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Abstract A recent paper was dedicated to find the nearest
fuzzy triangular approximations of a fuzzy number by using
o-weighted valuations. We prove, by simple examples, that
the results of approximations are not always triangular
fuzzy numbers and that in fact they are not fuzzy sets. We
give a correct solution of the problem of approximation in a
more general case, and we study the properties of identity,
additivity, translation invariance, scale invariance, and
monotonicity of the new approximation operator.

Keywords Fuzzy number - Triangular fuzzy number -
Approximation

1 Introduction

Several researchers focused on the calculus of the nearest
triangular or trapezoidal approximation of a fuzzy number,
with or without some additional conditions (Abbasbandy
and Amirfakhrian 2006; Abbasbandy and Asady 2004; Ban
2008; Delgado et al. 1998; Grzegorzewski and Mrowka
2007; Nasibov and Peker 2007; Yeh 2007, 2008, etc.).
Abbasbandy et al. (2010) used an application of Yager
and Filev’s (1998) formulation to obtain the nearest trian-
gular fuzzy number to a general fuzzy number, with
a-weighted valuations. Two approximation operators are
given; the second one is a generalization of the first one.
Because some necessary conditions are not imposed, the
results of approximation are not always triangular fuzzy

A. 1. Ban (X))

Department of Mathematics and Informatics,
University of Oradea, Universitatii 1,
410087 Oradea, Romania

e-mail: aiban@uoradea.ro

numbers; in fact, they are not fuzzy sets. In Sect. 3 we
prove, by simple examples, that the results in Abbasbandy
et al. (2010) are incomplete. Section 4 contains a correct
and complete solution of the problem of nearest triangular
fuzzy number of a fuzzy number using a-weighted valua-
tions, in a more general case, when the weighted function is
f(o) = (1 —a)?, with g € [0,400). The method is based
on the well-known Karush—-Kuhn-Tucker theorem pro-
posed to be used in this topic by Grzegorzewski and
Mréwka (2007). The properties of this new approximation
operator are discussed in Sect. 5. It is invariant to trans-
lations, scale invariant, non-monotonic (but with a property
of monotonicity with respect to symmetric fuzzy numbers),
with the property of identity and without the property of
additivity.

2 Preliminaries

The definitions and notations in Abbasbandy et al. (2010)
are used.

Defintition 1 A fuzzy number is a fuzzy set on the real
line # : R — [0, 1] which satisfies

(i)  u is upper semicontinuous;

(i) u(x) = 0 outside some interval [c,d];

(iii) There are real numbers a, b such that c<a<b <d
and

1 u(x) is monotonic increasing on [c, al;
2 u(x) is monotonic decreasing on [b, d];
3 ux)y=1,a<x=<hb.

If u is a fuzzy number and we consider
u,={seR:u(s)>a}, 0<a<l
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and
[“}o = Upe(0,1] [“]w

then [u], is a closed bounded interval. We denote [u], =
[u(a),@(a)], o € [0,1] and an equivalent parametric defini-

tion of a fuzzy number is the following:

Definition 2 A fuzzy number u in parametric form is a
pair (u, ) of functions u(x),#(a),0 < o < 1, which satisfies
the following requirements:

(i) u(a) is a bounded monotonic increasing left contin-
uous function;

(ii) (o) is a bounded monotonic decreasing left contin-
uous function;

(i) wu(o) <u(x),0<a<l.

The interval [u], = [u(0)
the interval [u], = [u(1),
fuzzy number u.

We denote by F(R) the set of all fuzzy numbers.

For arbitrary fuzzy numbers u = (u,%) and v = (v, V)
the quantity

,1(0)] is called the support and
( )] is called the core of the

1 1

D2 (u,v) / ) —v( )zda+/(u(a)—v(a))2da (1)

0 0

is the distance between u and v.

Triangular fuzzy numbers are fuzzy numbers characterized
by ordered triples u = (uy, uc,u,) € R® with u; <u, <u,
such that

[u], = lu(2), u(x)]

= [w + (ue — w)o,u, — (u, — ue)o], o €[0,1].
Let u,v € F(R),
[u], = lu(2), u(2)],
[v]a. = (o), ¥(a)], €[0,1]

and 42 € R. The sum u + v and the scalar multiplication
A - u are introduced by

[u+v], = [u(e) + v(2),4(2) + ¥()], o€ [0,1]
and

[Au(a), 2a()], if 2>0,
i = { G o, o, %€l

In the case of the triangular fuzzy numbers (uy, u.,u,) and
(vi, Ve, vr) We get

(g tte, ) + (vi,ve, ve) = (w + v, e + ve, ty + vy)

and

(Awy, Aue, Auy),

if >0,
a (ul, e ur) B { (/lura e, )v”l)v

if 2<0.
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A class of representative values for a fuzzy number,
so-called valuations, was introduced by Yager (1999)

fol Average([u],,)f (or)dot

Va](u) = ) (2)
folf(cx)doc

where f is a mapping from [0, 1] to [0, 1] and
Average([u],) = M.
If f(o) = o4, with ¢ — oo, then the valuation is

1) +u(l
Val(u) = Average([u],) = M, (3)
that is the average of the core. If f(«) = (1 — a)?, with
q — o0, then the valuation is

0) +u(0
Val(u) = Average([u],) = M, 4)

that is the average of the support (Abbasbandy et al. 2010).

The following version of the well-known Karush—
Kuhn-Tucker theorem is useful in the proof of the main
result of the paper.

Theorem 1 (Rockafellar 1970, pp. 281-283) Ler f,
gls--8&n:R"—= R be convex and differentiable func-
tions. Then X solves the convex programming problem

Minimize f(x)

s.t.gi(x) <bjie{l,...,m}

if and only if there exists ;i € {1,...,
i vf(®)+ Z]ui v &i(x) = 0;

(5)

m}, such that

(i) 8i(x) — b <O0;
(i) g >0;
(iv) (b — gi(x)) =0.

3 Incomplete results and examples

Abbasbandy et al. (2010) obtained a triangular approxi-
mation T(u) = (t;(u), 1.(u), t,(u)) of a general fuzzy num-
ber u by a minimization technique as follows:

(i) The core #.(«) is determined by minimizing the quantity
S = (Val(u) — Val(T(u)))*

such that Val(u) is given by (2) with f(«) = a?,4 >0, then
q approaches infinity such that to place more emphasis on
the 1-level set.

(i) The support [#(u),t,(u)] is obtained by solving the
mathematical programming problem

Minimize P = D?(u, T(u)) +wD3(u, T(u)) (6)
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where

Di(u, T(u)) = [Val(u) — Val(T(u))], (7)
D, is given by (1) and w > 0 is a large number which is
determined by the decision maker. In the calculus

f(a) = (1 —a)?,¢g>0, then g approaches infinity to place
more emphasis on the support.

The following result is given:

Theorem 2 The nearest triangular fuzzy number
T(u) = (t(w), te(u), tr(u))

to a fuzzy number u exists, is unique, and it is given by
1

tmo—6j4 6B—2mJ@—9/ﬁ@ﬂl—@w
0
+(9+ 12w) /g(oc)(l — o)da (8)
0
1) = Average([u)) = 20 o)
t(u) = 6_’_;4‘4) 6B — 2wt (u) — 9/2(0{)(1 —o)do
0
+(9+12w) [ w(e)(1 — o)da |, (10)
/
where
SCESTO)

The authors proved 7,(u) <t,(u), for every fuzzy number
u (Abbasbandy et al. 2010, Theorem 4.2). Nevertheless, the
inequalities f.(u) <t;(u) and f,(u) <t.(u) are possible, as
the following examples prove, such that (8)—(10) do not
always give a triangular fuzzy number.

Example 1 Let us consider w = 10, as in the examples
given in Abbasbandy et al. (2010) and the fuzzy number u
given by u(a) =+/a and u(x) =92 —90/x,a € [0, 1].
According to (8)—(10) we obtain

206 3
t;(u) = m > E = tc(lzt).

Example 2 1If v is the fuzzy number given by v(a) =
98y/o and V(o) = 100 — /o, € [0,1] and w = 10 then
(8)-(10) imply

107

11276
tU (V) 2 =

> W = tr(V).

In the same paper (Abbasbandy et al. 2010) the
aforementioned method is generalized by considering

instead of valuation Val(u) the real number Val,(u)
associated with the fuzzy number u,

[ Average([u],)«?do
Val,(u) = p 7 ada

_ \fpl Average([u],)(1 — )’d
fpl(l — o) 7da '

When g — 400 the authors obtained the triangular fuzzy
number T*(u) = (ff (u), £: (u), t(u)) which is the nearest to
u, as follows:

+(1

ey —1
H) = e T T w1 6
x { 6Val,(u)(p — 1) + t.(u)(—6p* + 6p + 2w)
1
+/g(oc)(1 — o) (=9p* + 18p — 9 — 12w)du
01
+/ﬁ(oc)(1 —a)(9p* — 18p + 9)da p,
0
) = e = "D,
£ (u) -

:6p2—12p—|—4w+6

x { 6Val,(u)(p — 1) + t.(u)(—6p* + 6p + 2w)
u(o) (1 — o) (—9p* + 18p — 9 — 12w)do

+

+ [ w(x)(1 — a)(9p* — 18p + 9)da

S S~

Unfortunately, even if

o (u) — 17 (u)
B 18p? — 36p + 18 + 12w
o —12p+4w+6

1 1
y /wmu—@w—zgwu—@w >0,

0

for every fuzzy number u, the inequalities ¢! (u) <t (1) and
1%(u) <t:(u) are possible (see the below example) such that
T*(u) is not always a fuzzy number.

Example 3 Letw = 10,p = % and u be the fuzzy number
given by
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u(o) = aZ’ such that
w(o) = ¢ —oP(c—1),0 € [0,1], fg <legq (12)
where ¢ > 838 Because and
I | leq <lrq, (13)
/E((x)(l — @)= 12’ where Val(u) is given by (2) with f(a) = (1 —a)?,¢>0
0 and
1
1 1) +u(1
/ﬁ(oc)(l _ ot)doc — 561; , leg=1c= M (]4)
0
The main result of the paper is
2 -2 1 pap
Val () = < (c=2)(g+1)
q eorem et u,|u|, = ulo),ulx),xc 0,1, be a
: 4 4(q+2) Th 3 L (], = [u(e), u(e)], o € [0, 1], b
n (2 —c¢)(g+ 1)g—3¢c +2 fuzzy number and
—
8(¢+3) 8 [t14(u0), 7.4 ()] = [t1gs 11.g]
we get the support of the fuzzy number T,(u) = (ti4,1c4,14), the
ti(u) =1 nearest triangular fuzzy number of u with respect to (6)
and such that t. , = t. is given by (9), the weighted value Val is
3e— 172 calculated by (2) with f(a) = (1 —2)!,g>0and w > 0 is
1 (u) = “eed > 1. a number which is determined by the decision maker.
If w=5,p,u as above and ¢ > 43¢ we obtain ORRY
fe(w) =1 1 N 3(g+1) |
4+ Val(u) — (w+q+ )tc— g+ >2/ﬁ(oc)(l—oc)doc
and q+2 q+2 2(q+2)
3c—-92
t;‘(u) = > 1. 2 1
3 1
34 + <2w+(q+)2> /g((x)(l —)do<0 (15)
4 Main result and examples 2(q+2) o
In this section, we note the triangular fuzzy number T,(u) and
which is the nearest to fuzzy number u in 'Fhe sense of .(6) g+1 g+1 3(g+ 1)2
by (t14(),teq(U), t4(u)), or (t14cq,trq) if no confusion +2Va1(u) - +—+2 e+ 2w+72 o)
is possible. To give a complete solution of the problem we i (4+2)
must impose ! 3(g+1)° !
tl.q S tc.q S tr.q- X /ﬁ(a)(l - OC)dO{—L)Z/E(a)(l - O()dOCZO (16)
: , ) 2(q+2) /
Because (Abbasbandy et al. 2010)
I qg+1 then
Val(T, = t t
al(Ty(u)) = g+2 2(q +2)(l,q+ a) ,
A 3(g+2) q+1Val()
whep f(oc) =(1 —.oc)(’,qZO, the problem becomes to La 3(g+ 17 +2w(g+2)7 | a+2
minimize the function
1 1
P(t1g,1r4) B <3W La+ 2) .
_ (wa(u) g (g Dlng+ w))z (q+2)
q+2 2(g+2) 3 i 1
! e )z/n(a)(lw)da
o / (u(z) ~ (teg — (1 = )1eg — 124)))d Aa+27)
1
1)2
1 i PEIC R /g(rx)(l — )da (17)
[ @) lteq + (1= 01y — )P (1) v27) |
0

@ Springer



Remarks and corrections to the triangular approximations

355

and

3(g+2)°
3(g+ 1)* +2w(g +2)?

1
1,
(q+2)

q+1
q+2

lrg = Val(u)

@) If
—4“\11() <+ 1)

q+2 q+2
1

+<2w+ )/g (1 —a)d
0

g+1)” [
—j/u(a)(l—a)da>0 (19)

(=)

B 6(q—|—2)2
3(g+ 1) +4w(g +2)°

S (CEV R BT |
xo/u(rx)(l )d < P )tc ;

(i) If
1‘C + <2w + )

m\/]() <
1
gy S _
xo/ u(o)(1 — o)dor 2g 12 /()(1 o)do<0

q+1

Val 2
) al(u) + 2w

q+2

N7 A2
) 0
(20)
then
6(q+2)* 1
fhy = ICAR S L R VATR e
’ 3(g+ 1) +4w(g+2)" |g+2

! t
—w |1,
3

o (@t Diat3)
xo/gu(l )d (2(q+2)2 -

and

trg = le.

Proof If f =P in (11) and
81 (tl,qv tr,q) :tl.q - tc,cp

82 (tigstrg) =teg —trg

then the hypothesis of convexity and differentiability in the
Karush—Kuhn-Tucker theorem are satisfied. Because

\Y P(tl,qa tr.q)
_(or o
a 6tl,q’ al‘r,q

1 1 1)?
= (—iVal(u)nL 4+ tc+wtc+M

q+2 (g+2)* 2(qg+2)*

2
X(tig+trq) — 2w [ u(o)(1 — o)do + gw(t,’q —t.)

o _

Og1 Og
vgl(tl»,qvthq) = (6[12761‘ l) = (110)1
s rq

0g> Og
Ve tigstrg) = (sz az,i,) =(0,-1)

and by = b, = 0, the conditions (i)—(iv) in Theorem 1, with
respect to the minimization problem (11)—(13) become
+1 +1 +1)*
~ L v+ )
q+2 (g+2) 2(q+2)
1

—2W/ u(o)(1 —oc)doc—%w(t —tg)+u =0, (21)
0

+1 +1 +1)°
— q—Val(u) + 9 ste + Wi + L)z(t,,q +14)
q+2 (g+2) 2(g+2)

1

—2w/ ()(1—oc)doc+§ (g —1) — 1, =0, (22)

py(te — t1q) =0, (23)
fo(—te +1r4) =0, (24)
=0, (25)
tr 20, (26)
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tlA,q — I < 07 (27)

—trg + 1. <0. (28)

(i) If uy = p, = 0 then (21) and (22) imply #;, and 7, 4, are
given by (17) and (18). Conditions (25), (26) are
satisfied and (27) and (28) are equivalent to (15) and
(16), respectively.

(i) If u; # 0 and p, = O then the solution of the system
(21)—(24) is given by

tl,q:tca
6(q+2)* 1
trg= (2q+ ) 5 q+ Val(u) +2w
3(g+ 1) +4w(g+2)° | 9+2
1
1 3) 1
x/ﬁmxl do— (D@3 13, L
) 2(g+2) 3
4 2)? 1
o= W2(61+ ) i I+ Ly )
3(g+1) +4w(g+2) | g+2

1 1)
—(w—&-&)tc-&- 2w-&-3((17+)2
q+2 2(qg+2)

1 1

x/gwa—@w—ﬁiﬂﬁ/m@m—@m

2(q+2)?
/ (q+)0

t =0.

Conditions (26) and (27) are satisfied. If (19), which is
equivalent to p; > 0 is satisfied, then
1 1

3
nﬂ—QZEﬂh+3/uwx1—ama—;/u@x1—@da>o
w

0 0

that is (28) is verified too.

(iii) If u; = 0 and p, # O then the solution of the system
(21)—(24) is given by

6(q+2)° {q—H
3(g+1)* +4w(g+2)* lg+2

1 B (g+1)(g+3) 1
xo/ )(1—o)d ( 2(q+2)2 +3

fg= Val(u) +2w

)tc )

tr‘q:tc,
u1=0,
4w(g+2)* g+1
Hp=— z( ) 2{ Val(u)
3(g+1)"+4w(g+2)" lg+2

g+1
(w-i- +2)
+<2w+
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Q+12/ (1—a)d
2(g+2)

)

(g+1)
2(g+2)

Conditions (25) and (28) are satisfied. If (20), which is
equivalent to p, > 0 is satisfied, then

i
3
fg =l = —5 i + 3/2(&)(1 —a)da

0
|
-3
0

that is (27) is verified too.
(iv) If p; # 0and p, # 0, then the solution of the system
(21)—(24) is given by

)(1 — o)da <0,

tl,q:tcv
trg =1,
1 1
g+ q+1> /
= Val(u) — | w+—— )t.+2w [ u(a)(1 —o)da,
=L vatG) - (w+ 255 ()1~
0
1
qg+1 q+1> /_
=— Val(u) + +——t.—2w [ u(o)(1—ot)dor.
==L Svatt) + (w445 (x)(1-2)
0
Because

1

I
Uy + iy =2w / lfoc)dfxf/ﬁ(oc)(lfoc)drx <0
0

0

(25) and (26) are not satisfied; therefore we have not a
solution of the problem in this case.

In what follows we prove that to any fuzzy number we
can apply one and only one of the above situations (i)—(iii).
Let us denote

Q = {u € F(R) : case (i) is applicable to u},
Q, = {u € F(R) : case (i) is applicable to u},
Q3 = {u € F(R) : case (iii) is applicable to u},
M = {u € F(R) : u satisfies (15 )},
N = {u € F(R) : u satisfies (16)}.
Then
Q =MnNN,
Q=M
and
Q=N
therefore

QNHL =0 Ny =g
and

QU UQ; = F(R).
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If ue QNQs; , then u satisfies both relations (19) and
(20). We immediately obtain

1 1

/g(oc)(l 70()d0(7/ﬁ(0!)(1 —a)do > 0,

0 0

which contradicts u(o) <u(a), for every o € [0, 1]; there-
fore Q, NQ; = .

Because the larger ¢ the more emphasis we give to the
lower level sets when f(o) = (1 — «)? and the aim is to
obtain the support of T,(u), the case g — oo is considered
in Abbasbandy et al. (2010). We get

u(0) +u(0)

Val(u) 7

= Average([u,) =

and the following important consequence of Theorem 3.

Corollary 1 (i) If

+ (4w +3) /

x (u(1) +u(1)) -3

—

u(0) +u(0) )(1 —o)do — (1 +w)

u(o)(1 —o)de <0 (29)

O\_ S)

and

u(0) +u(0) + (4w +3)

X (u(1)+u(l)) =3 [ u(e)(1 —o)do>0 (30)
then
foe = g 3(0) +7(0) — w(u(1) (1)
1 1
=9 [ u(a)(1 —o)do+ (9 + 12w) (1 —o)do
/ i
(31)
troo = 3(u(0) +1(0)) — wlu(1) +u(1))

6+ 4w

1
+(9+12w) /
0

1

Y1 —o)doe—9 [ u(o)(1 —a)da p;
[
(32)

(i) If

u(0) +u(0) + (4w +3) /g(oc)(l — o)da
0

1

— (1 4 w)((1) +a(1)) - 3/a(<x)(1 — )de >0

0

then

fe = (1) + (1)),

o= 2] 300 10— (340)
1
X(u(1) +u(l)) + 12w/ﬁ(o¢)(l —o)do p;
0

(i) If
1
u(0) + 7 (0)+(4w+3)/ (2)(1 — o)da
0
1

— (1 +w) (1) + (1)) — 3/2(@(1 — )da<0

0

then

1
3+ 4w

3(u(0) +7(0) ~ (5 +w)

tl‘oc -

1
x(u(1) +u(1)) + 12w/g(oc)(1 —oa)da p,
0

foe = 5(u(1) + (1),

Remark 1 Corollary 1 completes Theorem 2, the main
result in Abbasbandy et al. (2010). The triangular fuzzy
number given in Corollary 1, (i), under conditions (29) and
(30), is even the entity, which is not always a fuzzy
number, in Theorem 2.

Example 4 The case (i) in Theorem 3 is applicable to any
symmetric fuzzy number. Indeed, the symmetry of u
implies

te —u(a) =u(a) —t,, Voe[0,1].
Then

Val(u) =
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and (15) and (16) are both equivalent to

1
I
)(1 - — =<
/ o)do 2_O
0

which is true. In addition, by applying (17) and (18) we
obtain

1
e = —to +3 / )(1 = w)d (33)
0
and
1
trg = ——tc 3/ )(1 —a)d (34)

0
that is the triangular approximation is symmetric too.

Example 5 If w=10,g =1 and u is the fuzzy number
given by

u(e) = o,
a(e) =4 —24% ac0,1]
then

12
and (15), (16) are satisfied. Theorem 3, (i) is applicable and

1319
nw=\"227)

Example 6 Case (ii) in Corollary 1 is applicable to fuzzy
number # in Example 1 (w = 10) and

335763
e = (3375 )

Example 7 Case (iii) in Corollary 1 is applicable to fuzzy
number v in Example 2 (w = 10) and

2341 197 197
o) = (5 55

5 Properties

In this section we discuss some important properties of the

triangular approximation given in Theorem 3: identity,
invariance to translations, scale invariance, additivity,
monotonicity. They were suggested to be important

@ Springer

in Grzegorzewski and Mréwka (2005) and studied in
Abbasbandy et al. (2010) for the operator given by Theorem 2.

Theorem 4 If u = (a,b,c) is a triangular fuzzy number
then T,(u) = u.

Proof Because
u(o) =a+alb—a),

(o) = c—a(c —b), €[0,1]
we get

1

2a—|—b

/ u(o)(1 — a)do = 5

0

/ b+2c
/ (o) (1 — a)da = 7z

0
and
Val(u) = b g+ 1 ——(a+c).

q+2 2(g+2)

Conditions (15) and (16) are equivalent to

2 (a+1)
<§W+(q+2)2>(a_b)§0

and

2 (qg+1)7
<§w + o 2)2> (c—b)>0,

respectively, that is case (i) in Theorem 3 is applicable to
any triangular fuzzy number. In addition, (17) and (18)
give us #;4(u) = a and 1, ,(u) = c.

The property of additivity is not satisfied for the
approximation operator in Theorem 3:

Example 8 1If u is the fuzzy number in Example 1 and v is
the fuzzy number in Example 2, taking into account the
results in Examples 6 and 7 we obtain

1235 7117

Because

(u+v)(2) = 99V,

(u+v)(2) =192 - 91/, a€[0,1]
and
1
[t v - ne =2
0
/(u+v)(oc)(1 fot)doc:%
0
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we get that the case (i) in Corollary 1 is applicable to fuzzy
number u 4 v and

3340 3796

(v) # T+ v).

Nevertheless, the property of invariance to translations
and a property of partial additivity can be proved.

As a conclusion, Ty (1) + Two

Theorem 5 The nearest triangular approximation given
by Theorem 3 is invariant to translation, i.e.,

Ty(u+2z) = Tyu) +z
for all z€ R and u € F(R).

Proof Let z€R and u € F(R). By the definition of
addition,

(u+2)(a) = u(a) +z
and
(+2)(2) =u(e) +z,

for every o € [0, 1]. We get
Val(u + z) = Val(u) + z,
te(u+z2) =te(u) +2,

1 1
/<u_+z><oc><1 —o)dn = /u(a)(l )+
0 0

and

1 1
/ )(1—oa)d :/ﬁ 1—oc)dot+§
0 0

We immediately obtain that u satisfies one of (15), (16),
(19) or (20) if and only if the fuzzy number u + z satisfies
the same condition. In addition, in every case (i)—(iii) in
Theorem 3 we obtain

fig(u+2) = t14(u) + 2,
tr:‘}(u + Z) = t”y‘](u) + <,

therefore
T,(u+z) =Ty(u) +z.

With the notations in the proof of the Theorem 3 we
present

Theorem 6 [f u,v € Q;(i € {1,2,3}) then
T, () + T, () = Ty(u +v).

Proof Ifu,v € Q;thenu+v e Q; foreveryi € {1,2,3},
because the definition of addition implies

Val(u + v) = Val(u) + Val(v),
te(u+v) = te(u) + 1(v),

1
/ )(1 —o)d
0

|

- / u(@)(1 - 2)da

0

In addition,
lg(u+v) = t14() +114(v)
and
trqu+v) =t 4(u) +1,4(v),
in every case (i)—(iii) in Theorem 3.
The scale invariance is an important property too.

Theorem 7 The nearest triangular approximation given
by Theorem 3 is scale invariant, i.e.,

Ty(A-u)=A-Ty(u),
for all . € R\{0} and u € F(R).

Proof Let / be a non-zero real number and u € F(R). If
A > 0 then the proof is immediate because u verifies (15),
(16), (19) or (20) if and only if A-u verifies the same
condition. In addition,

Val( - u) = AVal(u),

to(A - u) = At (u),

then

tig(A-u) = At14(u)

and

trg(A-u) = 2, 4(u),

in every case (i)—(iii) in Theorem 3.
In the case 41 <0 we also obtain

Val(1-u) = ZVal(u),

te(A-u) = At (u)
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and it is easy to prove that u satisfies (15) [(16), (19), (20)]
if and only Z4-u satisfies (16) [(15), (20), (19),
respectively]. As a conclusion, with the notations in
Theorem 3, u € Q if and only if 1-u € Q), u €, if
and only if A-u € Q3 and u € Qj if and only if 1-u € Q.
In each case (i)-(iii), Theorem 3 we obtain

tig(A-u) = At, 4(u)
and
trg(A-u) = 2t 4(u),

that is, T,(4 - u) = A - T,(u).
Let us consider the relation between fuzzy numbers
given by

vCu iff u(e) <v(a), ¥(a)<u(a), Yoel0,1],

where [u], = [u(a),d@(a)], [v], = [v(a), ¥(a)],« € [0, 1]. The
approximation operator given by Theorem 3 is not invariant
with respect to C (see the below examples), but a similar result

with Theorem 5.4 in Abbasbandy et al. (2010) can be proved.

Example 9 If v is the triangular fuzzy number (1, %, 2) and
u is the fuzzy number given in Example 1, then v C u.

According to Example 6 and Theorem 4 (w = 10)

335763
T =132 )

and

- (122),

that is, oo (v) € Too(u).

The case g = 400 is not an exception, as the following
example proves:

Example 10 We consider w = 10 and g = 5. If u is given
by u(a) = /o and u(a) = 432 — 430,/ and v as above,

then v C u and T5(v) = (1,3,2). We get

1
Val(u) = g

The fuzzy number u satisfies the condition (19) and
Theorem 3, (ii) implies

@ Springer

T — (2.2.319977
SW=\22 71034 )

that is, T5(v) € Ts(u).

Theorem 8 If u,v € F(R) are symmetric and
u(1) +u(1) = v(1) +v(1)

then u C v implies

Ty(u) C Ty(v).

Proof Taking into account f.(u) = .(v) and (33), (34) we
get

= tr-,q(v)7

that is, T,(u) C T,(v).

6 Conclusion

The main result of the paper is Theorem 3. It gives a tri-
angular approximation of a fuzzy number using o-weighted
valuations and corrects the recent results in Abbasbandy
et al. (2010). Some properties of the triangular approxi-
mation operator are discussed. To compare the present
method of approximation with other methods, some addi-
tional properties, like continuity, will be studied in future
articles.
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