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Abstract The purpose of this paper was to investigate the

structure of semi-Heyting chains and the variety CSH
generated by them. We determine the number of non-iso-

morphic n-element semi-Heyting chains. As a contribution

to the study of the lattice of subvarieties of CSH; we

investigate the inclusion relation between semi-Heyting

chains. Finally, we provide equational bases for CSH and

for the subvarieties of CSH introduced in [5].
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1 Introduction and preliminaries

In [5], Sankappanavar introduced a new equational class of

algebras, which he called ‘‘semi-Heyting Algebras’’, as an

abstraction of Heyting algebras. This variety includes

Heyting algebras and shares with them some rather strong

properties. For example, the variety of semi-Heyting is

arithmetical; semi-Heyting algebras are pseudocomple-

mented distributive lattices, and their congruences are

determined by filters.

The purpose of this paper was to investigate the properties

of semi-Heyting chains and the structure of the variety CSH
generated by all semi-Heyting chains. In [5], Sankappanavar

posed the following problem: for V a subvariety of semi-

Heyting algebras and n a natural number, if f ðV; nÞ denotes

the number of non-isomorphic n-element semi-Heyting

chains in V; find a formula for f ðV; nÞ. In Sect. 2, we prove

some results on semi-Heyting chains and find f ðSH; nÞ; i.e.,

we determine the number of non-isomorphic structures of

semi-Heyting algebra that can be defined over an n-element

chain. Section 3 is devoted to investigate the behavior of the

subalgebras of a given semi-Heyting chain. Finally, we find

equational bases for many subvarieties of CSH in Sect. 4,

solving the problems 14.6–14.10 posed in [5].

We start by recalling some definitions and results. For

basic notation and results, the reader is referred to [1–4].

Definition 1.1 An algebra L ¼ hL;_;^;!; 0; 1i is a

semi-Heyting algebra if the following conditions hold:

(SH1) hL;_;^; 0; 1i is a lattice with 0 and 1;

(SH2) x ^ ðx! yÞ � x ^ y;
(SH3) x ^ ðy! zÞ � x ^ ½ðx ^ yÞ ! ðx ^ zÞ�;
(SH4) x! x � 1:

We will denote by SH the variety of semi-Heyting

algebras.

Semi-Heyting algebras are pseudocomplemented dis-

tributive lattices, with the pseudocomplement given by

x� ¼ x! 0 (see [5]).

Lemma 1.2 [5] Let L 2 SH and a; b 2 L:

(a) If a! b ¼ 1 then a � b:

(b) If a � b then a � a! b:

(c) a ¼ b if and only if a! b ¼ b! a ¼ 1:

(d) 1! a ¼ a:
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Proof From a! b ¼ 1 and (SH3), we get a ^ 1 ¼ a ^ b;

i.e., a ¼ a ^ b; and we have (a). For (b), by (SH3) and a � b

it follows that a ¼ a ^ ða! bÞ � a! b: Property (c) is

clear. To prove (d), observe that a ¼ 1 ^ a ¼ 1^
ð1! aÞ ¼ 1! a: h

Congruences on semi-Heyting algebras are determined

by filters. Besides, we have the following characterization

of subdirectly irreducible algebras in SH (see [5, Theorem

7.5])

Theorem 1.3 Let L 2 SH with jLj � 2: The following

are equivalent:

(a) L is subdirectly irreducible.

(b) L has a unique coatom.

Observe that as a consequence of this theorem, if L is

subdirectly irreducible, then 1 2 L is _-irreducible.

2 Semi-Heyting chains

We say that L 2 SH is a semi-Heyting chain if the lattice

reduct of L is totally ordered. In this section, we prove

some results on semi-Heyting chains, and we determine a

formula for the number of semi-Heyting structures that can

be defined on an n-element chain. We generalize the results

of Sankappanavar in [5] for chains with 2, 3, and 4

elements.

The following lemma states that part of the operation

table of! in a semi-Heyting chain is uniquely determined.

Lemma 2.1 [5] Let L be a semi-Heyting chain, a; b 2 L:

If a\b then b! a ¼ a:

Proof From b ^ a ¼ b ^ ðb! aÞ and a\b; we obtain

a ¼ b ^ ðb! aÞ: As L is a chain, a ¼ b or a ¼ b! a; so

a ¼ b! a: h

The next two lemmas are useful when we have to verify

if a given chain is a semi-Heyting algebra.

Lemma 2.2 Let hL;_;^;!; 0; 1i be a totally ordered

bounded lattice L with a binary operation ? such that if

a; b 2 L with a\b then b! a ¼ a: The following condi-

tions are equivalent:

(1)

(a) x! x � 1;

(b) x ^ ðx! yÞ � x ^ y;

(2)

(a) x! x � 1;

(b) If x\y then x ^ ðx! yÞ ¼ x ^ y:

Proof We only have to prove that ð2Þ ) ð1Þ: We want to

prove that a ^ ða! bÞ ¼ a ^ b for every a; b 2 L: If a\b;

by (2) (b), a ^ ða! bÞ ¼ a ^ b: If a ¼ b by (2)(a), a ^
ða! aÞ ¼ a ^ 1 ¼ a ¼ a ^ a: Finally, if a [ b; by

hypothesis a! b ¼ b and so, a ^ ða! bÞ ¼ a ^ b: h

Lemma 2.3 Let hL;_;^;!; 0; 1i be a totally ordered

bounded lattice L with a binary operation ? such that if

a; b 2 L with a\b then b! a ¼ a: The following condi-

tions are equivalent

(1) hL;_;^;!; 0; 1i 2 SH;

(2)

(a) x! x � 1;

(b) x ^ ðx! yÞ � x ^ y;

(c) If y\x\z; then x ^ ðy! xÞ ¼ x ^ ðy! zÞ:

Proof

(1)) (2). As L ¼ hL;_;^;!; 0; 1i 2 SH;L satisfies

(2)(a) and (2)(b). Let a; b; c 2 L such that b\a\c: Then

a ^ ðb! cÞ ¼ a ^ ½ða ^ bÞ ! ða ^ cÞ� ¼ a ^ ðb! aÞ:
(2)) (1). It is enough to prove (SH3). Let a; b; c 2 L;

and suppose that c\b:

If a\c; then a ^ b ¼ a ^ c ¼ a: So a ^ ðb! cÞ ¼ a ^
c ¼ a and a ^ ½ða ^ bÞ ! ða ^ cÞ� ¼ a ^ a ¼ a: If either

c\a\b or c\b\a; then a ^ c\a ^ b: Thus,

a! ½ða ^ bÞ ! ða ^ cÞ� ¼ a ^ a ¼ a:

The other cases are similar. h

Lemma 2.4 Let L be a semi-Heyting chain. The follow-

ing conditions are equivalent:

(a) 0! a ¼ 0 for some a 2 L with a 6¼ 0:

(b) 0! b ¼ 0 for every b 2 L with b 6¼ 0:

Proof Suppose that 0! a ¼ 0 for some a 2 L; a 6¼ 0:

0 ¼ a ^ 0 ¼ a ^ ð0! aÞ ¼ a ^ ðð0 ^ aÞ ! ð1 ^ aÞÞ ¼ a^
ð0! 1Þ: As a 6¼ 0 and L is a chain, 0! 1 ¼ 0: Let b 2 L

such that b 6¼ 0: 0 ¼ b ^ 0 ¼ b ^ ð0! 1Þ ¼ðSH3Þ
b ^ ð0!

bÞ: As b 6¼ 0 and L is a chain, 0! b ¼ 0: h

In particular, if 0! 1 ¼ 0; then 0! b ¼ 0 for every

b 2 L; b 6¼ 0:

In order to determine the number of semi-Heyting

algebras that can be defined on an n-element chain, let us

consider first the following example, since it contains the

main ideas underlying in the procedure.

Let L be a 4-element lattice, L ¼ f0; a1; a2; 1g; with 0 ¼
a0\a1\a2\a3 ¼ 1: Consider a binary operation !: L�
L! L in such a way that hL;^;_;!; 0; 1i is a semi-

Heyting chain. From Lemma 2.1, we know that for x; y 2
L; if x\y then y! x ¼ x: Consequently, the lower half
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under the main diagonal, including that diagonal, of the

operation table of ! of L is uniquely determined. So, it

remains to fill in the upper half of the table, i.e., the ele-

ments x! y for x\y:

Observe that if x � y then x � x! y (Lemma 1.2).

If 0! 1 ¼ 0; then by Lemma 2.4, 0! a1 ¼ 0! a2 ¼
0: So, the first row in the table is

If 0! 1 ¼ a1; then 0! a2 ¼ a2 and 0! a1 2 ½a1Þ;
where ½xÞ ¼ fy 2 L : x � yg:

Indeed, a1 ¼ a2 ^ a1 ¼ a2 ^ ð0! 1Þ ¼ a2 ^ ð0! a2Þ;
so 0! a2 ¼ a1; and a1 ¼ a1 ^ ð0! 1Þ ¼ðSH3Þ

a1 ^ ð0!
a1Þ; i.e., 0! a1 � a1:

So in this case, the first row of the table is

In a similar way, it can be seen that if 0! 1 ¼ a2 or 0!
1 ¼ 1; then 0! a2 2 ½a2Þ and 0! a1 2 ½a1Þ: So we have

Then we can write for the first row

ð0! 1; 0! a2; 0! a1Þ

¼
ð0; 0; 0Þ;
ða1; a1; zÞ; with z 2 ½a1Þ
ðx; y; zÞ; with x; y 2 ½a2Þ; z 2 ½a1Þ;

8
<

:

i.e., ð0! 1; 0! a2; 0! a1Þ 2 f0g � f0g � f0gf g[
fa1g � fa1g � ½a1Þf g [ fa2g � ½a2Þ � ½a1Þf g [ f1g�f
½a2Þ � ½a1Þg:

For the second and third rows, we would have the fol-

lowing possibilities, determined by a1 ! 1 and a2 ! 1;

respectively:

Observe that the behavior of each row is independent of

the others, and that, for x\y; the element x! y depends

on the element x! 1:

The following lemma shows that in every semi-Heyting

chain, the operation table of ! behaves as in the previous

example.

Lemma 2.5 Let L be a semi-Heyting chain and let

a; b; c 2 L; a 6¼ 1: If a! 1 ¼ b then for c [ a

a! c ¼ b if b\c;
a! c 2 ½cÞ if b� c:

�

Proof Suppose that b\c: From a! 1 ¼ b we get c ^
ða! 1Þ ¼ c ^ b ¼ b; i.e., c ^ ½ðc ^ aÞ ! ðc ^ 1Þ� ¼ b:

Thus, c ^ ða! cÞ ¼ b: As L is a chain and b\c; then

b ¼ a! c:

The case b � c is similar. h

Let Ln ¼ hLn;^;_; 0; 1i be an n-element totally ordered

lattice:

0 ¼ a0\a1\ � � �\an	2\an	1 ¼ 1:

Let !: Ln � Ln ! Ln be a function such that

hLn;^;_;!; 0; 1i 2 SH:
Motivated by the previous example, we are going to

introduce the following sets:

For aj 2 Ln; 0 � j � n	 1; and for 1 � k � n	 1;

E j
k ¼

aj

� �
if k\n	 j

an	k½ Þ if k� n	 j

�

and for ai � aj;

Eai
aj
¼
Yn	i	1

k¼1

E j
k

Finally, let Fi be the set

Fi ¼
[n	1

j¼i

Eai
aj

with 0� i\n	 1;

where Fi would represent the row in the table that corre-

sponds to the elements of the form ai ! y with ai\y:

In the previous example (n = 4),

F0 ¼
[3

j¼0

Ea0

aj
¼ Ea0

a0
[ Ea0

a1
[ Ea0

a2
[ Ea0

a3
¼ E0

1 � E0
2 � E0

3

� �

[ E1
1 � E1

2 � E1
3

� �
[

E2
1 � E2

2 � E2
3

� �
[ E3

1 � E3
2 � E3

3

� �

¼ fa0g � fa0g � fa0gf g [ fa1g � fa1g � ½a1Þf g
[ fa2g � ½a2Þ � ½a1Þf g [ fa3g � ½a2Þ � ½a1Þf g;
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We have ð0! 1; 0! a2; 0! a1Þ 2 F0; ða1 ! 1; a1 !
a2Þ 2 F1 and a2 ! 1 2 F2 and we will write ðð0! 1; 0!
a2; 0! a1Þ; ða1 ! 1; a1 ! a2Þ; a2 ! 1Þ 2 F0 � F1 � F2:

This motivates the introduction of the following set F

that would represent the upper half above the main diag-

onal of the table:

F ¼
Yn	2

i¼0

Fi:

Lemma 2.6 ðai ! 1; ai ! an	2; . . .; ai ! aiþ1Þ 2 Fi:

Proof As ai � 1; then ai ! 1 � ai: Suppose that ai !
1 ¼ ak with i � k � n	 1: We will see that ðai ! 1; ai !
an	2; . . .; ai ! aiþ1Þ 2 Eai

ak
: By Lemma 2.5,

ai ! aj
¼ ak if k\j
� aj if k� j with j [ i

�

: ð1Þ

We will see that ai ! aj 2 Ek
n	j with iþ 1 � j � n	 1: If

n	 j\n	 k; then j [ k:Hence, by Eq. 1, ai ! aj ¼ ak and,

consequently, ai ! aj 2 Ek
n	j: If n	 j � n	 k; then j � k:

Thus, by Eq. 1, ai ! aj � aj; and then ai ! aj 2 ½an	ðn	jÞÞ:
So, ai ! aj 2 Ek

n	j and ðai ! 1; ai ! an	2; . . .; ai !
aiþ1Þ 2 Eai

ak
: Therefore, ðai ! 1; ai ! an	2; . . .; ai !

aiþ1Þ 2 Fi: h

Notation 2.7 We denote a!ðiÞ ¼ ðai ! 1; ai !
an	2; . . .; ai ! aiþ1Þ with 0 � i � n	 2:

Corollary 2.8 ða!ð0Þ; a!ð1Þ; . . .; a!ðn	 2ÞÞ 2 F:

Now we are going to construct an implication from a

given element x 2 F:

Consider the set F and x 2 F: Then x ¼
ðxð0Þ; xð1Þ; . . .; xðn	 2ÞÞ; where xðiÞ 2 Fi for 0 � i � n	
2: Now, for each i, there exists ji with i � ji � n	 1 such

that xðiÞ 2 Eai
aji
: Hence, xðiÞ ¼ ðxðiÞjið1Þ; xðiÞjið2Þ; . . .;

xðiÞjiðn	 i	 1ÞÞ with xðiÞjiðkÞ 2 Eji
k ; 1 � k � n	 i	 1:

We define in Ln an operation ) in the following way:

ar ) al ¼
al if r [ l
an	1 if r ¼ l
xjrðrÞðn	 lÞ if r\l

8
<

:

The following lemma proves that ) is a semi-Heyting

implication.

Lemma 2.9 hLn;^;_;); 0; 1i 2 SH:

Proof First observe that if r\l; then 1 � n	 l � n	
r 	 1: So ) is well defined.

Now, we will see that ) it is an implication of semi-

Heyting algebras.

By definition of ); L 
 x) x � 1:

Let us see that L 
 x ^ ðx) yÞ � x ^ y: Let x; y 2 L

with x\y: Then x ¼ ar and y ¼ al with 0 � r; l � n	 1

and r\l: Thus, ar ) al ¼ xðrÞjrðn	 lÞ that belongs to

Ejr
n	l ¼

ajr

� �
if n	 l\n	 jr

an	ðn	lÞ
� �

if n	 l� n	 jr

�

:

As r � jr and r\l; ar ^ ðar ) alÞ ¼ ar ¼ ar ^ al:

Hence, x ^ ðx) yÞ ¼ x ^ y: By Lemma 2.2, L 
 x^
ðx) yÞ � x ^ y:

It is long but computational to prove that

L 
 x ^ ðy) zÞ � x ^ ½ðx ^ yÞ ) ðx ^ zÞ�:
By Lemma 2.3, ) is a semi-Heyting implication. h

From the previous results, we have the following:

Theorem 2.10 Let Sn ¼ f!: L2
n ! LnjhLn;^;_;!

; 0; 1i 2 SHg: There exists a bijective correspondence

between Sn and F.

Proof We define a : Sn ! F as follows: að!Þ ¼
ða!ð0Þ; a!ð1Þ; . . .; a!ðn	 2ÞÞ for each !2 Sn: By Cor-

ollary 2.8, að!Þ 2 F: By Lemma 2.9, a is onto.

Let us prove that a is injective. Let!1;!22 Sn such that

að!1Þ ¼ að!2Þ:By Lemma 2.1, if ar [ al then ar !1 al ¼
al ¼ ar !2 al: If ar ¼ al; ar !1 al ¼ 1 ¼ ar !2 al: As

að!1Þ ¼ að!2Þ; ða!1
ð0Þ; a!1

ð1Þ; . . .; a!1
ðn	 2ÞÞ ¼

ða!2
ð0Þ; a!2

ð1Þ; . . .; a!2
ðn	 2ÞÞ: Hence, a!1ðiÞ ¼

a!2ðiÞ for all i with 0 � i\n	 1: Then ai !1 1 ¼ ai !2

1; ai !1 an	2 ¼ ai !2 an	2; . . .; ai !1 aiþ1 ¼ ai !2 aiþ1

for all i with 0 � i\n	 1: Hence, !1¼!2; and a is

injective. h

Our next objective is to determine the cardinal of the set F.

Lemma 2.11 Eai
aj
\ Eai

ak
¼ ; with j 6¼ k:

Proof Let x 2 Eai
aj
\ Eai

ak
and suppose that j\k: As x 2 Eai

aj

then x ¼ ðxð1Þ; xð2Þ; . . .; xðn	 i	 1ÞÞ; with xðmÞ 2 E j
m;

1 � m � n	 i	 1: As x 2 Eai
ak

then x ¼ ðzð1Þ; zð2Þ; . . .;

zðn	 i	 1ÞÞ with zðmÞ 2 Ek
m; 1 � m � n	 i	 1: Now, if

1\n	 j; xð1Þ ¼ aj and if 1 � n	 j; then xð1Þ ¼ 1: If

1\n	 k; zð1Þ ¼ ak and if 1 � n	 k; then zð1Þ ¼ 1:

Moreover, as j\k; n	 j [ n	 k: If 1\n	 k\n	 j;

xð1Þ ¼ aj and zð1Þ ¼ ak a contradiction since xð1Þ ¼ zð1Þ:
The other cases are similar. Consequently, Eai

aj
\ Eai

ak
¼ ;:h

Lemma 2.12 Fj j ¼
Qn	2

i¼0

1þ ðn	 i	 1Þ!
Pn	1

j¼iþ1

1
ðn	j	1Þ!

" #

Proof By Lemma 2.11, Fij j ¼
Pn	1

j¼i

Eai
aj

�
�
�

�
�
� with Eai

aj

�
�
�

�
�
� ¼

Ej
1

�
�
�
� � Ej

2

�
�
�
� � � � Ej

n	i	1

�
�

�
�:

Ej
k

�
�
�
� ¼

1 if k\n	 j

n	 1	 ðn	 kÞ þ 1 if k� n	 j

�

¼
1 if k\n	 j

k if k� n	 j

�

:

Hence,

Eai
aj

�
�
�

�
�
� ¼

ðn	 jÞ � ðn	 jþ 1Þ � � � ðn	 i	 1Þ if j [ i

1 if j ¼ i

�

:
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So,

Fij j ¼ 1þ
Xn	1

j¼iþ1

ðn	 jÞ � ðn	 jþ 1Þ � � � ðn	 i	 1Þ

¼ 1þ
Xn	1

j¼iþ1

ðn	 i	 1Þ!
ðn	 j	 1Þ!

¼ 1þ ðn	 i	 1Þ!
Xn	1

j¼iþ1

1

ðn	 j	 1Þ! :

Thus, Fj j ¼
Qn	2

i¼0

1þ ðn	 i	 1Þ!
Pn	1

j¼iþ1

1
ðn	j	1Þ!

" #

: h

By Lemma 2.12 and Theorem 2.10, it follows immedi-

ately the next corollary:

Corollary 2.13 There are

Yn	2

i¼0

1þ ðn	 i	 1Þ!
Xn	1

j¼iþ1

1

ðn	 j	 1Þ!

" #

non-isomorphic n-element semi-Heyting chains, for n � 2:

For n ¼ 2; 3; 4 this formula gives 2, 10, and 160,

respectively, which coincide with the numbers determined

by Sankappanavar in [5]. For n ¼ 5; there are 10,400 non-

isomorphic semi-Heyting chains with five elements.

3 Isomorphic subalgebras of a semi-Heyting chain

When one investigates the lattice of subvarieties of CSH; it

is important to characterize the subalgebras of a finite semi-

Heyting chain and to study the inclusion relation between

chains in CSH:
In this section, we consider the following related prob-

lem, which will show the complexity of the general prob-

lem. Given an n-element chain L, we wish to know when

an ðnþ 1Þ-element semi-Heyting chain L0 contains a sub-

algebra isomorphic to L, and the number of semi-Heyting

chains L0 satisfying this condition.

Consider the following example. Let L ¼ hL;^;_;!;
0; 1i be a 4-element semi-Heyting chain, L : 0\a\b\1:

We want to know the number of 5-element semi-Heyting

chains L0 such that L is (isomorphic to) a subalgebra of L0.
Let L0 be a 5-element semi-Heyting chain such that L 2
ISðL0Þ and assume that L0 ¼ L [ fcg:

Suppose first that 0\a\c\b\1: We have just to

consider the elements x! c for x\c and the elements

c! y for c\y:

If 0! b � a; then c ^ ð0! cÞ ¼ c ^ ð0! bÞ ¼ 0!
b: Since L is a chain, 0!c ¼ 0!b:

If 0! b � b; then c ^ ð0! cÞ ¼ c ^ ð0! bÞ ¼ c: So,

0! c � c; i.e.,

0! c ¼ 0! b if 0! b � a and 0! c � c if 0

! b � b:

Similarly, if a! b ¼ a then a! c ¼ a! b; and if

a! b � b then a! c � c; i.e.,

a! c ¼ a! b if a! b ¼ a and a! c � c if 0

! b � b:

Besides, c! 1 � c and

c! b ¼ c! 1 if c! 1 ¼ c and c! b � b if c
! 1 � b:

So, we conclude that

ðc! 1; c! bÞ
2 fcg � fcgð Þ [ fbg � ½bÞð Þ [ f1g � ½bÞð Þ:

In a similar way, we should consider the cases

0\a\b\c\1 and 0\c\a\b\1:

In general, let L ¼ hL;^;_;!; 0; 1i be an n-element

semi-Heyting chain, n � 3; with

L : 0 ¼ a0\a1\ � � �\an	2\an	1 ¼ 1:

For a given 0 � i � n	 2; let hLi;^;_; 0; 1i be an

ðnþ 1Þ-element chain with Li ¼ L [ fbig; bi 62 L; and

Li : 0 ¼ a0\a1\ � � �\ai\bi\aiþ1\ � � �\an	1 ¼ 1:

We want to find conditions on an implication !: Li �
Li ! Li in order for L to be a subalgebra of Li ¼
hLi;^;_;!; 0; 1i and to determine the number of impli-

cation operations that satisfy those conditions.

Consider the following sets

(a) Fk
j ¼

akf g if k\j
aj

� �
if k� j

�

(b) Fi
k ¼ akf g �

Qn	2

j¼iþ1

Fk
j

(c) Fi
0 ¼ bif g �

Qn	2

j¼iþ1

bif g

(d) Ei
j ¼

aj ! aiþ1

� �
if aj ! aiþ1� ai

bi½ Þ if aj ! aiþ1 [ ai

�

(e) Ei ¼
Qi

j¼0

Ei
j

(f) Gi ¼ Ei �
Sn	1

k¼iþ1

Fi
k

� 	

[ Fi
0


 �

Lemma 3.1 Let L and Li be as defined earlier. Then

ðða0 ! bi; a1 ! bi; . . .; ai ! biÞ; ðbi ! 1; bi ! aiþ1; bi

! aiþ2; . . .; bi ! an	2ÞÞ 2 Gi:
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Proof For 0 � j � i; aj\aiþ1; and then by Lemma 1.2,

aj ! aiþ1 � aj: If aj ! aiþ1 ¼ al with j � l � i;

as bi [ al; by Lemma 2.5 aj ! bi ¼ al ¼ aj ! aiþ1: If

aj ! aiþ1 ¼ al with iþ 1 � l � n	 1; by Lemma 2.5

aj ! bi � bi: Then aj ! bi 2 Ei
j: Consequently, ða0 !

bi; a1 ! bi; . . .; ai ! biÞ 2 Ei: Moreover, as bi\1; by

Lemma 1.2, bi ! 1 � bi: Hence, bi ! 1 ¼ bi or bi ! 1 ¼
ak with iþ 1 � k � n	 1:

Suppose that bi ! 1 ¼ bi: Consider j with iþ
1 � j � n	 2: By Lemma 2.5, bi ! aj ¼ bi: Then

ðbi ! 1; bi ! aiþ1; . . .; bi ! an	2Þ 2 Fi
0:

If bi ! 1 ¼ ak with iþ 1 � k � n	 1; consider j with

iþ 1 � j � n	 2: If j � k; by Lemma 2.5, bi ! aj � aj:

If j [ k; by Lemma 2.5, bi ! aj ¼ ak: Then

ðbi ! 1; bi ! aiþ1; . . .; bi ! an	2Þ 2 Fi
k:

Therefore, ðbi ! 1; bi ! aiþ1; . . .; bi ! an	2Þ 2Sn	1
k¼iþ1 Fi

k [ Fi
0: Thus, ðða0 ! bi; a1 ! bi; . . .; ai ! biÞ;

ðbi ! 1; bi ! aiþ1; bi ! aiþ2; . . .; bi ! an	2ÞÞ 2 Gi: h

Now we will construct an implication from a given

element of the set Gi:

Consider now the set Gi: Let a 2 Gi: a ¼ ða1; a2Þ with

a1 2 Ei and a2 2
Sn	1

k¼iþ1 Fi
k

� 
[ Fi

0: As a1 2 Ei; then a1 ¼
ða1ð0Þ; a1ð1Þ; . . .; a1ðiÞÞ with a1ðjÞ 2 Ei

j for every j, 0 B j B

i. As a22
Sn	1

k¼iþ1 Fi
k

� 
[ Fi

0; then a2 2 Fi
k0

for any k0 with

iþ 1 � k0 � n	 1 ó a2 2 Fi
0: Hence, a2 ¼ ða2ðn	 1Þ;

a2ðiþ 1Þ; a2ðiþ 2Þ; . . .; a2ðn	 2ÞÞ: If a2 2 Fi
k0

for any k0

with iþ 1 � k0 � n	 1; a2ðn	 1Þ ¼ ak0
and a2ðjÞ 2 Fk0

j

with iþ 1 � j � n	 2: If a2 2 Fi
0; a2ðn	 1Þ ¼ bi and

a2ðjÞ ¼ bi with iþ 1 � j � n	 2: In Li we define an

operation ) as:

x) y

¼

x! y if x; y 2 L
1 if x ¼ y
y if ðx; yÞ ¼ ðaj; biÞ with iþ 1� j� n	 1

y if ðx; yÞ ¼ ðbi; ajÞ with 0� j� i
a1ðjÞ if ðx; yÞ ¼ ðaj; biÞ with 0� j� i
a2ðjÞ if ðx; yÞ ¼ ðbi; ajÞ with iþ 1� j� n	 1

8
>>>>>><

>>>>>>:

Lemma 3.2 Let Li ¼ hLi;^;_;); 0; 1i: Then Li 2 SH
and, consequently, L is a subalgebra of Li:

Proof Clearly, Li 
 x) x � 1:

We will see that Li 
 x ^ ðx) yÞ � x ^ y: Let a; b 2 Li

with a\b:

If a; b 2 L; then a ^ ða) bÞ ¼ a ^ ða! bÞ ¼ a ^ b:

Suppose that a ¼ bi; b ¼ ar with iþ 1 � r � n	 1 and

a2 2 Fi
k0

with iþ 1 � k0 � n	 1: Then bi ^ ðbi ) arÞ ¼

bi ^ a2ðrÞ: If r ¼ n	 1; bi ^ ðbi ) 1Þ ¼ bi ^ a2ðn	 1Þ ¼
bi ^ ak0

¼ bi ¼ bi ^ 1: If r\n	 1; bi ) ar ¼
ak0

if k0\r
x if k0� r with x� ar

�

:

Consequently,

bi ^ bi ) arð Þ ¼ bi if k0\r
bi if k0� r

�

¼ bi ^ ar

Suppose now that a ¼ bi; b ¼ ar with iþ 1 � r � n	 1

and a2 2 Fi
0: In this case bi ^ ðbi ) arÞ ¼ bi ^ a2ðrÞ ¼

bi ^ bi ¼ bi ¼ bi ^ ar:

Finally, if a ¼ bi and b ¼ ar with 0 � r � i: ar ^ ðar )
biÞ ¼ ar ^ a1ðrÞ: Thus,

a1ðrÞ ¼
ar ! aiþ1 if ar ! aiþ1� ai

x if ar ! aiþ1 [ ai with x� bi

�

;

so,

ar ^a1ðrÞ

¼
ar ^ðar! aiþ1Þ if ar! aiþ1�ai

ar ^ x if ar! aiþ1 [ai with x�bi

�

:

Hence, ar ^ ðar ) biÞ ¼ ar ^ a1ðrÞ ¼ ar ¼ ar ^ bi:
In a similar way, it can be proved that Li 


x ^ ðy) zÞ � x ^ ½ðx ^ yÞ ) ðx ^ zÞ�:
By Lemma 2.3, Li

! 2 SH: h

Remark 3.3 From the previous lemma, it follows that for

every n-element semi-Heyting chain L there exists an

(n ? 1)-element semi-Heyting chain L0 such that L is a

subalgebra of L0.

From the previous results, we can establish the follow-

ing correspondence:

Theorem 3.4 Let Si be the set of operations !: Li �
Li ! Li such that Li ¼ hLi;^;_;!; 0; 1i 2 SH and L is a

subalgebra of Li: Then there exists a bijective correspon-

dence between Si and Gi:

Proof We define a : Si ! Gi as að!Þ ¼ ðða0 ! bi; a1 !
bi; . . .; ai ! biÞ; ðbi ! 1; bi ! aiþ1; bi ! aiþ2; . . .; bi !
an	2ÞÞ: By Lemmas 3.1 and 3.2, a is well defined, and it is

onto. The injectivity is left to the reader. h

Now we want to determine the cardinal of the set Gi:

Lemma 3.5 Let iþ 1 � k; k0 � n	 1 and 0 � i � n	 2:

Then Fi
k \ Fi

k0 ¼ ; if k 6¼ k0:

Proof Let a 2 Fi
k \ Fi

k0 and suppose that k\k0: As a 2
Fi

k; a ¼ ða1; aiþ1; aiþ2; . . .; an	2Þ with a1 ¼ ak and aj 2 Fk
j

with iþ 1 � j � n	 2: As a 2 Fi
k0 ; a ¼ ða1; aiþ1; aiþ2; . . .;

an	2Þ with a1 ¼ ak0 and aj 2 Fk0
j with iþ 1 � j � n	 2:

Hence, ak ¼ ak0 : Then k ¼ k0 a contradiction. h
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Lemma 3.6

Gi
�
�
�
� ¼

Yi

j¼0

Ai
j

 
Xn	2

k¼iþ1

ðn	 ðiþ 1Þ 	 1Þ!
ðn	 ðiþ 1Þ 	 ðk 	 ðiþ 1Þ þ 2ÞÞ!

þðn	 ðiþ 1Þ 	 1Þ!þ 1

!

;

where

Ai
j ¼

1 if aj ! aiþ1� ai

n	 i if aj ! aiþ1 [ ai

�

:

Proof We have that Fk
j ¼

akf g if k\j
aj

� �
if k� j

�

and then

Fk
j

�
�
�

�
�
� ¼

1 if k\j

n	 2	 jþ 1 if k� j

�

¼
1 if k\j

n	 j	 1 if k� j

�

Hence, for k 6¼ n	 1 ,

Yn	2

j¼iþ1

Fk
j

�
�
�

�
�
� ¼ ðn	 ðiþ 1Þ 	 1Þ!
ðn	 ðiþ 1Þ 	 ðk 	 ðiþ 1Þ þ 2ÞÞ! :

If k ¼ n	 1;
Qn	2

j¼iþ1 Fk
j

�
�
�

�
�
� ¼ ðn	 ðiþ 1Þ 	 1Þ!:

Besides, as

Ei
j ¼

aj ! aiþ1

� �
if aj ! aiþ1� ai

bi½ Þ if aj ! aiþ1 [ ai

�

;

then jEi
jj ¼

1 if aj ! aiþ1� ai

j bi½ Þj if aj ! aiþ1 [ ai

�

with j½biÞj ¼

n	 1	 ðiþ 1Þ þ 2 ¼ n	 1	 i	 1þ 2 ¼ n	 i:

Let

Ai
j ¼

1 if aj ! aiþ1� ai

n	 i if aj ! aiþ1 [ ai

�

:

Then Gi ¼ Ei �
Sn	1

k¼iþ1 Fi
k

� 
[ Fi

0

h i
; by Lemma 3.5

Gi
�
�
�
� ¼

Yi

j¼0

Ai
j

 
Xn	2

k¼iþ1

ðn	 ðiþ 1Þ 	 1Þ!
ðn	 ðiþ 1Þ 	 ðk 	 ðiþ 1Þ þ 2ÞÞ!

þðn	 ðiþ 1Þ 	 1Þ!þ 1

!

:

h

From Lemma 3.6 and Theorem 3.4 the next corollary

follows.

Corollary 3.7 The number of non-isomorphic algebras

Li is given by the number:

Yi

j¼0

Ai
j

 
Xn	2

k¼iþ1

ðn	 ðiþ 1Þ 	 1Þ!
ðn	 ðiþ 1Þ 	 ðk 	 ðiþ 1Þ þ 2ÞÞ!

þðn	 ðiþ 1Þ 	 1Þ!þ 1

!

where

Ai
j ¼

1 if aj ! aiþ1� ai

n	 i if aj ! aiþ1 [ ai

�

:

Corollary 3.8 The number of non-isomorphic ðnþ 1Þ-
element semi-Heyting chains Li such that L is a subalgebra

of Li is given by

Xn	2

i¼0

"
Yi

j¼0

Ai
j

 
Xn	2

k¼iþ1

ðn	 ðiþ 1Þ 	 1Þ!
ðn	 ðiþ 1Þ 	 ðk 	 ðiþ 1Þ þ 2ÞÞ!

þðn	 ðiþ 1Þ 	 1Þ!þ 1

!#

where

Ai
j ¼

1 if aj ! aiþ1� ai

n	 i if aj ! aiþ1 [ ai

�

It remains to consider the case n ¼ 2:

Let 2 and 2 denote the two-element semi-Heyting chains

whose operation ! satisfies 0! 1 ¼ 1 and 0! 1 ¼ 0;

respectively. It is easy to see that 2 is a Heyting algebra

(which is also a Boolean algebra), while 2 is not.

Let L be either 2 or 2: Let L0 ¼ hL0;^;_; 0; 1i be a chain

with L0 : 0\b\1 and b 62 L: If L is a subalgebra of L0;
then we have just to determine the elements 0! b and

b! 1: From Lemma 2.5, if 0! 1 ¼ 0 then 0! b ¼ 0

and if 0! 1 ¼ 1 then 0! b � b: In addition, b! 1 � b:

So we have

Corollary 3.9 There are two non-isomorphic 3-element

semi-Heyting chains that contain 2 as a subalgebra and

four non-isomorphic 3-element semi-Heyting chains that

contain 2 as a subalgebra.

Theorem 3.10 Let n � 3: There is an ðnþ 1Þ-element

semi-Heyting chain that does not have an n-element

subalgebra.

Proof Let L0 : b0\b1\ � � �\bn	1\bn: We define !:

L0 � L0 ! L0 by means of

bi ! bj ¼
biþ1 if i\j

1 if i ¼ j
bj if i [ j with 0� i; j� n

8
<

:

It is easy to prove that ! is a semi-Heyting implication.

Suppose that there exists a subalgebra L of L0 and jLj ¼
n: Then there exists 0\k\n such that L ¼ L0 n fbkg: Now,

bk ¼ bk	1 ! bkþ1; and then bk 2 L; a contradiction. h

4 Equational basis for CSH

In this section, we give equational bases for the variety

CSH and some of its subvarieties.
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Lemma 4.1 Let L be a semi-Heyting chain. Then L

satisfies the following identity

ððx _ ðx! yÞÞ ! ðx! yÞÞ _ ðy! ðx ^ yÞÞ � 1 ðChÞ

Proof Let a; b 2 L: As L is a chain, a � b or b\a: If

a � b; by Lemma 1.2, a � a! b: Hence, a _ ða! bÞ ¼
a! b; so ða _ ða! bÞÞ ! ða! bÞ ¼ ða! bÞ ! ða!
bÞ ¼ 1: If b\a; b ¼ b ^ a; and then b! ða ^ bÞ ¼
b! b ¼ 1: h

Lemma 4.2 Let V be the subvariety of SH defined by

(Ch). If L 2 V is subdirectly irreducible, then L is a chain.

Proof Let L 2 V subdirectly irreducible and let a; b 2 L:

Since L satisfies (Ch), ðða _ ða! bÞÞ ! ða! bÞÞ _ ðb!
ða ^ bÞÞ ¼ 1: As L is subdirectly irreducible, 1 is _-irre-

ducible. Thus, ða _ ða! bÞÞ ! ða! bÞ ¼ 1 or b!
ða ^ bÞ ¼ 1:

Suppose that ða _ ða! bÞÞ ! ða! bÞ ¼ 1: Then a _
ða! bÞ � a! b; and thus, a � a _ ða! bÞ � a! b:

Hence, a ^ b ¼ a ^ ða! bÞ ¼ a; so a � b:

If b! ða ^ bÞ ¼ 1; then b � a ^ b; and thus, b � a:

Hence, L is a chain. h

From Lemmas 4.1 and 4.2, we have the following:

Theorem 4.3 An equational basis for CSH relative to

SH is given by

ððx _ ðx! yÞÞ ! ðx! yÞÞ _ ðy! ðx ^ yÞÞ � 1 ðChÞ:

Let Cn denote the subvariety of SH generated by all the

n-element chains, n � 2:

It is easily seen that the following theorem holds.

Theorem 4.4 An equational basis for C2 is given by

ððx _ ðx! yÞÞ ! ðx! yÞÞ _ ðy! ðx ^ yÞÞ � 1 ðChÞ

and

x _ x� � 1:

Observe that C2 is the subvariety generated by the

algebras 2 and 2; which have the 2-element chain as their

lattice reduct and whose operation ! satisfies 0! 1 ¼ 1

and 0! 1 ¼ 0; respectively.

Theorem 4.5 An equational basis for Cn with n � 3 is

given by the identities

ððx _ ðx! yÞÞ ! ðx! yÞÞ _ ðy! ðx ^ yÞÞ � 1 ðChÞ

and

_n	1

i¼1

ðxi _ x�i Þ _
_n	1

j¼1;j\i

ðxi ! xjÞ � 1 ðHnÞ

Proof Let L be an n-element semi-Heyting chain, L :

0\a1\a2\ � � �\an	2\1: By Theorem 4.3, L satisfies

(Ch).

Let us prove that L satisfies ðHnÞ: Let z1; z2; . . .; zn	1 2
L: If zk 2 f0; 1g for some k, 1 � k � n	 1; then zk _ z�k ¼
1: Suppose that zk 62 f0; 1g for every k; 1 � k � n	 1;

i.e., zk 2 fa1; a2; . . .; an	2g for every k: Then there exists

j\i such that zi ¼ zj; and so zi ! zj ¼ 1: Hence, L satisfies

ðHnÞ:
Let V be the subvariety of SH defined by ðChÞ and ðHnÞ

and consider a subdirectly irreducible algebra L 2 V: By

Theorem 4.3, L 2 CSH; and by Lemma 4.2, L is a chain.

Suppose that exists a1; a2; . . .; an	2; an	1 2 L such that

0\a1\a2\ � � �\an	2\an	1\1: Then
Wn	1

i¼1 ai _ a�i
� �

¼
Wn	1

i¼1 ai _ 0ð Þ ¼ an	1: By hypothesis, an	1 _
Wn	1

i;j¼1;j\i

ai ! aj

� �
¼ 1; and as 1 is _-irreducible, ai ! aj ¼ 1 for

some j\i: Hence, ai � aj; a contradiction. Thus, jLj � n;

and consequently L 2 Cn: h

As an immediate corollary of Theorem 4.3 we can

determine equational bases for the following subvarieties of

CSH introduced in [5]: CFTT ð0! 1 � 1Þ; CFTDðð0!
1Þ� � 0Þ; quasi-Heyting chains ðy � x! yÞ; Heyting

chains ððx ^ yÞ ! x � 1Þ; CFTFð0! 1 � 0Þ and conmu-

tative semi-Heyting chains ðx! y � y! xÞ:
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