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Abstract This paper discusses fuzzy portfolio selection
problem in the situation where each security return belongs
to a certain class of fuzzy variables but the exact fuzzy
variable cannot be given. Two credibility-based minimax
mean-variance models are proposed. The crisp equivalents
of the models to linear programming ones are given in
three special cases. In addition, a general solution algo-
rithm is also provided. To help understand the modeling
idea and to illustrate the effectiveness of the proposed
algorithm, one example is presented.

Keywords Fuzzy portfolio selection - Minimax model -
Portfolio optimization - Fuzzy programming - Investment
analysis

1 Introduction

Portfolio selection has been one of the hottest research
topics in financial area since Markowitz proposed his
famous mean-variance theory (Markowitz 1952, 1959).
Markowitz’s great contribution is that he initially proposed
a mathematical way for analyzing portfolio selection
problem. Since Markowitz, mean-variance idea has been
remaining the most popular principle for portfolio selec-
tion. Traditionally, security returns were assumed to be
random variables. A variety of mean-variance models have
been constantly developed (e.g., Abdelaziz et al. 2007;
Corazza and Favaretto 2007; Hirschberger et al. 2007; Liu
et al. 2003). As an improvement of mean-variance models,
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mean-semivariance models have been proposed employing
semivariance as the measure of risk (Chow and Denning
1994; Grootveld and Hallerbach 1999; Markowitz 1959).
Different from defining the deviation from the expected
value as risk, the probability of a pre-set level of loss was
considered as risk by Roy (1952), Elton and Gruber (1995),
William (1997) and so on. Recently, Huang (2008a) pro-
posed a new definition of risk and presented a new mean-
risk model by maximizing the expected return under the
constraint that the risk curve of the portfolio is below the
confidence curve.

Since many non-probabilistic factors may affect the
security market, in many situations security returns contain
much fuzziness instead of randomness. With the intro-
duction and development of fuzzy set theory, scholars
began to study portfolio selection problem with fuzzy
returns. The researches mainly focused on extending mean-
variance selection idea to fuzzy environment and a variety
of fuzzy mean-variance models have been developed
(Arenas-Parra et al. 2001; Bilbao-Terol et al. 2006;
Carlsson et al. 2002; Tanaka et al. 2000). In particular,
Huang (2007a, 2009) argued that credibility is a more
suitable measure than possibility for a fuzzy event and
proposed (Huang 2007a) two credibility-based fuzzy mean-
variance models. As an extension of using semivariance to
measure portfolio risk, Huang (2008b) defined the semi-
variance of fuzzy variable and proposed fuzzy mean-
semivariance models for fuzzy portfolio selection.

Since the security market is so sensitive to various
economic and political factors, sometimes exact random
variables or fuzzy variables cannot be given to describe the
security returns. Thus people have to handle portfolio
selection with more complex uncertainty, and different
mean-variance models were proposed. When the security
returns are regarded to be random but the expected return

@ Springer



252

X. Huang

of each underlying random asset varies in an estimated
interval, Deng et al. (2005) proposed a stochastic minimax
model by maximizing the worst possible expected rates of
returns on portfolios. When the security returns are regar-
ded to contain fuzziness with random parameters, Ammar
(2008) and Li and Xu (2009) employed fuzzy random
programming method to select the optimal portfolio. When
the security returns are regarded to be random but the
expected returns of the securities are fuzzy, Huang (2007b,
2008c) proposed different random fuzzy mean-variance
models. In this paper, we will discuss the portfolio selec-
tion problem in a different complex uncertain environment
where each underlying security is predicted to belong to a
class of fuzzy variables but the exact fuzzy variable cannot
be given.

The rest of the paper is organized as follows: to help
better understand the paper, the mean-variance selection
idea proposed in Huang (2007a) will be reviewed first in
Sect. 2. Necessary knowledge about fuzzy variables will
also be presented in the section. Then two credibility-based
minimax portfolio selection models will be proposed in
Sect. 3, and the crisp equivalents of the new models will be
given in some special cases in Sect. 4. In Sect. 5, a hybrid
intelligent algorithm will be provided for solving the
optimization problems in general cases. In Sect. 6, one
numerical example will be presented to illustrate the
effectiveness of the proposed algorithm. Finally, the con-
cluding comments will be presented in Sect. 7.

2 Fuzzy mean-variance selection idea

In the field of fuzzy portfolio selection, many scholars have
extended Markowitz’s mean-variance models (e.g., Arenas-
Parra et al. 2001; Carlsson et al. 2002; Bilbao-Terol et al.
2006; Lacagnina and Pecorella 2006; Zhang et al. 2007).
In particular, Huang (2007a, 2009) proposed that credi-
bility is a more suitable measure than possibility measure
for fuzzy portfolio selection because credibility is self-dual
while possibility is not. Using possibility measure, we find
that two fuzzy events with different occurring chances may
have the same possibility value 1. Furthermore, we find
that whenever the possibility value of a portfolio return
greater than a target value is lower than 1, the possibility
value of the opposite event (i.e., the portfolio return less
than or equal to the target value) is the maximum value of
1; or whenever the possibility value of a portfolio return
less than or equal to a target value is lower than 1, the
possibility value of the opposite event (i.e., the portfolio
return greater than the target value) is the maximum value
of 1. For example, for a portfolio return described by
the triangular fuzzy variable ¢ = (0, 1, 2), though the
occurring chances of the return being lower than 1 and than
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1.5 are different, the possibility values of the two events are
the same value of 1, ie., Pos {&< 1} = Pos
{& < 1.5} = 1. In addition, it can be calculated that the
possibility value of the portfolio return not greater than 0.5
is 0.5, while the possibility value of the opposite event is 1,
i.e., Pos {& < 0.5} = 0.5, while Pos {& > 0.5} = 1. These
results are quite awkward and will confuse the decision
maker. Thus, Huang measured portfolio risk and return
based on credibility. Furthermore, Huang argued that it is
easier and more direct to describe a security return by fuzzy
variable than by fuzzy probability. As a counterpart of
Markowitz’s mean-variance models in stochastic environ-
ment, Huang proposed two new credibilistic mean-variance
models (Huang 2007a). Other fuzzy portfolio selection
models can be found in Huang (2009).

Let x; be the investment proportion in the ith security,
and &; the fuzzy variable that represents the ith security
return. The ¢ is defined as & = (p; + d; — py)l
pi,1i=1,2,.., n, respectively, where p;- is the estimated
closing price of the security i in the future, p; the closing
price of the security i at present, and d; the estimated
dividend of the security i from now to the future time. The
mean-variance selection idea is to regard the expected
value of the fuzzy portfolio return as the investment return
and the variance the investment risk. Thus, the investors
should select the portfolio with the maximum expected
return under the constraint that the variance of the portfolio
return will not be greater than a preset tolerable level. The
mathematical expression of the idea is as follows:

max E[x;&; +x28, + -+ +x,E,)

subject to:

Viné +xé 4+ +x] <y (1)
Xi+x+-+x,=1

.X,'ZO, i:1,2,...,n

where 7 is the maximum tolerable variance level, and E the
expected value operator and V the variance operator based
on credibility measure defined as follows:

Let ¢ be a fuzzy variable with membership function p.
The credibility measure is defined as (Liu and Liu 2002)

1
cr g ea) =3 (swput) + 1-swputy) ) o)
2\ rea rcAe
for any set A of real numbers. It is easy to see that credi-
bility is self-dual.
The expected value of ¢ is defined as (Liu and Liu 2002)

E[g]:/Cr{gzr}dr— / Cr {¢<rhdr 3)

provided that at least one of the two integrals is finite. If the
fuzzy variable ¢ has a finite expected value, then its
variance is defined as (Liu and Liu 2002)
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2 min  max Vx x I
vig = E[(e - Elg)). ORI R
subject to:
c {IEP<”E[XI§I +x252+"'+xnén}2b (6)
3 Fuzzy minimax mean-variance models A=
¥ ey, i=1,2,...,n
As discussed in Sect. 1, th ious kinds of R
s discussed in Sect. 1, there are various kinds of uncer- >0, i=12,...n

tainty in the security market. Sometimes, the market is so
complex that the investors only know that the security
returns belong to a certain class of fuzzy variables. Then
how should the investors select their optimal portfolio? In
this section, we will handle such a complex fuzzy portfolio
selection problem.

Suppose each security return &; is fuzzy and known to
belong to a certain class of fuzzy variables I';. Let 5 be the
maximum variance level the investors can tolerate. Then,
for the safety purpose of decision making, the investors
should first require that the maximum variance of the
portfolio return in all cases should not be greater than the
pre-set 8 level and then pursue maximum expected return
in the worst case. To express the idea mathematically, we
have the model as follows:

x,"{nﬁaixﬁn fn]ng}lﬁnE[xlﬁl +X2§2 Tt xnén]

subject to:

(JE, Vi A bt bl < 0
&ely, i=12,--.n

X1+x 4+ +x,=1

x>0, i=1,2,...,n,

where E denotes the expected value operator of the fuzzy
variables, and V the variance operator. The formula

max Vx & + 086+ +x,&,] gives the maximum
& 1<i<n

variance value (i.e., the maximum risk level) of the port-
folio return in all cases. The constraint : max Vixi & +
pl<i<n

x& + -+ x,&,] < means that the variance value of the
portfolio return in any cases will not be greater than the
preset level f5. It is clear that the portfolios satisfying this

constraint are safe ones. The formula min E[x & +
&i,1<i<n

28 + -+ + x,¢&,] finds the expected value in worst case,

and the objective function  max min  E[x & +
xpl<i<n &1<i<n

28y + -+ + x,&,] means that the optimal portfolio should
be the one with maximum expected return in the worst
case.

If the investors preset a threshold of expected value b,
they should first require that the minimum expected return
in all cases should not be less than this pre-set level, and
then pursue the portfolio with minimum variance value
in the worst case. The mathematical expression is as
follows:

4 Crisp equivalents

To use traditional methods to solve the models (5) and (6),
we need to convert the models into traditional program-
ming models. Normally distributed fuzzy variable and tri-
angular fuzzy variable are two popular types of fuzzy
variables. Let us first review them briefly and then discuss
the crisp equivalents of the proposed models when all the
security returns can be described by either of the two
special types of fuzzy variables.

Example 1. A fuzzy variable ¢ is called a normally dis-
tributed fuzzy variable if it has a normal membership
function

nlr — e| -
,u(r)—Z(l—l—exp(i , FrER o>0,
V60

where e is the expected value of ¢ and o the variance
value. We denote it by ¢ ~ A (e, 0). It has been proven (Li
and Liu 2007) that a normally distributed fuzzy variable
has a maximum entropy among all types of fuzzy variables
with expected value e and variance value ¢°.

A security return with maximum entropy distributes
most dispersively, and it will be most difficult to predict
whether a specific return value will occur. Thus, if only the
expected and variance values of the security return can be
given, a conservative investor can use the normally dis-
tributed fuzzy variable to describe this security return.
Usually the intervals of the expected return and the vari-
ance value can be obtained. Then the investor can use a
class of normally distributed fuzzy variable to describe the
security return.

Theorem 1 Assume that each security return &; can be
described by a class of normally distributed fuzzy vari-
ables, i.e., &~ N (e;, 0;), where e; € [ey;, eu],0; € [0, 04i]
(see Fig. 1). Then Model (5) can be converted into the
following model:

maxxie; + x2ep + -+ -+ x4,

subject to:

X1041 +x26u2 + - +xn0un S \/B (7)
X1+x+-+x,=1
x>0, i=12,...,n
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Fig. 1 Membership functions of a class of normally distributed fuzzy
variables

Proof We know from Li and Liu (2007) that a weighted
sum of normally distributed fuzzy variables is also nor-
mally distributed. That is, if fuzzy variables 1, ~ N (e, o1)
and n, ~N(ey,07) are normally distributed fuzzy vari-
ables, then for any real numbers A; and /,, the fuzzy var-
iable A;1; + Zonp is also a normally distributed fuzzy
variable with expected value 1;e; + A,e, and variance

(|21]61 + |42|02)*, whose membership function is

n|r — (L1e1 + Aes)] -
u(r) =21 1+exp
< \/6(|}v1|61 + ‘/12|62)
. max Vixi & +xé&6+ - +x,&,] can be
i1 <i<n .
converted into (xj0,; + x20,0 + -+ + x,,a,m)2 since x; > 0

for i =1, 2,...,n, which implies that only those securities
whose returns are & ~N (e, 0,), ¢ € [en, €], 1 <i<n

Therefore,

need pass the constraint check. Then max
xi,1 <i<n

min E[x & +x& + -+ +x,&,] now becomes max
&,1<i<n xi,1<i<n

min E[x; & +x& + - +x,& ], and can be converted
&1<i<n

into maxxje; +xep + - +x,e, since x; >0 for
i =1, 2,...,n. Thus, the theorem is obvious.

Example 2 A fuzzy variable ¢ is called a triangular fuzzy
variable if it has a triangular membership function which is
given by

\
|

4 ifa<r<b

b—a’ .
w(r) =< =5, ifb<r<c
0, otherwise.

We denote it by ¢ = (a, b, ¢). Especially, if b — a = ¢ —

b, we call it the symmetrical triangular fuzzy variable. If
the investor believes that the security returns can be
described by the symmetrical triangular fuzzy variables but
is not very sure about the lowest and highest values that the
security returns may reach, he or she can use a class of
symmetrical triangular fuzzy variables to describe the
security returns.

Theorem 2 Assume that each security return &; can be
described by a class of symmetrical triangular fuzzy
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Fig. 2 Membership functions of a class of triangular fuzzy variables

variables &; = (a;, b;, 2b; — a;), where a; € [ay, a,], 1 <
i < n (see Fig. 2). Then model (5) can be converted into
the following model:

maxx1b; +x2by + - + x,b,

subject to:

xi(b1 —an) +x2(by —ap) + -+ + x,(by — ay) <\/6p
x1+x+--+x,=1
x,-ZO, = 1,2,...,}1.

(3)

Proof We know from Liu (2002) that a weighted sum of
triangular fuzzy variables is also a triangular fuzzy vari-
able. That is, if fuzzy variables n; = (a;, by, ¢;) and
12 = (ay, by, cp) are triangular fuzzy variables, then for
any real numbers 4; > 0 and A, > 0, the fuzzy variable
At + daly = (A1a1 + Jay, aby + Jaby, 2icy + Aacy) is
also a triangular fuzzy variable. It can be calculated that for
a symmetrical triangular fuzzy variable = (a, b, c¢), its
expected value is b and variance value is (¢ — a)*/24.
Therefore, »1ln<aix<nV[x151 +xé6 4+ +x,&,] can be

&
converted into (Y0, xicui — S xiag) /24 = (3 xibi—
Z?:lxiali)z/@ which implies that only those securities
whose returns are &; = (ay, by, ¢,;), | < i < n need pass

the constraint check. Then max min E[x; &+
X, 1 <i<n &, 1<i<n
xé&+--+x,&,] now becomes max min E[x1§'1—|—

Xl <i<n & 1<i<n
xzélz—i—---—i—xnéil], and can be converted into maxx;b; +
X2by + - -+ +x,b,. Thus, the theorem is obvious.

Theorem 3 Assume that each security return &; can be
described by a class of symmetrical triangular fuzzy vari-
ables &; = (a;, a; + t;, a; + 2t;), where a; € [ay, a,], 1 <
i < n (see Fig. 3). Then model (5) can be converted into
the following model:

max xy(an +t1) +x2(ap +t2) + - - + xu(@m + ta)

subject to:

X1ty +x80 + - Fx01, < \/6—[?

X1+x 4+ +x,=1

x>0, i=1,2,....n
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Proof From the properties of the symmetrical triangular
fuzzy variable, we know that the expected value of the
fuzzy variable n = (a,a +t,a+ 2t) is a + t and the
variance value is 7%/6. Thus, the theorem is obvious.

5 Hybrid intelligent algorithm

Though in some special cases we can convert the proposed
models into their crisp equivalents as shown in Sect. 4,
however, in other cases, it is difficult to do so. Therefore,
we need to find an algorithm to solve the proposed opti-
mization problems in general cases. Genetic algorithm
(GA) was proposed by Holland (1975). It does not require
much mathematical analysis on the underlying optimiza-
tion problems and has solved many complex optimization
problems that are difficult to solve in traditional methods.
In Huang (2007a), we have designed a fuzzy simulation
based GA to solve the fuzzy mean-variance models in
which fuzzy simulation is used to calculate the expected
and variance values and GA is used for finding the optimal
portfolio. In the algorithm, the solution time is mainly
spent on the simulation procedures for calculating the
expected and the variance values. Though the algorithm
can be revised to solve the minimax models (5) and (6),
however, when checking the constraints, we have to
employ fuzzy simulation to calculate a sufficient number of
expected values or the variance values in order to find the
maximum variance value for Model (5) or the minimum
expected value for Model (6). Thus, when using fuzzy
simulation to calculate the expected value and the variance
value, the algorithm will take a long time to find the
optimal solution. Neural network (NN) is famous for
approximating any nonlinear continuous functions over a
closed bounded set (Leshno et al. 1993). In order to speed
up the computational process, we employ an NN to
approximate the expected and variance values, respec-
tively. Then the trained NN is integrated into GA to find
the optimal portfolio. In the following, we introduce in
detail the NN training process and summarize the hybrid
intelligent algorithm.

p(r)

ap; Aoy r

Fig. 3 Membership functions of a class of triangular fuzzy variables

5.1 Generating training data by fuzzy simulation

In order to train neurons to approximate the fuzzy expected
value and variance value, one set of expected values and
one set of variance values are first generated by fuzzy
simulation as the training data sets. The detailed intro-
duction for calculating expected and variance values by
fuzzy simulation has been presented in Huang (2007a). Let
x = (x1,x2,...,x,) represent the decision vector, where x;
are the investment proportions in the ith securities and n the
number of the securities. Let C = (cy, ¢3,...,c,,) denote the
chromosomes, d; and d, the expected and variance values
obtained by fuzzy simulation, respectively. The algorithm
for generating training data is summarized as follows:

Step I Define the number of training data N in each
training set.

Step 2 Set j = 1.

Step 3 Randomly generate a vector C = (cy, ¢3,...,C;,)
from the hypercube [0, 1]". Set

T totta,

X; i=1,2,...n (10)
which ensures that x; + x, +---+ x,, = 1 always holds.
Step 4 Use fuzzy simulation to calculate the expected
value d; = E[x;&; + ¢ ++--+ x,6,] and variance
value d = V[x; & + x& +---+ x,,], respectively.
Step 5 If j <N, then j=j+ 1 and go to step 3.
Otherwise, stop.

5.2 Training NN

Determining network structure Before training the NN, we
should determine the network structure, i.e., the number of
hidden layers and the number of hidden neurons. Since in
practice it is usually enough to train the NN with one hidden
layer to approximate the uncertain function, in our paper,
we consider the NN with one hidden layer connecting the
input layer and the output layer in a feed-forward way. For
example, for Model (5), we train one NN with n neurons in
the input layer, & neurons in the hidden layer, and two
neurons in the output layer to approximate the expected
value function E[x;&; + x,& +---+ x,£,] and the variance
value function V[x;&; + x¢ +---+ x,&,], respectively.
The number of hidden neurons /4 can be determined by the
pruning algorithm (Castellano et al. 1997).

Training NN by backpropagation algorithm Let wg be
the weight vector of the jth input neuron connected to the
ith hidden neuron, a),lj the weight vector of the jth hidden
neuron connected to the ith output neuron, and p the
activation function of neurons in the hidden layer, e.g.,
p(x) = tanh(x). Then the outputs of the neurons in the
hidden layer are
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=p (Z a)ng + w?0> = tanh <Z a)ng + w?0> ,
j=1 j=1
i=1,2,...,h, (11)

and the outputs of the neurons in the output layer are
Zcouxl +oy, i=1,2. (12)

The aim of the NN training is to minimize the error
between the target output produced by the NN and the
actual output (in our case, the expected and variance values
obtained by fuzzy simulation) by updating the weight
values continuously.

Backpropagation algorithm is a well-known learning
algorithm for NN training and is adopted in the paper.
Assume that by fuzzy simulation we have obtained big
enough training data (x,yy;) and (x,yy),i = 1,2,...,N, for
the expected and variance values, respectively. The weight
values will be updated continuously in the training phase
until the following error function

1 2 N
Brr(o) = 353> v — dul (13)
k=1 i=1

is small enough, i.e.,
Err(w) <,

where ¢ is a preset small enough error rate.

To minimize the error function, we first randomly gen-
erate an initial weight vector @ for the neural network. Set
Awlll =0fori=1,2andj =0, 1, 2,...,h, and Awg = 0 for
i=1,2,.,hand j =0, 1, 2,..,n. Then the weights are
adjusted by an on-line learning process. Take the tth
sample as an example. It is known from Eqs. (11) and (12)
that the outputs of the hidden neurons are

n
:tanh(ngx,J—i—wg)), i=1,2,...,h,
=1

and the outputs of the NN are
Zw X, —|—wlo, i=1,2.

Then the error between the rth target output and actual
output is

= %((y” - d],t)z + (y2r — d2,t)2)' (14)

The weights of the NN will be adjusted continuously
based on the error function Err;(®). For the hidden output
weights f, i = 1,2, j =0, 1, 2,...,h, we have
OErr,
ow;;

Err, ()

+ nAwl

lj7

Awl-'j<——oc w — o —|—Awu, (15)
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OErr,
@w.l‘ - (ytl dtl) Xejs
ij

between 0 and 1, e.g., o« = 0.05 and n = 0.01.

where and o« and u are numbers

For the input-hidden weights wg, i=1,2,..hj=
0, 1, 2,...,n, we have
Ao’ CBrr, AW’ 0 A 16
W — —o 0+17 i a)<—a)—|— a)l], (16)
l]
where aE"’*Xu( — (1)) X8 u — i)y

When the NN has been trained over all the numbers of
input—output training data, the average error is calculated
according to the error function (13). Repeat the training
process until the error is less than the predetermined pre-
cision ¢ or the maximum iteration times N’ is met.

The algorithm for training the NN is summarized as
follows:

Step 1 Initialize weight vector w, and set the parameters
including error rate ¢ and « and 7. Set t = 0, and i = 1.
Step 2t < t+ 1.

Step 3 Adjust the weights according to (15) and (16).
Step 4 Calculate the error Err, according to (14).

Step 5 If t < N, go to step 2.

Step 6 Set Err = >N | Err,.

Step 7If Brr > ¢, and i <N, theni «i + 1 and t = 0,
and go to Step 2.

Step 8 End.

5.3 Hybrid intelligent algorithm

Initialization After training NN, the trained NN is
embedded into the GA to produce the hybrid intelligent
algorithm. For the detailed introduction of the GA, the
interested readers can refer to Huang (2007a). Here, we
introduce in detail the initialization operation in which the
feasibility checking and the computation of objective val-
ues are also introduced, and then summarize the hybrid
intelligent algorithm.

When initializing chromosomes, for Model (5), first,
randomly generate a point C = (cy, ¢3,...,c,) from the
hypercube [0, 1]". Next, randomly select fuzzy vari-
ables {&, &oppe-nCr} from  the corresponding class
{I'1,I,,...,T,}, where 1 < k < N and N is a sufficiently
large number. After that, use the trained NN to calculate
the expected values E [x; &1 + x28x +---+ x,&,x] and the
corresponding variance values V [x;&yp + x0o +---+
x,&]- Among N couples of expected and variance values,
find the maximum variance value denoted by V.. and the
minimum expected value whose corresponding variance
value is V,.x. We denote this expected value by E,;,. Then
the feasibility of the chromosome C = (¢, ¢a,...,c,) 18
checked as follows:
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If Vyax > P return 0;

return 1;

in which 1 means feasible, and 0 non-feasible.

For Model (6), first, randomly generate a point
C = (¢y, ¢,...,¢,) from the hypercube [0,1]". Next, ran-
domly select fuzzy variables {, &opse-spr} from the
corresponding class {I['1,I%,...,I,}, where 1 <k <
N and N is a sufficiently large number. After that, use
the trained NN to calculate the expected values E
[x1&1x + x28ox+- -+ x,&0] and the corresponding variance
values V [x1&1x + x84+ x,&0]. Among N couples of
expected and variance values, find the minimum expected
value denoted by E,,;, and the maximum variance value
whose corresponding expected value is E,,;,. We denote
this variance value by V.. Then the feasibility of the
chromosome C = (¢, ¢»,...,¢,,) is checked as follows:

If E,in <b return 0;

return 1;

in which 1 means feasible, and 0 non-feasible.

If C is checked to be feasible, it is taken as an initial
chromosome. For Model (5), the expected value E,;, is the
objective value for this chromosome C; for Model (6), the
variance value V,,,, is the objective value for this chro-
mosome C. If C is checked to be infeasible, randomly
generate another point C from the hypercube [0,1]" until
the point is proven to be feasible and taken as an initial
chromosome. Repeat this process pop_size times, then
initial feasible pop_size chromosomes C;, C,,...,Cpp_size
are produced. In the meantime, we get the corresponding
objective values for these initial feasible pop_size
chromosomes.

Hybrid intelligent algorithm When the initial feasible
chromosomes are obtained through initialization operation,
the chromosomes will go through the operations of selec-
tion, crossover, and mutation. After finishing the whole
round, the new population will be ready for its next round
of selection, crossover, and mutation. The hybrid intelli-
gent algorithm will continue until a given number of cyclic
repetitions of the whole round is met (see Fig. 4). Sum-
marization of the algorithm is as follows:

Step I Generate two training data sets for the expected
and variance value functions by fuzzy simulation,
respectively.

Step 2 Train an NN to approximate the expected and
variance value functions, respectively, by back propa-
gation algorithm.

Step 3 Initialize feasible pop_size chromosomes, in
which the trained NN is used to calculate the constraint
values of the chromosomes and check the feasibility of
chromosomes.

Step 4 For all chromosomes use the trained NN to
calculate the objective values.

Step 5 Give the rank order of the chromosomes
according to the objective values, and compute the
values of the rank-based evaluation function of the
chromosomes.

Step 6 Compute the fitness of each chromosome
according to the rank-based-evaluation function.

Step 7 Select the chromosomes by spinning the roulette
wheel.

Step 8 Update the chromosomes by crossover and
mutation operations, in which the trained NN is used to
calculate the constraint values and to check the feasibil-
ity of the chromosomes.

Step 9 Repeat the fourth to the eighth steps.

Step 10 Terminate the repetition cycle when a fixed
maximum number of generations is reached. Take
the best chromosome as the solution for portfolio
selection.

6 Numerical example

To help understand the optimization idea and to illustrate
the effectiveness of the proposed algorithm, let us consider
one numerical example which is performed on a HP per-
sonal computer with CPU 2.8 GHz and memory size
2.0 GB. The parameters are set as follows: the fuzzy
simulation cycle is 3,000, the training data for the NN
3000, 15 hidden neurons, error rate ¢ = 0.003, maximum
iteration times 3,000, the population size 30, the proba-
bility of crossover P. = 0.3, the probability of mutation
P, = 0.3, the parameter a in the rank-based evaluation
function is 0.05.

Example 3 According to the data in security markets
and the experts’ knowledge, usually the expected values
of the security returns can be given. However, it is often
difficult to predict the exact numbers of the other
parameters of the security returns. From Shanghai Stock
Market we have ten securities, among which five security
returns belong to normally distributed fuzzy variables and
the rest five ones belong to triangular fuzzy variables. The
expected returns of the securities are given, but other
parameters can only be provided in an interval. The data
set is given in Table 1.

Suppose the investors accept 0.50 as the maximum
tolerable variance level. Since the expected values of the
security returns are known, according to Model (5), the
minimax fuzzy portfolio selection model is given as
follows:
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Table 1 Fuzzy returns of the ten securities

Security Fuzzy return

1 & = (ay, 140, 2.7 — ay), a; €[ —0.2,0.0]
2 & = (an, 1.60, 3.1 — ap), a, e[ —0.1, 0.3]
3 &3 =(as, 1.80, 3.6 — a3), az e[ —04, —0.2]
4 &y = (a4, 1.30, 2.6 — ay), as €[ —0.1, 0.1]
5 &s = (as, 2.30, 4.6 — as), as e[ —0.6, 0.0]
6 ¢e~N(2.0,01), o1 €][0.6,0.8]

7 & ~N(2.1,0,), 02 €][0.7,0.9]

8 &g ~N(1.5,03), o3 €[0.4,0.6]

9 &9~ N(1.8,04), 04 €][0.50.7]

10 ¢o~N(1.6,05), o5€]0.5,0.6]

max E[&x; + &xp + - + Ejoxp0)
subject to:
max IOV[fm + &xp + -+ -+ Eox10] £0.50

& l<i<
xitx -4 x=1
x>0, i=12,...10.

(17)

In order to solve this model, we first generate by fuzzy
simulation one training data set {xy;, Xo;....X105 Uli =
1, 2,...,3,000 } for the variance value function. An NN
with one hidden layer is used. Employing pruning
algorithm (Castellano et al. 1997), we set 15 hidden
neurons in the hidden layer. Then the NN is trained to
approximate the variance function. After training, we
randomly generated 12 samples and the comparison of the
variance values by fuzzy simulation and the trained NN is
shown in Table 2, where ”Difference” is the difference
between the NN result and the simulation result. It can be
seen that the maximum relative errors for the variance
value do not exceed 1% which is considered acceptable.

@ Springer

Table 2 Comparisons of the values by the trained NN and the values
by simulation

Variance by simulation Difference Relative error (%)
0.6216 —0.0059 0.95
0.7207 0.0061 0.85
0.5905 0.0042 0.71
0.5054 0.0012 0.24
0.6187 —0.0027 0.44
0.6632 —0.0063 0.95
0.5508 —0.0050 0.91
0.5711 0.0041 0.72
0.5363 —0.0044 0.82
0.5478 —0.0032 0.58
0.5589 0.0010 0.18
0.4896 0.0021 0.43

Next, we imbedded the trained NN into the GA to produce
the hybrid intelligent algorithm. A run of the hybrid
intelligent algorithm with 5,000 generations shows that
among ten securities, in order to gain the maximum
expected return in worst cases at the maximum variance
value not greater than 0.50, the investors should assign
their money according to Table 3. The corresponding
maximum expected return is 1.8933. The solution time
including NN training is about 12 min while the solution
time by using the fuzzy simulation based GA without NN
proposed in our previous paper (Huang 2007a) is about 4 h.
By using NN, the time for calculating the variance values is
greatly shortened. The solution time is mainly spent on the
training of NN. Once the NN is trained, the optimal
solution is found within only a few seconds.
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Table 3 Allocation of money to the ten securities (%)

Security i 1 2 3 4 5 6 7 8 9 10
Allocation of money 1.17 2.74 0.00 0.00 2.59 63.44 1.09 332 10.87 14.78
Table 4 Different allocation plans (%)

Security i 1 2 3 4 5 6 7 8 9 10
Expected value 14 1.6 1.8 1.3 2.3 2.0 2.1 1.5 1.8 1.6
Maximum variance 0.43 0.48 0.81 0.33 1.40 0.64 0.81 0.36 0.49 0.36
Allocation 1 1.17 2.74 0.00 0.00 2.59 63.44 1.09 3.32 10.87 14.78
Allocation 2 0.00 0.00 1.34 0.00 10.18 19.71 66.28 0.00 249 0.00
Allocation 3 0.00 0.00 0.00 0.00 25.7 4.87 69.43 0.00 0.00 0.00

Allocation 1, 2, and 3 represent the allocation plans when the preset variance values are set at 0.5, 0.7, and 0.8, respectively

It is seen from Table 3 that most of the money is allo-
cated to securities 6, 9, and 10. We calculate the expected
and the maximum variance values of the individual ten
securities and present them in Table 4. It is seen that
security 6 has the third highest expected value with the
maximum variance value bigger than 0.5 but lowest among
the securities whose maximum variances are bigger than
0.5. Security 9 has the highest expected value among the
securities whose maximum variance values are lower than
0.5 and security 10 has the second lowest maximum vari-
ance value with a not so low expected value. Thus, the
allocation plan is reasonable. We increase the preset tol-
erable variance at 0.7. Since securities 5, 6, and 7 are
securities with the highest expected value among all the ten
securities, we expect that more money will be allocated to
them with increase of the preset variance value. Since the
maximum variance values of securities 5 and 7 are both
higher than 0.7 with security 5 having he highest maximum
variance value of 1.40, it is estimated that some other
securities with low maximum variance may be included in
the optimal portfolio. We run the algorithm and present the
solution in Table 4. It is seen that the result is consistent
with our expectation. We further increase the preset vari-
ance at 0.8 and expect that allocation of money to securities
5, 6 and 7 will be increased. The result shown in Table 4
confirms our expectation. Furthermore, it is seen that
among securities 5, 6, and 7, when the preset variance
value becomes bigger, allocation proportion on security 7
with both higher expected and variance values among the
three securities becomes bigger. The result is also consis-
tent with our judgement.

7 Conclusions

This paper proposes two credibility-based minimax mean-
variance models for a fuzzy portfolio selection problem

where each security return belongs to a certain class of
fuzzy variables but the exact fuzzy variable cannot be
given. The proposed models are converted into linear
programming models in three special cases. A neuron
network imbedded genetic algorithm is provided for solv-
ing the proposed optimization problems in general cases. In
the algorithm, the neuron network is used to approximate
the expected value function and the variance value function
so that the solution time is greatly shortened.
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