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Abstract A recent paper was dedicated to find the nearest

fuzzy triangular approximations of a fuzzy number by using

a-weighted valuations. We prove, by simple examples, that

the results of approximations are not always triangular

fuzzy numbers and that in fact they are not fuzzy sets. We

give a correct solution of the problem of approximation in a

more general case, and we study the properties of identity,

additivity, translation invariance, scale invariance, and

monotonicity of the new approximation operator.

Keywords Fuzzy number � Triangular fuzzy number �
Approximation

1 Introduction

Several researchers focused on the calculus of the nearest

triangular or trapezoidal approximation of a fuzzy number,

with or without some additional conditions (Abbasbandy

and Amirfakhrian 2006; Abbasbandy and Asady 2004; Ban

2008; Delgado et al. 1998; Grzegorzewski and Mrówka

2007; Nasibov and Peker 2007; Yeh 2007, 2008, etc.).

Abbasbandy et al. (2010) used an application of Yager

and Filev’s (1998) formulation to obtain the nearest trian-

gular fuzzy number to a general fuzzy number, with

a-weighted valuations. Two approximation operators are

given; the second one is a generalization of the first one.

Because some necessary conditions are not imposed, the

results of approximation are not always triangular fuzzy

numbers; in fact, they are not fuzzy sets. In Sect. 3 we

prove, by simple examples, that the results in Abbasbandy

et al. (2010) are incomplete. Section 4 contains a correct

and complete solution of the problem of nearest triangular

fuzzy number of a fuzzy number using a-weighted valua-

tions, in a more general case, when the weighted function is

f ðaÞ ¼ ð1� aÞq, with q 2 ½0;þ1Þ: The method is based

on the well-known Karush–Kuhn–Tucker theorem pro-

posed to be used in this topic by Grzegorzewski and

Mrówka (2007). The properties of this new approximation

operator are discussed in Sect. 5. It is invariant to trans-

lations, scale invariant, non-monotonic (but with a property

of monotonicity with respect to symmetric fuzzy numbers),

with the property of identity and without the property of

additivity.

2 Preliminaries

The definitions and notations in Abbasbandy et al. (2010)

are used.

Defintition 1 A fuzzy number is a fuzzy set on the real

line u : R! ½0; 1� which satisfies

(i) u is upper semicontinuous;

(ii) uðxÞ ¼ 0 outside some interval ½c; d�;
(iii) There are real numbers a, b such that c� a� b� d

and

1 u(x) is monotonic increasing on [c, a];

2 u(x) is monotonic decreasing on [b, d];

3 u(x) = 1, a B x B b.

If u is a fuzzy number and we consider

½u�a ¼ fs 2 R : uðsÞ� ag; 0\a� 1
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and

½u�0 ¼ [a2ð0;1�½u�a;

then [u]a is a closed bounded interval. We denote ½u�a ¼
½uðaÞ; uðaÞ�; a 2 ½0; 1� and an equivalent parametric defini-

tion of a fuzzy number is the following:

Definition 2 A fuzzy number u in parametric form is a

pair ðu; uÞ of functions uðaÞ; uðaÞ; 0� a� 1, which satisfies

the following requirements:

(i) uðaÞ is a bounded monotonic increasing left contin-

uous function;

(ii) uðaÞ is a bounded monotonic decreasing left contin-

uous function;

(iii) uðaÞ� uðaÞ; 0� a� 1:

The interval ½u�0 ¼ ½uð0Þ; uð0Þ� is called the support and

the interval ½u�1 ¼ ½uð1Þ; uð1Þ� is called the core of the

fuzzy number u.

We denote by FðRÞ the set of all fuzzy numbers.

For arbitrary fuzzy numbers u ¼ ðu; uÞ and v ¼ ðv; vÞ
the quantity

D2
2ðu;vÞ¼

Z1

0

ðuðaÞ� vðaÞÞ2daþ
Z1

0

ðuðaÞ� vðaÞÞ2da ð1Þ

is the distance between u and v.

Triangular fuzzy numbers are fuzzy numbers characterized

by ordered triples u ¼ ðul; uc; urÞ 2 R
3 with ul� uc� ur

such that

½u�a ¼ ½uðaÞ; uðaÞ�
¼ ½ul þ ðuc � ulÞa; ur � ður � ucÞa�; a 2 ½0; 1�:

Let u; v 2 FðRÞ;
½u�a ¼ ½uðaÞ; uðaÞ�;
½v�a ¼ ½vðaÞ; vðaÞ�; a 2 ½0; 1�

and k 2 R: The sum uþ v and the scalar multiplication

k � u are introduced by

½uþ v�a ¼ ½uðaÞ þ vðaÞ; uðaÞ þ vðaÞ�; a 2 ½0; 1�

and

½k � u�a ¼
½kuðaÞ; kuðaÞ�; if k� 0;
kuðaÞ; kuðaÞ½ �; if k\0;

�
a 2 ½0; 1�:

In the case of the triangular fuzzy numbers ðul; uc; urÞ and

ðvl; vc; vrÞ we get

ðul; uc; urÞ þ ðvl; vc; vrÞ ¼ ðul þ vl; uc þ vc; ur þ vrÞ

and

k � ðul; uc; urÞ ¼
ðkul; kuc; kurÞ; if k� 0;
ðkur; kuc; kulÞ; if k\0:

�

A class of representative values for a fuzzy number,

so-called valuations, was introduced by Yager (1999)

ValðuÞ ¼
R 1

0
Averageð½u�aÞf ðaÞdaR 1

0
f ðaÞda

; ð2Þ

where f is a mapping from ½0; 1� to ½0; 1� and

Averageð½u�aÞ ¼
uðaÞ þ uðaÞ

2
:

If f ðaÞ ¼ aq, with q!1, then the valuation is

ValðuÞ ¼ Averageð½u�1Þ ¼
uð1Þ þ uð1Þ

2
; ð3Þ

that is the average of the core. If f ðaÞ ¼ ð1� aÞq, with

q!1, then the valuation is

ValðuÞ ¼ Averageð½u�0Þ ¼
uð0Þ þ uð0Þ

2
; ð4Þ

that is the average of the support (Abbasbandy et al. 2010).

The following version of the well-known Karush–

Kuhn-Tucker theorem is useful in the proof of the main

result of the paper.

Theorem 1 (Rockafellar 1970, pp. 281–283) Let f,

g1; . . .; gm : Rn ! R be convex and differentiable func-

tions. Then x solves the convex programming problem

Minimize f ðxÞ
s.t.giðxÞ� bi; i 2 f1; . . .;mg

ð5Þ

if and only if there exists li; i 2 f1; . . .;mg, such that

(i) 5f ðxÞ þ
P
i¼1

m

li 5 giðxÞ ¼ 0;

(ii) giðxÞ � bi� 0;
(iii) li� 0;

(iv) liðbi � giðxÞÞ ¼ 0:

3 Incomplete results and examples

Abbasbandy et al. (2010) obtained a triangular approxi-

mation TðuÞ ¼ ðtlðuÞ; tcðuÞ; trðuÞÞ of a general fuzzy num-

ber u by a minimization technique as follows:

(i) The core tc(u) is determined by minimizing the quantity

S ¼ ðValðuÞ � ValðTðuÞÞÞ2

such that Val(u) is given by (2) with f ðaÞ ¼ aq; q� 0, then

q approaches infinity such that to place more emphasis on

the 1-level set.

(ii) The support ½tlðuÞ; trðuÞ� is obtained by solving the

mathematical programming problem

Minimize P ¼ D2
1ðu; TðuÞÞ þ wD2

2ðu; TðuÞÞ ð6Þ
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where

D1ðu; TðuÞÞ ¼ jValðuÞ � ValðTðuÞÞj; ð7Þ

D2 is given by (1) and w [ 0 is a large number which is

determined by the decision maker. In the calculus

f ðaÞ ¼ ð1� aÞq; q� 0, then q approaches infinity to place

more emphasis on the support.

The following result is given:

Theorem 2 The nearest triangular fuzzy number

TðuÞ ¼ ðtlðuÞ; tcðuÞ; trðuÞÞ

to a fuzzy number u exists, is unique, and it is given by

tlðuÞ ¼
1

6þ 4w
6B� 2wtcðuÞ � 9

Z1

0

uðaÞð1� aÞda

0
@

þð9þ 12wÞ
Z1

0

uðaÞð1� aÞda

1
A ð8Þ

tcðuÞ ¼ Averageð½u�1Þ ¼
uð1Þ þ uð1Þ

2
; ð9Þ

trðuÞ ¼
1

6þ 4w
6B� 2wtcðuÞ � 9

Z1

0

uðaÞð1� aÞda

0
@

þð9þ 12wÞ
Z1

0

uðaÞð1� aÞda

1
A; ð10Þ

where

B ¼ uð0Þ þ uð0Þ
2

:

The authors proved tlðuÞ� trðuÞ, for every fuzzy number

u (Abbasbandy et al. 2010, Theorem 4.2). Nevertheless, the

inequalities tcðuÞ\tlðuÞ and trðuÞ\tcðuÞ are possible, as

the following examples prove, such that (8)–(10) do not

always give a triangular fuzzy number.

Example 1 Let us consider w = 10, as in the examples

given in Abbasbandy et al. (2010) and the fuzzy number u

given by uðaÞ ¼
ffiffiffi
a
p

and uðaÞ ¼ 92� 90
ffiffiffi
a
p

; a 2 ½0; 1�.
According to (8)–(10) we obtain

tlðuÞ ¼
206

115
[

3

2
¼ tcðuÞ:

Example 2 If v is the fuzzy number given by vðaÞ ¼
98

ffiffiffi
a
p

and vðaÞ ¼ 100�
ffiffiffi
a
p

; a 2 ½0; 1� and w = 10 then

(8)–(10) imply

tcðvÞ ¼
197

2
[

11276

115
¼ trðvÞ:

In the same paper (Abbasbandy et al. 2010) the

aforementioned method is generalized by considering

instead of valuation Val(u) the real number Valp(u)

associated with the fuzzy number u,

ValpðuÞ ¼ p

R p

0
Averageð½u�aÞaqdaR p

0
aqda

þ ð1� pÞ
R 1

p Averageð½u�aÞð1� aÞqdaR 1

p ð1� aÞqda
:

When q! þ1 the authors obtained the triangular fuzzy

number T�ðuÞ ¼ ðt�l ðuÞ; t�cðuÞ; t�r ðuÞÞ which is the nearest to

u, as follows:

t�l ðuÞ ¼
�1

6p2 � 12pþ 4wþ 6

� 6ValpðuÞðp� 1Þ þ tcðuÞð�6p2 þ 6pþ 2wÞ

8<
:

þ
Z1

0

uðaÞð1� aÞð�9p2 þ 18p� 9� 12wÞda

þ
Z1

0

uðaÞð1� aÞð9p2 � 18pþ 9Þda

9=
;;

t�cðuÞ ¼ tcðuÞ ¼
uð1Þ þ uð1Þ

2
;

t�r ðuÞ ¼
�1

6p2 � 12pþ 4wþ 6

� 6ValpðuÞðp� 1Þ þ tcðuÞð�6p2 þ 6pþ 2wÞ

8<
:

þ
Z1

0

uðaÞð1� aÞð�9p2 þ 18p� 9� 12wÞda

þ
Z1

0

uðaÞð1� aÞð9p2 � 18pþ 9Þda

9=
;:

Unfortunately, even if

t�r ðuÞ � t�l ðuÞ

¼ 18p2 � 36pþ 18þ 12w

6p2 � 12pþ 4wþ 6

�
Z1

0

uðaÞð1� aÞda�
Z1

0

uðaÞð1� aÞda

0
@

1
A� 0;

for every fuzzy number u, the inequalities t�cðuÞ\t�l ðuÞ and

t�r ðuÞ\t�cðuÞ are possible (see the below example) such that

T�ðuÞ is not always a fuzzy number.

Example 3 Let w ¼ 10; p ¼ 1
2

and u be the fuzzy number

given by
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uðaÞ ¼ a2;

uðaÞ ¼ c� a2ðc� 1Þ; a 2 ½0; 1�;

where c [ 836
3

. Because

Z1

0

uðaÞð1� aÞda ¼ 1

12
;

Z1

0

uðaÞð1� aÞda ¼ 5cþ 1

12
;

Val1
2
ðuÞ ¼ cþ 2

4
þ ðc� 2Þðqþ 1Þ

4ðqþ 2Þ

þ ð2� cÞðqþ 1Þ
8ðqþ 3Þ !q!13cþ 2

8

we get

t�cðuÞ ¼ 1

and

t�l ðuÞ ¼
3c� 172

664
[ 1:

If w ¼ 5; p; u as above and c [ 436
3

we obtain

t�cðuÞ ¼ 1

and

t�l ðuÞ ¼
3c� 92

344
[ 1:

4 Main result and examples

In this section, we note the triangular fuzzy number Tq(u)

which is the nearest to fuzzy number u in the sense of (6)

by ðtl;qðuÞ; tc;qðuÞ; tr;qðuÞÞ, or ðtl;q; tc;q; tr;qÞ if no confusion

is possible. To give a complete solution of the problem we

must impose

tl;q� tc;q� tr;q:

Because (Abbasbandy et al. 2010)

ValðTqðuÞÞ ¼
tc;q

qþ 2
þ qþ 1

2ðqþ 2Þðtl;q þ tr;qÞ

when f ðaÞ ¼ ð1� aÞq; q� 0, the problem becomes to

minimize the function

Pðtl;q; tr;qÞ

¼ ValðuÞ � tc;q
qþ 2

� ðqþ 1Þðtl;q þ tr;qÞ
2ðqþ 2Þ

� �2

þ w

Z1

0

ðuðaÞ � ðtc;q � ð1� aÞðtc;q � tl;qÞÞÞ2da

þ w

Z1

0

ðuðaÞ � ðtc;q þ ð1� aÞðtr;q � tc;qÞÞÞ2da; ð11Þ

such that

tl;q� tc;q ð12Þ

and

tc;q� tr;q; ð13Þ

where Val(u) is given by (2) with f ðaÞ ¼ ð1� aÞq; q� 0

and

tc;q ¼ tc ¼
uð1Þ þ uð1Þ

2
: ð14Þ

The main result of the paper is

Theorem 3 Let u; ½u�a ¼ ½uðaÞ; uðaÞ�; a 2 ½0; 1�, be a

fuzzy number and

½tl;qðuÞ; tr;qðuÞ� ¼ ½tl;q; tr;q�

the support of the fuzzy number TqðuÞ ¼ ðtl;q; tc;q; tr;qÞ, the

nearest triangular fuzzy number of u with respect to (6)

such that tc;q ¼ tc is given by (9), the weighted value Val is

calculated by (2) with f ðaÞ ¼ ð1� aÞq; q� 0 and w [ 0 is

a number which is determined by the decision maker.

(i) If

qþ1

qþ2
ValðuÞ� wþqþ1

qþ2

� �
tc�

3ðqþ1Þ2

2ðqþ2Þ2
Z1

0

uðaÞð1�aÞda

þ 2wþ3ðqþ1Þ2

2ðqþ2Þ2

 !Z1

0

uðaÞð1�aÞda�0 ð15Þ

and

qþ1

qþ2
ValðuÞ� wþqþ1

qþ2

� �
tcþ 2wþ3ðqþ1Þ2

2ðqþ2Þ2

 !

�
Z1

0

uðaÞð1�aÞda�3ðqþ1Þ2

2ðqþ2Þ2
Z1

0

uðaÞð1�aÞda�0 ð16Þ

then

tl;q ¼
3ðqþ 2Þ2

3ðqþ 1Þ2 þ 2wðqþ 2Þ2
qþ 1

qþ 2
ValðuÞ

8<
:

� 1

3
wþ qþ 1

ðqþ 2Þ2

 !
tc

� 3ðqþ 1Þ2

2ðqþ 2Þ2
Z1

0

uðaÞð1� aÞda

þ 2wþ 3ðqþ 1Þ2

2ðqþ 2Þ2

 !Z1

0

uðaÞð1� aÞda

9=
; ð17Þ
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and

tr;q ¼
3ðqþ 2Þ2

3ðqþ 1Þ2 þ 2wðqþ 2Þ2
qþ 1

qþ 2
ValðuÞ

8<
:

� 1

3
wþ qþ 1

ðqþ 2Þ2

 !
tc

þ 2wþ 3ðqþ 1Þ2

2ðqþ 2Þ2

 !Z1

0

uðaÞð1� aÞda

�3ðqþ 1Þ2

2ðqþ 2Þ2
Z1

0

uðaÞð1� aÞda

9=
;;

(ii) If

qþ 1

qþ 2
ValðuÞ � wþ qþ 1

qþ 2

� �
tc

þ 2wþ 3ðqþ 1Þ2

2ðqþ 2Þ2

 !Z1

0

uðaÞð1� aÞda

� 3ðqþ 1Þ2

2ðqþ 2Þ2
Z1

0

uðaÞð1� aÞda[ 0 ð19Þ

then

tl;q ¼ tc

and

tr;q ¼
6ðqþ 2Þ2

3ðqþ 1Þ2 þ 4wðqþ 2Þ2
qþ 1

qþ 2
ValðuÞ þ 2w

8<
:

�
Z1

0

uðaÞð1� aÞda� ðqþ 1Þðqþ 3Þ
2ðqþ 2Þ2

þ 1

3
w

 !
tc

9=
;;

(iii) If

qþ 1

qþ 2
ValðuÞ � wþ qþ 1

qþ 2

� �
tc þ 2wþ 3ðqþ 1Þ2

2ðqþ 2Þ2

 !

�
Z1

0

uðaÞð1� aÞda� 3ðqþ 1Þ2

2ðqþ 2Þ2
Z1

0

uðaÞð1� aÞda\0

ð20Þ

then

tl;q ¼
6ðqþ 2Þ2

3ðqþ 1Þ2 þ 4wðqþ 2Þ2
qþ 1

qþ 2
ValðuÞ þ 2w

8<
:

�
Z1

0

uðaÞð1� aÞda� ðqþ 1Þðqþ 3Þ
2ðqþ 2Þ2

þ 1

3
w

 !
tc

9=
;

and

tr;q ¼ tc:

Proof If f 	 P in (11) and

g1ðtl;q; tr;qÞ ¼tl;q � tc;q;

g2ðtl;q; tr;qÞ ¼tc;q � tr;q

then the hypothesis of convexity and differentiability in the

Karush–Kuhn–Tucker theorem are satisfied. Because

5 Pðtl;q; tr;qÞ

¼ oP

otl;q
;

oP

otr;q

� �

¼ � qþ 1

qþ 2
ValðuÞ þ qþ 1

ðqþ 2Þ2
tc þ wtc þ

ðqþ 1Þ2

2ðqþ 2Þ2

0
@

�ðtl;q þ tr;qÞ � 2w

Z1

0

uðaÞð1� aÞda� 2

3
wðtc � tl;qÞ;

�qþ 1

qþ 2
ValðuÞ þ qþ 1

ðqþ 2Þ2
tc þ wtc þ

ðqþ 1Þ2

2ðqþ 2Þ2

�ðtl;q þ tr;qÞ � 2w

Z1

0

uðaÞð1� aÞdaþ 2

3
wðtr;q � tcÞ

1
A

5g1ðtl;q; tr;qÞ ¼
og1

otl;q
;
og1

otr;q

� �
¼ ð1; 0Þ;

5g2ðtl;q; tr;qÞ ¼
og2

otl;q
;
og2

otr;q

� �
¼ ð0;�1Þ

and b1 ¼ b2 ¼ 0, the conditions (i)–(iv) in Theorem 1, with

respect to the minimization problem (11)–(13) become

� qþ 1

qþ 2
ValðuÞ þ qþ 1

ðqþ 2Þ2
tc þ wtc þ

ðqþ 1Þ2

2ðqþ 2Þ2
ðtl;q þ tr;qÞ

� 2w

Z1

0

uðaÞð1� aÞda� 2

3
wðtc � tl;qÞ þ l1 ¼ 0; ð21Þ

� qþ 1

qþ 2
ValðuÞ þ qþ 1

ðqþ 2Þ2
tc þ wtc þ

ðqþ 1Þ2

2ðqþ 2Þ2
ðtl;q þ tr;qÞ

� 2w

Z1

0

uðaÞð1� aÞdaþ 2

3
wðtr;q � tcÞ � l2 ¼ 0; ð22Þ

l1ðtc � tl;qÞ ¼ 0; ð23Þ

l2ð�tc þ tr;qÞ ¼ 0; ð24Þ

l1� 0; ð25Þ
l2� 0; ð26Þ
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tl;q � tc� 0; ð27Þ

�tr;q þ tc� 0: ð28Þ

(i) If l1 ¼ l2 ¼ 0 then (21) and (22) imply tl;q and tr;q are

given by (17) and (18). Conditions (25), (26) are

satisfied and (27) and (28) are equivalent to (15) and

(16), respectively.

(ii) If l1 6¼ 0 and l2 ¼ 0 then the solution of the system

(21)–(24) is given by

tl;q¼ tc;

tr;q¼
6ðqþ2Þ2

3ðqþ1Þ2þ4wðqþ2Þ2
qþ1

qþ2
ValðuÞþ2w

8<
:

�
Z1

0

uðaÞð1�aÞda� ðqþ1Þðqþ3Þ
2ðqþ2Þ2

þ1

3
w

 !
tc

9=
;;

l1¼
4wðqþ2Þ2

3ðqþ1Þ2þ4wðqþ2Þ2
qþ1

qþ2
ValðuÞ

8<
:

� wþqþ1

qþ2

� �
tcþ 2wþ3ðqþ1Þ2

2ðqþ2Þ2

 !

�
Z1

0

uðaÞð1�aÞda�3ðqþ1Þ2

2ðqþ2Þ2
Z1

0

uðaÞð1�aÞda

9=
;;

l2¼ 0:

Conditions (26) and (27) are satisfied. If (19), which is

equivalent to l1 [0 is satisfied, then

tr;q�tc¼
3

2w
l1þ3

Z1

0

uðaÞð1�aÞda�3

Z1

0

uðaÞð1�aÞda[0;

that is (28) is verified too.

(iii) If l1 ¼ 0 and l2 6¼ 0 then the solution of the system

(21)–(24) is given by

tl;q¼
6ðqþ2Þ2

3ðqþ1Þ2þ4wðqþ2Þ2
qþ1

qþ2
ValðuÞþ2w

�

�
Z1

0

uðaÞð1�aÞda� ðqþ1Þðqþ3Þ
2ðqþ2Þ2

þ1

3
w

 !
tc

9=
;;

tr;q¼ tc;

l1¼0;

l2¼�
4wðqþ2Þ2

3ðqþ1Þ2þ4wðqþ2Þ2
qþ1

qþ2
ValðuÞ

�

� wþqþ1

qþ2

� �
tc�

3ðqþ1Þ2

2ðqþ2Þ2
Z1

0

uðaÞð1�aÞda

þ 2wþ3ðqþ1Þ2

2ðqþ2Þ2

 !Z1

0

uðaÞð1�aÞda

9=
;:

Conditions (25) and (28) are satisfied. If (20), which is

equivalent to l2 [0 is satisfied, then

tl;q � tc ¼ �
3

2w
l2 þ 3

Z1

0

uðaÞð1� aÞda

� 3

Z1

0

uðaÞð1� aÞda\0;

that is (27) is verified too.

(iv) If l1 6¼ 0 and l2 6¼ 0 , then the solution of the system

(21)–(24) is given by

tl;q¼ tc;

tr;q¼ tc;

l1¼
qþ1

qþ2
ValðuÞ� wþqþ1

qþ2

� �
tcþ2w

Z1

0

uðaÞð1�aÞda;

l2¼�
qþ1

qþ2
ValðuÞþ wþqþ1

qþ2

� �
tc�2w

Z1

0

uðaÞð1�aÞda:

Because

l1þ l2 ¼ 2w

Z1

0

uðaÞð1� aÞda�
Z1

0

uðaÞð1� aÞda

8<
:

9=
;�0

(25) and (26) are not satisfied; therefore we have not a

solution of the problem in this case.

In what follows we prove that to any fuzzy number we

can apply one and only one of the above situations (i)–(iii).

Let us denote

X1 ¼ fu 2 FðRÞ : case ðiÞ is applicable to ug;
X2 ¼ fu 2 FðRÞ : case ðiiÞ is applicable to ug;
X3 ¼ fu 2 FðRÞ : case ðiiiÞ is applicable to ug;
M ¼ fu 2 FðRÞ : u satisfies (15 )g;
N ¼ fu 2 FðRÞ : u satisfies (16)g:

Then

X1 ¼ M \ N;

X2 ¼ Mc

and

X3 ¼ Nc;

therefore

X1 \ X2 ¼ X1 \ X3 ¼£

and

X1 [ X2 [ X3 ¼ FðRÞ:
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If u 2 X2 \ X3 , then u satisfies both relations (19) and

(20). We immediately obtain

Z1

0

uðaÞð1� aÞda�
Z1

0

uðaÞð1� aÞda[ 0;

which contradicts uðaÞ� uðaÞ; for every a 2 ½0; 1�; there-

fore X2 \ X3 ¼£:

Because the larger q the more emphasis we give to the

lower level sets when f ðaÞ ¼ ð1� aÞq and the aim is to

obtain the support of Tq(u), the case q!1 is considered

in Abbasbandy et al. (2010). We get

ValðuÞ ¼ Averageð½u�0Þ ¼
uð0Þ þ uð0Þ

2

and the following important consequence of Theorem 3.

Corollary 1 (i) If

uð0Þ þ uð0Þ þ ð4wþ 3Þ
Z1

0

uðaÞð1� aÞda� ð1þ wÞ

� ðuð1Þ þ uð1ÞÞ � 3

Z1

0

uðaÞð1� aÞda� 0 ð29Þ

and

uð0Þ þ uð0Þ þ ð4wþ 3Þ
Z1

0

uðaÞð1� aÞda� ð1þ wÞ

� ðuð1Þ þ uð1ÞÞ � 3

Z1

0

uðaÞð1� aÞda� 0 ð30Þ

then

tl;1 ¼
1

6þ 4w
3ðuð0Þ þ uð0ÞÞ �wðuð1Þ þ uð1ÞÞ

8<
:

�9

Z1

0

uðaÞð1� aÞdaþ ð9þ 12wÞ
Z1

0

uðaÞð1� aÞda

9=
;;

ð31Þ

tr;1 ¼
1

6þ 4w
3ðuð0Þþ uð0ÞÞ�wðuð1Þþ uð1ÞÞ

8<
:

þð9þ 12wÞ
Z1

0

uðaÞð1� aÞda� 9

Z1

0

uðaÞð1� aÞda

9=
;;

ð32Þ

(ii) If

uð0Þ þ uð0Þ þ ð4wþ 3Þ
Z1

0

uðaÞð1� aÞda

� ð1þ wÞðuð1Þ þ uð1ÞÞ � 3

Z1

0

uðaÞð1� aÞda[ 0

then

tl;1 ¼
1

2
ðuð1Þ þ uð1ÞÞ;

tr;1 ¼
1

3þ 4w
3ðuð0Þ þ uð0ÞÞ � 3

2
þ w

� �8<
:

�ðuð1Þ þ uð1ÞÞ þ 12w

Z1

0

uðaÞð1� aÞda

9=
;;

(iii) If

uð0Þ þ uð0Þ þ ð4wþ 3Þ
Z1

0

uðaÞð1� aÞda

� ð1þ wÞðuð1Þ þ uð1ÞÞ � 3

Z1

0

uðaÞð1� aÞda\0

then

tl;1 ¼
1

3þ 4w
3ðuð0Þ þ uð0ÞÞ � 3

2
þ w

� �8<
:

� uð1Þ þ uð1Þð Þ þ 12w

Z1

0

uðaÞð1� aÞda

9=
;;

tr;1 ¼
1

2
ðuð1Þ þ uð1ÞÞ:

Remark 1 Corollary 1 completes Theorem 2, the main

result in Abbasbandy et al. (2010). The triangular fuzzy

number given in Corollary 1, (i), under conditions (29) and

(30), is even the entity, which is not always a fuzzy

number, in Theorem 2.

Example 4 The case (i) in Theorem 3 is applicable to any

symmetric fuzzy number. Indeed, the symmetry of u

implies

tc � uðaÞ ¼ uðaÞ � tc; 8a 2 ½0; 1�:

Then

ValðuÞ ¼ tc
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and (15) and (16) are both equivalent to

Z1

0

uðaÞð1� aÞda� tc
2
� 0

which is true. In addition, by applying (17) and (18) we

obtain

tl;q ¼ �
1

2
tc þ 3

Z1

0

uðaÞð1� aÞda ð33Þ

and

tr;q ¼ �
1

2
tc þ 3

Z1

0

uðaÞð1� aÞda; ð34Þ

that is the triangular approximation is symmetric too.

Example 5 If w ¼ 10; q ¼ 1 and u is the fuzzy number

given by

uðaÞ ¼ a2;

uðaÞ ¼ 4� 2a2; a 2 ½0; 1�

then

Z1

0

uðaÞð1� aÞda ¼ 1

12
;

Z1

0

uðaÞð1� aÞda ¼ 11

6
;

ValðuÞ ¼ 23

12

and (15), (16) are satisfied. Theorem 3, (i) is applicable and

T1ðuÞ ¼ �1

2
;
3

2
;
19

4

� �
:

Example 6 Case (ii) in Corollary 1 is applicable to fuzzy

number u in Example 1 (w = 10) and

T1ðuÞ ¼
3

2
;
3

2
;
5763

86

� �
:

Example 7 Case (iii) in Corollary 1 is applicable to fuzzy

number v in Example 2 (w = 10) and

T1ðvÞ ¼
2341

86
;
197

2
;
197

2

� �
:

5 Properties

In this section we discuss some important properties of the

triangular approximation given in Theorem 3: identity,

invariance to translations, scale invariance, additivity,

monotonicity. They were suggested to be important

in Grzegorzewski and Mrówka (2005) and studied in

Abbasbandy et al. (2010) for the operator given by Theorem 2.

Theorem 4 If u ¼ ða; b; cÞ is a triangular fuzzy number

then TqðuÞ ¼ u.

Proof Because

uðaÞ ¼ aþ aðb� aÞ;
uðaÞ ¼ c� aðc� bÞ; a 2 ½0; 1�

we get

Z1

0

uðaÞð1� aÞda ¼ 2aþ b

6
;

Z1

0

uðaÞð1� aÞda ¼ bþ 2c

6

and

ValðuÞ ¼ b

qþ 2
þ qþ 1

2ðqþ 2Þðaþ cÞ:

Conditions (15) and (16) are equivalent to

2

3
wþ ðqþ 1Þ2

ðqþ 2Þ2

 !
ða� bÞ� 0

and

2

3
wþ ðqþ 1Þ2

ðqþ 2Þ2

 !
ðc� bÞ� 0;

respectively, that is case (i) in Theorem 3 is applicable to

any triangular fuzzy number. In addition, (17) and (18)

give us tl;qðuÞ ¼ a and tr;qðuÞ ¼ c.

The property of additivity is not satisfied for the

approximation operator in Theorem 3:

Example 8 If u is the fuzzy number in Example 1 and v is

the fuzzy number in Example 2, taking into account the

results in Examples 6 and 7 we obtain

T1ðuÞ þ T1ðvÞ ¼
1235

43
; 100;

7117

43

� �
:

Because

ðuþ vÞðaÞ ¼ 99
ffiffiffi
a
p

;

ðuþ vÞðaÞ ¼ 192� 91
ffiffiffi
a
p

; a 2 ½0; 1�

and

Z1

0

ðuþ vÞðaÞð1� aÞda ¼ 132

5
;

Z1

0

ðuþ vÞðaÞð1� aÞda ¼ 1076

15
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we get that the case (i) in Corollary 1 is applicable to fuzzy

number u ? v and

T1ðuþ vÞ ¼ 3340

115
; 100;

3796

23

� �
:

As a conclusion, T1ðuÞ þ T1ðvÞ 6¼ T1ðuþ vÞ:

Nevertheless, the property of invariance to translations

and a property of partial additivity can be proved.

Theorem 5 The nearest triangular approximation given

by Theorem 3 is invariant to translation, i.e.,

Tqðuþ zÞ ¼ TqðuÞ þ z

for all z 2 R and u 2 FðRÞ:

Proof Let z 2 R and u 2 FðRÞ. By the definition of

addition,

ðuþ zÞðaÞ ¼ uðaÞ þ z

and

ðuþ zÞðaÞ ¼ uðaÞ þ z;

for every a 2 ½0; 1�. We get

Valðuþ zÞ ¼ ValðuÞ þ z;

tcðuþ zÞ ¼ tcðuÞ þ z;

Z1

0

ðuþ zÞðaÞð1� aÞda ¼
Z1

0

uðaÞð1� aÞdaþ z

2

and

Z1

0

ðuþ zÞðaÞð1� aÞda ¼
Z1

0

uðaÞð1� aÞdaþ z

2
:

We immediately obtain that u satisfies one of (15), (16),

(19) or (20) if and only if the fuzzy number u ? z satisfies

the same condition. In addition, in every case (i)–(iii) in

Theorem 3 we obtain

tl;qðuþ zÞ ¼ tl;qðuÞ þ z;

tr;qðuþ zÞ ¼ tr;qðuÞ þ z;

therefore

Tqðuþ zÞ ¼ TqðuÞ þ z:

With the notations in the proof of the Theorem 3 we

present

Theorem 6 If u; v 2 Xiði 2 f1; 2; 3gÞ then

TqðuÞ þ TqðvÞ ¼ Tqðuþ vÞ:

Proof If u; v 2 Xi then uþ v 2 Xi, for every i 2 f1; 2; 3g,
because the definition of addition implies

Valðuþ vÞ ¼ ValðuÞ þ ValðvÞ;
tcðuþ vÞ ¼ tcðuÞ þ tcðvÞ;
Z1

0

ðuþ vÞðaÞð1� aÞda ¼
Z1

0

uðaÞð1� aÞda

þ
Z1

0

vðaÞð1� aÞda

and

Z1

0

ðuþ vÞðaÞð1� aÞda ¼
Z1

0

uðaÞð1� aÞda

þ
Z1

0

vðaÞð1� aÞda:

In addition,

tl;qðuþ vÞ ¼ tl;qðuÞ þ tl;qðvÞ

and

tr;qðuþ vÞ ¼ tr;qðuÞ þ tr;qðvÞ;

in every case (i)–(iii) in Theorem 3.

The scale invariance is an important property too.

Theorem 7 The nearest triangular approximation given

by Theorem 3 is scale invariant, i.e.,

Tqðk � uÞ ¼ k � TqðuÞ;

for all k 2 Rnf0g and u 2 FðRÞ:

Proof Let k be a non-zero real number and u 2 FðRÞ. If

k[ 0 then the proof is immediate because u verifies (15),

(16), (19) or (20) if and only if k � u verifies the same

condition. In addition,

Valðk � uÞ ¼ kValðuÞ;
tcðk � uÞ ¼ ktcðuÞ;

then

tl;qðk � uÞ ¼ ktl;qðuÞ

and

tr;qðk � uÞ ¼ ktr;qðuÞ;

in every case (i)–(iii) in Theorem 3.

In the case k\0 we also obtain

Valðk � uÞ ¼ kValðuÞ;
tcðk � uÞ ¼ ktcðuÞ
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and it is easy to prove that u satisfies (15) [(16), (19), (20)]

if and only k � u satisfies (16) [(15), (20), (19),

respectively]. As a conclusion, with the notations in

Theorem 3, u 2 X1 if and only if k � u 2 X1, u 2 X2 if

and only if k � u 2 X3 and u 2 X3 if and only if k � u 2 X2.

In each case (i)–(iii), Theorem 3 we obtain

tl;qðk � uÞ ¼ ktr;qðuÞ

and

tr;qðk � uÞ ¼ ktl;qðuÞ;

that is, Tqðk � uÞ ¼ k � TqðuÞ.
Let us consider the relation between fuzzy numbers

given by

v 
 u iff uðaÞ� vðaÞ; vðaÞ� uðaÞ; 8a 2 ½0; 1�;

where ½u�a ¼ ½uðaÞ; uðaÞ�; ½v�a ¼ ½vðaÞ; vðaÞ�; a 2 ½0; 1�. The

approximation operator given by Theorem 3 is not invariant

with respect to
 (see the below examples), but a similar result

with Theorem 5.4 in Abbasbandy et al. (2010) can be proved.

Example 9 If v is the triangular fuzzy number ð1; 3
2
; 2Þ and

u is the fuzzy number given in Example 1, then v 
 u.

According to Example 6 and Theorem 4 (w = 10)

T1ðuÞ ¼
3

2
;
3

2
;
5763

86

� �
;

and

T1ðvÞ ¼ 1;
3

2
; 2

� �
;

that is, T1ðvÞ*T1ðuÞ:

The case q ¼ þ1 is not an exception, as the following

example proves:

Example 10 We consider w = 10 and q = 5. If u is given

by uðaÞ ¼
ffiffiffi
a
p

and uðaÞ ¼ 432� 430
ffiffiffi
a
p

and v as above,

then v 
 u and T5ðvÞ ¼ 1; 3
2
; 2

� �
. We get

tcðuÞ ¼
3

2
;

Z1

0

uðaÞð1� aÞda ¼ 4

15

Z1

0

uðaÞð1� aÞda ¼ 304

3

and

ValðuÞ ¼ 1000

7
:

The fuzzy number u satisfies the condition (19) and

Theorem 3, (ii) implies

T5ðuÞ ¼
3

2
;
3

2
;
315077

1034

� �
;

that is, T5ðvÞ* T5ðuÞ:

Theorem 8 If u; v 2 FðRÞ are symmetric and

uð1Þ þ uð1Þ ¼ vð1Þ þ vð1Þ

then u 
 v implies

TqðuÞ 
 TqðvÞ:

Proof Taking into account tcðuÞ ¼ tcðvÞ and (33), (34) we

get

tl;qðuÞ ¼ �
1

2
tcðuÞ þ 3

Z1

0

uðaÞð1� aÞda

� � 1

2
tcðvÞ þ 3

Z1

0

vðaÞð1� aÞda

¼ tl;qðvÞ

and

tr;qðuÞ ¼ �
1

2
tcðuÞ þ 3

Z 1

0

uðaÞð1� aÞda

� � 1

2
tcðvÞ þ 3

Z1

0

vðaÞð1� aÞda

¼ tr;qðvÞ;

that is, TqðuÞ 
 TqðvÞ:

6 Conclusion

The main result of the paper is Theorem 3. It gives a tri-

angular approximation of a fuzzy number using a-weighted

valuations and corrects the recent results in Abbasbandy

et al. (2010). Some properties of the triangular approxi-

mation operator are discussed. To compare the present

method of approximation with other methods, some addi-

tional properties, like continuity, will be studied in future

articles.

References

Abbasbandy S, Ahmady E, Ahmady N (2010) Triangular approxi-

mations of fuzzy numbers using a-weighted valuations. Soft

Comput 14:71–79

Abbasbandy S, Amirfakhrian M (2006) The nearest approximation of

a fuzzy quantity in parametric form. Appl Math Comput

172:624–632

360 A. I. Ban

123



Abbasbandy S, Asady B (2004) The nearest trapezoidal fuzzy number

to a fuzzy quantity. Appl Math Comput 156:381–386

Ban A (2008) Approximation of fuzzy numbers by trapezoidal fuzzy

numbers preserving the expected interval. Fuzzy Sets Syst

159:1327–1344

Delgado M, Vila MA, Voxman W (1998) On a canonical represen-

tation of fuzzy numbers. Fuzzy Sets Syst 93:125–135

Grzegorzewski P, Mrówka E (2005) Trapezoidal approximations of

fuzzy numbers. Fuzzy Sets Syst 153:115–135

Grzegorzewski P, Mrówka E (2007) Trapezoidal approximations of

fuzzy numbers-revisited. Fuzzy Sets Syst 158:757–768

Nasibov EN, Peker S (2007) On the nearest parametric approximation

of a fuzzy number. Fuzzy Sets Syst 159:1365–1375

Rockafellar RT (1970) Convex analysis. Princeton University Press,

New York

Yager RR (1999) On ranking fuzzy numbers using valuations. Int J

Intell Syst 14:1249–1268

Yager RR, Filev DP (1998) On the instantiation of possibility

distributions. Technical report MII-1817, Machine Intelligence

Institute, Iona College, New Rochelle

Yeh CT (2007) A note on trapezoidal approximations of fuzzy

numbers. Fuzzy Sets Syst 158:747–754

Yeh CT (2008) On improving trapezoidal and triangular approxima-

tions of fuzzy numbers. J Approx Reason 48:297–313

Remarks and corrections to the triangular approximations 361

123


	Remarks and corrections to the triangular approximations of fuzzy numbers using alpha -weighted valuations
	Abstract
	Introduction
	Preliminaries
	Incomplete results and examples
	Main result and examples
	Properties
	Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


