) 2.66E—04 (s+) 5.44E—02 (4) 3.64E—04 (s+)
f 3.67E—01 (-) 6.77E—01 (-) 5.27E—01 (-) 6.57E—01 (+)
f 1.23E—05 (s4) 1.23E—05 (s4) 1.23E—05 (s—) 1.39E—05 (s4)
fio 4.50E—02 (s4) 1.23E—05 (s4) 2.86E—05 (s+) 1.39E—05 (s+)
fi 8.08E—04 (s+) 1.23E-05 (s+) 2.00E—05 (s+) 1.23E—05 (s+)
fi2 1.35E—01 (+) 1.66E—01 (+) 9.89E—01 (+) 6.15E—02 (+)
fis 1.23E—05 (s4) 1.39E—05 (s4) 1.92E—01 (=) 1.23E—05 (s4)
fia 9.68E—01 (—) 2.83E—02 (s—) 2.30E—02 (s—) 8.75E—02 (—)
fis 3.62E—05 (s+) 4.53E—03 (s4) 1.43E—03 (s—) 9.54E—01 (+)
fis 476E—01 (4) 2.66E—04 (s+) 4.93E—04 (s4) 1.40E—04 (s4)
fir 1.19E—03 (s4) 3.62E—05 (s+) 3.82E—03 (s+) 6.45E—05 (s4)
fis 1.23E—05 (s+) 2.00E—05 (s+) 6.93E—02 (+) 2.86E—05 (s+)
fio 1.40E—04 (s+) 1.39E—05 (s+) 1.50E—01 (+) 6.45E—05 (s+)
fo 1.39E—05 (s+) 4.07E—05 (s4) 1.83E—01 (4) 3.22E-05 (s+)
fon 1.00E+00 (=) 4.69E—02 (=) 6.84E—03 (=) 234E—02 (=)
fn 7.33E—04 (s+) 6.65E—04 (s+) 8.82E—01 (—) 3.82E—03 (s+)
s 1.19E—03 (s4) 9.04E—05 (s4) 737E—01 (-) 1.08E—03 (s4)
foa 1.O1IE—01 (=) 1.12E—03 (s4) 1.20E—04 (s+) 1.25E-02 (=)
s 1.39E—05 (s+) 3.64E—04 (s+) 1.10E—02 (s—) 6.65E—04 (s+)

fl *f25 3.62E—02 (S+), (+12)

1.02E—-04 (s+), (+18) 1.84E—02 (s+), (+6) 3.55E—04 (s+), (+19)

are equal. When the values of the median are different but
the p value is higher than 0.05, i.e., the test indicates that
the hypothesis that the median of the difference between
the results are zero cannot be rejected at the 5% level, the
result is respectively shown as “4” when the median of
Alg. A is smaller than that of Alg. B and “—> when the
median of Alg. A is higher than that of Alg. B. Otherwise,
when the result is statistically significant, the result is
respectively shown as “s+” or “s—” when the median of
Alg. A is smaller or higher than the median of Alg. B.

In the last line of Tables 4 and 5, following the method
proposed in (Garcia et al. 2009), the comparison Alg. A—
Alg. B regarding the results of all functions is presented,
where the p values of the Wilcoxon signed rank test are
obtained comparing the vectors with the mean results
(shown in Tables 4, 5) obtained for each function by Alg.
A and Alg. B, respectively. In the second parentheses, the
values in the last line also indicate the difference between
the number of times (functions) that the median of Alg. A
is smaller than the median of Alg. B (i.e., the number of
“+” and “s+” in the respective column) and the number
of times (functions) that the median of Alg. B is smaller
than the median of Alg. A (i.e., the number of “—” and
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s—" in the respective column). For example, the result
5.60E—03 (+s, +22) in the last line, third column of
Table 4 indicates that the p value of the Wilcoxon signed
rank test regarding the comparison between qGEP and GEP
is 5.60E—03, which means that the result is statistically
significant (“s+). The result also indicates that the dif-
ference between the number of times that the median of
qGEP is smaller than the median of GEP and the number of
times that the median of qGEP is higher than the median
of GEP is 22. The analysis of the experimental results
shown here is presented in Sect. 8.2.3.

8.2.2 Experimental results on IgGEP

The experimental results of the fitness error averaged over
25 runs in the experiments with mutation generated from
isotropic distributions for m =10 and m =30 are,
respectively, presented in Tables 6 and 7. Figure 5 shows
the convergence of the mean best-of-generation fitness
error in the experiments with m = 30 for functions fy and
fio0. In Tables 8 and 9, the statistic comparison regarding
the fitness error is carried out by the Wilcoxon signed rank
test. Tables 10 and 11 show the p value of the Wilcoxon
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Table 6 Experimental results of the error of the best fitness obtained Table 6 continued
for algorithms IGEP, ICEP, IEP (¢ = 1.5) and IqGEP on the test
functions with m — 10 Prob IGEP ICEP IEP (g=1.5 IqGEP
Prob IGEP ICEP IEP (g=15) 1qGEP Mean 1.OSE400  1.04E4+00  1.19E400 8. 89E—01
std 3.86E—01  4.32E—01  5.10E—01 3.12E-01
Y fia
Median  445E—14  9.74E-14  647E-14 2.69E—12 Median  3.11E400  3.12E+00  3.06E+00 2.66E+00
Mean — 4.60E—14  9.61E-14  65IE-14 3.03E-07 Mean 305E400  3.13E400  3.06E-00 2.66E400
std 1.57E—14 345E—14 2.10E-14 1.31E-06 std 4.86E—01 3.05E—01 3.58E—01 447E—01
f fis
Median  6.82E—=13  1.69E—12  7.13E—13 1.92E-09 Median  4.11E4+02  429E+02  4.05E+02 2.50E+02
Mean 6.90E—13  196E-12 9.02E-13 1.40E—05 Mean 335E402  348E+02  3.50E-02 3.10E+02
std 4.06E—13 LO7E-12 S-61E—13 6.01E=05 std 1.14E+02 1.22E+02 1.02E+02 1.11E402
£ fie
Median ~ 2.16E4+05  2.39E4+05  2.04E+05 2.14E+05 Medin  140E+02  136E402  133E402 L1940
Mean 3.00E405  2.82E405  2.28E+05 2.51E405 Mear LISEL0r  LA2EA02  133E402 | 19E10
sd 2.59E+05  174E+05  1.96E+05 1.70E+05 std 200E4+01  2.03E4+01  1.32E401 1.24E+01
fi i
Median — 150E—12  375E-12  2.90E—12 1.53E-08 Median  1.36E+02  1.37E+02  1.37E+02 1.18E+02
Mean 220E-12 82IE-11  585E-12 3.71E-03 Mean 139E402  144E402  1.34E+02 1.17E+02
std 248E-12 349E-10 8.91E—12 9-01E-03 std 1.63E401 2.39E+01 1.68E+01 1.07E+01
fs
) fis
Median — 8.30E—-06  129E—-05  9.85E-06 1.54E-01 Median  8.00E+02  3.56E+02  4.72E-+02 3.00E+02
Mean — 861E—06  128E—05  1.06E—05 1.30E+00 Mean  6.09E+02  526E+02  5.77E+02 425E402
std 288E-06  4.7IE-06  3.16E—06 2.55E+00 std 300E402  273E+02  2.74E+402 2.28E+02
Jo
) fio
Median ~ 1.44E+02  3.02E+01  9.69E+01 8.18E+00 Median ~ 8.00E402  3.72E+02  8.00E+02 3.00E+02
Mean 977402  1.5SE+03  4.22E4+02 1.90E+02 Mear GOEL02  SOSEL0D 6 11E+02 4 OSE102
std 205E403  3.00E4+03  8.06E+02 3.95E-+02 wd PROEA02  2SREL02 275402 2 6REL02
fr
. fo
Median  1.38E—01  1.82E—01 ~ 1.33E—01 7.39E-02 Median ~ 4.25E+02  8.00E+02  8.00E-+02 3.00E+02
Mean L4SE-01  2.52E-01  1.92E-01 7.80E—02 Mean 6.05E4+02  622E+02  6.26E+02 5.58E-+02
std 8.19E—02  1.87E-01  129E-01 2.88E—02 std 279E4+02  2.86E402  2.67E+02 2.76E402
1
. i
Median ~ 2.03E+01  2.04E+01  2.04E+01 ZOEHOL \idian  S.00E402  S.00E402  5.00E+02 5.00E-+02
Mean 203E+01  2.04E+01  2.03E+01 2.03E+01 Mean 704402 625E402  5.54E4+02 5.74E+02
std 637E—02  6.73E—02  8.27E—02 6.68E—02 wd D SSEL0D  208E402  2.32E402 > 0SEL02
fo 5
’ . fo
Median  1.89E+01  1.89E+01  2.19E+01 1.29E+01 Median ~ 749E+02  7.54E+02  7.50E402 7.4TE+02
Mean I81E+01  191E+01  2.07E+01 141E+01 Mean 743E402  7.67TE+02  T.40E+02 7.38E-+02
std 640E+00  6.76E+00  7.49E+00 4.98E+00 std 9.57E+01  2.85E4+01  9.38E+01 9.44E401
flO -
’ . 3
Median — 1.79E+01 ~ 1.89E+01  2.29E+01 1L.29E+01 Median  5.59E+02  5.59E+02  5.59E+02 5.59E+02
Mean 1.88E+01  2.10E+01  2.31E+01 1.25E+01 Mean 7.80E402  7.70E4+02  7.37E+02 6.69E-+02
std 728E400  8.96E+00  9.66E400 4.48E+00 w DTOE02  2STEL0D  255E102 | §7E00
fll
’ . foa
Median  3.60E+00  3.45E+00  2.84E+00 L77E+00 Median  2.00E4+02  2.00E+02  2.00E+02 2.00E+02
Mean 3.36E+00  3.75E+00  3.07E+00 1.58E+00 Mean 212E402  2.00E4+02  2.00E+02 2.00E+02
std 139400  145E400  1.28E+00 1.08E-00 wd GO0ELOL  O.0OEL00  0.00E400 0.88E.05
le f25
Median — 3.50E+01  2.08E+02  2.54E+01 3.06E+01 Median ~ 4.06E+02  4.06E+02  4.06E+02 4.05E+02
Mean L7IE+03  1.00E+03  1.23E+03 8.05E+02 Mean 405E+02  405E4+02  4.05E4+02 425E+02
std 2.86E+03  1.76E+03  2.30E+03 1.43E+03 std 402E400  4.52E400  3.98E+00 1.56E+02
f13
Median ~ 926E—01  1.0IE+00  1.16E+00 8.13E—01  The best values for the median are in bold
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Table 7 Experimental results of the error of the best fitness obtained
for algorithms IGEP, ICEP, IEP (¢ = 1.5) and IqGEP on the test
functions with m = 30

Prob IGEP ICEP IEP (¢ = 1.5) IqGEP
fi

Median 1.87E—13 3.75E—13 2.51E—13 1.97E—-07

Mean 1.92E—13 3. 74E—13 2.54E—13 3.02E-03

std 3.75E—14 8.30E—14 5.58E—14 1.31E-02
f

Median 1.95E-03 1.12E-02 3.28E—03 3.17E—-04

Mean 3.71E-03 1.57E—02 6.34E—-03 1.09E—02

std 4.24E—-03 1.47E—-02 8.76E—03 5.09E—-02
bE

Median 2.65E+406 2.09E+06 2.45E+406 2.69E+06

Mean 2.59E+4-06 2.72E406 2.76E406 2.55E+06

std 1.42E+4-06 1.30E+4-06 1.61E4-06 1.01E4-06
fa

Median 5.47E402 3.96E+02 5.14E402 4.90E+00

Mean 6.76E+402 6.76E+402 8.75E+02 1.28E+01

std 5.99E402 6.71E402 8.95E+02 2.00E+4-01
f5

Median 5.08E+403 5.39E403 5.75E+403 3.43E+03

Mean 5.31E403 5.29E+403 5.61E403 3.49E+03

std 1.44E4-03 1.49E+-03 1.27E+4-03 1.08E+4-03
fe

Median 2.70E+02 5.81E4+02 3.11E+02 1.15E+03

Mean 9.53E+402 3.05E+03 3.81E+03 3.49E+03

std 2.03E+4-03 4.65E+403 5.07E+4-03 4.90E+4-03
fi

Median 3.69E-02 3.44E-02 2.95E-02 2.28E—02

Mean 3.64E—02 3.78E—02 3.06E—02 3.33E-02

std 1.36E—02 3.79E—-02 1.68E—02 4.37E—02
1

Median 2.09E+01 2.09E+01 2.09E+01 2.09E+01

Mean 2.09E+01 2.09E+01 2.09E+01 2.09E+01

std 4.42E—-02 6.94E—02 7.84E—02 5.73E—-02
fo

Median 1.17E4-02 1.18E+4-02 1.27E4-02 9.47E+01

Mean 1.27E+02 1.26E+02 1.28E+02 1.05E+02

std 3.80E+01 2.71E+01 3.70E+01 3.11E+01
fio

Median 1.25E+4-02 1.16E+4-02 1.23E4-02 8.98E+01

Mean 1.23E+4-02 1.14E+02 1.26E+4-02 9.58E+01

std 2.85E+01 2.73E+01 3.88E+01 2.44E+01
fin

Median 1.81E401 2.06E+401 1.73E+401 1.64E+01

Mean 1.85E+401 2.04E+01 1.81E+401 1.65E+01

std 2.75E+00 3.00E+00 2.79E+400 2.82E+00
fi2

Median 3.95E+04 2.30E+04 3.32E+04 2.94E+4-04

Mean 3.60E+04 3.28E+04 4.55E4+04 3.11E404

std 2.45E+04 3.83E+04 4.33E4+04 2.21E+04
fis

Median 5.97E4-00 5.43E+00 5.73E400 6.63E+00
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Table 7 continued

Prob IGEP ICEP IEP (¢ = 1.5) IqGEP
Mean 6.54E400 5.96E+00 6.05E+00 6.43E+00
std 2.20E+00 2.06E+00 1.72E+00 1.85E+00
fia
Median 1.25E+401 1.26E+4-01 1.25E+01 1.20E+01
Mean 1.25E+01 1.26E+01 1.24E+01 1.21E+01
std 4.25E-01 3.90E—01 4.13E-01 4.34E—01
fis

Median 5.02E402 4.55E+402 5.00E+4-02 4.03E+02

Mean 4.81E+02 4.63E+02 4.79E+02 4.41E4-02

std 8.94E+01 6.38E+01 6.95E+01 5.60E+01
fie

Median 1.56E+02 1.49E+02 1.59E+02 1.30E+02

Mean 1.71E+402 1.66E+-02 1.62E+4-02 1.39E+02

std 6.87E+01 6.15E+01 4.50E+01 6.51E+01
fin

Median 1.55E+02 1.55E+402 1.70E+4-02 1.20E+02

Mean 1.65E+402 1.63E+402 1.66E+4-02 1.31E+02

std 5.16E4+01 6.98E+01 4.32E+01 3.28E+01
fis

Median 9.16E402 9.19E+4-02 9.17E402 9.12E+02

Mean 9.18E+4-02 9.19E4-02 9.23E402 9.12E402

std 7.11E400 7.93E400 1.41E+401 3.75E+00
fro

Median 9.20E+4-02 9.18E+4-02 9.17E402 9.10E+02

Mean 9.19E4-02 9.20E+4-02 9.17E+4-02 9.11E+02

std 8.50E+00 7.93E400 5.72E+00 2.99E+00
fao

Median 9.16E+4-02 9.18E+4-02 9.17E+402 9.11E+02

Mean 9.19E4-02 9.21E402 9.18E+02 9.12E+02

std 7.51E400 8.21E+00 6.68E+00 3.98E+00

S
Median 5.00E+02 5.00E+02 5.00E+02 5.00E+02
Mean 5.66E+402 5.62E+402 6.03E4-02 5.62E+02
std 1.66E+02 1.80E+4-02 2.40E+4-02 1.26E+4-02

S
Median 8.93E+02 9.06E+02 8.97E+02 8.84E+02
Mean 8.90E+02 9.06E+4-02 8.97E+02 8.90E+02
std 2.66E+401 3.66E4+01 2.37E401 2.40E+401

J3
Median 5.53E402 5.45E+402 5.44E+02 5.34E+02
Mean 6.17E402 5.97E+402 5.79E+402 5.86E+02
std 1.55E+402 1.37E402 1.15E402 1.38E+402

foa
Median 2.00E+02 2.00E+02 2.00E+02 2.00E+02
Mean 2.41E+02 2.31E+02 2.62E+02 2.00E+02
std 2.07E+402 1.57E+4-02 2.15E402 3.61E—-03

fs
Median 2.12E+02 2.12E+02 2.12E+02 2.11E+02
Mean 2.12E+02 2.53E+02 2.12E+02 2.11E+02
std 4.40E—-01 2.04E+4-02 9.98E—01 2.34E+00

The best values for the median are in bold
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Fig. 5 Meanf (Xbe“) — f(x*), in the experiments with functions fy and fjo with m = 30 for the algorithms: IGEP (solid line), ICEP (dashed line),

2

IEP (g = 1.5) (dotted line), and 1qGEP (dash-dotted line)

Table 8 Statistical comparison
of algorithms IGEP, ICEP, IEP
(g = 1.5) and IqGEP regarding
the error of the best fitness on
the test functions with m = 10

Prob  ICEP — IGEP IqGEP — IGEP IqGEP — ICEP IqGEP — IEP (g = 1.5)
h 3.62E—05 (s—) 1.23E—05 (s—) 1.23E—05 (s—) 1.23E—05 (s—)
1A 1.26E—04 (s—) 1.23E—05 (s—) 1.57E—05 (s—) 1.23E—05 (s—)
A 7.37E—-01 (=) 5.10E—01 (+) 3.82E—01 (+) 3.67E—01 (=)
£ 3.28E—04 (s—) 1.23E—05 (s—) 5.13E—05 (s—) 1.23E—05 (s—)
fs 1.19E—03 (s—) 1.23E—05 (s—) 1.23E—05 (s—) 1.23E—05 (s—)
fo 7.98E—01 (+) 5.82E—03 (s+) 2.64E—01 (+) 1.28E—01 (+)
f 1.73E—02 (s—) 4.03E—04 (s+) 2.86E—05 (s+) 6.45E—05 (s+)
fs 5.10E—01 () 7.16E—-01 (+) 4.76E—01 (+) 6.00E—01 (+)
fo 6.00E—01 (=) 2.14E—02 (s+) 2.64E—02 (s+) 2.70E—03 (s+)
fo 3.17E-01 (=) 1.08E—03 (s+) 4.93E—04 (s+) 1.33E—04 (s+)
fi 6.38E—01 (+) 1.08E—03 (s+) 2.54E—05 (s+) 3.28E—04 (s+)
fi 5.30E—01 (=) 2.11E—-01 (+) 3.97E—01 (+) 9.89E—01 ()
fi3 5.63E—01 (—) 1.O4E—01 (+) 1.66E—01 (+) 6.31E—03 (s+)
fia 6.38E—01 () 4.93B—03 (s+) 4.03E—04 (s+) 1.89E—03 (s+)
fis 5.10E—01 () 1.58E—01 (+) 1.58E—01 (+) 8.27E—02 (+)
fi6 3.67E—01 (+) 1.89E—03 (s+) 8.09E—05 (s+) 1.08E—03 (s+)
fir 4.93E-01 (=) 5.13E—05 (s+) 4.57TE—05 (s+) 2.47E—03 (s+)
fis 338E—01 (4) 1.71E—03 (s+) 1.31E-01 (+) 9.46E—03 (s+)
fio 3.89E—01 (4) 1.17E—01 (+) 8.21E—01 (+) 2.61E—02 (s+)
Fo 9.10E—01 (=) 3.22E—01 (+) 3.48E—01 (+) 7.84E—03 (s+)
fi 1.04E—01 (=) 2.66E—02 (=) 4.35E—01 (=) 7.74E—01 (=)
fo 4.58E—01 (-) 2.53E—-01 (+) 1.16E—01 (+) 3.17E—01 (+)
P 9.04E—01 (=) 2.18E—01 () 2.10E—-01 () 432E-01 (=)
P 1.00E400 (=) 8.75E—01 (=) 2.50E—01 (=) 2.50E—01 (=)
Pos 1.28E—01 (+) 5.11E—02 (+) 6.85E—03 (s+) 6.85E—03 (s+)
fi—fos T9TE—01 (=), (=9) 4.41—04 (s+), (+13) 4.41—-04 (s+), (+13) 2.64E—02 (s+), (+9)

signed rank test regarding the comparison between the
isotropic and anisotropic algorithms. Table 12 summarizes
the results regarding the comparison among qGEP, IqGEP,
and other investigated algorithms for different groups of
functions. In Table 12, the results regarding the compari-
son Alg. A-Alg. B indicate the difference between the

number of times (functions) that the median of Alg. A is
smaller than the median of Alg. B (i.e., the number of “+”
and “s+” for the group of functions in the respective
tables) and the number of times (functions) that the median
of Alg. B is smaller than the median of Alg. A (i.e., the
number of “—” and “s—" for the group of functions in the
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Table 9 Statistical comparison

of alsorithms 1GEP. 1CHp, 1p  Prob  ICEP — IGEP 1qGEP — IGEP 1qGEP — ICEP IqGEP — IEP (¢ = 1.5)

(¢ =15) and IqGEP regarding ¢ 1.39E—05 (s—) 1.23E—05 (s—) 1.23E—05 (s—) 1.23E—05 (s—)

the error of the best fitness on

the test functions with m— 30 /2 8.08E—04 (s—) 3.82E—03 (s4) 2.16E—04 (s+) 1.57E—03 (s4)
f 527E—01 (4) 9.25E—01 (-) 716E—01 (—) 6.96E—01 (—)
fi 737E—01 (4) 1.23E—05 (s4) 1.23E—05 (s+) 1.23E—05 (s+)
f 6.96E—01 (—) 8.09E—05 (s+) 1.40E—04 (s+) 1.77E—05 (s+)
fs 736E—02 (—) 4.50E—02 (s—) 3.82E—01 (—) 6.38E—01 (—)
f 7.57E—01 (4) 1.28E—01 (+) 3.82E—-01 (4) 3.97E—01 (4)
f 737E—01 (4) 9.46E—01 (+) 9.25E—01 (-) 6.93E—02 (—)
f 9.89E—01 (-) 24TE—02 (s4) 247E—02 (s+) 3.03E—02 (s+)
fio 1.09E—01 (4) 1.0SE—03 (s4) 3.03E—02 (s+) 8.04E—03 (s+)
fi 6.15E—02 (—) 2.30E—02 (s+) 1.19E—03 (s+) 1.60E—02 (s+)
fin 1.04E—01 (4) 476E—01 (+) 527E—01 (—) 2.01E=01 (+)
fis 3.39E—01 (4) 9.04E—01 (—) 4.93E—01 (-) 4.93E—01 (-)
fia 3.53E—01 (—) 7.42E—03 (s4) 1.43E—03 (s4) 2.06E—03 (s+)
fis 5.45E—01 (4) 1.64E—02 (s4) 2.01E—01 (4) 3.91E—03 (s+)
fis 7.98E—01 (4) 1.86E—02 (s4) 6.85E—03 (s+) 9.26E—02 (+)
fir 8.19E—01 (—) 4.53E—03 (s4) 5.44E—02 (4) 9.80E—04 (s+)
fis 8.40E—01 (—) 1.89E—03 (s4) 1.13E—04 (s4) 5.45E—04 (s+)
fio 5.45E—01 (+) 1.74E—04 (s4) 1.40E—04 (s+) 6.45E—05 (s+)
fo 5.27E-01 (-) 5.45E—04 (s+) 1.26E—04 (s+) 2.47E—03 (s+)
fon 1.00E-+00 (=) 8.17E—02 (—) 1.77E—01 (=) 3.95E—01 (—)
fr 1.28E—01 (=) 9.04E—01 (+) 9.80E—02 (+) 2.88E—01 (+)
s 1.83E—01 (4) 1.72E—03 (s4) 1.38E—02 (s4) 5.44E—02 (4)
foa 1.00E-+00 (=) 2.81E—01 (=) 1.95E—01 (=) 5.78E—01 (=)
fos 1.10E—02 (s—) 2.06E—03 (s+) 5.76E—05 (s+) 1.19E—03 (s+)
fi—fos 6.59E—01 (=), (=1) 5.88—04 (s+), (+14) 5.25-04 (s4), (+10) 2.41E—04 (s+), (+12)

respective tables). The analysis of the experimental results
shown here is presented in Sect. 8.2.3.

8.2.3 Analysis

Some observations can be made from the experimental
results presented in the tables and figures shown in last
sections. They are described and analysed below.

First, it is observable that the algorithms with the
Gaussian mutation, i.e., GEP and IGEP, generally have a
better performance than those with the Cauchy mutation,
i.e., CEP and ICEP, on unimodal functions (lines for
functions f; — fs in column 2 of Tables 4, 5, 8, 9). Similar
results of comparing long tail and Gaussian distributions in
the minimization of unimodal functions were reported in
the literature (Lee and Yao 2004; Yao et al. 1999). In an
unimodal function, long jumps, which often occur when
the Cauchy mutation is employed, generally cause a deg-
radation in the performance of the algorithm at the later
stage of the evolution because less offspring are generated
to explore the local neighborhood. For all functions and
algorithms, the norm of the mutation strength parameter
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vector generally remains large in the initial stage of the
evolution, allowing a faster convergence in the initial steps,
and decays to small values in later generations.

It can also be observed that the performance of the
proposed algorithms (i.e., qGEP and IqGEP) is generally
better than that of the algorithms with Cauchy mutation
(i.e., CEP and ICEP), and is, in general, equal to or better
than that of the algorithms with Gaussian mutation (i.e.,
GEP and IGEP) on the unimodal functions (lines for
functions f; — fs5 in Tables 4, 5, 8, 9). These results can be
explained because, in general, the g-Gaussian mutation
generates less long jumps than the Cauchy mutation and
more long jumps than the Gaussian mutation for g > 1.
However, when g < 1, the g-Gaussian distribution is more
compact than the Gaussian distribution, which implies
shorter jumps.

Second, while the algorithms with Gaussian mutation (i.e.,
GEP and IGEP) generally outperform the algorithms with
Cauchy mutation (i.e., CEP and ICEP) on the unimodal
functions, they are generally outperformed on the multimodal
functions, especially on the highly multimodal functions,
e.g., functions fy and fjo. These results indicate that the long
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Table 10 Statistical

comgarison Qf the EP. Prob IGEP — GEP ICEP — CEP 5192(?5:) 1.5) — EP IqGEP — qGEP

algorithms with mutation

generated from anisotropic or fi 1.23E-05 (s+) 1.23E-05 (s4) 1.23E—05 (s+) 7.78E—01 (+)

isotropic distributions regarding

the best fitness on the test f 1.23E—-05 (s+) 1.23E-05 (s+) 1.23E-05 (s+) 8.04E—03 (s+)

functions with m = 10 f 8.40E—01 (+) 8.91E—04 (s+) 3.24E-02 (s+) 4.43E-01 (+)
Jfa 1.23E—-05 (s+) 1.23E—-05 (s+) 1.23E-05 (s+) 1.74E—04 (s+)
f5 1.23E—-05 (s+) 1.23E—05 (s+) 1.23E-05 (s+) 2.06E—03 (s—)
fo 4.16E—-03 (s—) 1.74E—01 (—) 1.57E-03 (s—) 2.53E-01 (+)
fa 2.54E—05 (s+) 4.46E—04 (s+) 1.26E—04 (s+) 1.74E—01 (+)
fz 5.81E-01 (+) 6.77E—01 (—) 6.77E—01 (—) 7.37E-01 (—)
fo 1.06E—01 (—) 6.45E—05 (s—) 2.22E-02 (s—) 1.56E—04 (s—)
fio 1.26E—01 (+) 6.19E-01 (+) 9.57E—01 (—) 8.61E—01 (—)
S 3.03E-02 (s+) 6.38E—01 (+) 4.57E—05 (s+) 4.03E—04 (s+)
fi2 3.53E-01 (+) 5.63E—01 (+) 7.16E—01 (+) 5.27E—01 (+)
Sz 4.12E—01 (+) 3.82E—03 (s—) 8.19E—01 (—) 242E—01 (+)
fia 8.75E—02 (+) 6.00E—01 (+) 2.83E-02 (s+) 7.78E—01 (+)
fis 1.50E—01 (+) 9.89E—01 (+) 5.82E—03 (s+) 1.57E-03 (s+)
fie 2.76E—01 (+) 8.82E—01 (+) 1.15E-01 (+) 6.77E—01 (—)
Sfi7 6.00E—01 (+) 5.27E—-01 (+) 5.27E-01 (+) 2.01E-01 (+)
fis 2.78E—01 (—) 5.92E-01 (+) 1.58E—01 (+) 1.77E-01 (+)
fio 9.26E—02 (+) 3.00E-01 (+) 5.30E-01 (—) 7.94E-01 (+)
fo 4.80E—02 (s+) 2.62E-02 (s—) 7.37E-01 (—) 6.61E-01 (+)
fo 1.03E—01 (+) 5.76E—01 (=) 1.47E—01 (=) 4.96E—-01 (=)
I 1.99E-02 (s+) 742E—03 (s+) 1.28E—01 (+) 2.31E-01 (—)
o3 4.55E—-02 (s+) 8.39E—-01 (=) 2.27E-01 (+) 7.17E—01 (—)
Sfra 1.00E+-00 (=) 1.00E+00 (=) 1.00E+00 (=) 2.50E-01 (=)
s 1.39E—-05 (s+) 1.13E—-04 (s+) 3.62E—05 (s+) 8.71E-03 (s+)
fi—frs  813E-02 (+), (+18) 1.70-01 (+), (+12)  1.38E—-02 (s+), (+9) 4.47E-01 (+), (+9)

jumps generated by the Cauchy mutation are advantageous
for the individuals to escape from local optima, especially in
the later stage of the evolution when the mutation strength
parameters have converged to small values.

The proposed algorithms (qGEP and IqGEP) generally out-
perform the algorithms with Gaussian mutation on the multi-
modal functions, especially on the highly multimodal (e.g.,
functions fy and fj¢) or hybrid functions (functions fis — fa0).

The good performance of the proposed algorithms on
multimodal functions can be explained because higher
values of the parameter g were eventually employed to
allow longer jumps (see Fig. 6, where the distribution
parameter g of the current best individual on the first run of
two experiments is plotted against the generation index).
On the multimodal functions, after the initial stage, the
evolution generally occurs in steps. It can be observed that
such steps are generally coincident with larger changes in
the value of ¢ in Fig. 6, which indicates that jumps in
individuals with higher values of ¢, or in individuals where
the value of g has increased, were eventually beneficial.
Similar results can be observed in the minimization of
other multimodal functions.

These results indicate that an eventual increase in the
value of ¢ in the proposed algorithms can lead to longer
jumps (when compared to those produced by Gaussian
mutation), which can be advantageous to the evolution
since they allow the population to escape from local
optima, especially in later stages of the evolution when the
mutation strength parameters are generally small. For the
algorithms with mutation generated from isotropic distri-
butions, the computed mean change in the best-of-generation
fitness generated by advantageous mutations is generally
higher for IgGEP on all functions, even when the final
fitness is smaller for the other two algorithms. For IqGEP,
when the mean changes in the fitness generated by
advantageous mutations are analysed for different intervals
of g after the middle of the evolutionary process (i.e., when
the population has converged to local optima in most of the
runs with multimodal functions), an interesting result can
be observed. When these values are interpolated by a linear
function, while the resulting line has a negative inclination
for the unimodal functions (with exception of function f3,
where the inclination is close to zero), indicating that
smaller values of g generally result in higher changes in the
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Table 11 Statistical

comgarison Qf the EP. Prob IGEP — GEP ICEP — CEP 5};(?5:) 1.5) — EP  IqGEP — qGEP

algorithms with mutation

generated from anisotropic or fi 1.23E-05 (s+) 1.23E-05 (s+) 1.23E—05 (s+) 1.30E—03 (s—)

isotropic distributions regarding

the best fitness on the test f 1.23E—-05 (s+) 1.23E—-05 (s+) 1.23E—-05 (s+) 1.23E—-05 (s+)

functions with m = 30 f 2.40E—04 (s+) 5.13E—-05 (s+) 1.08E—03 (s+) 2.70E—03 (s+)
Jfa 1.23E—-05 (s+) 1.23E—-05 (s+) 1.23E—-05 (s+) 1.23E—05 (s+)
fs 6.45E—05 (s+) 2.06E—03 (s+) 1.89E—03 (s+) 6.19E—01 (+)
fe 1.02E—02 (s—) 4.03E—04 (s—) 7.33E—-04 (s—) 9.80E—04 (s—)
fa 1.23E—05 (s+) 1.23E-05 (s+) 1.23E—05 (s+) 1.23E-05 (s+)
fz 1.83E—01 (+) 3.47E—-02 (s+) 2.06E—03 (s+) 6.15E—-02 (+)
fo 2.26E—03 (s—) 1.23E—-05 (s—) 6.45E—05 (s—) 1.23E—-05 (s—)
fio 7.80E—02 (—) 7.80E—02 (—) 5.35E-03 (s—) 2.26E—05 (s—)
S 5A45E—04 (s+) 3.82E-01 (—) 2.26E—03 (s+) 1.26E—04 (s—)
fiz 4.76E—01 (—) 7.98E—01 (—) 3.26E—01 (—) 242E—01 (—)
Sz 1.73E-02 (s+) 2.54E—05 (s—) 1.57TE—04 (s+) 1.39E—05 (s—)
Sia 2.26E—03 (s—) 2.66E—04 (s—) 4.93E-03 (s—) 3.39E-01 (+)
fis 9.54E—01 (—) 1.57E—04 (s—) 2.96E—03 (s—) 7.61E-01 (+)
fie 247E-02 (s—) 2.70E-03 (s—) 7.36E—02 (—) 1.23E-05 (s—)
Sfi7 6.19E—01 (+) 8.04E—03 (s—) 2.11E-01 (—) 1.94E—04 (s—)
fis 2.26E—05 (s+) 6.38E—01 (—) 5.45E—04 (s+) 6.93E—02 (+)
fio 2.26E—05 (s+) 4.27E—01 (—-) 1.77E—05 (s+) 3.47E-02 (s+)
fo 7.22E—05 (s+) 1.49E—02 (s—) 1.23E—-05 (s+) 3.39E-01 (+)
f 1.48E—01 (=) 7.71E-02 (=) 4.32E—01 (=) 3.43E-02 (s—)
I 1.57E-03 (s+) 8.71E-03 (s—) 1.83E—01 (+) 4.93E—-01 (+)
a3 2.86E—05 (s+) 7.78E—01 (—) 1.13E—04 (s+) 8.04E—03 (s+)
Sfra 4.27E—04 (s+) 1.32E—04 (s+) 1.61E-02 (=) 9.84E—01 (=)
s 1.23E—-05 (s+) 2.16E—04 (s+) 1.23E—-05 (s+) 1.23E—-05 (s+)
fi —frs  4.87E-02 (s+), (+10)  9.03—-01 (—), (—6) 1.37E—01 (+), (+7)  9.54E—01 (+), (+4)

fitness function, the resulting line generally has a positive
inclination for the multimodal functions, i.e., the selection
of higher values of ¢ resulted in higher changes in the
fitness function.

When the performance of the algorithms with g¢-
Gaussian mutation is statistically compared to that of the
algorithms with Cauchy mutation on the multimodal
functions, it can be observed that the proposed algorithms
generally present a better or statistically similar perfor-
mance (Tables 4, 5, 8, 9). The better performance of the
algorithm qGEP is the result of a better compromise
between long and local jumps of the candidate solutions as
the tail of the mutation distribution is self-adapted in
qGEP. The use of ¢g-Gaussian mutation is advantageous in
noisy functions, too. It can be observed that the perfor-
mance of the proposed algorithms is better, when compared
to other algorithms (Tables 4, 5, 9), with the exception in
isotropic algorithms on the function f; with m = 10, which
is composed by adding noise to the unimodal function f;.

Following the method proposed in (Garcia et al. 2009),
we can observe that the performance of the algorithms with
g-Gaussian mutation is significantly better (with the
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exception for IgGEP when compared to IGEP and ICEP in
the experiment with m = 10, where the performance of
IqGEP is better, but not statistically significant) than the
performance of all other algorithms when all functions are
considered (last lines in Tables 4, 5, 8, 9).

Finally, the algorithms with mutations generated from
isotropic distributions present a better performance than the
algorithms with anisotropic mutations on the unimodal
functions (see Tables 10, 11). The performance of the
mutations generated from isotropic distributions is better
than the anisotropic mutations on more multimodal func-
tions with m = 10 than with m = 30. In the functions
where the anisotropic mutations present a better perfor-
mance, good solutions can be found in the subspace formed
by the points close to the coordinate axes (Fig. 2) and the
optimization can be done mainly by coordinate-wise search
steps. Such results agree with the conjecture presented in
(Hansen et al. 2006) and affirm that anisotropic mutation
distributions with longer tails are interesting on those
multimodal functions with the low dimensional space
where most of the longer jumps occur and better optima
than the current best local solution may be located. When
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Table 12 Comparison of the

EP algorithms for different Unimodal (i —f5)

1543

CEP — GEP qGEP — GEP qGEP — CEP (GEP — EP (¢ = 1.5)
-1 +5 +4 +5
-1 +4 +5 +5
ICEP — IGEP IqGEP — IqGEP — IqGEP — IEP

IGEP ICEP (g=15)
-5 —4 —4 -5
-1 +1 +1 +1
CEP — GEP qGEP — GEP qGEP — CEP qGEP — EP (¢ = 1.5)
+12 +17 +13 +16
+13 +15 +1 +14
ICEP — IGEP IqGEP — IqGEP — IqGEP — IEP

IGEP ICEP (g=15)
—4 +16 +16 +14
0 +13 +9 +11
CEP — GEP qGEP — GEP GEP — CEP qGEP — EP (¢ = 1.5)
+6 +10 +8 +9
+8 +10 +2 +9
ICEP — IGEP IqGEP — IqGEP — IqGEP — IEP

IGEP ICEP (g=15)
0 +7 +7 +7
-1 +8 +8 +8
CEP — GEP qGEP — GEP qGEP — CEP qGEP — EP (¢ = 1.5)
0 +2 42 42
0 +2 42 42
ICEP — IGEP IqGEP — IqGEP — IqGEP — IEP

IGEP ICEP (g=15)
-2 0 0 0
0 +2 42 42

groups of functions m=10
m =30
m=10
m =30
Multimodal (fs — f>5)
m=10
m =30
m=10
m =30
Composition functions
(fis — f2s)
m=10
m =30
m=10
m =30
Noise (fy and fi7)
m=10
m =30
The difference between the
number of “+” and “—” for the
results presented in Tables 4, 5, m =10
6,7,8,9, 10, and 11 for each m =30
group of functions is shown
fio
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Fig. 6 f (xges‘) — f(x*), distribution parameter ¢, and norm of the
mutation strength parameter vector for the current best individual in
the last run of IgGEP on function fjp with m = 10. The last graphic
shows the differences dq (solid line), between the values of g in two
consecutive generations, and df (dashed line), between the values of
fitness errors in two consecutive generations, both in the range —0.5
to 0.5

Cauchy and g-Gaussian mutations generated from isotropic
distributions are employed, it is more difficult to reach a
fair region of the search space from a long jump, especially
when m = 30, as the number of points that can be reached
exponentially increases with the size of the jump. That is,
the sub-space that is more explored by the algorithm is
much larger when mutation generated from isotropic dis-
tributions with longer tails are used.

However, mutation generated from isotropic distribu-
tions with longer tails are generally better than the
anisotropic mutation distributions on functions with heavy
influence of the crossed component terms in the function
evaluation, and where better optima are not located in the
subspace explored by the anisotropic algorithm. These
facts can be observed when the results of the experiments
with the axis parallel Rastrigin function (fy), which is
separable, and the rotated Rastrigin function (fjy), where
crossed component terms present a heavy influence in the
function evaluation, are analysed (Figs. 4, 5). While the
anisotropic Cauchy mutation presents a better perfor-
mance than the g-Gaussian mutation on function f, they
present a worse performance on function fjg. On the other
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hand, IqGEP presents a better performance than ICEP on
both functions. In the experiments on function fy, larger
jumps to points close to the coordinate axes are advan-
tageous for the population to escape from local optima. In
the algorithms ICEP and IqGEP, where the mutations are
generated from isotropic distributions, such jumps are
rare, while they are common in the anisotropic algorithms
CEP and qGEP. However, such jumps are less advanta-
geous on fjp, where better optima are located far away
from the coordinate axes. As the search space is much
larger, it is more difficult to reach fair regions, though
such regions can be eventually reached by longer jumps
produced by ICEP and IqGEP. In general, for larger
spaces, it would be more difficult to reach such fair
regions if there are only a few of them. It is important to
observe that these results depend on the fitness space, its
size, and the number and size of the regions where better
optima are located.

8.3 Comparison of restart g-Gaussian evolution
strategy to other continuous EAs

The experimental results of the error of the best fitness
averaged over 25 runs in the experiments with RqGES for
m = 10, m = 30, and m = 50 are presented in Tables 13,
14, and 15. When the results of the RQGES are compared
with those obtained by IqGEP, the benefits of using
recombination and the restart scheme are clear, mainly on
multimodal functions. The results for the fitness errors of
RqGES can also be compared with those obtained for
continuous optimization EAs applied to the problems
described in Table 1.

In order to test the performance of RqQGES against other
EAs, the results obtained are compared with those obtained
by the algorithms presented in the Special Session on Real
Parameter Optimization for the 2005 IEEE Congress on
Evolutionary Computation (Suganthan et al. 2005): BLX-
GL50 (Garcia-Martinez and Lozano 2005), BLX-MA
(Molina et al. 2005), CoEVO (Posik 2005), DE (Ronkko-
nen et al. 2005), DMS-L-PSO (Liang and Suganthan
2005), EDA (Yuan and Gallagher 2005), G-CMA-ES
(Auger and Hansen 2005a), K-PCX (Sinha et al. 2005),
L-CMA-ES (Auger and Hansen 2005b), L-SADE (Qin and
Suganthan 2005), and SPC-PNX (Ballester et al. 2005).
Their results for the problems presented in Table 1 for
m = 10 were available in the respective papers.' Eight of
those algorithms presented results for m = 30 and two
algorithms also for m = 50. For all algorithms, the same

! Tables with the results and other relevant information about the
Real Parameter Optimization Competition of the 2005 IEEE Congress
on Evolutionary Computation can be found at http:/sci2s.ugr.es/
EAMHCO/.
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Table 13 Experimental results of the error of the best fitness
obtained for algorithm RqGES on the test functions with m = 10

Prob Median Mean std

fi 1.27E—08 3.77E—08 7.80E—08
f 2.38E—08 3.76E—08 5.58E—08
f 1.19E+05 1.55E4-05 9.45E+04
fs 2.84E—08 6.29E—08 8.39E—08
fs 1.11E—04 1.05E—04 3.07E—05
fo 1.02E402 8.23E402 2.06E+403
f 1.81E—08 1.40E—03 3.64E—03
fs 2.04E401 2.04E+01 5.95E—02
fo 1.99E+00 1.49E+00 1.14E4-00
Sio 1.92E400 1.72E+00 1.21E400
fi1 7.59E—03 1.69E—01 3.83E—01
fi2 6.39E+01 1.05E4-03 2.15E+03
fis 1.07E4-00 1.09E+00 2.90E—01
fia 2.90E+400 2.91E+00 2.63E—01
fis 1.03E402 1.98E+02 1.56E+02
fis 9.40E+01 9.37E+401 7.20E+00
fir 9.35E+01 9.59E+01 1.31E+01
fis 8.00E+02 6.77E-+02 2.71E+02
fio 8.00E+02 5.88E-+02 2.87E+02
fo 8.00E+02 6.41E+02 2.85E402
o 8.00E+02 8.45E+402 2.08E+402
foo 7.67TE4+02 7.70E+02 1.62E+01
fo3 9.71E402 9.45E+02 1.22E+02
Joa 2.00E+402 2.12E402 6.00E+01
fas 4.03E+02 3.47E+02 9.39E+01

maximum number of fitness evaluations and number of
runs presented in Sect. 8.1 were considered. When the
results for all functions of the algorithms presented in the
special session were compared, G-CMA-ES was pointed as
the algorithm with the best average performance (Garcia
et al. 2009).

Figures 7, 8, and 9 show the mean of the error f(x"®t) —
f(x*) (error between the best fitness found during the run
and the fitness at the global optimum) for the test functions,
respectively, with m = 10, m = 30, and m = 50 for the
algorithms (including RqGES). The results shown in those
figures were obtained in the respective papers (see last
paragraph) and in Tables 13, 14, and 15 for RqQGES. The
results for RqQGES with different values of m are still
presented in Figure 10.

Tables 16, 17 and 18 present the rank (for the perfor-
mance regarding the mean best fitness error) for RQGES
when compared with the results of other algorithms. A rank
i means that RQGES was the i-th best algorithm. When &
algorithms present the same mean best fitness error values,
the mean between the maximum and minimum rank for
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Table 14 Experimental results of the error of the best fitness
obtained for algorithm RqGES on the test functions with m = 30

Table 15 Experimental results of the error of the best fitness
obtained for algorithm RqGES on the test functions with m = 50

Prob Median Mean std Prob Median Mean std

h 3.65E—07 1.54E—-06 5.31E—-06 f 4.50E—06 7.21E-03 1.76E—02
H 1.77E—06 1.74E—06 4.29E—-07 H 1.85E—-03 2.16E—03 1.08E—03
f 8.55E+05 9.43E+4-05 3.22E+405 f 1.13E4-06 1.13E4+-06 3.09E+4-05
fa 6.71E—02 4.58E—01 8.53E—-01 fa 6.82E+02 7.85E4-02 5.64E+02
fs 2.41E+03 2.31E4-03 5.57E402 fs 6.18E+03 6.38E4-03 1.33E4-03
fe 2.29E+02 1.75E4-03 2.74E4-03 fe 3.91E+402 6.74E4-02 8.36E+4-02
f 1.12E—06 2.69E—03 4.36E—03 f 2.89E—06 1.43E—02 4.73E—02
s 2.10E+01 2.10E4-01 3.76E—02 13 2.11E401 2.11E+401 3.49E—-02
fo 9.95E+00 9.74E4-00 3.71E4-00 fo 5.37E+01 5.89E4-01 2.73E401
fio 9.95E+00 9.24E+4-00 3.09E+4-00 fio 2.39E+4-01 2.40E+01 6.88E+4-00
fi 3.71E+400 3.60E+4-00 1.92E+4-00 fu 1.28E+4-01 1.28E+01 3.62E+4-00
fi2 4.23E403 8.90E+4-03 1.03E4-04 fi2 3.64E4-04 4.31E+04 3.73E4-04
fi3 3.03E4-00 3.26E4-00 7.49E—-01 fi3 5.45E+00 5.63E4-00 7.70E—01
N 1.25E+401 1.24E4-01 3.22E—-01 N 2.18E+01 2.18E4-01 2.13E—01
fis 3.70E+4-02 3.37E+02 9.37E4-01 fis 4.00E+02 3.53E402 1.02E4-02
fie 4.43E+01 1.77E4-02 1.78E+4-02 fie 2.67E+01 4.99E+01 7.72E+01
fi7 3.07E+01 1.04E+02 1.14E+402 fi7 2.12E+01 3.20E+01 3.37E+401
fis 9.09E+02 8.99E+4-02 3.01E+401 fis 9.00E+02 9.00E+4-02 3.20E—02
fio 9.07E+402 8.94E4-02 3.54E4-01 fio 9.00E+02 8.81E4-02 9.29E4-01
fo 9.09E+02 9.04E4-02 2.20E4-01 o 9.00E+02 8.83E4-02 9.37E4-01
i 5.00E+02 5.71E4-02 2.18E402 fu 1.17E4-03 8.79E4-02 3.43E402
I 8.92E4-02 8.91E+02 6.12E+4-00 I 9.37E+02 9.34E4-02 1.17E401
S 5.34E+02 5.59E4-02 1.29E+4-02 /3 5.40E+02 6.57E4-02 2.44E402
Joa 2.00E+-02 2.00E+4-02 7.40E—04 S 2.00E+4-02 2.00E+4-02 6.53E—02
Jas 2.00E+4-02 2.00E+4-02 2.13E+400 fos 2.09E+4-02 3.20E+4-02 3.07E4-02

such group is considered and a “¢” is indicated in the table
(e.g., when RqGES and another algorithm presented the
best performance, the rank was set to 1.5t).

Tables 19, 20, and 21 present the statistical comparison
of RqGES to the other algorithms regarding the results of
two groups of functions (f; — f>5 and the hybrid composi-
tion functions fi5 — f>5), as in (Garcia et al. 2009). The p
value of the Wilcoxon signed rank test presented in the
tables is obtained comparing the vectors with the mean
results obtained for each function for RqGES and
Alg. A. The values in the second parentheses indicate the
difference between the number of times (functions) that the
mean of the error for RqQGES is smaller than the mean of
the error for Alg. A and the number of times (functions)
that the mean of the error for Alg. A is smaller than the
mean of the error for RQGES. A negative value indicates
that Alg. A presented smaller mean (when compared with
RqGES) on more functions.

One can observe that, for the experiments with m = 10,
the performance of RqQES was significantly worse than the
performance of BLX-GL50 and G-CMA-ES for the group
fi —f»s, while it was significantly better than the

performance of K-PCX for the group fi5 — f>5s (Table 19).
For the experiments with m = 30, RqQES was significantly
better than CoEVO in both groups (Table 20). In general,
RqES presented better performance for high dimension and
multimodal functions.

It can be observed (Tables 16, 17, 18; Figs. 7, 8, 9)
that RqGES presents good results on the functions with
noise (functions f; and fi7). In the multimodal function
/17, RQES was the best algorithm for m = 10 and m = 50,
while it was the second best algorithm for m = 30 (one
can observe in Figs. 8, 9 that the performance of RqGES,
differently for the other algorithms, did not deteriorated
from function fi¢ to function fi;, obtained by adding noise
to function fi6). In the unimodal function fy, RqES is the
best algorithm for m =50 and the second best for
m = 30. RqGES presents the best results on function f;
(with the exception for m =50 where RqGEs is the
second best algorithm), which is differentiable only on a
set of points (Suganthan et al. 2005). The properties of
function f; can also explain the better results of RqGES
on the hybrid composition functions where function fj;
was used.
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Such properties (noise and rugged landscapes) can rep-
resent obstacles for algorithms that intensively explore
local information about the search landscape to guide the
optimization process, like some of the best EAs used in

@ Springer
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problem

continuous optimization problems. The good performance
of RqGES on such problems can be explained by the
eventual use of higher values of g to produce larger jumps
on the search landscape. However, eventual large jumps
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Table 16 Rank of the mean of the fitness error of RQGES (when
compared with 11 algorithms: BLX-GL50, BLX-MA, CoEVO, DE,
DMS-L-PSO, EDA, G-CMA-ES, K-PCX, L-CMA-ES, L-SADE, and

SPC-PNX) on the test functions with m = 10

-

N

3 4 5 6 7 8 9

Prob f H
Rank 12 12
Prob f] 0 f] 1
Rank 3 1

Prob fio S0
Rank 7 6

f3
12

Jiz
12

fa
11

fa
8
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10

fo
10

fs
8

Jia

I
11

fe
12

fis

S

fi
3

fie
3

fas

Js
10t

fi7
1

fo
8

fis

Table 17 Rank of the mean of the fitness error of RQGES (when

compared to 8 algorithms: BLX-GL50, BLX-MA, CoEVO, DE,
G-CMA-ES, K-PCX, L-CMA-ES, and SPC-PNX) on the test func-

tions with m = 30

Prob h ¥
Rank 8 6
Prob  fio fu

Rank 3 1

Prob  fio  fa
Rank 3 5

/3
8

fiz

fai

Ja
2

fi3

fn
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7

fia

S

fo
9

fis

foa
2.5t

f
4
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8

fi7
2
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4
flS

Table 18 Rank of the mean of the fitness error of RqGES (when
compared with 2 algorithms: G-CMA-ES and L-CMA-ES) on the test

functions with m = 50

Prob  fi f
Rank 3 3
Prob  fio  fu
Rank 2 2

Prob  fi9  fa
Rank 1 1

VE
3

le
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fa
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3
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3

f16

s

S
3

Jin
1

fo
2
fis

problem

10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25

Table 19 Statistical comparison of RqGES to other algorithms
regarding the mean of the fitness error on the test functions with

m=10

Alg.

fi —fas

flS 7f25

RqGES — BLX-GLS50
RqGES — BLX-MA
RqGES — CoEVO
RqGES — DE

RqGES — DMS-L-PSO

RqGES — EDA
RqGES — G-CMA-ES
RqGES — K-PCX
RqGES — L-CMA-ES
RqGES — L-SADE
RqGES — SPC-PNX

2.99E-02 (s—), (—12)

9.25E—01 (), (=1)
4.43E—01 (4), (+5)
1.I0E—01 (-), (=8)
4.93E-01 (-), (=3)
SA4SE—01 (=), (=3)
5.81E—03 (s—), (—15)
3.39E-01 (+), (+3)
5.45E-01 (=), (=5)
443E—-01 (-), (=1)
1.58E—01 (—), (=5)

2.06E—01 (=), (—5)
2.06E—01 (+), (+5)
1.75E=01 (+), (+5)
3.20E—01 (=), (—3)
8.98E—01 (4), (+3)
7.65B—01 (+), (+1)
6.54E—02 (=), (—5)
9.77B—03 (s+), (+9)
7.65E—01 (=), (1)
7.65B—01 (+), (+1)
1.75E—01 (=), (=3)

Table 20 Statistical comparison of RqGES with other algorithms
regarding the mean of the fitness error on the test functions with

m =30

Alg.

fi = fos

fis —fos

RqGES — BLX-GL50
RqGES — BLX-MA
RqGES — CoEVO
RqGES — DE

RqGES — G-CMA-ES

RqGES — K-PCX
RqGES — L-CMA-ES
RqGES — SPC-PNX

9.89E—01 (—), (—1)
7.32E—01 (=), (0)
1.57E—03 (s+), (+19)
4.75E—01 (), (+8)
4.93E—01 (), (=5)
8.61E—01 (—), (—1)
9.68E—01 (=), (—5)
3.17E=01 (+), (+4)

1.00E+00 (+), (+1)
8.46E—01 (=), (0)

9.77E—04 (s+), (11)
1.93E—01 (+), (+6)
8.98E—01 (+), (+1)
3.65E—01 (+), (+3)
9.66E—01 (—), (=3)
4.92E-01 (=), (0)

makes RqGES to generate less candidate solutions, when
compared with other algorithms, close to the best found
solutions, which explains the worse performance of
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Table 21 Statistical comparison of RqGES to other algorithms
regarding the mean of the fitness error on the test functions with
m = 50

Alg. fi —fos fis — frs

RqGES — G-CMA-ES 8.82E—01 (=), (=5) 3.65E—01 (+), (+3)
RqGES — L-CMA-ES  3.97E—01 (+), (+1) 4.65E—01 (+), (+3)

RqGES on the unimodal functions (with exception for
function f;). Besides, RQGES does not employ additional
mechanisms to explore local information about the search
space, what explains the worse performance, when com-
pared with the best algorithms, in unimodal and multi-
modal functions where such information is useful to guide
the optimization process.

On function f>s, higher values of ¢ were useful too, as
the global optimum is outside the initialization range. It can
also be observed that RqQGES has a good performance on
rotated functions, e.g., fio, because the g-Gaussian muta-
tion is generated from an isotropic distribution. One can
observe, in Figs. 8 and 9, that RqGES is the only algorithm
where the performance did not deteriorate when function fy
was rotated to generate function fjo. In the figures, one can
observe that the error for fjo is higher than for foy for all
algorithms, except for RqQGES.

9 Conclusion and future work

The use of self-adaptation is proposed in this paper to
control not only the mutation strength parameter, but also
the mutation distribution for EAs. For this purpose, self-
adapted g-Gaussian mutations generated from anisotropic
and isotropic distributions are employed. The g-Gaussian
distribution allows to smoothly change the shape of the
mutation distribution by setting a real parameter ¢ and can
reproduce either finite or infinite second moment distribu-
tions. In the proposed method, the real parameter g of the
g-Gaussian distribution, which defines the shape of the
distribution employed by the mutation operator, is encoded
in the chromosome of the individual and is allowed to
evolve.

In the proposed method, the decision of choosing which
distribution is more indicated for a given problem and at a
given moment of the evolutionary process is made by the
algorithm. This property can be observed in the experi-
mental results presented in Sect. 8, where the proposed g-
Gaussian mutation generally presents a performance simi-
lar to or better than the Gaussian mutation when the
Gaussian mutation is better than the Cauchy mutation and
generally presents a performance similar to or better than
the Cauchy mutation when it is better than the Gaussian

@ Springer

mutation. Generally speaking, the experimental results
indicate the efficiency of the proposed self-adaptation
scheme.

In this paper, EP was selected to compare the Gaussian,
Cauchy, and g-Gaussian mutations because it only uses
mutation as a transformation operator. In this way, it is
easier to analyse the influence of each type of mutation
operators. In fact, the g-Gaussian mutation can be used in
other types of EAs. The results for the EP with g-Gaussian
mutation can be improved if recombination and other
heuristics are used, which was shown by the experimental
results of the restart g-Gaussian ES presented in this paper.
RqGES presented competitive performance when compared
with some of the best EAs for real-parameter optimization.
The possible use of the g-Gaussian mutation in ESs with
adaptive encoding (Hansen 2008), which is a form of
applying the representation changes given by the covari-
ance matrix adaptation (CMA) in the continuous domain, is
a relevant future work. Other future works include the
investigation of other control methods for the g parameter
(including self-organization Tinés and Yang 2007), and the
use of the g-Gaussian mutation for dynamic optimization
problems (Wang et al. 2009), like the optimization of syn-
aptic weights in evolutionary neural networks in dynamic
environments (Tinds and Carvalho 2006).
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