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Abstract In this paper, the main aim is to develop a
method for solving an arbitrary general fuzzy linear system
by using the embedding approach. Considering the existing
and uniqueness of fuzzy solution to n x n linear fuzzy
system is done. Numerical examples are presented to
illustrate the proposed model.
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1 Introduction

System of simultaneous linear equations is important for
studying and solving a large proportion of the problems in
many topics in applied mathematics. Usually, in many
applications, at least some of the system’s parameters are
represented by fuzzy rather than crisp numbers, and hence
it is important to develop mathematical models and solving
methods that would appropriately treat general fuzzy linear
systems and solve them. A general model for solving an
arbitrary n x n fuzzy linear system whose coefficients
matrix is crisp and the right hand side column is an arbi-
trary fuzzy number vector were first proposed by Friedman
et al. (1998) and they studied duality fuzzy linear systems
in Friedman et al. (2000). They used the embedding
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method given in Cong-Xin and Ming (1991) and replaced
the original fuzzy linear system by 2n x 2n crisp linear
system. The numerical solution of fuzzy linear system is
studied in Allahviranloo (2004a, b, 2005). Solving m X
n (m <n) original fuzzy linear system by 2m x 2n crisp
system is done in Asady et al. (2005). In Abbasbandy et al.
(2007), the authors obtained the least square symmetric
solution of m x n fuzzy general linear systems, in which m
< n. Recently, Ezzati (2008) solved m x n (m <n) dual
fuzzy general linear systems by two m x n crisp linear
systems.

In this work, we give a new method for solving an x n
fuzzy linear system whose coefficients matrix is crisp and
the right-hand side column is an arbitrary fuzzy number
vector by using the embedding method given in Cong-Xin
and Ming (1991) and replace the original n x n fuzzy
linear system by two n x n crisp linear systems. It is clear
that in large systems, solving n x n linear system is better
than solving 2n x 2n linear system. Since perturbation
analysis is very important in numerical methods, the
authors of Wang et al. (2009) presented the perturbation
analysis for a class of fuzzy linear systems which could be
solved by an embedding method. Now, according to the
presented method in this paper, we can investigate per-
turbation analysis in two n X n crisp linear systems instead
of 2n x 2n linear system as the authors of Wang et al.
(2009) have done.

The paper is organized as follows. In Sect. 2, we
introduce the notation, the definitions, and preliminary
results that will be used throughout the paper. In this sec-
tion, we review the proposed method in Friedman et al.
(1998). In Sect. 3, the model for solving fuzzy linear sys-
tem is proposed. The proposed model is illustrated by
solving some examples in Sect. 4 and conclusions are
drawn in Sect. 5.
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2 Preliminaries

Definition 1 A fuzzy number is a fuzzy set like u : R —
I =0, 1] which satisfies, Dubois and Prade (1980),

1. u is upper semi-continuous,
. u(x) = 0 outside some interval [c, d],
3. There are real numbers a, b such that c <a <b <d and

3.1 u(x) is monotonic increasing on [c, al,
3.2 u(x) is monotonic decreasing on [b, dJ,
33 d(x)=1, a<x<bh.

The set of all these fuzzy numbers is denoted by E'. An
equivalent parametric form is also given in Friedman et al.
(1998, 2000) and Ma et al. (1999) as follows.

Definition 2 A fuzzy number u in parametric form is an
ordered pair of functions (u(r),u(r)), 0<r<1, which
satisfy the following requirements:

1. u(r) is a bounded monotonic increasing left continuous
function,

2. u(r) is a bounded monotonic decreasing left continu-
ous function,

3. u(r)<u(r), 0<r<I.

Remark 1 A crisp number « is simply represented by
u(r)=1u(r) =a,0<r<1.

The triangular fuzzy numbers are very popular and
denoted by u = (c, o, ) and defined by

=t c—a<x<c,
Ux) = b c<x <ot p
0 otherwise,

where o > 0 and f > 0. It is clear that
u(ry=c+p— pr.

The addition and scalar multiplication of fuzzy numbers
are defined by the extension principle and can be equiva-
lently represented as follows, see Friedman et al. (1998,
2000) and Ma et al. (1999).

For arbitrary & = (u,u), v = (v, V) and real number k we
define equality # = v, addition (& + V) and multiplication as
follows:

u(r) =ra+c—a,

(i) w =V if and only if u(r) = v(r) and u(r) = v(r).
(i) u+v=(u(r)+v(r)ulr)+v(r).

~ | (ku,ku) , k>0,
(iit) ku_{(kﬁ,kg) | k<.

Definition 3 The n x n linear system of equations

+ aipx, = Y1,
+ aypx, = Y2,

anx; +apxs+ -
az Xy +anx; + - -

+ AunXpn = Yy,

amX1 + apXs + -

@ Springer

where the coefficients matrix A = (a;),1<i,j<n is a
crisp n x n matrix and y, € E', 1<i<n and the
unknowns JYJ-EEI, 1<j<n is called a fuzzy linear
system (FLS).

Definition 4 A fuzzy number vector (Xi,Xa,...,%,)"
given by

X = (x;(r),x(r), 1<j<n, 0<r<1,

is called a solution of (1) if

n n
D ix; =y ayXj =y,
& 2 dij%j

J=1

,2,.. .0 (2)

n n

> aiX; = ) a;X; =Y.

j=1 j=1

Finally, we conclude this section by a reviewing on the
proposed method for solving fuzzy linear system in
Friedman et al. (1998).

The authors of Friedman et al. (1998) wrote the linear
system of Eq. 2 as follows:
SX =7,

where the element of § = (s;), 1 < i,j < 2n, were as
follows:

aj >0 = s = aij, Sijin = aj, 3)

ajj <O = Sijyn = —Qjj; Sitnj = —djj,
and any s; is not determined by Eq.3 is zero, the
unknowns and the right-hand side column were

N
XZ(-&]?EZ?“ _xn) ’

—\T
_yn) )

Xy, —X1, —X2, ...,
(4)

Y = (Xlaxzw'wznv_yla_yZa"'v

respectively. The structure of S implies that s;>0,
1 <i,j<2n and that

- (2 5)

where B contains the positive entries of A and C the
absolute values of the entries of the negative entries of A
and A =B — C.

Theorem 1 (Friedman et al. 1998) The matrix S is non-
singular if and only if the matrices A = B — Cand B + C
are both nonsingular.

Theorem 2 (Friedman et al. 1998) If S~ exists it must
have the same structure as S, i.e.

+_ (D E
= (2 5)

where D = 1[(B + c)”!
~(B-0)"

+(B—C)andE =B+ C)™"
|. We know that if S is nonsingular then



Solving fuzzy linear systems 195
X=5"y, an(x; +%1) + - +an(x, +%) =y, + ),

. . . . az (X +X1) + -+ az(x, + %) = (v, + ),
but this solution may still not be an appropriate fuzzy - (9)

vector, see the following example.

Example 1 Consider the 3 x 3 fuzzy system
4% 4+ 2x, — X, = (=27 + 7r, =7 — 13r),

2% + 7%, + 6X, = (1 + 151,40 — 24r),

— X1 + 6x; + 10X, = (26 + 18r,47 — 3r).

This fuzzy system will not be a fuzzy solution if we use the
method of Friedman et al. (1998).

3 The proposed model

In this section, we propose a new method for solving fuzzy
linear system.

Theorem 3 Suppose the inverse of matrix A in Eq. 1
exists and X = (X1, Xp, .. .,)7,,)T is a fuzzy solution of this
equation. Then x +X = (x; +X1,x, + X2, ..., %, +fn)T is
the solution of the following system

Ax+X)=y+y

— — — —\T
where y +5 = (y, +¥1,y, + 25 --,Y, + V)"

Proof Suppose the parametric form of x; be X; = (x;,X;),
1<j<n, and let a; = a;j —ag such that agj and aZ are
positive and aj;.aj; = 0. If we consider Eq. 1 in the para-

metric form then for i = 1,2,...,n, we have:

(diy — aiy) (@, %) + - + (@, — @) (5, %) = (7,70,
(5)
hence
Xy — apXi + Xy — dpXa + o+ X, = AT = Y,
(6)
and
AF1 — Xy + apTe — apxy + o ATy — X, =y
(7)
By addition of Egs. 5 and 7 we have:
(@ — aiy) (@ +X1) + (ai — ap)(x, + %)
+ o (g, — d,) (6 + %) = (v, + 50, (8)

and hence

ain(x; +%1) +an(x, + %) + - + ainlx, +%,)
= (Xl +y1)'

Therefore, X = (x; +X1,%, +X2,...,x, +X,)’ is the
solution of A(x +X) =y +7. d

For solving Eq. 1, we first solve the following system:

am (X +%1) + -+ am(x, +3,) = (Xn +3,),

and suppose the solution of this system is as

d, X + X1
d2 ~X2+)_C2
dy, X, + X,

Let matrices B and C have defined as Sect. 2. Now using
matrix notation for Eq. 1, we get Ax =yor (B—C)X =Yy
and in parametric form (B — C)(x(r),x(r)) = (y(r),¥(r)).
We can write this system as follows: -

{ Bx(r) — Cx(r) = y(r),
Bx(r) — Cx(r) = ¥(r),
By substituting of X(r) = d — x(r) and x(r) =d — %(r) in

the first and second equation of above system, respectively,
we have

(B + C)x(r) = y(r) + Cd, (10)
and

(B+ C)x(r) =y(r) + Cd. (11)
If the inverse of matrix F = B + C exist then

x(r) = F~(y(r) + Cd), (12)
x(r) = F~'(3(r) + Ca). (13)

Therefore, we can solve fuzzy linear system Eq. 1 by
solving Eqgs. 9-10. The solution vector is unique but may
still not be an appropriate fuzzy vector, see example 1.

Theorem 4 Assume that n is any integer, n > 2, and
denote by d, and D,, the number of multiplication opera-
tions that are required to calculate X = (x;,X,. ..,
X, —X1, —X2,. .. —Xn)T = S7'Y (the proposed method in

Friedman  etal.  (1998)) and X = (x,X5,...,
Xy, X1,X2, - . .,)_cn)Tfrom Egs. 9-10, respectively. Then

D, <d,

and

d, — D, = n*.

Proof According to Sect. 2, we have

. (D E
(2 5)
where D =1[(B+ O)'+B-0)" and E=

1B+ C)"' —(B—C)"']. Therefore, for determining
S, we need to compute (B + O ! and B- 0O
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Now, assume that M is n X n matrix and denote by h,(M)
the number of multiplication operations that are required to
calculate M. It is clear that

h(S) = hy(B + C) + h,(B — C) = 2h,(A)

and hence

d, = 2h,(A) + 4n°.

For computing x+3%= (x; +¥1,% + %, .., X, +X,)"
from Eq.9 and x = (x;,%,...,x,)" from Eq. 10, the
number of multiplication operations are h,(A) + n?> and

ho(B + C) +2n?, respectively. Clearly h,(B+ C) =
a(A), 50

D, = 2h,(A) + 3n®

and hence

d, — D, = n*.

This proves Theorem. O

As Friedman et al. (1998), we restrict the discussion to
triangular fuzzy numbers. Having calculated x(r) = (x,(r),

(1), ux,(r)" and X(r) = (®(r),%(r), ..., Fu(r)"
which solve Egs. 9-10, we now define fuzzy solution to the
original system given by Eq. 1.

Definition 5 Let x = {(x;(r),X;(r)), | <j <n} denote the
unique solution of Egs. 9 and 10. The fuzzy number vector
U = {((r),m(r)), 1 <j<n} defined by

w;(r) = min{x;(r),%;(r), x;(1)},

w;(r) = max{x;(r), %(r),%;(1)}

is called the fuzzy solution of Egs. 9-10.

If u(r) =x;(r) and @(r) =Xj(r), 1<j<n, then U is

called a strong fuzzy solution. Otherwise, U is called a
weak fuzzy solution.

4 Numerical examples

Example 2 (Friedman et al. 1998) Consider the 2 x 2
fuzzy linear system

)FCVI _5{2:(}’72_"))
X1 +3%=044+r"7-2r).

By using Eqgs. 9 and 10 (or Eq. 12) we have:
[zl(r) +f1(r)} _ {(%)]

0(r) +Xa(r) G I

xi(r)| _ [1.37540.625r

x(r) |~ 10.87540.125r |’

and hence

1\r

Xo\F
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x()]  [2.875—0.875r
()| T [1.375-0375¢ |

According to this fact that x; <X;, i = 1, 2, are monotonic
decreasing functions then the fuzzy solution X; = (x;,%;),
i=1,2,is a strong fuzzy solution.

Example 3 (Friedman et al. 1998) Consider the 3 x 3

fuzzy linear system

X+ 1 —x=(r2-r),
X1 —2x%+x=02+r3), (14)
2% + X2 +3x3 = (=2, -1 —7r).

In this example

x,(r) + x(r) (2.38462 + 0.230769r)
() +m(r) | = | (-2.23077 — 0.538462) |,
x3(r) +%3(r) (—1.84615 — 0.307692r)
[x,(r) ] [ —2.31 +3.62r ]

x(r) | = |-0.62—-0.77r |,

x3(r) | | 1.08 —2.15r

and by notice to Eq. 9 we have

[ (r) ] [ 4.69 —3.38r ]
X(r) | = | -1.62+0.23r
| X3(r) | | —2.92 + 1.85r |

It is clear that X, and X3 are not fuzzy numbers and the
fuzzy solution in this case is weak solution. This weak
solution is as follows:

iy (=231 + 3.62r,4.69 — 3.38r)
i | = | (=1.62+0.23r,—0.62 — 0.77r) |,
iis (—2.92 + 1.85r,1.08 — 2.15r)

5 Conclusion

In this paper, we proposed a general model for solving
fuzzy linear system. The original system is replaced by two
n X n crisp linear systems.

Acknowledgments 1 would like to thank Prof. Abbasbandy for his
many suggestions and comments.
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