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Abstract The extension of rough set model is an

important research direction in the rough set theory. In this

paper, based on the rough set model over two universes, we

firstly propose the variable precision rough set model

(VPRS-model) over two universes using the inclsion

degree. Meantime, the concepts of the reverse lower and

upper approximation operators are presented. Afterwards,

the properties of the approximation operators are studied.

Finally, the approximation operators with two parameters

are introduced as a generalization of the VPRS-model over

two universes, and the related conclusions are discussed.
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1 Introduction

The rough set theory was first proposed in the early 1980s

by Pawlak (1982). It is a new mathematical approach to

uncertain and vague data analysis, and plays an important

role in many fields of data mining and knowledge dis-

covery. The application of rough set theory is also very

broad, such as artificial intelligence, machine learning,

decision analysis, decision support and expert system etc,

and it has been proved to be a very effective mathematical

approach.

The rough set theory is an extension of the set theory for

the research of intelligent systems characterized by insuf-

ficient and incomplete information. The concepts of lower

and upper approximation used in rough set theory,

knowledge hidden in information may be unraveled and

expressed in the form of decision rules (Gu et al. 2007;

Kryszkiewicz 1999). It is assumed that there is a complete

certainty that an object classified by using Pawlak rough

sets is a correct classification by an equivalence relation

(Pawlak 1982; Gu et al. 2007). Namely, an object belongs

to or not to a classification. An object cannot be classified

in a level of confidence in its correct classification.

However, in practice, it seems that some level of

uncertainty in the classification process may lead to a

deeper understanding and a better utilization of properties

of the data being analyzed. In order to deal with uncertainty

in such cases, an extended variable precision rough set was

proposed by Ziarko in 1993. In this model, a threshold was

introduced that denotes the level of uncertainty, to loosen

the strict definitions of lower and upper approximations.

The theory is different from the Pawlak rough set theory. In

variable precision rough sets, an object is classified by the

relation classes and there is a level of confidence or fault

tolerance in its correct classification, which helps us to

discover related knowledge from non-related data.

The extension of Pawlak rough set theory is an impor-

tant aspect in the study of the rough set theory. In recent

years, many scholars and lovers of rough sets have been

devoting to the study of this direction, and have obtained

many outstanding results (Gu et al. 2007; Ziarko 1993;

Inuiguchi 2004a, b; Yao and Lin 1996; Yao 1998, 2003,

2008; Yao and Wong 1996, 1992). Many results of variable

precision rough sets have been made since it was proposed

Y. Shen (&)

School of Mathematics and Statistics, Tianshui Normal

University, Tianshui 741001, People’s Republic of China

e-mail: shenyonghong2008@hotmail.com

F. Wang

Tongda College of Nanjing University of Posts

and Telecommunications, Nanjing 210046,

People’s Republic of China

123

Soft Comput (2011) 15:557–567

DOI 10.1007/s00500-010-0562-6



by Ziarko. Certainly, the variable precision rough set

model is viewed as the extension of Pawlak rough set

model. However, the extension not only enriches the rough

set theory, but also it broadens the scope of its application

and makes better effect in practice. At present, most studies

focus on the variable precision fuzzy rough sets (Mies-

zkowicz-Rolka and Rolka 2004a, b, c, 2005].

In real life, evaluation or inference is usually done by

human beings. For example, in the process of disease

diagnosis, since the identical disease may simultaneously

have many symptoms, on the contrary, the same symptom

may be shared by a variety of diseases, so a doctor (or a

decision-maker) often finds it difficult to determine or

judge whether a person has suffered from some kind of

disease. Luckily, the rough set model over two universes

can be applied in these cases.

The first study of rough sets over two universes was

done in 1995; deeper and more systematic research has

been done recently (Pei and Xu 2004; Shu and He 2007;

Wang and Wang 2008; Gong and Sun 2008). However,

since the rough set theory over two universes lacks the

flexibility in solving uncertainty problems, such as disease

diagnosis, etc., the variable precision rough set model over

two universes can overcome this lack. In this paper, we

mainly discuss the variable precision rough set model and

its properties over two universes on the basis of the rough

sets over two universes. It is not only the direct extension

of rough sets over two universes but also may be viewed as

an extension of the Pawlak rough sets. For presenting the

variable precision rough set model over two universes, we

introduce the concepts of rough sets over two universes,

and illustrate the related concepts by corresponding

examples. Meantime, the concepts of the reverse approxi-

mation operators are firstly introduced and the properties of

the approximation operators and the reverse approximation

operators are discussed. Afterwards, we focus on the var-

iable precision rough sets over the two universes’ model

and its properties. Furthermore, the concepts of the

approximation operators with two parameters are also

proposed and the related conclusions are studied.

This paper is organized as follows: In Sect. 2, we review

the basic concepts of Pawlak rough sets, information sys-

tem and decision information system etc, meantime, we

recall variable precision rough sets on a universe using

inclusion degree. In Sect. 3, we mainly discuss the variable

precision rough set model over two universes and the

properties of the b-lower approximation and the b-upper

approximation. In addition, the reverse approximation

operators and the approximation operators with two

parameters are proposed and those properties are analyzed.

An illustrative example is discussed in Sect. 4. Finally, we

conclude the paper in Sect. 5.

2 Preliminaries

For completeness and clarity, we introduce some basic

knowledge and notions in this section. And for conve-

nience, variable precision rough set model is abbreviated as

VPRS-model in some places.

2.1 Pawlak rough sets

Let U be a finite and nonempty set called universe, and R

be an equivalence binary relation on U, i.e., R is reflexive,

symmetric and transitive. The pair (U, R) is said to be a

Pawlak approximation space. The equivalence relation R

partitions U into disjoint subsets called equivalence clas-

ses. If two elements x; y 2 U belong to the same equiva-

lence class, we say that x and y are indiscernible. Given an

arbitrary set X � U; it may be impossible to describe X

precisely by using the equivalence classes of R . In this

case, one may characterize X by a pair of lower and upper

approximations (Pawlak 1982; Gu et al. 2007):

apr
R
ðXÞ ¼ fx 2 U : ½x�R � Xg ð1Þ

aprRðXÞ ¼ fx 2 U : ½x�R \ X 6¼ [g ð2Þ

where ½x�R ¼ fy 2 U : ðx; yÞ 2 Rg is the R equivalence

class containing x. The pair ðapr
R
ðXÞ; aprRðXÞÞ is called

the Pawlak rough sets of X with respect to (U, R).

2.2 Information system and decision information

system

An information system is a pair (U, A), where U is a finite

universe and A is a finite and nonempty set of attributes,

such that a : U ! Va for every a 2 A , i.e., aðxÞ 2 Va;

where Va is the domain of attribute a. Each subset of

attributes B � A determines an indiscernibility relation as

follows:

RB ¼ fðx; yÞ 2 U � U : aðxÞ ¼ aðyÞ; 8 a 2 Bg ð3Þ

Obviously, RB partitions U into a family of disjoint subsets

U=RB called a quotient set of U:

U=RB ¼ f½x�B : x 2 Ug ð4Þ

Let X � U; B � A; one can characterize X by a pair of

lower and upper approximations with respect to the

knowledge derived from attribute set B (Gu et al. 2007;

Ziarko 1993):

apr
B
ðXÞ ¼ fx 2 U : ½x�B � Xg ¼

[
f½x�B : ½x�B � Xg ð5Þ

aprBðXÞ ¼ fx 2 U : ½x�B \ X 6¼ [g ¼
[
f½x�B

: ½x�B \ X 6¼ [g
ð6Þ
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The lower approximation apr
B
ðXÞ is the set of objects that

belong to X with certainty, while the upper approximation

aprBðXÞ is the set of objects that possibly belong to X. The

pair ðapr
B
ðXÞ; aprBðXÞÞ is referred to as the rough sets of X

with respect to ðU;RBÞ:
An information system S ¼ ðU;AÞ is referred to as a

decision information system if A ¼ C [ fdg and C \
fdg ¼ [; where C is the conditional attribute set and {d}

is decision attribute set.

2.3 VPRS-model on a universe

Usually, most questions are not about inclusion relation but

the inclusion degree between the two sets. So we introduce

the definition of inclusion degree as follows (Mieszkowicz-

Rolka and Rolka 2005; Zhang and Leung 1996):

Definition 2.1 Let U be a finite universe, for all X; Y �
U; a function D(Y/X) is called the inclusion degree of X is

included in Y, if it satisfies the following conditions:

(C1) 0�DðY=XÞ� 1;

(C2) if X � Y ; then DðY=XÞ ¼ 1;

(C3) if X � Y � Z; then DðX=ZÞ�DðX=YÞ:

From the definition of inclusion degree, we know that

the expression of inclusion degree is not unique. In prac-

tice, it is usually defined as follows:

DðY=XÞ ¼ jY \ Xj
jXj ð7Þ

where the notation |�| denotes the cardinality of set. Espe-

cially, if the set is finite, then it denotes that the set contains

the number of elements.

In this paper, we will adopt the above expression to

define the variable precision rough set model on a universe,

which contains the definition of variable precision rough

sets over two universes.

Definition 2.2 Let S ¼ ðU;AÞ be an information system,

P(U) be the power set of U, D denotes the inclusion degree

of PðUÞ;B � A; b 2 ð0:5; 1�; then for all X � U; the b-

lower approximation and the b-upper approximation of X

in S are defined, respectively, by

aprb
B
ðXÞ ¼ fxi : DðX=½xi�BÞ� bg ¼

[
f½xi�B

: DðX=½xi�BÞ� bg ð8Þ

aprb
BðXÞ ¼ fxi : DðX=½xi�BÞ[ 1� bg ¼

[
f½xi�B :

DðX=½xi�BÞ[ 1� bg ð9Þ

If S ¼ ðU;AÞ be a decision information system, namely,

A ¼ C [ fdg; B � A; and suppose U=Rd ¼ fD1;D2; . . .;

Drg; when b 2 ð0:5; 1�; the b-lower approximation and the

b-upper approximation have the following properties

(Kryszkiewicz 1999):

(A1) aprb
B
ð	DjÞ ¼ 	 aprb

BðDjÞ ðj� rÞ;
(A2) aprb

B
ðDiÞ \ aprb

B
ðDjÞ ¼ [ ðj 6¼ iÞ;

(A3) aprb
B
ðDjÞ � aprb

BðDjÞ ðj� rÞ;
(A4) aprb

BðDiÞ \ aprb
BðDjÞ ¼ [ ðj 6¼ iÞ (not necessar-

ily holds).

where 	Dj ¼
S
ðU=Rd � fDjgÞ denotes the com-

plementary set of Dj in U=Rd:

3 VPRS-model over two universes and its properties

In the reference (Gong and Sun 2008), the probability

rough set model between different universes was proposed

by Gong et al. based on the measure of probability.

Meantime, the probability rough set model over two uni-

verses with two parameters was also given. Based on the

above ideas, we discuss the variable precision rough set

model over two universes, which is defined by the inclu-

sion degree. In order to introduce the definition of variable

precision rough set model over two universes, we firstly

give the related definitions of rough set model over two

universes from the general point of view, then study its

properties in this section.

3.1 Rough set model over two universes

Definition 3.1 (Wang and Wang 2008) Let U, V be two

finite and nonempty sets called double universes, and R be

an arbitrary binary relation on U � V ; we can define two

mappings RU : U ! PðVÞ and RV : V ! PðUÞ :

RUðxÞ ¼ fy 2 V : xRy; x 2 Ug ð10Þ
RVðyÞ ¼ fx 2 U : xRy; y 2 Vg ð11Þ

where the RUðxÞ; RVðyÞ denote all R-related elements to x

in V and all R-related elements to y in U, respectively.

RUðxÞ is called R relation class to x in V and RVðyÞ is called

R relation class to y in U.P(U) and P(V) denote the power

sets of U and V, respectively.

From Definition 3.1, we can easily prove the following

facts, namely, RUðxÞ � V and RVðyÞ � U: Especially, for

8x 2 U; 9y 2 V ; if we have ðx; yÞ 2 R; i.e., RUðxÞ 6¼ [;

we say that the relation R is serial. on the contrary, if

8y 2 V; 9x 2 U; and ðx; yÞ 2 R; i.e. RVðyÞ 6¼ [; we say

that the relation R is reverse serial.

Additionally, one can prove that the above Definition

implies the following equivalence relations (Pei and Xu

2004):

(E1) R is serial , 8x 2 U;RUðxÞ 6¼ [, RVðVÞ ¼ U;

(E2) R is reverse serial , 8y 2 V;RVðyÞ 6¼
[ , RUðUÞ ¼ V :
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Definition 3.2 (Wang and Wang 2008) Let U, V be two

universes, R be an arbitrary binary relation on U � V; for

8Y � V; then the lower approximation and upper

approximation of Y are defined, respectively, by

apr
R
ðYÞ ¼ fx 2 U : RUðxÞ � Yg ð12Þ

aprRðYÞ ¼ fx 2 U : RUðxÞ \ Y 6¼ [g ð13Þ

The lower approximation apr
R
ðYÞ denotes the set of

objects that cannot precisely infer the result or state set Y

only relying on the information. However, the upper

approximation aprRðYÞ means the set of objects that can

precisely infer the result or state set Y at most through the

information.

In addition, if apr
R
ðYÞ ¼ aprRðYÞ; we may say that Y is

a definable set of V over two universes. Otherwise, we may

say that Y is a rough set of V over two universes. The triple

(U, V, R) is called a generalized approximation space. The

pair ðapr
R
ðYÞ; aprRðYÞÞ is called the generalized Pawlak

rough sets over two universes of Y with respect to

(U, V, R).

Obviously, if Y is a definable set of V over two uni-

verses, Y can be precisely expressed by the R relation class

to x in V. Conversely, if Y is a rough set of V over two

universes, Y cannot be precisely expressed by the R relation

class to x in V.

We can see it from the following example.

Example 1 Let U, V be two universes, U denotes the

symptom set, V denotes the disease set. Suppose U ¼
fx1; x2; x3; x4; x5; x6g; V ¼ fy1; y2; y3; y4g; where, each

xiði ¼ 1; 2; . . .; 6Þ denotes one symptom, but each yiði ¼
1; 2; 3; 4Þ stands for a disease. R be an binary relation on

U � V ; and for xi 2 U; if 9yi 2 V ; ðxi; yiÞ 2 R; the rela-

tion can be understood as the fact that if a person has a

certain symptom xi; then he had possibly suffered from a

disease yi.

By the definition of R relation class, if Y1 ¼
fy2; y4g; Y2 ¼ fy1; y2; y4g � V ; and for xi 2 Uði ¼
1; 2; . . .; 6Þ; in order to illustrate the problem, let us suppose

R-related elements to each xi in V are given as follows:

RUðx1Þ ¼ fy1; y3g; RUðx2Þ ¼ fy2; y4g; RUðx3Þ ¼ fy1g;
RUðx4Þ ¼ fy4g; RUðx5Þ ¼ fy3g; RUðx6Þ ¼ fy2g:

For 8xi 2 Uði ¼ 1; 2; . . .; 6Þ; RUðxiÞ 6¼ [; namely, R is

serial. In addition, RUðx1Þ ¼ fy1; y3g means that if a person

has the symptom x1; then he had possibly suffered from the

disease y1 or y3: The rest of relation classes can be

similarly interpreted.

Hence, we have the following results by the definitions

of the approximation operators:

apr
R
ðY1Þ ¼ fxi 2U : RUðxiÞ � Y1g ¼ fx2;x4;x6g;

aprRðY1Þ ¼ fxi 2U : RUðxiÞ\Y1 6¼[g ¼ fx2;x4;x6g;
apr

R
ðY2Þ ¼ fxi 2U : RUðxiÞ � Y2g ¼ fx2;x3;x4;x6g;

aprRðY2Þ ¼ fxi 2U : RUðxiÞ\Y2 6¼[g ¼ fx1;x2;x3;x4;x6g:

Certainly, we can easily see the following two facts:

1. For Y1 ¼ fy2; y4g � V; we have apr
R
ðY1Þ

¼ aprRðY1Þ;
2. For Y2 ¼ fy1; y2; y4g � V ; we have apr

R
ðY2Þ

6¼ aprRðY2Þ:
Based on the above definitions and facts, one can see that

Y1 is a definable set of V over two universes, and Y2 is a

rough set of V over two universes. That is to say, Y1 can be

precisely diagnosed through the symptoms x2; x4 and x6; it

means that one can precisely determine a person had

suffered from diseases y2 and y4 according to the symptoms

x2; x4 and x6: In contrast, Y2 cannot be precisely diagnosed

through the symptoms x2; x3; x4 and x6; which determines

whether a person had suffered from diseases y1; y2 and y4

or not, at least through the symptoms x2; x3; x4 and x6:

Certainly, one can sufficiently determine a person had from

the diseases y1; y2 and y4 after adding the symptom x1.

According to the Definition 3.1, for the rough sets over

two universes, one can also define the so-called reverse

approximation operators since R be a binary relation on

U � V : The specific definition will be given as follows.

Definition 3.3 Let U, V be two universes, R be an arbi-

trary binary relation on U � V; for 8X � U; the reverse

lower approximation and reverse upper approximation of

X are defined, respectively, by

apr
R�1ðXÞ ¼ fy 2 V : RVðyÞ � Xg ð14Þ

aprR�1ðXÞ ¼ fy 2 V : RVðyÞ \ X 6¼ [g ð15Þ

From the Definition 3.3, one can say that the reverse

lower approximation apr
R�1ðXÞ denotes the set of objects

that have certainly some kind of results or states based on

the inference, which has been made by the information set

X. The reverse upper approximation aprR�1ðXÞ means the

set of objects that have possibly some kind of results or

states based on the inference, which has been made by the

information set X.

Similarly, if apr
R�1ðXÞ ¼ aprR�1ðXÞ; the set X be called

a definable set of U over two universes. Otherwise, if

apr
R�1ðXÞ 6¼ aprR�1ðXÞ; the set X be called a rough set of

over two universes. The pair ðapr
R�1ðXÞ; aprR�1ðXÞÞ be

called generalized reverse Pawlak rough sets over two

universes with respect to (U, V, R).

Furthermore, if X is a definable set of U over two uni-

verses, X can be precisely expressed by the R relation
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classes to y in U. Conversely, if X is a rough set of U over

two universes, X cannot be precisely expressed by the R

relation classes to y in U.

For example 1, we know that the R-relation classes to yi

in U are given as follows:

RVðy1Þ ¼ fx1; x3g; RVðy2Þ ¼ fx2; x6g;
RVðy3Þ ¼ fx1; x5g; RVðy4Þ ¼ fx2; x4g:

Therefore, for X1 ¼ fx1; x2; x6g; X2 ¼ U; the reverse

lower approximation and reverse upper approximation of

the sets X1 and X2 are calculated as follows, respectively.

apr
R�1ðX1Þ ¼ fyi 2 V : RVðyiÞ � X1g ¼ fy2g;

aprR�1ðX1Þ ¼ fyi 2 V : RVðyiÞ \ X1 6¼ [g ¼ V ;

apr
R�1ðX2Þ ¼ fyi 2 V : RVðyiÞ � X2g ¼ V ;

aprR�1ðX2Þ ¼ fyi 2 V : RVðyiÞ \ X2 6¼ [g ¼ V ;

The results show that the set X1 is a rough set of U over

two universes, the set X2 is a definable set of U over two

universes. That is to say, according to the symptom set X1;

one can affirm that the person had suffered from the disease

y2: Meantime, one can say that the person had possibly

suffered from one or several of the diseases y1; y2; y3 and

y4: For the symptom X2; one can make a similar

interpretation.

As it can be seen from this example, for the rough set

over two universes, relation class is very important to

identify whether a set is a definable set or rough set, it will

affect the final decision-making results are correct or not.

Moreover, one can see that the rough set method over two

universes is different from the rough set method on a

universe in processing uncertain decision making prob-

lems. As we all know, in the traditional rough set theory,

the decision making has been carried out, it mainly adopts

the following several steps, namely, partition attribute set

into condition and decision attribute sets, attribution

reduction and construction of decision rules using the

sampled data. In general, a decision rule has only a deci-

sion-making result. However, for the rough set method

over two universes, the decision making can be achieved

by the binary relation between the universe and the other

universe, on the basis of the two universes have been

determined, and the example shows that the multiple

decision results can be obtained at the same time.

Based on the above definitions, some of the properties of

the approximation operators and reverse approximation

operators will be obtained.

Theorem 3.1 Let U, V be two universes, R be a serial and

reverse serial binary relation on U � V; for 8X �
U; Y � V; we have the following properties.

ðPLLÞ apr
R�1ðapr

R
ðYÞÞ � Y ; apr

R
ðapr

R�1ðXÞÞ � X;

ðPLUÞ apr
R�1ðaprRðYÞÞ ¼ Y ; apr

R
ðaprR�1ðXÞÞ ¼ X;

ðPULÞ aprR�1ðapr
R
ðYÞÞ � Y ; aprRðapr

R�1ðXÞÞ � X;

ðPUUÞ aprR�1ðaprRðYÞÞ 
 Y; aprRðaprR�1ðXÞÞ 
 X:

Proof According to the similarity of the above properties,

we only to prove the first part of each property.

(PLL) If apr
R�1ðapr

R
ðYÞÞ ¼ [; the expression obvi-

ously holds.

Otherwise, for 8y 2 apr
R�1ðapr

R
ðYÞÞ ¼ V 0 � V; we

know

RVðyÞ � apr
R
ðYÞ:

Hence, by the Definition 3.1, we have

fx 2 U : xRy; y 2 V 0g � fx 2 U : RUðxÞ � Yg

Therefore, for 8x 2 U; y 2 V 0; if xRy, then RUðxÞ � Y:
So we can obtain V 0 � RUðxÞ � Y ; i.e., apr

R�1

ðapr
R
ðYÞÞ � Y:

(PLU) For 8y 2 Y ; since R is a reverse serial binary

relation, we have

[ 6¼ RVðyÞ � U:

Therefore, for 8x 2 RVðyÞ;9y 2 Y ; it makes xRy. Mean-

time, by the Definition 3.1, we can know RUðxÞ \ Y 6¼ [:

According to the Definition 3.2, we have RVðyÞ �
aprRðYÞ:

Hence, we can obtain apr
R�1ðaprRðYÞÞ 
 Y :

On the other hand, if 8y 2 apr
R�1ðaprRðYÞÞ ¼ V 0 � V;

we have

RVðyÞ � aprRðYÞ:

Consequently, for 8y 2 V 0; x 2 U; if xRy, then [ 6¼
RUðxÞ \ Y � Y : So we have V 0 � RUðxÞ \ Y � Y ; i.e.,

apr
R�1ðaprRðYÞÞ � Y : Summarizing the above proofs, we

can see that the conclusion holds.

(PUL) For 8y 2 aprR�1ðapr
R
ðYÞÞ ¼ V 0 � V ; we have

RVðyÞ \ apr
R
ðYÞ 6¼ [:

Therefore, for 8y 2 V 0; x 2 U; by the Definitions 3.1 and

3.2, we can obtain xRy , RUðxÞ � Y : Hence, we have

y 2 RUðxÞ � Y .

(PUU) According to the property (PLU), obviously,

(PUU) holds. h

In general, the approximation operators and the reverse

approximation operators are not mutually inverse by the

above properties, only the reverse lower approximation

apr
R�1 and the upper approximation aprR are inverse each

other. But the above properties not necessarily hold for an

arbitrary binary relation over two universes.
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3.2 VPRS-model over two universes

In this part, by setting threshold b, we present the notions

of variable precision rough sets over two universes.

Definition 3.4 Let U, V be two universes, R be an arbi-

trary binary relation on U � V ; 0:5\b� 1; for any subset

Y � V; the b-lower approximation and b-upper approxi-

mation of Y in V are defined, respectively, by

aprb
R
ðYÞ ¼ fx 2 U : DðY=RUðxÞÞ� bg ð16Þ

aprb
RðYÞ ¼ fx 2 U : DðY=RUðxÞÞ[ 1� bg ð17Þ

The b-lower approximation aprb
R
ðYÞ denotes the set of the

objects that can possibly infer the result or state set Y, with the

confidence level b, only relying on the given information. In

contrast, the b-upper approximation aprb
RðYÞ means the set

of objects that can sufficiently infer the result or state set Y,

with the confidence level b, through the given information.

Obviously, by this definition, if b = 1, then we easily

know the following facts: aprb
R
ðYÞ ¼ apr

R
ðYÞ and

aprb
RðYÞ ¼ aprRðYÞ; i.e., the variable precision rough set

model encompasses the rough set model as a special case.

So we may say that the VPRS-model over two universes is

an extension of the rough set model over two universes.

Similarly, the reverse b-lower approximation and

reverse b-upper approximation will be obtained as follows.

Definition 3.5 Let U, V be two universes, R be an

arbitrary binary relation on U � V ; 0:5\b� 1; for any

subset X � U; the reverseb-lower approximation and

reverse b-upper approximation of X in V are defined,

respectively, by

aprb
R�1ðXÞ ¼ fy 2 V : DðX=RVðyÞÞ� bg ð18Þ

aprb
R�1ðXÞ ¼ fy 2 V : DðX=RVðyÞÞ[ 1� bg ð19Þ

where DðX=RVðyÞÞ ¼ jX \RV ðyÞj
jRV ðyÞj :

The same as the meaning of Definition 3.3, the reverse

b-lower approximation aprb
R�1ðXÞ denotes the set of objects

that have certainly some kind of results or states based on

the inference, with the confidence level b, which has been

made by the information set X. The reverse b-upper

approximation aprb
R�1ðXÞ means the set of objects that have

possibly some kind of results or states based on the infer-

ence, with the confidence level b, which has been made by

the information set X.

Especially, if b ¼ 1; then aprb
R�1ðXÞ ¼ apr

R�1ðXÞ;
aprb

R�1ðXÞ ¼ aprR�1ðXÞ: That is to say the reverse variable

precision approximation operators are the extension of the

reverse approximation operators.

3.3 The properties of VPRS-model over two universes

Let U, V be two finite universes, R be an arbitrary binary

relation on U � V; similar to the properties of Pawlak

rough sets, we can also obtain the following properties of

VPRS-model over two universes:

(P1) aprb
R
ð[Þ ¼ aprb

Rð[Þ ¼ [;

aprb
R
ðVÞ ¼ aprb

RðVÞ ¼
[
fxi 2 U : RUðxiÞ 6¼ [g;

(P2) 8Y � V ; aprb
R
ðYÞ � aprb

RðYÞ;
(P3) 8Y � V ; apr

R
ðYÞ � aprb

R
ðYÞ � aprb

RðYÞ �
aprRðYÞ;
(P4) If Y1 � Y2 � V ; then aprb

R
ðY1Þ � aprb

R
ðY2Þ;

aprb
RðY1Þ � aprb

RðY2Þ;
(P5) If Y1; Y2 � V and Y1 \ Y2 ¼ [; then aprb

R
ðY1Þ \

aprb
R
ðY2Þ ¼ [;

aprb
RðY1Þ \ aprb

RðY2Þ ¼ [ ðnot necessarily holdsÞ;

(P6) 8Y1; Y2 � V ; aprb
R
ðY1 \ Y2Þ � aprb

R
ðY1Þ \ aprb

R
ðY2Þ;

aprb
RðY1 \ Y2Þ � aprb

RðY1Þ \ aprb
RðY2Þ;

(P7) 8Y1;Y2 � V; aprb
R
ðY1 [ Y2Þ 
 aprb

R
ðY1Þ [ aprb

R
ðY2Þ;

aprb
RðY1 [ Y2Þ 
 aprb

RðY1Þ [ aprb
RðY2Þ;

(P8) 8Y � V ; 	Y ¼ V � Y ; aprb
R
ð	YÞ ¼ 	 aprb

RðYÞ;

aprb
Rð	 YÞ ¼ 	 aprb

R
ðYÞ;

(P9) 8Y � V ; if 0:5\b1� b2� 1; then

aprb1

R
ðYÞ 
 aprb2

R
ðYÞ; apr

b1

R ðYÞ � apr
b2

R ðYÞ:

Proof (P1) By the Definition 3.3, the follow-

ing relation expression holds, namely, aprb
R
ð[Þ ¼

aprb
Rð[Þ ¼ [:

Because R is a binary relation on U � V; we have

aprb
R
ðVÞ ¼ fxi 2 U : DðV=RUðxiÞÞ�bg

¼ xi 2 U :
jV \RUðxiÞj
jRUðxiÞj

�b

� �
ð8xi 2 U;RUðxiÞ � VÞ

¼ xi 2 U :
jRUðxiÞj
jRUðxiÞj

¼ 1�b

� �
¼
[
fxi 2 U : RUðxiÞ 6¼[g

aprb
RðVÞ ¼ fxi 2 U : DðV=RUðxiÞÞ ¼ 1[1� bg

¼
[
fxi 2 U : RUðxiÞ 6¼[g:

(P2) For 8Y � V ; if xi 2 aprb
R
ðYÞ; then DðY=RU

ðxiÞÞ� bg: And since b 2 ð0:5; 1�; thus DðY=RUðxiÞÞ�
bg[ 1� b; that is to say xi 2 aprb

RðYÞ; namely,

aprb
R
ðYÞ � aprb

RðYÞ:
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(P3) By the property (P2) and property (P3), we only need to

prove that apr
R
ðYÞ � aprb

R
ðYÞ and aprb

RðYÞ � aprRðYÞ:
By the Defintion 3.3, when b ¼ 1; aprb

R
ðYÞ ¼ apr

R
ðYÞ

and aprb
RðYÞ ¼ aprRðYÞ; thus, if xi 2 apr

R
ðYÞ; then,

DðY=RUðxiÞÞ ¼ 1:

Therefore, for b 2 ð0:5; 1�; DðY=RUðxiÞÞ ¼ 1� b )
xi 2 aprb

R
ðYÞ:

By the above proof, the first conclusion can be proved.

Certainly, we can also obtain the second conclusion by the

same way.

(P4)

aprb
R
ðY1Þ ¼ fxi 2 U : DðY1=RUðxiÞÞ� bg

¼ xi 2 U :
jY1 \ RUðxiÞj
jRUðxiÞj

� b

� �

Since Y1 � Y2 � V ; for 8xi 2 U; Y1 \ RUðxiÞ � Y2\
RUðxiÞ; it has

jY1 \ RUðxiÞj � jY2 \ RUðxiÞj

Consequently,
jY2\RUðxiÞj
jRUðxiÞj � b ) jY1\RUðxiÞj

jRUðxiÞj � b
That is

xi 2U :
jY2 \RUðxiÞj
jRUðxiÞj

�b

� �

 xi 2U :

jY1 \RUðxiÞj
jRUðxiÞj

�b

� �

, aprb
R
ðY2Þ 
 aprb

R
ðY1Þ:

(P5) we only need to prove that relation expression

aprb
R
ðY1Þ\ aprb

R
ðY2Þ ¼[; for the second relation expres-

sion, it not necessarily holds, we will cite an example to

illustrate the facts. First of all, we will prove the first

relation expression with the proof by contradiction.

Suppose there exists an element xi 2 aprb
R
ðY1Þ \

aprb
R
ðY2Þ; then

xi 2 aprb
R
ðY1Þ and xi 2 aprb

R
ðY2Þ

The Definition 3.3 implies that

jY1 \ RUðxiÞj
jRUðxiÞj

� b , jY1 \ RUðxiÞj � bjRUðxiÞj ð20Þ

jY2 \ RUðxiÞj
jRUðxiÞj

� b , jY2 \ RUðxiÞj � bjRUðxiÞj ð21Þ

By expression (16) and (17), owing to 1
2
\b� 1; so

jY1 \ RUðxiÞj � bjRUðxiÞj[
1

2
jRUðxiÞj ð22Þ

jY2 \ RUðxiÞj � bjRUðxiÞj[
1

2
jRUðxiÞj ð23Þ

Thus

jY1 \ RUðxiÞj þ jY2 \ RUðxiÞj[ jRUðxiÞj ð24Þ

According to Y1; Y2 � V and Y1 \ Y2 ¼ [; we can get

jY1 \ RUðxiÞj þ jY2 \ RUðxiÞj � jRUðxiÞj ð25Þ

Obviously, the expression (20) and (21) are contradictory,

therefore, the original conclusion holds.

(P6) For 8Y1; Y2 � V ; if 8xi 2 aprb
R
ðY1 \ Y2Þ; then

jY1 \ Y2 \ RUðxiÞj
jRUðxiÞj

� b

Thus, we may obtain the following two results:

jY1 \ RUðxiÞj
jRUðxiÞj

� b and
jY2 \ RUðxiÞj
jRUðxiÞj

� b

That is xi 2 aprb
R
ðY1Þ and xi 2 aprb

R
ðY2Þ; namely,

aprb
R
ðY1 \ Y2Þ � aprb

R
ðY1Þ \ aprb

R
ðY2Þ: The proof of the

second conclusion is the same as the previous one.

(P7) For 8Y1; Y2 � V; if 8xi 2 aprb
R
ðY1Þ [ aprb

R
ðY2Þ;

then

jY1 \ RUðxiÞj
jRUðxiÞj

[ 1� b or
jY2 \ RUðxiÞj
jRUðxiÞj

[ 1� b

Thus, we obtain the following fact:

jðY1 [ Y2Þ \ RUðxiÞj
jRUðxiÞj

[ 1� b

That is xi 2 aprb
R
ðY1 [ Y2Þ; namely, aprb

R
ðY1 [ Y2Þ 


aprb
R
ðY1Þ [ aprb

R
ðY2Þ:

Analogously, the proof of the second conclusion is the

same as the previous one.

(P8)

8Y � V ; xi 2 aprb
R
ð	 YÞ , j	 Y \ RUðxiÞj

jRUðxiÞj
� b

, jðV � YÞ \ RUðxiÞj
jRUðxiÞj

� b

, jðV \ RUðxiÞÞ � ðY \ RUðxiÞj
jRUðxiÞj

� bðRUðxiÞ � VÞ

, jRUðxiÞ � ðY \ RUðxiÞÞj
jRUðxiÞj

� b

, 1� jY \ RUðxiÞj
jRUðxiÞj

� bðjA� Bj ¼ jAj � jA \ BjÞ

, jY \ RUðxiÞj
jRUðxiÞj

� 1� b

, xi2aprb
RðYÞ , xi 2 	 aprb

RðYÞ:

(P9) For 8Y � V ; and 0:5\b1� b2� 1; if xi 2
aprb2

R
ðYÞ; then

jY \ RUðxiÞj
jRUðxiÞj

� b2� b1

Thus, we know that xi 2 aprb1

R
ðYÞ; namely, aprb1

R
ðYÞ 


aprb2

R
ðYÞ:

Analogously, the proof of the second conclusion is the

same as the previous one.
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Remark If the binary relation R is a serial, the second

conclusion of the property (P1) becomes the following

result, namely, aprb
R
ðVÞ ¼ aprb

RðVÞ ¼ U: In addition, by

the property (P8), the b-lower approximation and b-upper

approximation are dual each other.

In the following, we will cite an example to interpret the

second conclusion of property (P5).

Example 2 Let U, V be two universes, and suppose U ¼
fx1; x2; x3; x4; x5; x6g; V ¼ fy1; y2; y3; y4; y5g; R be an bin-

ary relation on U � V : If R relation classes are given, as

follows:

RUðx1Þ ¼ fy1; y2; y4g; RUðx2Þ ¼ fy3g; RUðx3Þ
RUðx4Þ ¼ fy4; y5g; RUðx5Þ ¼ fy1; y2g; RUðx6Þ

Suppose Y1 ¼ fy1; y2g; Y2 ¼ fy3g; Y3 ¼ fy3; y4g and b ¼
0:6; then

aprb
R
ðY1Þ ¼ fx1; x5g; aprb

RðY1Þ ¼ fx1; x3; x5g;

aprb
R
ðY2Þ ¼ fx2g; aprb

RðY2Þ ¼ fx2; x6g;

aprb
R
ðY3Þ ¼ fx2g; aprb

RðY3Þ ¼ fx2; x3; x4; x6g:

Obviously, Y1 \ Y2 ¼ [; Y1 \ Y3 ¼ [ and Y1; Y2; Y3 �
V ; but

aprb
RðY1Þ \ aprb

RðY2Þ ¼ [;

aprb
RðY1Þ \ aprb

RðY3Þ ¼ fx3g 6¼ [:

So we may say that the second conclusion of property (P5)

not necessarily holds.

Moreover, the reverse b-lower approximation and

reverse b-upper approximation, we have the same results as

the above properties.

3.4 VPRS-model with two parameters over two

universes

As the extension of variable precision rough sets over two

universes, in this section, the concept of VPRS-model with

two parameters over two universes will be introduced.

Afterwards, the related properties will be discussed.

Definition 3.6 Let U, V be two universes, R be an arbi-

trary binary relation on U � V ; 0:5\b� a� 1; D denotes

the inclusion degree, for any subset Y � V ; the a-lower

approximation and b-upper approximation containing two

parameters of Y in U are defined, respectively, by

apra
R
ðYÞ ¼ fx 2 U : DðY=RUðxÞ� ag ð26Þ

aprb
RðYÞ ¼ fx 2 U : DðY=RUðxÞ[ 1� bg ð27Þ

Analogously, the detailed explanations of the a-lower

approximation and b-upper approximation can be

interpreted as the meaning of the b-lower(upper)

approximation.

Obviously, if a ¼ b; the VPRS-model with two parameters

becomes the VPRS-model which is previously stated, namely,

it is viewed as the extension of the VPRS-model. By the def-

inition, if a� b; we can easily see that the contained elements

of the a-lower approximation are less than or equal to the

contained elements of the b-lower approximation, the con-

tained elements of the b-upper approximation are more than or

equal to the contained elements of the a-upper approximation.

According to the definition and the properties of VPRS-model

over two universes, we have the following theorem.

Theorem 3.2 Let the triple A = (U, V, R) be a general-

ized approximation space, if 0:5\a1� a2� 1; 0:5\
b1� b2� 1; for any subset Y � V; then

(T1) apra2

R
ðYÞ � apra1

R
ðYÞ;

(T2) apr
b1

R ðYÞ � apr
b2

R ðYÞ:

The result (T1) shows that the lower approximation

operator is monotonic decreasing with respect to the

parameter a, but the conclusion (T2) shows that the upper

approximation operator is monotonic increasing with

respect to the parameter b.

Furthermore, for 0:5\b\a� 1; we can obtain the fol-

lowing conclusions with respect to the approximation

operators.

Theorem 3.3 Let the triple A ¼ ðU;V ;RÞ be a general-

ized approximation space, D denotes the inclusion degree,

for any subset Y � V; the following expressions hold.

(T3) lim
b"a

aprb
R
ðYÞ ¼

T
b\a

aprb
R
ðYÞ ¼ apra

R
ðYÞ;

(T4) lim
a#b

apra
RðYÞ ¼

T
a [ b

apra
RðYÞ ¼ aprb

R
ðYÞ:

Proof (T3) For b\a; by the Theorem 3.2, we have

aprb
R
ðYÞ 
 apra

R
ðYÞ:

Therefore

lim
b"a

aprb
R
ðYÞ ¼

\

b\a

aprb
R
ðYÞ 
 apra

R
ðYÞ:

In addition, if there exists x0 2
T

b\a
aprb

R
ðYÞ; but x0 62

apra
R
ðYÞ:

Then, for 8b\a; we have x0 2 aprb
R
ðYÞ and x0 62

apra
R
ðYÞ: According to the Definition 3.6 and the arbitrary

of the parameter b, we can know

DðY=RUðx0ÞÞ� a and DðY=RUðx0ÞÞ\a:

Obviously, this is a contradiction. So we can obtainT
b\a

aprb
R
ðYÞ ¼ apra

R
ðYÞ:

(T4) For a > b; similarly, we have
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apra
RðYÞ 
 aprb

RðYÞ:

Therefore

lim
a#b

apra
RðYÞ ¼

\

a [ b

apra
RðYÞ 
 aprb

RðYÞ:

On the other hand, if there exists x0 2
T

a [ b
apra

RðYÞ;
x0 62 aprb

RðYÞ:
For 8a[ b; we have x0 2 apra

RðYÞ; x0 62 aprb
RðYÞ:

The same as the above proof, by the Definition 3.6 and

the arbitrary of the parameter a, we can know

DðY=RUðx0ÞÞ� 1� b and DðY=RUðx0ÞÞ\1� b:

This is another contradiction. Then, we can obtainT
a [ b

apra
RðYÞ ¼ aprb

R
ðYÞ:

The same as the definitions of the reverse a-lower

approximation and reverse b-upper approximation over

two universes, the notions of the approximation operators

containing two parameters can be proposed.

Definition 3.7 Let U, V be two universes, R be an arbi-

trary binary relation on U � V ; 0:5\b� a� 1; D denotes

the inclusion degree, for any subset X � U; the reverse a-

lower approximation and reverse b-upper approximation

containing two parameters of X in V are defined, respec-

tively, by

apra
R�1ðXÞ ¼ fy 2 V : DðX=RVðyÞÞ� ag ð28Þ

aprb
R�1ðXÞ ¼ fy 2 V : DðX=RVðyÞÞ[ 1� bg ð29Þ

Similar to the detailed explanations of the reverse a-

lower approximation and reverse b-upper approximation

can be interpreted as the meaning of the reverse b-

lower(upper) approximation.

Resorting to the Theorems 3.2 and 3.3, the similar

conclusions of the reverse approximation operators con-

taining two parameters over two universes can be obtained.

4 An illustrative example

Let us illustrate the above concepts by the following

example.

Suppose the symptom set U ¼ fx1; x2; . . .; x10g; the

disease set V ¼ fy1; y2; . . .; y5g; which denote ten symp-

toms and five diseases, respectively. It is well known that

a disease may be accompanied by several symptoms,

which will establish a corresponding relation between the

set U and the set V. Without loss of generality, the cor-

responding relation R is given, in the form of the matrix,

as follows

Rðxi;yjÞ ¼

1 0 0 0 1

0 1 0 1 0

0 0 1 1 1

0 0 0 1 0

1 0 1 0 1

0 1 1 0 1

1 1 0 1 0

1 0 0 1 0

0 1 0 0 1

0 1 0 1 1

2
6666666666666666664

3
7777777777777777775

ði¼ 1;2; . . .;10; j¼ 1;2; . . .;5Þ

Where the value of the expression Rðxi; yjÞ means whether

the element xið2 UÞ is related to the element yjð2 VÞ or

not. If Rðxi; yjÞ ¼ 1; it denotes that xi has the relationship

with yj; i.e., ðxi; yjÞ 2 R: Conversely, the expression

Rðxi; yjÞ ¼ 0 denotes that xi has not the relationship with yj;

i.e., ðxi; yjÞ 62 R:

By the above relation matrix, we can obtain the

R-related elements to each xiði ¼ 1; 2; . . .; 10Þ in V, as

follows:

RUðx1Þ¼fy1;y5g; RUðx2Þ¼fy2;y4g; RUðx3Þ¼fy3;y4;y5g;
RUðx4Þ¼fy4g; RUðx5Þ¼fy1;y3;y5g; RUðx6Þ¼fy2;y3;y5g;
RUðx7Þ¼fy1;y2;y4g; RUðx8Þ¼fy1;y4g; RUðx9Þ¼fy2;y5g;

RUðx10Þ¼fy2;y4;y5g:

For a subset Y¼fy2;y4g�V ; which means that a

person has suffered from the diseases y2 and y4: By the

Definition 3.2, we obtain the lower and upper approxi-

mations of Y as follows:

apr
R
ðYÞ ¼ fx2; x4g;

aprRðYÞ ¼ fx2; x3; x4; x6; x7; x8; x9; x10g:

we can see from the results, if a person has simultaneously

suffered from the diseases y2 and y4; then he (she) would

certainly be accompanied by the symptoms x2 and x4:

Except for this, he (she) had possibly one or several of the

symptoms x3; x6; x7; x8; x9 and x10:

By the Defintion 3.4, if b ¼ 0:65; then the b-lower

(upper) approximation can be given by

apr0:65

R
ðYÞ ¼ fx2; x4; x7; x10g;

apr0:65
R ðYÞ ¼ fx2; x4; x7; x8; x9; x10g:

Based on the above results, if a person has

simultaneously suffered from the diseases y2 and y4; and

when the confidence level b equals to 0.65, then he (she)

would be accompanied by the symptoms x2; x4; x7; and x10.

In addition, he (she) had possibly one or all of the symptoms

x8 and x9:
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The previous results show that the lower approximation

is contained in the b-lower approximation. In contrast, the

upper approximation contains the b-upper approximation.

In fact, we hope that the symptoms, which will be sure to

appear, can be as much as possible in the disease diagnosis.

Certainly, the symptoms can be as little as possible, which

will possibly appear. Obviously, this case is consistent with

the practice.

Similar to the previous case, we can also get the R-

related elements to each yjðj ¼ 1; 2; . . .; 5Þ according to the

relation matrix, the corresponding results are given as

follows:

RVðy1Þ ¼ fx1; x5; x7; x8g; RVðy2Þ ¼ fx2; x6; x7; x9; x10g;
RVðy3Þ ¼ fx3; x5; x6g; RVðy4Þ ¼ fx2; x3; x4; x7; x8; x10g;
RVðy5Þ ¼ fx1; x3; x5; x6; x9; x10g:

For a subset X ¼ fx2; x7; x8; x10g � U; which means

that a person has the symptoms x2; x7; x8 and x10: By the

Definition 3.3, the reverse lower and upper approximations

of X can be obtained as follows:

apr
R�1ðXÞ ¼£;

aprR�1ðXÞ ¼ fy1; y2; y4; y5g:

The above results show the following fact, if only has

the symptoms x2; x7; x8 and x10; we were not sure of a

person had been suffering from any disease. However, we

can only say that he (she) had possibly suffered from one or

several of diseases y1; y2; y4 and y5:

According to the Definition 3.5, if b ¼ 0:65; then the

reverse b-lower and b-upper approximations will be

obtained. we have

apr0:65

R�1 ðXÞ ¼ fy4g;
apr0:65

R�1 ðXÞ ¼ fy1; y2; y4g:

Using the above results, we can know if a person has the

symptoms x2; x7; x8 and x10; when the confidence level b
equals to 0.65, then he (she) had suffered from the disease

y4: Apart from this, he (she) had possible suffered from the

diseases y1 and y2:

Similarly, it can be seen from the previous results,

the reverse lower approximation is included in the reverse

b-lower approximation, but the reverse upper approxima-

tion contains the reverse b-upper approximation. The same

as the previous case, we can make a similar interpretation.

In practice, when a doctor has known some symptoms, he

(she) would hope to accurately judge a person suffering

from all diseases. Meantime, he (she) must try to remove

some diseases from which may be suffered. Certainly, this

case is also reasonable.

From the general point of view to see it, the same as

the Pawlak rough sets on a universe, if the lower

approximation and the complement of the upper approxi-

mation in the universe are viewed as the positive region

and the negative region of VPRS-model, respectively, then

the difference set of the lower approximation and the upper

approximation will be considered as the boundary region of

VPRS-model. According to the Theorem 3.2, we can know

that the boundary region of the VPRS-model which is

proposed in this paper is smaller than the boundary region

of the classical rough set model over two universes.

Simultaneously, it is easy to see that the positive region and

the negative region of the VPRS-model which is proposed

in this paper are bigger than the positive region and neg-

ative region of the classical rough set model over two

universes. Therefore, the approximation accuracy of the

VPRS-model is higher than the classical rough set model

over two universes.

Summarizing the above analysis, one can see that the

variable precision rough set model over two universes is better

than the rough set model in dealing with the multi-decision

making problems, such as the disease diagnosis etc.

5 Conclusions

In this paper we have introduced VPRS-model over two

universes based on VPRS-model on a universe, and mainly

discussed the nine properties of the b-lower approximation

and the b-upper approximation in VPRS-model over two

universes. Obviously, if the threshold b = 1, then the

VPRS-model will become rough set model over two uni-

verses. In addition, the reverse approximation operators are

also introduced and the properties are analyzed with the

approximation operators. Generally, we can see from the

results, they are not inverse each other, only a pair

approximation operators are mutually inverse. As a gener-

alization of VPRS-model over two universes, the approxi-

mation operators with two parameters and its properties are

discussed, we easily see that the VPRS-model is a special

case when two parameters are equivalent. The VPRS-model

is viewed as a generalization of rough sets, and it will be

more widely and better applied in practice. Certainly, the

illustrative example has showed that the (reverse) b-

approximation operators are better than the (reverse)

approximation operators in dealing with the uncertainty

problems, especially for the multi-decision making prob-

lems. Through the analysis of this paper, we have also seen

that the results may be useful for the applications of rough

sets and further enrich the rough set theory.

Acknowledgments The authors would like to express their sincere

thanks to the reviewers for the valuable comments and recommen-

dations. This work is supported by Scientific Research Foundation of

Tianshui Normal University (No.TSA0940).

566 Y. Shen, F. Wang

123



References

Gong ZT, Sun BZh (2008) Probability rough sets model between

different universes and its applications. Proceedings of the

seventh International Conference on machine learning and

cybernetics. IEEE, Kunming, pp 561–565

Gu ShM, Gao J, Tian XQ (2007) A fuzzy measure based on variable

precision rough sets. In: Cao BY (ed) Fuzzy information and

engineering (ICFIE), ASC, vol 40, pp 798–807

Inuiguchi M (2004a) Generalizations of rough sets: from crisp to

fuzzy cases. In: Tsumoto S et al (eds) RSCTC2004, LNAI 3066,

pp 26–37

Inuiguchi M (2004b) Generalizations of rough sets and rule extrac-

tion. In: Peters JF et al (ed) Transactions on rough sets I, LNCS

3100, pp 96–119

Kryszkiewicz M (1999) Rules in incomplete information systems.

Info Sci 113:271–292

Mieszkowicz-Rolka A, Rolka L (2004a) Variable precision fuzzy

rough sets. In: Peters JF et al (ed) Transactions on rough sets I.

LNCS 3100, pp 144–160

Mieszkowicz-Rolka A, Rolka L (2004b) Remarks on approximation

quality in variable precision fuzzy rough sets model. In: Tsumoto

S et al (ed) RSCTC 2004, LNAI 3066, pp 402–411

Mieszkowicz-Rolka A, Rolka L (2004c) Fuzzy implication operators

in variable precision fuzzy rough sets model. In: Rutkowski L

et al (ed) ICAISC 2004, LNAI 3070, pp 498–503

Mieszkowicz-Rolka A, Rolka L (2005) Variable precision fuzzy

rough sets model in the analysis of process data. In: Slezak D

et al (ed) RSFDGrC 2005, LNAI 3641, pp 354–363

Pawlak Z (1982) Rough sets. Int J Comput Info Sci 11:341–356

Pei DW, Xu ZB (2004) Rough set models on two universes. Int J Gen

Syst 33:569–581

Shu L, He XZh (2007) Rough set model with double universe of

discourse. Information reuse and integration(IRI 2007), IEEE,

pp 492–495

Wang YP, Wang WZ (2008) Constructive and algebraic methods of

approximation operators over two universes. Fuzzy Syst Math

(Chinese Version) 22:151–154

Yao YY (1998) Generalized rough set models. In: Polkowski L,

Skowron A (eds) Rough sets in knowledge discovery. Physica-

Verlag, Heidelberg, pp 286–328

Yao YY (2003) On generalizing rough set theory. In: Rough sets,

fuzzy sets, and granular computing. Proceedings of the 9th

International Conference (RSFDGrC 2003), LNAI 2639, pp 44–51

Yao YY, Lin TY (1996) Generalization of rough sets using modal

logics. Intell Autom Soft Comput 2:103–120

Yao YY, Wong SKM (1992) A decision theoretic framework for

approximating concepts. Int J Man Machine Stud 37:793–809

Yao YY, Wong SKM (1996) Generalized probabilistic rough set

models. In: Chen YY, Hirota K, Yen JY (eds) Soft computing in

intelligent systems and information processing. Proceedings of

1996 Asian Fuzzy Systems Symposium. IEEE Press, pp 158–163

Yao YY (2008) Probabilistic rough set approximations. Int J Approx

Reason 49:255–271

Zhang WX, Leung Y (1996) Theory of including degrees and its

applications to uncertainty inferences. Soft computing in intel-

ligent systems and information processing. IEEE, New York,

pp 496–501

Ziarko W (1993) Variable precision rough set model. J Comput Syst

Sci 46:39–59

Variable precision rough set model over two universes and its properties 567

123


	Variable precision rough set model over two universes and its properties
	Abstract
	Introduction
	Preliminaries
	Pawlak rough sets
	Information system and decision information system
	VPRS-model on a universe

	VPRS-model over two universes and its properties
	Rough set model over two universes
	VPRS-model over two universes
	The properties of VPRS-model over two universes
	VPRS-model with two parameters over two universes

	An illustrative example
	Conclusions
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


