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Abstract The purpose of this paper was to investigate the
structure of semi-Heyting chains and the variety CSH
generated by them. We determine the number of non-iso-
morphic n-element semi-Heyting chains. As a contribution
to the study of the lattice of subvarieties of CSH, we
investigate the inclusion relation between semi-Heyting
chains. Finally, we provide equational bases for CSH and
for the subvarieties of CSH introduced in [5].
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1 Introduction and preliminaries

In [5], Sankappanavar introduced a new equational class of
algebras, which he called “semi-Heyting Algebras”, as an
abstraction of Heyting algebras. This variety includes
Heyting algebras and shares with them some rather strong
properties. For example, the variety of semi-Heyting is
arithmetical; semi-Heyting algebras are pseudocomple-
mented distributive lattices, and their congruences are
determined by filters.
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The purpose of this paper was to investigate the properties
of semi-Heyting chains and the structure of the variety CSH
generated by all semi-Heyting chains. In [5], Sankappanavar
posed the following problem: for V a subvariety of semi-
Heyting algebras and n a natural number, if f()), n) denotes
the number of non-isomorphic n-element semi-Heyting
chains in V, find a formula for f(V, n). In Sect. 2, we prove
some results on semi-Heyting chains and find f (SH, n), i.e.,
we determine the number of non-isomorphic structures of
semi-Heyting algebra that can be defined over an n-element
chain. Section 3 is devoted to investigate the behavior of the
subalgebras of a given semi-Heyting chain. Finally, we find
equational bases for many subvarieties of CSH in Sect. 4,
solving the problems 14.6-14.10 posed in [5].

We start by recalling some definitions and results. For
basic notation and results, the reader is referred to [1-4].

Definition 1.1 An algebra L =(L,V,A,—,0,1) is a
semi-Heyting algebra if the following conditions hold:

(SH1) (L,V,A,0,1) is a lattice with 0 and 1;
(SH2) x A (x = y) = x Ay;
(SH3) x A (y = 2) mx A [(x Ay) = (x A2)];
(SH4) x — x ~ 1.

We will denote by SH the variety of semi-Heyting
algebras.

Semi-Heyting algebras are pseudocomplemented dis-
tributive lattices, with the pseudocomplement given by
x* =x — 0 (see [5]).

Lemma 1.2 [5] Let L € SH and a,b € L.

(@ Ifa—b=1thena<b.

(b) Ifa<bthena<a—b.

(¢) a=bifandonlyifa—b=b—a=1.
d 1—a=a.
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Proof Froma — b =1 and (SH3), we getaAl =aAb,
i.e.,a = a A\ b, and we have (a). For (b), by (SH3)anda < b
it follows that a = a A (a — b) < a — b. Property (c) is
clear. To prove (d), observe that a=1Aa=1A
(1 —a)=1-—a. O

Congruences on semi-Heyting algebras are determined
by filters. Besides, we have the following characterization
of subdirectly irreducible algebras in SH (see [5, Theorem
7.5])

Theorem 1.3 Ler L € SH with |L| > 2. The following
are equivalent:

(a) L is subdirectly irreducible.
(b) L has a unique coatom.

Observe that as a consequence of this theorem, if L is
subdirectly irreducible, then 1 € L is V-irreducible.

2 Semi-Heyting chains

We say that L. € SH is a semi-Heyting chain if the lattice
reduct of L is totally ordered. In this section, we prove
some results on semi-Heyting chains, and we determine a
formula for the number of semi-Heyting structures that can
be defined on an n-element chain. We generalize the results
of Sankappanavar in [5] for chains with 2, 3, and 4
elements.

The following lemma states that part of the operation
table of — in a semi-Heyting chain is uniquely determined.

Lemma 2.1 [5] Let L be a semi-Heyting chain, a,b € L.
If a<b then b — a = a.

Proof From bAa=DbA(b— a) and a<b, we obtain
a=bA(b—a). AsLisachaina=bora=>b— a,so
a=b— a. |

The next two lemmas are useful when we have to verify
if a given chain is a semi-Heyting algebra.

Lemma 2.2 Let (L,V,A,—,0,1) be a totally ordered
bounded lattice L with a binary operation — such that if
a,b € L with a<b then b — a = a. The following condi-
tions are equivalent:

(D

(A x—x=1;
(B) xA(x—y) ~xAY;

2)

a x—x=l;
(b) Ifx<ythenxA(x —y) =xAy.
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Proof We only have to prove that (2) = (1). We want to
prove thata A (a — b) =a A b forevery a,b € L. If a<b,
by (2) (b), aA(a—b)=aAb. If a=b by (2)@), aA
(a—>a)=aANl=a=aAa Finally, if a>b, by
hypothesis a — b =b and so, a A (a — b) =aAb. O
Lemma 2.3 Ler (L,V,A\,—,0,1) be a totally ordered
bounded lattice L with a binary operation — such that if

a,b € L with a<b then b — a = a. The following condi-
tions are equivalent

(1) <L,\/,/\,—>,0,1> ES/}_(;

2

(a x—x=~1;

(b) xA(x—y)mxAy;

() Ify<x<z,thenxA(y —x)=xA(y— 2).
Proof

(D)= (2). As L=(L,V,A,—,0,1) € SH,L satisfies
(2)(a) and (2)(b). Let a, b, ¢ € L such that b<a <c. Then
anN(b—c)=aNn[anb)— (anc)=aA(b— a).
(2)= (1). It is enough to prove (SH3). Let a,b,c € L,
and suppose that ¢ <b.

If a<c,thenaAb=aAc=a SoaA(b—c)=aA
c=a and aA[(aADb) — (aNc)]=aNa=a. If either

c<a<b or c<b<a, then aAc<aAb. Thus,
a—[lanb) — (anc))=aNha=a.
The other cases are similar. (|

Lemma 2.4 Let L be a semi-Heyting chain. The follow-
ing conditions are equivalent:

(a) 0— a=0 for some a € L with a # 0.
(b) 0— b=0 for every b € L with b # 0.

Proof Suppose that 0 — a =0 for some a € L, a # 0.
0=an0=an(0—a)=aAr((0Ana) = (1Aa))=an
(0—1).Asa#0and Lisachain,0 - 1=0.LetbeL
such that b£0. 0=bA0=bA(0— 1) b0 —
b). As b # 0 and L is a chain, 0 — b = 0. O

In particular, if 0 — 1 =0, then 0 — b = 0 for every
belL,b#0.

In order to determine the number of semi-Heyting
algebras that can be defined on an n-element chain, let us
consider first the following example, since it contains the
main ideas underlying in the procedure.

Let L be a 4-element lattice, L = {0, a;,ay, 1}, with 0 =
ap<a)<apy<az = 1. Consider a binary operation —: L x
L — L in such a way that (L,A,V,—,0,1) is a semi-
Heyting chain. From Lemma 2.1, we know that for x,y €
L, if x<y then y — x = x. Consequently, the lower half
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under the main diagonal, including that diagonal, of the
operation table of — of L is uniquely determined. So, it
remains to fill in the upper half of the table, i.e., the ele-
ments x — y for x<y.

1 — |0 aj a9 1

o1 721|717
42 al 0 1 ?
ai as | 0| a1 1 ?
0 1 0 aj a9 1

Observe that if x < y then x < x — y (Lemma 1.2).
If0 —1=0, then by Lemma 2.4,0 - a; =0 — a, =
0. So, the first row in the table is

— [0 |lap | a2 |1
O[1]0 /| 01]O0

If 0—1=a, then 0 — a, = a, and 0—>a1€[a1),
where [x) = {y € L: x < y}.
Indeed, aj =ax ANaj=a; A(0— 1) =ax A (0 — ap),

s0o 0> ay=a; and a; =a; A (0— 1) (SH3)

a), ie., 0 — a; > ay.
So in this case, the first row of the table is

ap A (0 —

— 0 al an 1

a1 | a1 | @

In a similar way, it can be seen thatif0 — 1 = a, or 0 —
1=1,then0 — a; € [a2) and 0 — a; € [a;). So we have

— 10 ajq a2 1
0O|1|>a1|>ax| >ae

Then we can write for the first row

(0H 1,0—>(12,0—>(11)

(0,0,0),
= (a1,ay,2), with z € [a;)
(xayaz)a with X,y € [(12),2 € [al)a

ie, (0—1,0—-a,0— a) e {{0} x {0} x {0}}U
{ary x {ar} x [a)} U{{az} x laz) x [a)} U {{1}x
laz) x la1)}.

For the second and third rows, we would have the fol-
lowing possibilities, determined by a; — 1 and a; — 1,
respectively:

Observe that the behavior of each row is independent of
the others, and that, for x <y, the element x — y depends
on the element x — 1.

The following lemma shows that in every semi-Heyting
chain, the operation table of — behaves as in the previous
example.

Lemma 2.5 Let L be a semi-Heyting chain and let
a,b,ceL,a#1.Ifa— 1 =>b then forc>a

a—c=>b if b<c
a—celc) ifb>c.
Proof Suppose that b<c. From a - 1 =b we get c A
(a—1)=cAb=b, ie, cA[lcha)— (cAN]1)]=b.

Thus, ¢ A(a —¢) =b. As L is a chain and b<c, then
b=a—c.

The case b > ¢ is similar. O
Let L, = (L,, A, V,0, 1) be an n-element totally ordered
lattice:
O=ay<a1< - - <ap,,<a, 1 =1.

Let —:L,xL,—1L, be a function such that
(Ly, A\, V,—,0,1) € SH.
Motivated by the previous example, we are going to
introduce the following sets:
ForajeL,,0<j<n—1,andforl1 <k <n-1,
B { {a}
L

an—k)

if k<n—j
if k>n—j

and for a; < qj,

n—i—1

Ey= 1] &
k=1

Finally, let F; be the set
n—1
n:LJq;wm 0<i<n-—1,
j=i
where F; would represent the row in the table that corre-
sponds to the elements of the form a; — y with a; <y.
In the previous example (n = 4),
3
Fo=|JEY =EX UER UER UEY = {EY x E3 x ES}
Jj=0
U{E| x E; x Ej}U
{E} x E3 x E3} U{E] x E; x E3}
={{ao} x {ao} x{ao}} U{{ar} x{a1} x [a1)}
U{{az} x [a2) x [a1)} U{{as} x [a2) X [a1)},

ap |0 1 | a1 | as a; 0] 1
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We have (0 — 1,0 — a5,0 — a;) € Fy, (a1 — l,a; —
a) € Fy and a; — 1 € F; and we will write (0 — 1,0 —
a3,0 = ay), (a1 — l,a; — ap),ap — 1) € Fy X F1 X F,.

This motivates the introduction of the following set F
that would represent the upper half above the main diag-
onal of the table:

n—

F:IIE.

2
i=0

Lemma 2.6 (Cli — l;ai—>an_27.‘.,ai—>ai+1) € F;.

Proof As a; <1, then a; — 1 > a;. Suppose that a; —
1 =a withi < k < n—1. We will see that (¢; — 1;a; —

Ap2,...,a; — aiy1) € Ej. By Lemma 2.5,

it k<j
if k>j with j>i

= ak
a—af 0 m
We will see that ¢; — a; € Eﬁﬁ- withi+1<j<n—1.1f
n —j<n— k,thenj > k.Hence,by Eq. 1,a; — a; = a; and,
consequently, a; — a; € Ef ;. If n—j > n—k, thenj < k.
Thus, by Eq. 1,a; — a; > aj, and thena; — a; € [a,_(,_j))-

So, a;—a;€ Eﬁfj and (a; — Lya; — ay—2,...,a; —
air1) € Ej.  Therefore, (a; — l;a; — ay2,...,a; —
ait1) € Fi. O
Notation 2.7 We denote o_(i)=(a; — l;a; —

ol — aip1) with 0 <i <n-—2.

(0 (0),a-(1),...,0(n—2)) € F.

An-2; .-
Corollary 2.8

Now we are going to construct an implication from a
given element x € F.

Consider the set F and xe€F. Then x=
(x(0),x(1),...,x(n —2)), where x(i) € F; for 0 < i < n—
2. Now, for each i, there exists j; with i < j; < n — 1 such
that x(i) € Eg . Hence, x(i) = (x(i), (1), x(i);(2),.. .,
x(i);(n—i—1)) with x(i);(k) €E}, 1 <k<n—i—1.
We define in L, an operation = in the following way:

a if r>1I
a, = a; =< Ay if r=1
x, (=10 if r<i

The following lemma proves that = is a semi-Heyting
implication.

Lemma 2.9 (L,,A,V,=,0,1) € SH.

Proof First observe that if r<I[ then | <n—-1<n-—
r— 1. So = is well defined.

Now, we will see that = it is an implication of semi-
Heyting algebras.

By definition of =, L Fx = x ~ 1.

Let us see that LExA (x=y)~xAy. Let x,yeL
with x<y. Then x =q, and y=q; with 0 < r,/ < n—1
and r<l. Thus, a, = a; = x(r); (n — 1) that belongs to

B

@ Springer

if n—Il<n—j,
if n—I>n—j,~

o= { [a{a.i,}

=1
" n—(n—I)

As r<j, and r<l, a,N(a, = a)=a, =a, \a.
Hence, x A (x=y) =xAy. By Lemma 2.2, L[ xA
(x=y)~xAy.

It is long but computational to
LExANy=z2)=xA[(xAy)= (xA2z)]

By Lemma 2.3, = is a semi-Heyting implication. [

From the previous results, we have the following:

prove that

Theorem 210 Let S, = {—:L2— L,|(L,,\,V,—
,0,1) € SH}. There exists a bijective correspondence
between S, and F.

Proof We define o:S,— F as follows: o(—)=
(0 (0), 0 (1),...,a_(n —2)) for each —€ S,. By Cor-
ollary 2.8, a(—) € F. By Lemma 2.9, « is onto.

Let us prove that « is injective. Let —, —,€ S, such that
o(—1) = a(—,). By Lemma 2.1, if a, > aq; thena, — a; =
a=a,—a. If a,=a;, a, =1 a=1=a, —, a;. As
O((—>1) :OC(—>2), (oc_”(O),oc_,,(l),...,oc_>,(n—2)) =
(0—,(0),00,(1),...,a,(n—2)). Hence, a—;(i)=
a—, (i) forall i with 0 < i<n— 1. Thena; — 1 =a; —
1, a; =1 Gy = Qi =2 Qp_2,...,0; =1 Qip] = Q; —2 iy
for all i with 0 <i<n— 1. Hence, —;=—,, and o is
injective. O

Our next objective is to determine the cardinal of the set F.

Lemma 2.11 E{ NE; = 0 with j # k.

Proof Letx € EZ, N Eg and suppose that j <k. As x € EZ]
then x = (x(1),x(2),...,x(n—i—1)), with x(m) € EJ,
I<m<n-i-1 As x€EjJ then x= (z(1),2(2),...,
z(n—i—1)) with z(m) € E 1 <m < n—i— 1. Now, if
l<n—j, x(1)=q; and if 1 > n—j, then x(1) =1. If
l<n—k, z(1)=a; and if 1 >n—k, then z(1)=1.
Moreover, as j<k, n—j>n—k. If l<n—k<n—j,
x(1) = a; and z(1) = a; a contradiction since x(1) = z(1).
The other cases are similar. Consequently, EZ, NEG = 0.0

n—2 n—1
Lemma 2.12 |F|=T] [I+(n—i-1)! 3 oy
i=0 =i T
n—1
Proof By Lemma 211, |Fj| =} |EG| with |EG| =
|EJI| ’ ‘E12|’E{1—1—1’ ~
. 1 if k<n-—j
Bl = . ’
n—1—(n—k)+1 if k>n—j
(1 k<n—j
Ck if k>n—j
Hence, . . . . L.
‘E“' (n=j)-n—j+1)---(n—i—1) if j>i
4] |1 if j=i
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So,
n—1
Fil =1+ (n=J) (n=j+ 1) (n—i=1)
j=it1
n—1
(n—i—1)!
n—1 1
=1l+m—i-1)! ;
Jj=i+1 (l’l—]_ 1)'
n—2 . n-1
Thus, [F|= [ |1+ (n—i-1)! X (n—jlfl)! : =
i=0 J=i+1

By Lemma 2.12 and Theorem 2.10, it follows immedi-
ately the next corollary:

Corollary 2.13 There are
n—2 n—1 1
1 —i—1)! —_—
+(n—i—1) Z(n—j—l)!]

j=it1

i=0
non-isomorphic n-element semi-Heyting chains, for n > 2.

For n=2,3,4 this formula gives 2, 10, and 160,
respectively, which coincide with the numbers determined
by Sankappanavar in [5]. For n = 5, there are 10,400 non-
isomorphic semi-Heyting chains with five elements.

3 Isomorphic subalgebras of a semi-Heyting chain

When one investigates the lattice of subvarieties of CSH, it
is important to characterize the subalgebras of a finite semi-
Heyting chain and to study the inclusion relation between
chains in CSH.

In this section, we consider the following related prob-
lem, which will show the complexity of the general prob-
lem. Given an n-element chain L, we wish to know when
an (n + 1)-element semi-Heyting chain L’ contains a sub-
algebra isomorphic to L, and the number of semi-Heyting
chains L/ satisfying this condition.

Consider the following example. Let L = (L, A, V, —,
0,1) be a 4-clement semi-Heyting chain, L : 0<a<b<1.
We want to know the number of 5-element semi-Heyting
chains L’ such that L is (isomorphic to) a subalgebra of L.
Let L' be a 5-element semi-Heyting chain such that L €
IS(L') and assume that L' = LU {c}.

Suppose first that O0<a<c<b<1. We have just to
consider the elements x — ¢ for x<c and the elements
c —y for c<y.

1 Olalc|b|1
b 0
a
¢ c 217
b
0 1

If 0—-b<a,then cAN(0—¢c)=cAN(0—b)=0—
b. Since L is a chain, 0—c¢ = 0—b.
If0—b>b,thencA(0—c)=cA(0—b)=c. So,
0—c>c,ie,
0—-c=0—-bif0=>b<agand0—c>cif 0
—b>b.

Similarly, if a — b=a then a - c=a — b, and if
a—b>bthena—c>c,ie.,

a—c=a—bifa—b=aanda—c>cif 0
— b >b.

Besides, c — 1 > ¢ and

c—wb=c—1lifc—1=candc—b>bifc
—1>b.

So, we conclude that

(c—=1,c—b)
€ ({c} x {ch U ({b} x [b)) U ({1} x [b)).

In a similar way, we should consider the cases
O<a<b<c<land O<c<a<b<l.

In general, let L = (L,A,V,—,0,1) be an n-element
semi-Heyting chain, n > 3, with

L:0=qg<a< - <a,,<a,1=1.

For a given 0 <i<n-—2, let (L',A,V,0,1) be an
(n+ 1)-element chain with L' = LU {b;}, b; € L, and

Li 0=ay<a; < --- <ai<bi<a,~+1< e <ap- = 1.

We want to find conditions on an implication —: L¥ x
L' — L' in order for L to be a subalgebra of L'=
(L', \,V,—,0,1) and to determine the number of impli-
cation operations that satisfy those conditions.

Consider the following sets

B {ak} if k<j

n—2
b Fi={a}x [ F

=it
. n—2
© Fo={bi} x I {b:}
Jj=it1
(d) Ei= {aj = ain} if @y — a1 <aq
! [b:) if a— a1 >a
e E=T]E
Jj=0

) G =E x [(Q‘ F,i) UF(")}

k=i+1
Lemma 3.1 Let L and L' be as defined earlier. Then

((ao - bi7al - biv' cadi — bi)) (bl - labi - ai+l7bi
Wb —a,)) € G.

— ajy2, .-
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Proof For 0 <j <, aj<ajy, and then by Lemma 1.2,
a—ai =a with j<I<i
as b; >a;, by Lemma 2.5 a; —» b; =a; = a; — a;y;. If
aj — aiy = a; with i+1 <1 <n-—1, by Lemma 2.5
aj— b; > bi. Then a; — b; € Ej’ Consequently, (ap —
bi,a; — b;,...,a; — b;) € E'. Moreover, as b;<l1, by
Lemma 1.2,b;, — 1 > b;. Hence, b; — 1 =b;orb; — 1 =
a,withi+1<k<n-—1.

aj — djq] Z aj. If

Suppose that b; — 1 = b;.
1<j<n-2 By Lemma 25, b, — a;=b;.
(biﬂl,biﬁaiﬂ,...,bi‘)anfz)GFB.

Ifbi > 1=a withi+ 1 <k <n-—1, consider j with
i+1<j<n—-21fj <k by Lemma 25, b; — a; > a;.

Consider j with i+
Then

If j>k by Lemma 25, b;—aj=a. Then
(bi — 1,b; — ajty, .- b — an,g) S F/l<
Therefore, (bi — 1,b; = airy,..,bi — a,3) €
Z;;H FUF). Thus, ((ap— bj,ai — b;,...,a; — b;),

(bi = 1,b; — aj1,bi — ajya, ... bi — a,2)) €GO

Now we will construct an implication from a given
element of the set G'.

Consider now the set G'. Let o € G'. o = (01, 00) with
o € E'and o, € (UZ;}H F,’() UF). As oy € E', then o =
(21(0), 21 (1), .. ., 1 (i) with oy (j) € Ej for every j, 0 < j <
i. As “ZE(UZ;}H F,’() U Fy, then oy € F for any ko with
i+1<ky<n—1 6 o €Fl. Hence, ap = (02(n— 1),
i+ 1), 00(i +2),...,00(n —2)). If oy € F for any ko
with i+ 1 < ko <n—1, 0(n—1) =a, and o(j) € F}°
with i+1<;j<n—2.If oy € F}, op(n—1)=b; and
w(j) =b; with i+1<j<n—2. In L we define an
operation = as:

xX=y
x—y if x,y€L
1 if xX=y
y if (x,y) =(a;,b;) with i+1<j<n-—1
o y if (x,y) = (bi,a;) with 0<j<i
OC](j) if (X,y) = (Clj,bi) with OSJSl
o) if (xy)=(b,a) with i+1<j<n—1
Lemma 3.2 Let L'= (L',A,V,=,0,1). Then L' € SH

and, consequently, L is a subalgebra of L.
Proof Clearly, L' Fx= x~= 1.

We will see that L' | x A (x = y) ~ xAy. Leta,b € L!
with a <b.

Ifa,be L, thenaA(a=b)=aA(a—b)=aAb.

Suppose that a = b;, b = a, withi+ 1 < r < n— 1 and
% € Fj, with i+1 <k <n—1. Then b; A (b; = a,) =
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bi/\dz(l‘). Ifr:n—l,bi/\(bi:>1):bi/\oc2(n—l):
bi/\akozbi:bi/\l. If r<n-—1, b,=a, =

A, if ko<r
x if kg>r with x>a,’
Consequently, .
o b,‘ if k0<r 7
b,/\(b,éa,){bi i ko>r b; A\ a,

Suppose now thata = b;,b = a, withi+1 <r <n—1
and oy € Fi). In this case b; A (b; = a,) = b Aoa(r) =
bi/\bi :bl’ :bi/\ar.

Finally, ifa = b;and b = a, with 0 < r < i.a, A (a, =
b;) = a, Aoy (r). Thus,

ar —aipp it ap —ai <a
O(](}’)Z{ .

X if a — a1 >a with x> p;’
so,
a, Aoy (r)
arN(ar—aipr) if a,— a1 <aq
~a Ax if a,—aj >a; with x>b;

Hence, a, A (a, = b;)) = a, Aoy (r) = a, = a, \ b;.

In a similar way, it can be proved that L'}
xANy=2)=xA[(xAy) = (xA2)]

By Lemma 2.3, L', € SH. O

Remark 3.3 From the previous lemma, it follows that for
every n-element semi-Heyting chain L there exists an
(n + 1)-element semi-Heyting chain L’ such that L is a
subalgebra of L.

From the previous results, we can establish the follow-
ing correspondence:

Theorem 3.4 Let S; be the set of operations —: L' x
L' — L' such that L' = (L', \,V,—,0,1) € SH and L is a
subalgebra of Li. Then there exists a bijective correspon-
dence between S; and G'.

Proof We define o : S; — G' as a(—) = ((ap — bi,a; —
bi,...,a; — b;), (b = 1,b; — a;y1,bi —  aiy2,..., b —
a,—2)). By Lemmas 3.1 and 3.2, « is well defined, and it is

onto. The injectivity is left to the reader. O
Now we want to determine the cardinal of the set G'.

Lemma3.5 Leti+1<kk <n—-1and0<i<n-2.
Then FiNFL, =0 ifk # k.

Proof Let a € FiNFi, and suppose that k<k'. As o €
Fi, o= (01, Olis1, 02y -« oy On2) with oy = a; and o; € F}‘
withi+1<j<n—2 Asa€Fj,,o= (0,01, 02,- -
op—2) with oy = ap and o; € Fj’-‘/ withi+1<j<n-2.
Hence, a; = ap. Then k = k' a contradiction. (|
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Lemma 3.6
il : i & (n—(i+1)-1)
|G|_gAj<k;l(n—(i+l)—(k—(i+l)+2))!

+(n—(i+1)—1)!+1>,

Al:{l if ajﬂaiﬂgai

J n—i if a — a1 >a°
v JAa} if k<j

Proof We have that F; { [aj) it k> and then
| - 1 if k<j

J n—2—j4+1 if k>j

1 if k<j

S ln—j—1 if k>j
Hence, for k #2n—1,
H‘ ‘ (n—@GE+1)-1)!
e (m=(G+1)—(k—(>G+1)+2)!
Ifk=n-1, H —|Fil=m—=(G+1) =1L
Besides, as

E— {aj = ain} if aj— a1 <a
J [bl) if aj — daiy1 > ai’
1 if aj — adiq1 S a;

then |EJ| N { bi)] if @ — aiv1 > a; with |{bi)] =

n—1—-(i+1)+2=n—1—-i—142=n—1i.
Let

; {1 if  a— a1 <a

Al = . .

Y n—i if a—ag >a

Then G' = E' x [( o F’) UF(’;}, by Lemma 3.5

i i = (n_(l+1)_1)'
&' _HA (k;l m—(G+1)—(k—(i+1)+2)!

+(n—(i+l)—1)!+l>.

U
From Lemma 3.6 and Theorem 3.4 the next corollary
follows.

Corollary 3.7 The number of non-isomorphic algebras
L' is given by the number:

o &K (n—(i+1)—1)
HA(;,; (= G+ D)~ (k= Gt D +2))]

+(n—(i+1)—1)!+1>

Ai . 1 if a; — adjt Sa,‘
J n—i if a — a1 >a’

Corollary 3.8 The number of non-isomorphic (n+ 1)-
element semi-Heyting chains L' such that L is a subalgebra
of Ll is given by

e g (n—(i+1)—1)
ZlHA<Z (B ED R EED)]

if a—ay1<a
if aj — ajy1 > 4

It remains to consider the case n = 2.

Let 2 and 2 denote the two-element semi-Heyting chains
whose operation — satisfies 0 - 1 =1 and 0 — 1 =0,
respectively. It is easy to see that 2 is a Heyting algebra
(which is also a Boolean algebra), while 2 is not.

Let L be either 2 or 2. Let L' = (L', A, V, 0, 1) be a chain
with L' : 0<b<1 and b € L. If L is a subalgebra of L/,
then we have just to determine the elements 0 — b and
b— 1. From Lemma 2.5, if 0 —=1=0then 0 — 5 =0
andif 0 — 1 = 1then 0 — b > b. In addition, b — 1 > b.

So we have

Corollary 3.9 There are two non-isomorphic 3-element
semi-Heyting chains that contain 2 as a subalgebra and
four non-isomorphic 3-element semi-Heyting chains that
contain 2 as a subalgebra.

Theorem 3.10 Let n > 3. There is an (n+ 1)-element
semi-Heyting chain that does not have an n-element
subalgebra.

Proof Let L' :by<b;<--- We define —:

L' x L' — L' by means of

<bnfl <bn-

bi+l if i<j
b if i>j with 0<i,j<n

It is easy to prove that — is a semi-Heyting implication.

Suppose that there exists a subalgebra L of L' and |L| =
n. Then there exists 0 <k <n such that L = L’ \ {b;}. Now,
by = by_1 — by, and then b; € L, a contradiction. [

4 Equational basis for CSH

In this section, we give equational bases for the variety
CSH and some of its subvarieties.
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Lemma 4.1 Let L be a semi-Heyting chain. Then L
satisfies the following identity

(V=)= x=y)V—@xAy)~1
Proof Let a,be L. As L is a chain, a < b or b<a. If
a < b, by Lemma 1.2, a < a — b. Hence, aV (a — b) =
a—b, so (aV(a—b)—(a—b)=(a—b)— (a—
by=1. If b<a, b=>bAa, and then b— (aAb)=
b—b=1. O

Lemma 4.2 Let V be the subvariety of SH defined by
(Ch). If L € V is subdirectly irreducible, then L is a chain.

(Ch)

Proof Let L € V subdirectly irreducible and let a,b € L.
Since L satisfies (Ch), ((a V (a — b)) — (a — b)) V (b —
(a AD)) = 1. As L is subdirectly irreducible, 1 is V-irre-
ducible. Thus, (aV(a—b)) —(a—Db)=1 or b—
(anb)=1.

Suppose that (aV (a — b)) — (a — b) = 1. Then a Vv
(a—b) <a—b, and thus, a <aV(a—b) <a—b.
Hence, aAb=aA (a — b)=a,soa <bh.

If b— (anb)=1,then b < aAb, and thus, b < a.

Hence, L is a chain. O

From Lemmas 4.1 and 4.2, we have the following:

Theorem 4.3 An equational basis for CSH relative to
SH is given by
(kVE=y)=@x=y)V—(xay)=1

Let C, denote the subvariety of SH generated by all the
n-element chains, n > 2.

(Ch).

It is easily seen that the following theorem holds.

Theorem 4.4 An equational basis for C, is given by
(cVxr—=y) = x=y)V—Ay)~=1 (Ch)
and
xVx 1.

Observe  that C, is the subvariety generated by the
algebras 2 and 2, which have the 2-element chain as their

lattice reduct and whose operation — satisfies 0 — 1 =1
and 0 — 1 = 0, respectively.

Theorem 4.5 An equational basis for C, with n > 3 is
given by the identities

(cVx—=y) = x—=y)Vy—&Ay)~1 (Ch)

@ Springer
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and
n—1 n—1
Vv v \/ @—x)~1 (H)
i=1 j=ly<i

Proof Let L be an n-element semi-Heyting chain, L :
O<a;<ay<--- <ay—p<1. By Theorem 4.3, L satisfies
(Ch).

Let us prove that L satisfies (Hy). Let z1,22, ..., 20—1 €
L. Ifz € {0,1} forsome k, 1 <k <n—1,thenz Vz =
1. Suppose that z; & {0,1} for every k, 1 <k <n-—1,
ie., zx € {a1,az,...,a,—2} for every k. Then there exists
J <isuch that z; = z;, and so z; — z; = 1. Hence, L satisfies
(Ha)-

Let V be the subvariety of SH defined by (Ch) and (H,)
and consider a subdirectly irreducible algebra L € V. By
Theorem 4.3, L € CSH, and by Lemma 4.2, L is a chain.
Suppose that exists aj,ap,...,a,—2,a,—1 € L such that
O<a;<ay< --- <ay_y<da,_; <1. Then \/::11 (a;Var) =
\/'~!(a;Vv0) =a, . By hypothesis, a, ;V V:lJ_:11J<:
(ai — aj) =1, and as 1 is V-irreducible, a; — a; = 1 for
some j<i. Hence, ¢; < g;, a contradiction. Thus, |L| < n,
and consequently L € C,,. ]

As an immediate corollary of Theorem 4.3 we can
determine equational bases for the following subvarieties of
CSH introduced in [5]: CFTT (0 — 1~ 1),CFTD((0 —
1)" ~0), quasi-Heyting chains (y < x —y), Heyting
chains (x Ay) > x~1),CFIF(0 — 1 ~0) and conmu-
tative semi-Heyting chains (x — y &~y — x).
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