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Abstract In general, for multi-criteria group decision
making problem, there exist inter-dependent or interactive
phenomena among criteria or preference of experts, so that
it is not suitable for us to aggregate them by conventional
aggregation operators based on additive measures. In this
paper, based on fuzzy measures a generalized intuitionistic
fuzzy geometric aggregation operator is investigated for
multiple criteria group decision making. First, some oper-
ational laws on intuitionistic fuzzy values are introduced.
Then, a generalized intuitionistic fuzzy ordered geometric
averaging (GIFOGA) operator is proposed. Moreover, some
of its properties are given in detail. It is shown that GIF-
OGA operator can be represented by special t-norms and t-
conorms and is a generalization of intuitionistic fuzzy
ordered weighted geometric averaging operator. Further, an
approach to multiple criteria group decision making with
intuitionistic fuzzy information is developed where what
criteria and preference of experts often have inter-depen-
dent or interactive phenomena among criteria or preference
of experts is taken into account. Finally, a practical example
is provided to illustrate the developed approaches.

Keywords Multi-criteria group decision making -
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1 Introduction

In many complex decision making problems, the decision
information provided by a decision maker is often
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imprecise or uncertain due to time pressure, lack of data,
or the decision maker’s limited attention and information
processing capabilities. Since fuzzy set, whose basic
component is only a membership function, was introduced
(Zadeh 1965), in the following several decades, fuzzy set
theory has been applied successfully in decision making
field. Intuitionistic fuzzy set (IFS)(Atanassov 1986), an
extension of Zadeh’s fuzzy sets, has a prominent char-
acteristic: it assigns to each element a membership degree
and a non-membership degree. Intuitionistic fuzzy set has
been proven to be highly useful to deal with uncertainty
and vagueness, and it is a very suitable tool to be used to
describe the imprecise or uncertain decision information.
Recently, different decision making problems based on
IFS have received a great deal of attention. Gau and
Buehrer (1993) introduced the vague set, which is an
equivalence of IFS (Bustine and Burillo 1996). Later,
based on vague sets, Chen and Tan (1994), and Hong and
Choi (2000) utilized the minimum and maximum opera-
tions to develop some approximate technique for handling
multi-attribute decision making problems under fuzzy
environment. Szmidt and Kacprzyk (1996) used IFSs to
solve group decision making problems. Atanassov et al.
(2005) proposed an intuitionistic fuzzy interpretation of
multi-person multi-criteria decision making. Li (2005)
investigated multi-attribute decision-making using IFSs
and constructed several linear programming models to
generate optimal weights for criteria. Xu and Yager
(2006) developed some geometric aggregation operators
based on IFSs to multiple attribute decision making. Liu
and Wang (2007) introduced the intuitionistic fuzzy point
operators, and defined a series of new score functions for
the multi-attribute decision making problems based on
intuitionistic fuzzy point operators and evaluation func-
tion. By linear programming model, Lin et al. (2007)
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presented a new method for handling multi-criteria fuzzy
decision-making problems based on IFSs. Wei (2009)
proposed dynamic intuitionistic fuzzy weighted geometric
operator for dynamic multiple attribute decision making.

Although there has been great progress in multicriteria
decision making with IFSs, most of these works are based
on the assumption that the criteria (attribute) and prefer-
ences of decision makers are independent, and the aggre-
gation operators are linear operators based on additive
measures, which is characterized by an independence
axiom (Keeney and Raiffa 1976; Wakker 1999). In the real
problems there is a phenomenon where there exists some
degree of inter-dependent or interactive characteristics
between criteria (Grabisch 1995; Grabisch et al. 2000).
Expert’s subjective preference always shows non-linearity.
There usually are interactive phenomena among preference
of experts. The independence axiom generally cannot be
satisfied. To overcome this limitation, it is more reasonable
to use a non-additive measure instead of traditional addi-
tive measure operators to approximate people’s evaluation
processes for decision making problems. Sugeno (1974)
introduced the concept of non-additive measure (fuzzy
measure), which only makes a monotonicity instead of
additivity property. It was used to model interaction phe-
nomena (Ishii and Sugeno 1985; Roubens 1996; Grabisch
1996; Kojadinovic 2002) and deal with decision making
problems (Grabisch 1995, 1997; Grabisch et al. 2000; O-
nisawa et al. 1986). In this paper, based on fuzzy measure
we develop a generalized intuitionistic fuzzy geometric
aggregation operator for multi-criteria group decision
making which takes into account the inter-dependent or
interactive characteristics of the criteria and preference.

In order to do that, the paper is organized as follows. In
Sect. 2, we review the IFSs. In Sect. 3, we introduce fuzzy
measure. A generalized intuitionistic fuzzy ordered geo-
metric averaging operator is proposed, and some of its
properties are investigated in detail. In Sect. 4, the multi-
criteria group decision making procedure based on the
generalized intuitionistic fuzzy ordered geometric averag-
ing operator is presented under intuitionistic fuzzy envi-
ronment. In Sect. 5, an example is given to illustrate the
concrete application of the method. Finally, conclusions
are made in Sect. 6.

2 Intuitionistic fuzzy sets
First, let us first review some basic concepts related to
intuitionsitic fuzzy set. Atanassov (1986) generalized the

concept of fuzzy set and defined the intuitionsitic fuzzy set
as follows.
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Let X be an ordinary finite non-empty set. An IFS in X is
an expression A given by

A ={(x, 1a(x), fa(x))|x € X} (1)

where t4: X — [0,1], fa: X — [0,1] with the condi-
tion 0 < 74(x) 4+ fa(x) < 1, for all x in X. The numbers 74
(x) and f, (x) denote, respectively, the degree of member-
ship and the degree of non-membership of element x in set
A.

For each IFS A in X, if mqy(x) =1 — £, (x) — f (x), V
x € X, then m4(x) is called the degree of indeterminacy of x
to A. Especially, if my(x) =1 —14 (x) —f4 (x) =0, V
x € X, the IFS A is reduced to a fuzzy set. Clearly, a
prominent characteristic of IFS is that it assigns to each
element a membership degree, a non-membership degree
and a hesitation degree. Accordingly, IFS is a very suitable
tool to be used to deal with decision problems with
imprecise or uncertain information.

For computational convenience, in this paper, we call
(t4(x), f4(x)) an intuitionistic fuzzy value. Let Q be the set
of all intuitionistic fuzzy values on x.

For every two intuitionistic fuzzy values A and B the
following operations and relations are valid:

1. A = B if and only if t4(x) = tp(x) and f4(x)
= fp(x)for all x € X; (2)

2. A<Bif and only if 74 (x) <tg(x) and fx(x) > fp(x)
for all x € X. (3)

However, for some intuitionistic fuzzy values, (3) is not
satisfied in some situations. So it cannot be used to
compare these intuitionistic fuzzy values. In the following,
we use a score function and an accuracy function of
intuitionistic fuzzy values for the comparison between two
intuitionistic fuzzy values (Xu and Yager 2006).

Definition 1 Let d@ = (1;, f;) and b = (1;,f;) be two in-
tuitionistic fuzzy values, S(a) = t; — fz and S (l;) =t;—f;
be the score functions of a andb, respectively, and let
H(a) =tz + f; and H(I;) = 1; +f; be the accuracy func-
tions of a and b, respectively.
If S(@)<S(b), then a is smaller than b, denoted by
a<b;
If S(@) = S(b), then
l. If Ha)<H (l;)7 then & is smaller than b, denoted by
a<b;
2. If H(a) =H(b), then G and b represent the same
information, denoted by a = b.
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According to De et al. (2000) and Xu and Yager (2006),
we introduce some operational laws on intuitionistic fuzzy
values as follows:

Definition 2 Let @ = (1,f;) and b = (t,;,fg) be two in-
tuitionistic fuzzy values; then

L.a®b = (taty, fs +f; — fif;).
2.8 = ((zd)i, 1-( —fa)i),z > 0.

For these operational laws of Definition 2, there are the
following properties (Xu and Yager 2006):

Proposition 1 Let d = (t5,f,) and b = (t;.15) be two
intuitionistic fuzzy values, and let c =a® b, d = a*, V4,
J1, A2 > 0. Then both ¢ and d are also intuitionistic fuzzy
values, furthermore,

a®b=boa (a0b)'=d @b @ =i ©a"

According to Definition 2, Xu and Yager (2006)
extended weighted geometric averaging operator and
ordered weighted geometric averaging operator to IFSs,
and defined intuitionistic fuzzy weighted geometric
averaging (IFWGA) and intuitionistic fuzzy ordered
weighted geometric averaging (IFOWGA) operator.

Definition 3 Let a; = (¢5,f3) (i = 1,...,n) be a collection
of intuitionistic fuzzy values on X. An intuitionistic fuzzy
weighted geometric averaging (IFWGA) operator of
dimension n is a mapping IFWGA: Q" — Q, and

IFWGA,,(ay, do, . .., a,) = (@1)"' ® (@2)"* @ -+ @ (a,)"™
where w = Wy, wa,...,w,)! is the exponential weighting
vector of @; (i = 1, 2,...,n), with w; €[0, 1] and >}, w; =
1. Furthermore

IFWGAW(dl, d27..., dn) = (ﬁ (tdi>w,-7l _ ﬁ(l _fdi>w,') .

i=1 i=1

Definition 4 Let a; = (t5./z) (=1, 2,...,n) be a
collection of intuitionistic fuzzy values on X. An
IFOWGA operator of dimension n is a mapping
IFOWGA: Q" — Q. that has associated with it an
exponential weighting vector w = (wy, wz,...,w,,)T, with
w; €[0, 1] and Y7, w; = 1, such that

IFOWGA,,(d1, a2, - .., d) = (an))" @ (dp) @
@ (aw)™

where (-) indicates is a permutation on X such that
agy<dapy < -+ <dg,. Furthermore,

IFOWGA,,(dy, a, . . ., d,)

- (H (ra,) "1 - H (1 —f%)w').

3 Generalized intuitionistic fuzzy ordered geometric
averaging operator

3.1 Fuzzy measure

For traditional additive aggregation operators, such as the
weighted arithmetic mean or OWA (Yager 1988) operator,
each criteriai € N (N denotes a criteria set) is given a weight
w; € [0, 1] representing the importance of this criteria in the
decision, and the sum of all w; (i = 1, 2,...n) amount to one.
But it does not define a weight on each combination of cri-
teria. In real decision problems, since there are often inter-
dependent or interactive phenomena among criteria, the
overall importance of a criterion i € N is not solely deter-
mined by itself i, but also by all other criteria 7, i € T. Sup-
pose that w(i) denotes the importance degree of i, we may
have w(i) = 0, suggesting that element is unimportant, but it
may happen that for many subsets 7 < N, w(T U i) is much
greater than w(7), suggesting that i is actually an important
element in the decision. In 1974, Sugeno (1974) introduced
the concept of fuzzy measure (non-additive measure), which
only makes a monotonicity instead of additivity property.
For real decision making problems, fuzzy measure define a
weight on not only each criteria but also each combination of
criteria, and the sum of every w; (i = 1, 2,...n) does not equal
to one. Thus it is used as a powerful tool for modeling
interaction phenomena in decision making.

Definition 5 A fuzzy measure on X is a set functions u:
2% [0, 1], satisfying the following conditions:

L ou@=0p00=1
2. IfA,BeP(X)and A < B then u (A) < u (B).

If the universal set X is infinite, it is necessary to add an
extra axiom of continuity (Wang and Klir 1992). However, in
actual practice, it is enough to consider the finite universal
set. u(S) can be viewed as the grade of subjective importance
of decision criteria S. Thus, in addition to the usual weights
on criteria taken separately, weights on any combination of
criteria are also defined. However, in order to determine
fuzzy measures on criteriaset N = {1,2,...,n}, we generally
need to find 2"—2 values for n criteria only; values p (¢) and
1 (X) are always equal to 0 and 1, respectively. So the
evaluation model obtained becomes quite complex. To avoid
the problems with computational complexity, A-fuzzy mea-
sure g, defined on 2%, was proposed by Sugeno (1974), which
satisfies the following A-rule:
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8(AUB) =g(A) + g(B) + 28(A)g(B), ) GIFOGA,(dy, d, ..., dn) = (ag)" " 0
where 4 > —1 for all A, Be P(X) and A N B = ¢. ® (d(z))ﬂ(Am)*u(Am)@ e® (d(n))ﬂ(A<n>)fu(A<u+1>) (8)

In Eq. 4, / = 0 indicates that g is called an additive
fuzzy measure and there is no interaction between A and B.
A # 0indicates that A-fuzzy measure g is non-additive and
there is interaction between A and B. If A >0, then
g(AUB) > g(A) + g(B), which implies that the set {A, B}
has multiplicative effect. If 1<0, then g(AUB) <
g(A) + g(B), which implies that the set {A, B} has sub-
stitutive effect. By parameter 4 the interaction between
criteria can be represented. If X is a finite set, then U} x; =
X. The A-fuzzy measure g satisfies following Eq. 5:

g(X)Zg(iQxi): i'gllﬂlg[lﬂg(x,)]l) 140,
4
=1

x;) if 1 =0,

(5)

where x; N x; = ¢ foralli,j =1,2,...,nand i # j. It can
be noted that g(x;) for a subset with a single element x; is
called a fuzzy density, and can be denoted as g; = g(x;).
Especially for every subset A eP(X), we have

1 1 .
g(A) = A (11;[4 [] + ;ugt] 1) if j. 7é O’ (6)
Dica i if 4 =0.

Based on Eq.5, the value /1 of can be uniquely
determined from g(X) = 1, which is equivalent to solving

i1 =11, (0 +2g). (7)

3.2 Generalized intuitionistic fuzzy geometric operator

Information aggregation is an essential process and is
also an important research topic in the field of informa-
tion fusion. According to Definitions 3 and 4, it is known
that these operations can only be used to deal with cri-
teria independent arguments where a prominent charac-
teristic is that the sum of weight of each criteria amount
to one. In order to take interdependent or interactive
phenomena among criteria into account, in the following,
based on fuzzy measure, we first define the notion of
generalized intuitionistic fuzzy geometric aggregation
operator.

Definition 6 Let a; = (t5,fz) (i =1, 2,...,n) be a col-
lection of intuitionistic fuzzy values on X, and u be a fuzzy
measure on X. A generalized intuitionistic fuzzy ordered
geometric averaging (GIFOGA) operator of dimension n
based on fuzzy measure is a mapping GIFOGA: Q" — Q
such that
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where (-) indicates a permutation on X such that
any<ap) < - <dag) and Ay = ((0),...,(0), Ay = .

Theorem 1 Let a; = (t5,fz) (i =1, 2,...,n) be a col-
lection of intuitionistic fuzzy values on X, and p be a fuzzy
measure on X. Then their aggregated value by using
GIFOGA operator is also an intuitionistic fuzzy value;
furthermore,

GIFOGA,,(a,as, ...,dn)

1 WAG) —#(Airy) L WAG)—#(AG)
() T
9)

i=1 i=1
where () indicates a permutation on X such that
any<ap < - <dy. and Agy = ((0),...,(M), Agiy1) = .

Proof The first result follows immediately from Defini-
tion 6 and Proposition 1. In the following, we prove Eq. 9
by using mathematical induction on n. Let (-) indicate a
permutation on X such that ag)<ap < --- <dg) and
Ay = ((D),....(n), Apyny = ¢. Since Ay C Ag i =1,
2,000, (A ) < WAG).

For n = 2, according to Definition 2, we have

(1 ) st02)
B ((t‘jm)#(Am)N(Am)»l - (1 —fdm)u(A(l))u(A(Z))),
(&(2))“(A<z))w(A(3))
— ((ta(z))“(f“z))“(A(”),l _ (1 _fd(z))u(Am),i(A(}))).

Since
a1 @ ay = (ta oy Jay + o — finSir)
= (tata, 1 — (1 = fa,)(1 = fa)),
then
GIFOGA ,(a,a>)

) (”(Am)*!‘(/*uﬂ)@ (&(2)) (n(Ae)-r(Aw))

2 2
WAG)—1(Agsr)) WAG)—1(Agyry)
- (H (t%) ’I_H(l _ff‘m) )

i=1 i=1

That is, for n = 2, Eq. 9 holds. Suppose that if for
n = k, the Eq. 9 holds, i.e.,
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GIFOGA,(ay,...,a)

k k
B(AG)—1(AGis)) WAG)—1(AGir))
= <H (t%) ’1_H<1 _fdo‘)) )

i=1 i=1

Then, for n = k 4 1; according to Definition 6, we have
GIFOGA,, (ay,. . .,ax, 1)
=GIFOGA, (ay,...,dr) ® (Zz<k+1)

k
) H(Ag1) —1(Ags2)
- <H (t‘7<i> )H(A(/)) #em) (ta A+l)> )

i=1

k
@) —H(Ag) A1)~ (A1)
I ()" (1 i) )

i=1

k+1 | | k+1 o
= (H(t&u))“( (i) —H( (i+l))’1 _H( fa< ) @)1 (M))>.

i=1 i=1

)H(A(k+1))—H(A(k+2))

That is, for n = k + 1, Eq. 9 still holds.

Therefore, for all n, Eq. 9 always holds, which com-
pletes the proof of Theorem 1.
Remark 1 Let G = (tz.f2) and b; = (z,;i : fl;i) (=1,
2,...n), Tp (faf, lg,.) = tgt;, Sp (fa,»,fbj.) =Ja + 1, — Jfaly,
Since t;,, fa,, 1,5 fb~ie[0, 1], then Tp (ta,, tli-) is one of the basic
t-norms, called the product 7p (Klement et al. 2000), which
satisfies the following properties: (boundary) Tp(0, 0) = 0,
Tp(x, 1) = x; (monotonicity) Tp(x, y) < Tp(x, z) whenever
y < z; (commutativity) Tp(x, y) = Tp(y, x); (associativity)
Tp(x, Tp(y,2)) = Tp(Tp(x,y), wherex, y, ze[0, 1]. Sp (fd,., fEi)
is one of the basic t-conorms, called the probabilistic sum Sp
(Klement et al. 2000), which satisfies the boundary, i.e., Sp
(1, 1) = 1, Tp(x, 0) = x, monotonicity, commutativity, and
associativity. The associativity of t-norms and t-conorms
allows us to extend the product 7 and probabilistic sum Sp in
a unique way to an n-ary operation to [0, 1]” by induction:

n
Tp(x1,X2, .., %) = Tl;xi = TP(TP xuxn> qu
P

n n—1
Sp(V1: Y25+ ¥n) = S})lyz‘ = SP<S1>1 Yiayn)
i= i=

n

=1-JJ=w).

i=1

Assume  that x; =
(1 —fa(,-))#<A(i))7ﬂ(A(i+])>, then

GIFOGA (a1, s, . . ., d,)
= (Tp(x1,X%2, -, Xn), SP(Y1,¥2, - -

HAG)—1(Au)
14, ) o oyi=1-—

- Vn))-

From Theorem 1, the following property can be directly
obtained.

Proposition 2 Let a; = (t5,f3) (i = 1, 2,...,n) be a col-
lection of intuitionistic fuzzy values on X, and 1 be a fuzzy
measure on X. If all a; (i = 1, 2,...,n) are equal, that is, for
all i, a; = a = (t3,f3), then

GIFOGA(ay, a, ..., a,) = a.

Proposition 3 Let d; = (1z,,fs,) and b; = (1;, fl;i> (=1,
2,...,n) be two collections of intuitionistic fuzzy values on

X, and p be a fuzzy measure on X. (-) indicates a
permutation such that an < - <dg and

by < -+ <bgy. If dg <bg) for all i, that is, 13, <15,
and fa, > f5<1>7 then

L B,

P}’OOf Since A(i+l) = A(i)7 then H(A(i)) — M(A(i+1)) > 0.
For all i, la, < tgm and f% > fl;(_), we have

I H(A ) —1(Ag)) L 1A ) —1(Ag))
H (t%) < H (t’;(o) ’

i=1 i=1

1 WA —p

=11(1 %)
_H(l _fi;(,) #Ay)—n (A<:+|)).

According to Theorem 1 and (3), we have

GIFOGA, (1, >, .. ., d,) < GIFOGA, (b, by, . .

(A1) >1

GIFOGA,(d1, G, .. ., d,) < GIFOGA, (b1, by, . . ., by).

Proposition 4 Let a; = (t.f;) (=1, 2,...,n) be a
collection of intuitionistic fuzzy values on X, and p be a
fuzzy measure on X. If a- = (min;(fz ), max;(fz)), a* =

(max;(t;), min;(fz)), then
a~ < GIFOGA(ay, aa, ..., a,)<a'.

Proof Forany a; = (t;,fz) (i = 1,...,n), it is obvious that

a~ = (min;(#z ), max;(fz,)), and at = (max;(zz,), min;(fz,))
are intuitionistic fuzzy values. Let (:) indicate a
permutation such that  ag) < -+ <ag. Since

Ay S Aw, 8WAG) — gAusry) > 0. For any a; =

(tarfa) (=1, 2,...n),
m,'inaﬁf) Stag < m?x(tﬁi)vmiin(f&,) <fap < ml?lx(fd;)~

So we have

A(1+1) H (Agitn)

1A ) —m(Agiy)
b)

A(m))<1_H( —f ) H(AG (A y)

(A(z+1))

1= H(l min(fz))" M)
Sl—H(l—maX(f))

i=1

1e
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" )i:ﬂ(Am)—u(A(m)) According to Definition 2, we have
min(tg) =
l ) GIFOGA (a1, @2, .. ., Gn) ® §
n (Aw)—u(Agisr))
AR~ (As) - IZ:# 1 HAg)—1(Aus)
= il;[l (ta(i)) s mia'x(tai) l ’ = I‘GH ([fl(i)) ' () 1= (1-=5)
i=1
] WAG)—1(As1)) n 1AG)—(AGiry)
1—(1- mln(fg,.))f:l H (1 _fﬁm) v ).
i=1
_ ] —faq # Agir1) <1-— 1
H Jay) ( Thus
Zy (Ag)—u(Ags1) GIFOGA (a1 ®35, a; ® 5, ..., Gy ®3)
— max(fz)) = = GIFOGA (@, dy, - . ., Gy) @ 5.

Thus,
mln ta H ta Jm#Aae)) < max(t&i)vm.in(fdi) <1
H( —fa ‘)) Agn)—1(Agr) < max(fa ).
i=1

According to (3), we have
(miin(td,.), mlax(fdi)) < GIFOGAM(dl, az, ..., dn)

< (mlax (tﬁi ) ) miin(f(;l.)),

that is, @~ < GIFOGA,(d,, dy, . . .,

Proposition 5 Let a; = (15,fz) (i=1, 2,...,
lection of intuitionistic fuzzy values on X, and u be a fuzzy
measure on X. If § = (5, f5) is an intuitionistic fuzzy value, then
GIFOGA (a1 ® 5, 4y ®S, ..., 4y ®5)

= GIFOGA (a1, @y, . . ., ) ® 3.

n) be a col-

Proof Since for any i (i = 1, 2,...,n), 4; ® § = (15, f5+
fi = fafs) = (tat5, 1 = (1 = fa) (1 = £5)).

According to Theorem 1, we have

GIFOGA (a1 ®S5,d, ®§, ...,y ®35)
_ (ﬁ (tﬁotg)M(A(o)—u(A(m))’

i=1
n
—u(Agir1)
i=1

=T =) —f)H
)I | i)~ (A1
[1 (t&(i))#(A(l)) WA )),

= (t.f)zu e

n

> A —u(Ag1)) L w(Ag)—u(Ag))
—(1-£)F [1(1-%,)
i=1
( Ht WAG)—H A(H»l))
u(

_fd(i) )/"(A(i)>/1(A(iAl))> )

-(-pIla

/_\/?
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Proposition 6 Ler a; = (t5,/7) (i=1, 2,....n) be a
collection of intuitionistic fuzzy values on X, and u be a
fuzzy measure on X. If r > 0, then

GIFOGA, (@), (@)", .-, (@)")
= (GIFOGA (a1, a, ..., a)) .

Proof According to Definition 2, for any i (i = 1, 2,...,n)
and r > 0 we have

(@)" = ((ta)" 1 = (1 = fa)").

According to Theorem 1, we have

GIFOGAH((dl)rv (&Z)rv HE) (dn)r)

- (ﬁ ((td('))r)H(AO))_”(A(iH))v
1- H (1= fa ) ) (A(/H))>

i=1

_ <H (1, )0 -HA w0,

i=1

1— H (1 _f&m)V(H(A(f))—H(A(iH)))) )

i=1

Since
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GIFOGA,,((@)", (@), -
— (GIFOGA, (a1, a, . -

- (a@n)")
)

According to Proposition 5 and Proposition 6, we can
obtain the following corollary:

Corollary 1 Let a; = (t3,fz) (i =1, 2,...,n) be a col-
lection of intuitionistic fuzzy values on X, and p be a fuzzy
measure on X. If r > 0 and § = (t;,f5) is an intuitionistic
fuzzy value, then

GIFOGA, (@) ®5, (@) ®3,..., (G,
= (GIFOGA,(dy, a3, - . ., Gy)) ®S.

)" ®3)

Proposition 7 Let a; = (t.f;) (=1, 2,...,n) be a
collection of intuitionistic fuzzy values on X, and g be a
A-fuzzy measure on X. if A # 0, then

GIFOGA, (di, d, ..., in)

n g [] +4ep) n 2w [] D+4gp)

- (I

i=1 i=1

If A = 0, that is, g is an additive measure, then

GIFOGA, (a1, G, . ., )

) (H ()1 = 110 —fm,-))g(”) |

i=1 i=1

where (-) indicates a permutation on X such that
agy<dp < - <dg and Agy = ((0)s...,(n), Aty = ¢.

Proof Let (-) indicate a permutation on X such that

any<ap < <dp and  Ag = ((D,...,(n), Aws

Since Ay = {(D),....,(n)} and Ay = {(G + 1),....(m},
according to Eq. 6, if 1 # 0, then

8(Ap) —8(Au)

1{ £ .
j=i+1

o (H [+ zgm]).

=it

Thus according to Eq. 9, we have

GIFOGA(ay, G, ..., dn)

n g0 [ 1420 n g [] +4g)

= H(t%) JEi _H(l_fd(i)) i

i=1 i=1

If 1= O, then g(A(,')) — g(A(i+1)) =8 @) So we have

GIFOGA,(dy, da, - - -, Gy)

= (H ta( 7 1} fa() )

In the following, we will find some relations between
GIFOGA and IFOWGA (or GIFOGA and IFWGA)
operators. According to Proposition 7 and Definition 3,
the following conclusion is easily obtained:

Proposition 8 Let a; = (15,f3) (i = 1, 2,...,n) be a col-
lection of intuitionistic fuzzy values on X and | be a fuzzy
measure on X. If p is an additive fuzzy measure, then

GIFOGA (1, G3, .. ., Gn) = IFWGA, (a1, dy, . . ., )

where w; is the weight index ofd(,-) i=12,..n),w;=u
@- In particular, if p; = 1/n, then GIFOGA operator
reduces to an intuitionistic fuzzy geometric operator.

Moreover, one can readily see that IFWGA is a GIF-
OGA operator which has an additive fuzzy measure p:

A)=> wi(A CX).

i€A
Theorem 2 [f u is an additive fuzzy measure, then there

exists  w; € [0, 1], Swi=1 such  that
IFWGA, (1, s, - . dy) = GIFOGA,(d1, o, - .., Gy)-

Suppose that IFOWGA operator has associated with it
an exponential weighting vector w = (wy, wz,...,wn)T,
according to Theorem 1 and Definition 4, it is easily seen
that IFOWGA operator will be equivalent to a GIFOGA
operator, where fuzzy measure u associated to the GIF-
OGA is given by

us)= Y wiSCX,S+¢).

i=n—s+1
Conversely, the GIFOGA operator will be equivalent to the
IFOWGA operator that has associated with it an expo-
nential weighting vector w = (wy, wz,...,wn)T, Wy s =H
SUD—puS,ieX, ScX\i.

Theorem 3 Let a; = (t5,fz) (i =1, 2,...,n) be a col-
lection of intuitionistic fuzzy values on X, and p be a fuzzy
measure on X. The following assertions are equivalent:

1. For any A, B € P(X) such that 1Al = IBI,
WA) = u(B).

2. There exists an exponential weighting vector w = (wy,
Wa,...,W,) such that

we have

GIFOGA(ay, ay, ..., a,) = IFOWGA,,(di, az, . .., ).
3. GIFOGA is a symmetric function.

@ Springer
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Proof The proof is similar to that of Proposition 4.1 in
Marichal (2002). Here we do not duplicate it.

From Theorems 2 and 3, it is easily known that the
GIFOGA operator generalizes both IFWGA and IFOWGA
operators. The IFWGA and IFOWGA operators are two
special cases of GIFOGA operator.

4 Multi-criteria group decision making with GIFOGA
operator

Multi-criteria group decision-making problems generally
involve the following two phases: (1) Aggregation phase: It
combines individual criteria value of each alternative given
by experts to obtain an overall value for each alternative;
(2) Exploitation phase: It orders over value to obtain the
best alternative(s). In some real-life situations, decision
makers or experts may not possess a precise or sufficient
level of knowledge of the problem, or are unable to dis-
criminate explicitly the degree to which one alternative is
better than the other. Generally, multi-criteria group deci-
sion making problem includes uncertain and imprecise data
and information. We first describe the multi-criteria group
decision making problems under intuitionistic fuzzy
environment.

Let E = {ey, es,...,¢,} be the set of the experts involved
in the decision process, A = (a;, a»,...,a,, the set of the
considered alternatives, and C = (cy, ¢,...,c,) be the set of
the criteria used for evaluating the alternatives.

In the following, we shall utilize the GIFOGA operator
to propose an approach to multiple criteria group decision
making with intuitionistic fuzzy information, which
involves the following steps:

Step 1 As for every alternative a; (i = 1,...,m), each
expert e, (k= 1,...,r) is invited to express their
individual evaluation or preference according to each
criteria ¢;j G =1,...,n) by a intuitionistic fuzzy value

= (tx fdk) G=1,...m; j=1,...n, k=1,..,r.
Then we can obtain a decision making matrix as follows
ko o~k ~k
apy, Appy -« Ay,
Kk ~k ~k
RE — rys Aps -+ -y Aoy
ko~ ~k
1> Qs * 775 Ay

Step 2 Confirm fuzzy density g; = g(c;) of each criteria
and g; = g(e;) of each expert. According to Eq. 7,
parameter A; of criteria and 4, of expert can be
determined, respectively.

Step 3 By (3) or Definition 1,
reordered such that a( 0 <a( ) <
GIFOGA operator

k in i-th line of R* is
< df(n).Using the

<A

@ Springer

¥ = GIFOGA, (. ..,a")

»n

n

n gle) H (1+418(c)]

= H (ta,kg) ) = )

n gleg) T 1+l
— — 1. r=j+1
=TT 1)

J=1

aggregate all a a = (tz, f+) (G = 1,2,...,n) in the ith line
of the 1ntu1t10n1st1c fluzzy decision matrix R® into the
overall values a —(tk f ) (=1, 2,...m, k=1,
csl).

Step 4 Similar to Step 4, all a k=1, 2,...,r) is
reordered such that a( ) < a(k+1> Usmg GIFOGA oper-
ator aggregates all al (k=1, 2,...,r) into a collective
overall values a; of alternative a;.

i; = GIFOGA,(a;, ..., a})

L
,

g(e 1T 1+i2g(e)]

Hl‘ /A+l s

r

r glew) [ [1+4s(ew)]

1— H (1—Ffw) e

k=1

Step 5 According to the collective overall values a; =
(ta, fa,) of alternatives a; (i =1, 2,...,m), we rank
alternative a; (i = 1, 2,...,m), then to select the best one.

5 Numerical example

In this section, a group decision making problem is con-
cerned with a manufacturing company which wants to select
the best global supplier according to the core competencies
of suppliers. Now suppose that there are four suppliers (a;,
a,, as, a4) whose core competencies are evaluated by means
of the following four criteria (cy, ¢a, c3, c4): the level of
technology innovation (c;); the control ability of flow (c5);
the ability of management (c3); the level of service (cy).

Now there are three experts E = {ej, e,, ez} who are
invited to evaluate the core competencies of four candi-
dates under these five criteria. For expert ¢; (k = 1, 2, 3),
the evaluated value of supplier a; (i = 1, 2, 3) with respect
toc; (j = 1,2, 3, 4) can be expressed by intuitionistic fuzzy
value ak = (tz, fz). The intuitionistic fuzzy decision
matrix R = (d;)4x4 (k =1, 2, 3) can be gotten as listed in
Tables 1, 2, and 3.

To get the best supplier(s), the following steps are
involved:

Step 1 We first determine fuzzy density of criteria and
expert, and their /4 parameter, respectively.
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Table 1 Intuitionistic fuzzy decision matrix R'

€1 C2 C3 Cy
a; (0.3, 0.5) 0.5, 0.3) 0.7, 0.2) 0.2,0.1)
@ (0.4, 0.3) 0.3, 0.4) (0.8, 0.1) 0.5,0.2)
as (0.4, 0.1) (0.5, 0.4) 0.5, 0.3) (0.6, 0.2)
a (0.6, 0.1)] 0.2, 0.5) 0.4, 0.2) 0.7, 0.1)

Table 2 Intuitionistic fuzzy decision matrix R

Cq Ca C3 Cy
a (0.4, 0.3) (0.3, 0.5) 0.6, 0.2) 0.3,0.3)
a 0.5,04) 0.2, 0.6) 0.8, 0.1) 0.5, 0.3)
as (0.4, 0.3) (0.3, 0.5) 0.5, 0.1) 0.7, 0.1)
ay (0.6, 0.3) (0.2, 0.6) 0.6, 0.2) (0.8, 0.1)

Table 3 Intuitionistic fuzzy decision matrix R

Cq Co Cc3 Cy
a, (0.3, 0.5) (0.1, 0.4) 0.7, 0.1) 0.4, 0.2)
a» 0.4, 0.3) (0.5, 0.4) 0.7, 0.2) (0.3, 0.5)
as (0.3, 0.2) (0.2, 0.3) 0.4, 0.4) (0.6, 0.3)
ay (0.5, 0.1) (0.3, 0.4) 0.4, 0.3) (0.5, 0.2)

Suppose that g(c;) = 0.40, g(c,) = 0.25, g(c3) = 0.37,
g(cq) = 0.20, according to Eq. 7, the 4 of criteria can be
determined: 1, = —0.44.

Suppose that g(e;) = 0.40, g(e;) = 0.40, g(e3) = 0.40.
Then 4 of expert can be determined: 4, = —0.44.

Step 2 For intuitionistic fuzzy decision matrix R',
according to Definition 1, the evaluated value d}jof
supplier a; is reordered such that a(> <a! then
utilize the GIFOGA operator

— GIFOGA, (a,, ab, a, al)

i(j+1)°

4 () H [1+218(cr)]

=Tl o

4

glegy) H [1+21g(cqy)]

1_ 1_ " 1=j+1
[Ja-5) =

to aggregate Zzilj (G = 1,2,3,4) corresponding to supplier a;:

a; = (0.43, 0.30),d, = (0.51,0.23),a; = (0.48,0.23),a}
= (0.47,0.21).

Similarly, for Tables 2 and 3, we have, respectively,

@ = (043, 0.30),a; =
= (0.54,0.29).

(0.52,0.33),a3 = (0.46, 0.24), @,

a =(0.36,031),a =
= (0.43,0.23).

(0.50, 0.32), a3 = (0.35,0.30),4a;

Step 3 For supplier a;, we reorder a a1 (k =1, 2, 3) such
that ag ) <a(k+1) Using the GIFOGA operator aggre-
gates a | (k =1, 2, 3) into a collective overall values a;:

a = GIFOGA(a}, a;, )

3

[T +728(ew))

3 glew) 2
H (tdik)) =kt 1 ,

k=1

3
) [T [1+228(e)]

3 8(eg
-]Ia —faw)

k=1
= (0.41,0.30).

Similar to supplier a;, for a,, as, a4, we have, respec-
tively,a, = (0.51,0.28), a3 = (0.43,0.25), a4 = (0.48,0.25).

Step 4 According to collective values a; of supplier q;
(i=1,2,3,4), we can obtain that

&2>(34>£~l3 > a.
Thus the order of four suppliers is a,, ay4, as, a;. Hence
the best supplier is a,.

If we suppose that criteria and preference of experts
are independent, then the above approach is reduced a
traditional aggregation approach by means of intuition-
istic fuzzy geometric operator. In fact, there are inter-
active phenomena among these four criteria. Since
experts invited to provide assessment information of
every criteria on each suppliers usually come from same
or similar fields, they have similar knowledge, social
status, and preference. So we must consider interactive
phenomena among these criteria and experts. To solve
this issue, we apply the approach in Sect. 4 to the
ranking and selection of the best one(s). From the above
analysis, the major advantage over traditional approach is
that the developed approach considers interactive phe-
nomena among criteria and preference of experts, which
approximates to the truth of real decision making prob-
lems, and does not lose information in the process of
aggregation. So the result of decision making accords
with the real situation.
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6 Conclusions

Being a generalization of fuzzy sets, the IFSs give us an
additional possibility to represent imperfect knowledge.
This allows us to use more flexible ways to simulate real
decision situations. In this paper, based on operational
laws on intuitionistic fuzzy values, we have developed a
GIFOGA operator for multiple criteria group decision
making, where interactions phenomena among the deci-
sion criteria and preference of experts are considered.
Some of its properties are investigated in detail. It is
shown that the GIFOGA operator generalizes both the
IFOWGA operator and IFWGA operator. Finally, an
example is given to illustrate the multi-criteria group
decision making process. The proposed method differs
from previous approaches for multi-criteria group deci-
sion-making by the following: the proposed method uses
IFS theory rather than fuzzy set theory, and the interac-
tion phenomena among criteria or preference of experts is
taken into account, which makes it more feasible and
practical than other traditional aggregation operators for
real decision making problems.
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