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Abstract In this paper we deal with weighted quasi-

arithmetic means of an interval using utility functions in

decision making. The mean values are discussed from the

viewpoint of weighted aggregation operators, and they are

given as weighted aggregated values of each point in the

interval. The properties of the weighted quasi-arithmetic

mean and its translation invariance are investigated. For the

application in economics, we demonstrate the decision

maker’s attitude based on his utility by the weighted quasi-

arithmetic mean and the aggregated mean ratio. Several

examples of the weighted quasi-arithmetic mean and the

aggregated mean ratio for various typical utility functions

are shown to understand our motivation and for the

applications in decision making.
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1 Introduction

The arithmetic mean of an interval [a, b], where a and b are

real numbers, is given by the middle value (a ? b)/2 of the

both endpoints a and b. However, we need to estimate data

subjectively in decision making such as management,

artificial intelligent and so on, and then we often use util-

ity functions (Fishburn 1970; Fodor and Roubens 1994;

Yoshida 2003a, b). This paper deals with quasi-arithmetic

means of an interval evaluated under decision maker’s

subjective utility for the application in economics. In this

paper, we discuss weighted quasi-arithmetic means of an

interval from the viewpoint of weighted aggregation

operators, extending the results in Yoshida (2008).

Kolmogorov (1930) and Nagumo (1930) studied aggrega-

tion operators and they verified under some assumptions

that the aggregated value of real numbers x1; x2; . . .;

xn ðxi 2 ½0; 1�; i ¼ 1; 2; . . .; nÞ is represented as

nnðx1; x2; . . .; xnÞ ¼ f�1
Xn

i¼1

f ðxiÞwi

 !
ð1Þ

with a continuous strictly increasing function f :

½0; 1� 7! ½0; 1� and weights fwiji ¼ 1; 2; . . .; ng such that

wi [ 0 ði ¼ 1; 2; . . .; nÞ and
Pn

i¼1 wi ¼ 1: Starting from this

Eq. (1), in Sect. 2 we introduce a mean of an interval by an

aggregated value of all points in the interval through a utility

function, and we call the value a weighted quasi-arithmetic

mean. In Sects. 3 and 4, we investigate the fundamental

properties of the weighted quasi-arithmetic mean and its

translation invariance. Next, in Sect. 5, we introduce an

aggregated mean ratio of the weighted quasi-arithmetic

mean in the interval by an interior ratio, and we demonstrate

the relation among the weighted quasi-arithmetic mean, the

aggregated mean ratio and the decision maker’s preference/

attitude based on his utility. In economics, the decision

maker’s attitudes, for example neutral, risk averse and risk

loving, are characterized by Arrow–Pratt index of the utility

function (Arrow 1971; Pratt 1964; Gollier 2001; Gollier

et al. 2005). This paper characterizes the decision maker’s

attitudes by the utility functions and the weighted quasi-

arithmetic means. Next we discuss the properties of

the weighted quasi-arithmetic means and the aggregated

mean ratios regarding combinations of utility functions. In
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local/global regions we also investigate the movement of the

weighted quasi-arithmetic means and the aggregated mean

ratios, which is sensitive with respect to the length of the

interval. In Sect. 6, we show several examples of the

weighted quasi-arithmetic means and the aggregated mean

ratios with various typical utility functions, and we give their

relations with the classical quasi-arithmetic means. Finally,

in Appendix, we give the proofs of the theorems, the prop-

ositions and the lemmas in Sects. 3–5.

2 Weighted aggregation operators

In this section, we introduce weighted quasi-arithmetic

means of an interval by weighted aggregation operations

from the viewpoint of subjective decision making.

Kolmogoroff (1930) and Nagumo (1930) studied the

aggregation operators in the form (1), and Aczél (1948)

developed the theory regarding weighted aggregation oper-

ations. First, we start from the notion of weighted aggrega-

tion operations with respect to finite number of variables on

[0, 1], and next we construct a weighted quasi-arithmetic

mean of an interval step by step. Let n be a fixed positive

integer, and let nn : ½0; 1�n 7! ½0; 1� be a function. We rep-

resent it as nnðx1; x2; . . .; xnÞ for ðx1; x2; . . .; xnÞ 2 ½0; 1�n:

Definition 2.1 [n-ary weighted aggregation operator

(Calvo et al. 2002; Calvo and Pradera 2004)] A function

nn : ½0; 1�n 7! ½0; 1� is called an n-ary weighted aggregation

operator if it satisfies the following conditions (A.i)–(A.v):

(A.i) nnðx1; x2; . . .; xnÞ� nnðy1; y2; . . .; ynÞ whenever

xi� yi for all i ¼ 1; 2; . . .; n:
(A.ii) nnðx1; x2; . . .; xnÞ\nnðy1; y2; . . .; ynÞ if xi� yi for all

i ¼ 1; 2; . . .; n and xj\yj for some j ¼ 1; 2; . . .; n .

(A.iii) nn is continuous on ½0; 1�n .

(A.iv) nnðx; x; . . .; xÞ ¼ x for all x 2 ½0; 1�:
(A.v) It holds that

nnðnnðx11; . . .; x1nÞ; . . .; nnðxn1; . . .; xnnÞÞ
¼ nnðnnðx11; . . .; xn1Þ; . . .; nnðx1n; . . .; xnnÞÞ:

We can find another definition of n-ary aggregation in

Calvo et al. (2002), Calvo and Pradera (2004), which

requires (A.i) only with boundary conditions. However, in

this paper we introduce the n-ary aggregation by Definition

2.1 to discuss quasi-arithmetic means (5) with a continuous

utility function f. The condition (A.ii) together with (A.i) is

said to be strictly monotone, and the properties (A.iii),

(A.iv) and (A.v) are said to be continuous, idempotent and

bisymmetrical, respectively.

The following well-known result regarding the weighted

aggregation operations is given by Aczél (1948).

Lemma 2.2 [Aczél (1948)] A function nn : ½0; 1�n 7! ½0; 1�
satisfies (A.i)–(A.v) if and only if there exists a continuous

strictly increasing function f : ½0; 1� 7! ½0; 1� and weights

fwiji ¼ 1; 2; . . .; ng such that wi [ 0 ði ¼ 1; 2; . . .; nÞ;Pn
i¼1 wi ¼ 1 and

nnðx1; x2; . . .; xnÞ ¼ f�1
Xn

i¼1

f ðxiÞwi

 !
ð2Þ

for ðx1; x2; . . .; xnÞ 2 ½0; 1�n:

Hence, weighted aggregation operators are given as

follows.

Definition 2.3 [Weighted aggregation operator (Calvo

et al. 2002; Calvo and Pradera 2004)] A function n :S
n� 1½0; 1�

n 7! ½0; 1� is called a weighted aggregation

operator if it is given by n-ary weighted aggregation

operators nn such as n ¼ nn on ½0; 1�n for each n ¼ 1; 2; . . .:

In this paper, we take a continuous strictly increasing

function f : ½0; 1� 7! ½0; 1� as a decision maker’s utility

function, and we put a continuous function w :

½0; 1� 7! ð0;1Þ as a weighting function. Let n be a positive

integer. Define a function nn : ½0; 1�n 7! ½0; 1� by

nnðx1; x2; . . .; xnÞ ¼ f�1
Xn

i¼1

f ðxiÞwðxiÞ
,
Xn

i¼1

wðxiÞ
 !

for ðx1; x2; . . .; xnÞ 2 ½0; 1�n: Then, this term is an n-ary

weighted aggregation operator (2) with weights wi ¼
wðxiÞ=

Pn
j¼1 wðxjÞ ði ¼ 1; 2; . . .; nÞ, and by Lemma 2.2 it

has the properties (A.i)–(A.v). Further, by Definition 2.3, a

weighted aggregation operator n :
S

n� 1½0; 1�
n 7! ½0; 1� is

given by

nðx1; x2; . . .; xnÞ ¼ nnðx1; x2; . . .; xnÞ

¼ f�1
Xn

i¼1

f ðxiÞwðxiÞ
,
Xn

i¼1

wðxiÞ
 !

ð3Þ

for ðx1; x2; . . .; xnÞ 2 ½0; 1�n and n ¼ 1; 2; . . .: Next we

construct a weighted quasi-arithmetic mean of an interval

under the utility function f from the viewpoint of

aggregation of all points in the interval. Let [a, b] be

a closed interval satisfying 0� a\b� 1: Let f½ci�1; ci�
ji ¼ 1; 2; . . .; ng be a partition of the interval [a, b] such

that

ci ¼ aþ iðb� aÞ
n

for i ¼ 0; 1; 2; . . .; n: Take a point xi on the interval ½ci�1; ci�
such that xi 2 ½ci�1; ci� for each i ¼ 1; 2; . . .; n: From (3),

we define a weighted quasi-arithmetic mean of the interval

[a, b] as follows:
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Mf ð½a; b�Þ ¼ lim
n!1

nðx1; x2; . . .; xnÞ

¼ lim
n!1

f�1
Xn

i¼1

f ðxiÞwðxiÞ
,
Xn

i¼1

wðxiÞ
 !

: ð4Þ

Hence, we can understand the mean (4) as the aggregated

value of all points distributed on [a, b] with the weight w

under the utility f since nðx1; x2; . . .; xnÞ is an aggregated

value of reference points xi on the small interval

½ci�1; ci� ði ¼ 1; 2; . . .; nÞ based on the aggregation

operator defined by the utility function f. By the

definition of Riemann integral, we obtain

Mf ð½a; b�Þ ¼ f�1

Zb

a

f ðxÞwðxÞ dx

,Zb

a

wðxÞ dx

0

@

1

A ð5Þ

for ½a; b�ð� ½0; 1�Þ such that 0� a\b� 1 since we have

Mf ð½a; b�Þ ¼ lim
n!1

f�1
Xn

i¼1

f ðxiÞwðxiÞ
,
Xn

i¼1

wðxiÞ
 !

¼ f�1

Zb

a

f ðxÞwðxÞ dx

,Zb

a

wðxÞ dx

0
@

1
A:

Hence, Mf ð½a; b�Þ represents a mean value given by a real

number cð2 ½a; b�Þ satisfying

f ðcÞ
Zb

a

wðxÞ dx ¼
Zb

a

f ðxÞwðxÞ dx

in the mean value theorem. Now let Dð� ð�1;1ÞÞ be an

interval. Extending the domain from the closed interval

[0, 1] to D, in Sects. 3 and 4, we demonstrate the properties

of weighted quasi-arithmetic mean of closed subintervals

of D in the form (5) for ½a; b� � Dða\bÞ; where f :

D 7! ð�1;1Þ is a continuous strictly increasing function

for utility and w : D 7! ð0;1Þ is a continuous function for

weighting.

3 Weighted quasi-arithmetic means

Let R ¼ ð�1;1Þ be the set of all real numbers. For two

bounded closed intervals [a, b] and [c, d], we give a partial

order � as follows:

½a; b� � ½c; d� () a� c and b� d:

Let D be a fixed interval which is not a singleton and we

call it a domain. Let IðDÞ be the set of all nonempty

subintervals of D and let CðDÞ be the set of all nonempty

bounded closed subintervals of D.

For a continuous strictly increasing function f : D 7!R

for utility and a continuous function w : D 7! ð0;1Þ for

weighting, we define the weighted quasi-arithmetic mean

Mf : CðDÞ 7!D by

Mf ð½a;b�Þ

¼

f�1
Rb

a

f ðxÞwðxÞdx

�Rb

a

wðxÞdx

� �
if a\b

lim
c#a

f�1
Rc

a

f ðxÞwðxÞdx

�Rc

a

wðxÞdx

� �
if a¼ b\supD

lim
c"b

f�1
Rb

c

f ðxÞwðxÞdx

�Rb

c

wðxÞdx

� �
if a¼ b¼ supD

8
>>>>>>>><

>>>>>>>>:

ð6Þ

for ½a; b� 2 CðDÞ:

Lemma 3.1 A weighted quasi-arithmetic mean Mf :

CðDÞ 7!D defined by (6) has the following properties

(M.i)–(M.iii):

(M.i) Let ½a; b� 2 CðDÞ: Then a�Mf ð½a; b�Þ � b: Espe-

cially, Mf ð½a; a�Þ ¼ a holds for a 2 D:

(M.ii) Let ½a; b�; ½c; d� 2 CðDÞ such that ½a; b� � ½c; d�:
Then it holds that Mf ð½a; b�Þ �Mf ð½c; d�Þ:

(M.iii) The map Mf : CðDÞ 7!D is continuous, i.e. it

holds that

lim
n!1

Mf ð½an; bn�Þ ¼ Mf ð½a; b�Þ

for ½a; b� 2 CðDÞ and ½an; bn� 2 CðDÞðn ¼ 1; 2; . . .Þ such

that limn!1 an ¼ a and limn!1 bn ¼ b:

The properties (M.i)–(M.iii) in Lemma 3.1 are corre-

sponding respectively to the compensative, monotone and

continuous conditions in Definition 2.1.

Remark 3.2 We note the weighted quasi-arithmetic mean

(6) also has the following additional properties as an

evaluation of intervals.

(i) In Lemma 3.1, we may take a continuous strictly

decreasing function when we deal with a regret

function instead of the utility function f. Then, the

corresponding mean is reduced to the one with a

strictly decreasing function. Actually we can see the

reason as follows. Let g : D 7!R be a continuous

strictly decreasing function, and let w : D 7! ð0;1Þ be

a continuous function. Define a map Mg : CðDÞ 7!D in

the same way as (6) for g instead of f. Then, taking a

continuous strictly increasing function f ¼ �g :
D 7!R; we obtain g�1ðxÞ ¼ f�1ð�xÞ ðx 2 ½a; b�Þand

Mgð½a; b�Þ ¼ Mf ð½a; b�Þ for ½a; b� 2 CðDÞ such that

a\b: The weighted quasi-arithmetic mean Mg is

reduced to the same one as (6).

(ii) Let f : D 7!R be a continuous strictly increasing

function, and let a function g : R 7!R by gðxÞ ¼ rxþ s

with r; s 2 R such that r 6¼ 0: Put a continuous strictly

Quasi-arithmetic means and ratios of an interval 475

123



monotone function h : D 7!R by hðxÞ ¼ gðf ðxÞÞ for

x 2 D: Then, the corresponding mean with the utility

function h is reduced to the same one with the utility

function f. Actually we can check this fact as follows.

Define a map Mg : CðDÞ 7!D for the function g in the

same way as (6) for h instead of f. Then, we obtain

h�1ðxÞ ¼ f�1ððx� sÞ=rÞ and Mhð½a; b�Þ ¼ Mf ð½a; b�Þ
for ½a; b� 2 CðDÞ such that a\b:

In the rest of this section we extend the weighted quasi-

arithmetic mean (6) of a closed interval to be applicable for

a general interval. For intervals ða; b�; ½a; bÞ; ða; bÞ 2 IðDÞ;
we extend the weighted mean Mf by

Mf ðða; b�Þ ¼ lim
c#a

Mf ð½c; b�Þ if ða; b� 2 IðDÞ;

Mf ð½a; bÞÞ ¼ lim
c"b

Mf ð½a; c�Þ if ½a; bÞ 2 IðDÞ;

Mf ðða; bÞÞ ¼ lim
c#a

lim
d"b

Mf ð½c; d�Þ if ða; bÞ 2 IðDÞ:

From the definitions we have Mf ðða; b�Þ ¼ Mf ð½a; b�Þ and

Mf ðða; bÞÞ ¼ Mf ð½a; bÞÞ if a 6¼ inf D; and Mf ð½a; bÞÞ ¼
Mf ð½a; b�Þ and Mf ðða; bÞÞ ¼ Mf ðða; b�Þ if b 6¼ sup D: Next

we can also extend the weighted mean Mf regarding the

endpoints of D by

Mf ðða; bÞÞ ¼ lim
c#a

Mf ð½c; bÞÞ

if ða; bÞ 2 IðDÞ; a ¼ inf D; a 62 D;

Mf ðða; b�Þ ¼ lim
c#a

Mf ð½c; b�Þ

if ða; b� 2 IðDÞ; a ¼ inf D; a 62 D;

Mf ðða; bÞÞ ¼ lim
c"b

Mf ðða; c�Þ

if ða; bÞ 2 IðDÞ; b ¼ sup D; b 62 D;

Mf ð½a; bÞÞ ¼ lim
c"b

Mf ð½a; c�Þ

if ½a; bÞ 2 IðDÞ; b ¼ sup D; b 62 D:

4 Translation invariance of the weighted

quasi-arithmetic means

In this section, we discuss the translation invariance of the

weighted quasi-arithmetic means. Let D be a fixed domain.

Let f : D 7!R be a continuous strictly increasing function

for utility, and let w : D 7! ð0;1Þ be a continuous function

for weighting. Let Mf : CðDÞ 7!D be the weighted quasi-

arithmetic mean given by (6). For an interval Ið� RÞ and a

function h : I 7!R; we define

hðIÞ ¼ fhðxÞ j x 2 Ig:

If I ¼ ½a; b� 2 CðDÞ and h is continuous strictly increas-

ing, then it holds that hð½a; b�Þ ¼ fhðxÞ j x 2 ½a; b�g ¼
minx2½a;b� hðxÞ;maxx2½a;b� hðxÞ
� �

¼ ½hðaÞ; hðbÞ�: Let a strictly

increasing function u : R 7!R: Using the above notation, the

weighted quasi-arithmetic mean Mf is said to be translation

invariant for u if

u �Mf ¼ Mf � u;

where � is the composition of maps. This follows

that uðMf ð½a; b�ÞÞ ¼ Mf ð½uðaÞ;uðbÞ�Þ ¼ Mf ðuð½a; b�ÞÞ for

½a; b� 2 CðDÞ: The following lemma gives the weighted

quasi-arithmetic means with a translation invariance.

General translation invariance for aggregation operators

is discussed by Lázaro et al. (2004), Mesiar and

Rückschlossová (2004).

Proposition 4.1 (Translation-invariance) The following

(i)–(iii) hold.

(i) Let a domain D ¼ ½0;1Þ: Assume w satisfy wðxyÞ ¼
wðxÞwðyÞ for all x; y 2 D: Put a function f ðxÞ ¼ xc on

D with a positive constant c: Then, the mean Mf is

translation-invariant for a magnification function

uðxÞ ¼ rx;i.e. it holds that

r �Mf ð½a; b�Þ ¼ Mf ð½ra; rb�Þ

for ½a; b� � ½0;1Þand a positive number r.

(ii) Let a domain D ¼ ð0;1Þ: Assume w satisfy wðxyÞ ¼
wðxÞwðyÞ for all x; y 2 D: Put a function f ðxÞ ¼
c log x on D with a positive constant c: Then, the

mean Mf is translation-invariant for a magnification

function uðxÞ ¼ rx; i.e. it holds that

r �Mf ð½a; b�Þ ¼ Mf ð½ra; rb�Þ

for ½a; b� � ð0;1Þ and a positive number r.

(iii) Let a domain D ¼ ð�1;1Þ: Assume w satisfy

wðxþ yÞ ¼ wðxÞwðyÞ for all x; y 2 D: Put a function

f ðxÞ ¼ ecx on D with a positive constant c: Then, the

mean Mf is translation-invariant for a shift function

uðxÞ ¼ xþ s; i.e. it holds that

Mf ð½a; b�Þ þ s ¼ Mf ð½aþ s; bþ s�Þ

for ½a; b� � ð�1;1Þ and a real number s.

5 The weighted quasi-arithmetic means

and the aggregated mean ratios

In this section, we introduce a aggregated mean ratio of the

weighted quasi-arithmetic mean and we discuss the relation

among the weighted quasi-arithmetic mean, the aggregated

mean ratio and the decision maker’s attitude based on his

utility. Let D be a fixed domain. Let f : D 7!R be a con-

tinuous strictly increasing function for utility, and let w :
D 7! ð0;1Þ be a continuous function for weighting. Let

Mf : CðDÞ 7!D be the weighted quasi-arithmetic mean

given by (6) with a specified f.
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Taking the continuous strictly increasing function f as a

utility function in decision making, we discuss the deci-

sion-maker’s judgment by the weighted quasi-arithmetic

mean based on his utility. Let CðDÞ\ ¼ f½a; b� 2
CðDÞja\bg: For an interval ½a; b� 2 CðDÞ\; we define an

interior ratio hf ða; bÞ from a position of the weighted quasi-

arithmetic mean Mf ð½a; b�Þ on the interval [a, b] by

hf ða; bÞ ¼ Mf ð½a; b�Þ � a

b� a
: ð7Þ

We call it an aggregated mean ratio under the subjective

utility f. In this section, we investigate the properties of

the ratio hf concerning the utility f and we discuss the

movement of the ratio hf ða; bÞ with respect to the end-

points a, b of the interval [a, b] in local regions and

global regions. Dujmović (1974), Dujmović and Larsen

(2007), Dujmović and Nagashima (2006) studied a con-

junction/disjunction degree, which is a similar type of

ratio to (7) in the power case, for computer science. This

paper discusses characterizations from the viewpoint

of economics. Let Dh ¼ fða; bÞ 2 D	 Dja\bg: The

following lemma is trivial from (M.i) and (M.ii) of

Lemma 3.1.

Lemma 5.1 An aggregated mean ratio hf defined by (7)

has the following properties ðh:iÞ and ðh:iiÞ:

ðh:iÞ: Let ða; bÞ 2 Dh: Then it holds that 0� hf ða; bÞ� 1:

ðh:iiÞ The map hf : Dh 7! ½0; 1� is continuous, i.e. it holds

that

lim
n!1

hf ðan; bnÞ ¼ hf ða; bÞ

for ða; bÞ 2 Dh and ðan; bnÞ 2 Dhðn ¼ 1; 2; . . .Þ such that

limn!1 an ¼ a and limn!1 bn ¼ b:

For a strictly increasing function u : R 7!R; we define

uða; bÞ ¼ ðuðaÞ;uðbÞÞ

for ða; bÞ 2 Dh: Then, the aggregated mean ratio hf is said

to be translation invariant for u if

hf ¼ hf � u;

where � is the composition of maps. This follows that

hf ða; bÞ ¼ hf ðuðaÞ;uðbÞÞ for ða; bÞ 2 Dh: The following

proposition, which is is trivial from Proposition 4.1, gives

the aggregated mean ratios with translation invariance.

Proposition 5.2 (Translation-invariance) The following

(i)–(iii) hold.

(i) Let a domain D ¼ ½0;1Þ: Assume w satisfy wðxyÞ ¼
wðxÞwðyÞ for all x; y 2 D: Put a function f ðxÞ ¼ xc on

D with a positive constant c: Then, the ratio hf is

translation-invariant for a magnification function

uðxÞ ¼ rx; i.e. it holds that

hf ða; bÞ ¼ hf ðra; rbÞ

for ða; bÞ 2 Dh ¼ fða; bÞj0� a\b\1g and a posi-

tive number r.

(ii) Let a domain D ¼ ð0;1Þ:Assume w satisfy wðxyÞ ¼
wðxÞwðyÞ for all x; y 2 D: Put a function f ðxÞ ¼
c log x on D with a positive constant c: Then, the

ratio hf is translation-invariant for a magnification

function uðxÞ ¼ rx; i.e. it holds that

hf ða; bÞ ¼ hf ðra; rbÞ

for ða; bÞ 2 Dh ¼ fða; bÞj0\a\b\1g and a posi-

tive number r.

(iii) Let a domain D ¼ ð�1;1Þ: Assume w satisfy

wðxþ yÞ ¼ wðxÞwðyÞ for all x; y 2 D: Put a function

f ðxÞ ¼ ecx on D with a positive constant c: Then, the

ratio hf is translation-invariant for a shift function

uðxÞ ¼ xþ s; i.e. it holds that

hf ða; bÞ ¼ hf ðaþ s; bþ sÞ

for ða; bÞ 2 Dh ¼ fða; bÞj �1\a\b\1g and a

real number s.

For a closed interval ½a; b� 2 CðDÞ\: Define the neutral

weighted mean Nða; bÞ and its aggregated mean ratio

mða; bÞ by

Nða; bÞ ¼
Zb

a

x wðxÞdx

,Zb

a

wðxÞdx ð8Þ

and

mða; bÞ ¼ Nða; bÞ � a

b� a

¼
Zb

a

ðx� aÞwðxÞdx

,Zb

a

ðb� aÞwðxÞdx: ð9Þ

Then we can easily check that a\Nða; bÞ\b and

0\mða; bÞ\1: Now we compare weighted quasi-arithmetic

means and aggregated mean ratios corresponding to the

utilities when Nða; bÞ and mða; bÞ are taken as a reference

mean and a reference ratio, respectively. Let g : D 7!R be

another continuous strictly increasing function for utility.

Let Mg : CðDÞ 7!D be the weighted quasi-arithmetic mean

defined by g instead of f in the way of (6) and we put the

aggregated mean ratio hg for Mg: Then we obtain the fol-

lowing results.

Theorem 5.3 Assume that f and g are C2 -class functions

on D. Let ½a; b� 2 CðDÞ\: Then the following (i)–(iii) hold.

(i) If f and g satisfy f 00=f 0\g00=g0 on ða; bÞ; it holds that

Mf ð½a; b�Þ\Mgð½a; b�Þ and hf ða; bÞ\hgða; bÞ:
(ii) If f and g satisfy f 00=f 0 � g00=g0 on ða; bÞ; it holds that

Mf ð½a; b�Þ �Mgð½a; b�Þ and hf ða; bÞ� hgða; bÞ:
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(iii) If f is semi-linear, i.e. f ðxÞ ¼ rxþ sðx 2 RÞ with a

positive number r and a real number s, then it holds

that Mf ð½a; b�Þ ¼ Nða; bÞ and hf ða; bÞ ¼ mða; bÞ:

Corollary 5.4 Assume that f is a C2 -class function on D.

Let ½a; b� 2 CðDÞ\: Then the following (i)–(iv) hold.

(i) If f satisfies f 00\0 on ða; bÞ; then hf ða; bÞ\mða; bÞ:
(ii) If f satisfies f 00 � 0 on ða; bÞ; then hf ða; bÞ� mða; bÞ:
(iii) If f satisfies f 00[ 0 on ða; bÞ; then hf ða; bÞ[ mða; bÞ:
(iv) If f satisfies f 00 � 0 on ða; bÞ; then hf ða; bÞ� mða; bÞ:

Remark 5.5

(i) In Corollary 5.4, f 00 ¼ 0 implies the decision maker’s

risk neutral attitude, f 00\0 denotes the decision

maker’s risk averse attitude, and f 00[ 0 is the decision

maker’s risk loving attitude. Therefore, when we may

choose two functions f and g as decision maker’s

utilities, Theorem 5.3 implies that the utility f yields

more risk averse results than g if f 00=f 0 � g00=g0 on

ða; bÞ: The inequality hf ða; bÞ� hgða; bÞ implies that

the aggregated mean ratio hf ða; bÞ is more risk averse

than hgða; bÞ: The term �f 00=f 0 is called the Arrow–

Pratt index and it implies the degree of absolute risk

aversion in economics (Arrow 1971; Pratt 1964).

(ii) Kolesárová (2001) studied relations between

Mf ð½a; b�Þ and f in the power cases.

The assertions in Theorem 5.3 (ii) and Corollary 5.4 (ii)

are actually necessary and sufficient. The following The-

orem 5.6 and Corollary 5.7 show equivalences regarding

the assertion ‘if—then’ in Theorem 5.3(ii) and Corollary

5.4(ii).

Theorem 5.6 Assume that f and g are C2-class functions

on D. Let ½a; b� 2 CðDÞ\: Then the following (a)–(c) are

equivalent.

(a) f 00=f 0 � g00=g0 on ða; bÞ:
(b) Mf ð½c; d�Þ �Mgð½c; d�Þ for all ½c; d� satisfying ½c; d� �

½a; b� and c\d:

(c) hf ðc; dÞ� hgðc; dÞ for all ½c; d� satisfying ½c; d� � ½a; b�
and c\d:

The following corollary is trivial taking g a semi-linear

function in Theorem 5.6.

Corollary 5.7 Assume that f is a C2 -class function on D.

Let ½a; b� 2 CðDÞ\: Then the following (a)–(c) are

equivalent.

(a) f 00 � 0 on ða; bÞ:
(b) Mf ð½c; d�Þ �Nða; bÞ for all ½c; d� satisfying ½c; d� �

½a; b� and c\d:

(c) hf ðc; dÞ� mða; bÞ for all ½c; d� satisfying ½c; d� � ½a; b�
and c\d:

In Theorem 5.3, we investigate a combination of two

utility functions f and g. Let h ¼ ðf þ gÞ=2 be a combi-

nation of utility functions f and g. Then, the follow-

ing result implies that the estimation by the utility

h ¼ ðf þ gÞ=2 gives a middle attitude by the both utilities f

and g.

Proposition 5.8 Assume that f and g are C2 -class

functions on D. Let h ¼ ðf þ gÞ=2 and let ½a; b� 2 CðDÞ\:
Then the following (i) and (ii) hold.

(i) If f and g satisfy f 00=f 0\g00=g0 on ða; bÞ; then

Mf ð½a; b�Þ\Mhð½a; b�Þ\Mgð½a; b�Þ and hf ða; bÞ\
hhða; bÞ\hgða; bÞ:

(ii) If f and g satisfy f 00=f 0 � g00=g0 on ða; bÞ; then

Mf ð½a; b�Þ �Mhð½a; b�Þ�Mgð½a; b�Þ and hf ða; bÞ�
hhða; bÞ� hgða; bÞ:

Next we discuss the movement of the aggregated mean

ratio hf ða; bÞ in the local regions. Let ½a; b� 2 CðDÞ\: The

following theorem gives a local property of the ratio

hf ða; bÞ at the neighborhood of the endpoints.

Theorem 5.9 Assume that f is a C2 -class function on D.

Let ½a; b� 2 CðDÞ\: Then, it holds that

lim
c#a

hf ða; cÞ ¼ lim
c#a

mða; cÞ ¼ 1

2
; ð10Þ

lim
c"b

hf ðc; bÞ ¼ lim
c"b

mðc; bÞ ¼ 1

2
: ð11Þ

In the spirit of the extension of intervals at the end of

Sect. 2, we can investigate the movement of the aggregated

mean ratio hf ða; bÞ in global regions in the following

lemma, which is useful for numerical calculation in actual

cases (Sect. 5).

Lemma 5.10 Assume ð0;1Þð� DÞ for the domain.

(i) For b [ 0; it holds that

lim
c#0

hf ðc; bÞ ¼ 1

b
Mf ð½0; b�Þ: ð12Þ

(ii) If the weighted quasi-arithmetic mean Mf is

magnification translation invariant, i.e.

r �Mf ð½a; b�Þ ¼ Mf ð½ra; rb�Þ ð13Þ

for ½a; b� � D and r [ 0; then for a [ 0 and b [ 0 it

holds that

lim
c#0

hf ðc; bÞ ¼ Mf ð½0; 1�Þ: ð14Þ

lim
c!1

hf ða; cÞ ¼ Mf ð½0; 1�Þ: ð15Þ

6 Examples

In this section, we give examples for weighted quasi-

arithmetic means which are presented in the previous

478 Y. Yoshida

123



sections. When we give a fixed domain D, a continuous

strictly increasing function f : D 7!R and a fixed continu-

ous function w : D 7! ð0;1Þ; we can define the weighted

quasi-arithmetic mean Mf ð½a; b�Þ of an interval ½a; b� 2
CðDÞ by (6). We check the movement of the aggregated

mean ratio hf ða; bÞ; which is given by (7), with respect to

parameters a and b in local regions and global regions in

each example. First, we discuss several examples of utility

functions f.

Example 6.1 In the following examples, we put the

domain D ¼ ð0;1Þ and take a weighting function wðxÞ ¼
xd on D ¼ ð0;1Þ with a positive constant d:

(i) (Semi-linear case) Take a function f ðxÞ ¼ cxþ d on D

with constants c; d such that c [ 0: From Theorem

5.3(iii), it is trivial that

Mf ð½a; b�Þ ¼ Nða; bÞ ¼ ðdþ 1Þðbdþ2 � adþ2Þ
ðdþ 2Þðbdþ1 � adþ1Þ

and hf ða; bÞ ¼ mða; bÞ for ½a; b� � D:

(ii) (Power case) Take functions f ðxÞ ¼ xc and wðxÞ ¼ xd

on D ¼ ð0;1Þ with constants c; d such that c 6¼ 0:

Then, for ½a; b� � D such that a\b; we can check

Mf ð½a; b�Þ ¼ ðdþ 1Þðbcþdþ1 � acþdþ1Þ
ðcþ dþ 1Þðbdþ1 � adþ1Þ

� �1=c

if d 6¼ �1; cþ d 6¼ �1: Hence, we obtain

lim
d!�c�1

Mf ð½a; b�Þ ¼ ab
cðlog b� log aÞ

bc � ac

� �1=c

;

lim
d!�1

Mf ð½a; b�Þ ¼ cðlog b� log aÞ
bc � ac

� ��1=c

:

From Corollary 5.4 we also have

hf ða; bÞQmða; bÞ if cQ1:

From Theorem 5.9, it holds that limb#a hf ða; bÞ ¼
lima"b hf ða; bÞ ¼ 1=2; and from Lemmas 5.10 we

obtain that

lim
a#0

hf ða; bÞ ¼ lim
b!1

hf ða; bÞ ¼ dþ 1

cþ dþ 1

� �1=c

:

They are drawn in Figs. 1 and 2.

(iii) (Logarithmic case) Take a concave function f ðxÞ ¼
c log x on D with a positive constant c: Then, for

½a; b� � D such that a\b; we can check

Mf ð½a; b�Þ ¼ exp
bdþ1 log b� adþ1 log a

bdþ1 � adþ1
� 1

dþ 1

� �
;

and Corollary 5.4 implies hf ða; bÞ\mða; bÞ: Theorem

5.9 implies limb#a hf ða; bÞ ¼ lima"b hf ða; bÞ ¼ 1=2;

and from Lemmas 5.10 we obtain that

lim
a#0

hf ða; bÞ ¼ lim
b!1

hf ða; bÞ ¼ exp � 1

dþ 1

� �
:

Figure 3 illustrates these movements.

(iv) (Exponential case) Take a convex function f ðxÞ ¼
e�cx on D with a positive constant c: Then, for

½a; b� � D such that a\b; we can check

Fig. 1 The map b 7! hf ða; bÞ at a ¼ 0:01 and the map a 7! hf ða; bÞ at b ¼ 100 when f ðxÞ ¼
ffiffiffi
x
p

and wðxÞ ¼ x ðc ¼ 1=2; d ¼ 1Þ

Fig. 2 The map b 7! hf ða; bÞ at a ¼ 0:01 and the map a 7! hf ða; bÞ at b ¼ 100 when f ðxÞ ¼ x3 and wðxÞ ¼ x ðc ¼ 3; d ¼ 1Þ
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Mf ð½a; b�Þ

¼ 1

c
log

�cdþ1ðbdþ1 � adþ1Þ
ðdþ 1ÞðCðdþ 1; cbÞ � Cðdþ 1; caÞÞ

� �

and Corollary 5.4 implies mða; bÞ\hf ða; bÞ; where

Cðdþ 1; cÞ ¼
R1

c tde�tdt for c� 0: From Theorem

5.9, we obtain limb#a hf ða; bÞ ¼ lima"b hf ða; bÞ ¼ 1=2;

and from Lemma 5.10 we obtain that

lim
a#0

hf ða; bÞ

¼ 1

cb
log

�cdþ1bdþ1

ðdþ 1ÞðCðdþ 1; cbÞ � Cðdþ 1ÞÞ

� �

for b [ 0; where Cðdþ 1Þ ¼
R1

0
tde�tdt: We can also

check

lim
b!1

hf ða; bÞ ¼ lim
b!1

1

b
Mf ð½0; b�Þ ¼ 0:

These results are shown in Fig. 4.

(v) (Square root case) Take a convex function f ðxÞ ¼
s
ffiffiffiffiffiffiffi
x=r

p
on D with positive constants r; s: Then, for

½a; b� � D such that a\b; we can check

Mf ð½a; b�Þ

¼
4r3ðdþ 1Þ2 bdðb=rÞ3=2 � adða=rÞ3=2

� �2

ð2dþ 3Þ2ðbdþ1 � adþ1Þ2

and Corollary 5.4 implies hf ða; bÞ\mða; bÞ: Theorem

5.9 implies limb#a hf ða; bÞ ¼ lima"b hf ða; bÞ ¼ 1=2;

and Fig. 5 shows the movements with

lim
a#0

hf ða; bÞ ¼ lim
b!1

hf ða; bÞ ¼ 16

25
:

Fig. 3 The map b 7! hf ða; bÞ at a ¼ 0:01 and the map a 7! hf ða; bÞ at b ¼ 100 when f ðxÞ ¼ log x and wðxÞ ¼ x ðc ¼ 1; d ¼ 1Þ

Fig. 4 The map b 7! hf ða; bÞ at a ¼ 0:1 and the map a 7! hf ða; bÞ at b ¼ 100 when f ðxÞ ¼ e�x and wðxÞ ¼ xðc ¼ 1; d ¼ 1Þ

Fig. 5 The map b 7! hf ða; bÞ at a ¼ 1 and the map a 7! hf ða; bÞ at b ¼ 100 when f ðxÞ ¼ 3
ffiffiffiffiffiffiffi
x=2

p
and wðxÞ ¼ x ðr ¼ 2; s ¼ 3Þ
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(vi) (Sigmoid case) Take a sigmoid function f ðxÞ ¼
1=ð1þ e�cxÞ on D with a positive constant c: Then,

for ½a; b� � D such that a\b; we can check

Mf ð½a; b�Þ ¼ � 1

c
log

bdþ1 � adþ1

ðdþ 1Þ
R b

a xd=ð1þ e�cxÞdx
� 1

 !

and Corollary 5.4 implies hf ða; bÞ\mða; bÞ: Theorem

5.9 implies limb#a hf ða; bÞ ¼ limb#a mða; bÞ ¼ 1=2 and

we can also check that

lim
a#0

hf ða;bÞ ¼�1

c
log

bdþ1

ðdþ 1Þ
R b

0
xd=ð1þ e�cxÞdx

� 1

 !

and limb!1 hf ða; bÞ ¼ 0 (Fig. 6).

Table 1 shows the weighted quasi-arithmetic means

Mf ð½a; b�Þ and the corresponding index f 00=f 0 for Examples

6.1(i)–(vi). Next we give two examples as an application of

Theorem 5.3. The following examples show the cases that

decision maker’s two attitudes f and g are changing with

regions in their comparison.

The weighted aggregation operators for weighted quasi-

arithmetic means are also related to WOWA operators in

Torra and Godo (2002), where they have studied weights

not for quasi-arithmetic means but for weighted means.

Example 6.2

(i) (Logarithmic case and square root case) Take

concave functions f ðxÞ ¼ log x and gðxÞ ¼
ffiffiffi
x
p

on D ¼
ð0;1Þ (Example 6.1(ii), (iii)). Then we have

f 00ðxÞ
f 0ðxÞ ¼ �

1

x
\� 1

2x
¼ g00ðxÞ

g0ðxÞ

for x 2 D: From Theorem 5.3, we obtain

hf ða; bÞ\hgða; bÞ for ½a; b� 2 CðDÞ such that a\b;

where hf ða; bÞ is the aggregated mean ratio given by

f ðxÞ ¼ log x and hgða; bÞ is the aggregated mean ratio

given by gðxÞ ¼
ffiffiffi
x
p
: This shows that f ðxÞ ¼ log x is

more risk averse than gðxÞ ¼
ffiffiffi
x
p

as utilities.

(ii) (Logarithmic case and exponential case) Take con-

vex utility functions f ðxÞ ¼ log x and gðxÞ ¼ 1� e�x

on D ¼ ð0;1Þ (Example 6.1(ii), (iv)). Then we can

easily check that
f 00ðxÞ
f 0ðxÞ ¼ � 1

xQ� 1 ¼ g00ðxÞ
g0ðxÞ if xQ1

for x 2 D: From Theorem 5.3, we obtain

hf ða; bÞ\hgða; bÞ for ½a; b� � ð0; 1� such that a\b and

we also obtain hf ða; bÞ[ hgða; bÞ for ½a; b� � ½1;1Þ
such that a\b; where hf ða; bÞ is the aggregated mean

ratio given by f ðxÞ ¼ log x and hgða; bÞ is the aggregated

mean ratio given by gðxÞ ¼ 1� e�x: This shows that

f ðxÞ ¼ log x is more risk averse than gðxÞ ¼ 1� e�x in

the region ð0; 1Þ and that f ðxÞ ¼ log x is more risk loving

than gðxÞ ¼ 1� e�x in the region ð1;1Þ: This example

shows that decision makers’ attitudes are comparable in

each local area using the index f 00=f 0:

Acknowledgments The author is grateful to referees for their
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Appendix

In this section, we give the proofs of the theorems, the

propositions and the lemmas in Sects. 3–5.

Fig. 6 The map b 7! hf ða; bÞ at a ¼ 0:1 and the map a 7! hf ða; bÞ at b ¼ 25 when f ðxÞ ¼ 1=ð1þ e�xÞ and wðxÞ ¼ x ðc ¼ 1; d ¼ 1Þ

Table 1 Quasi-arithmetic means in Example 6.1

f f 00=f 0 Mf ð½a; b�Þ

cxþ dðc [ 0Þ 0 ðdþ1Þðbdþ2�adþ2Þ
ðdþ2Þðbdþ1�adþ1Þ

xcðc[ 0Þ c�1
x

ðdþ1Þðbcþdþ1�acþdþ1Þ
ðcþdþ1Þðbdþ1�adþ1Þ

c log xðc[ 0Þ � 1
x exp bdþ1 log b�adþ1 log a

bdþ1�adþ1 � 1
dþ1

� �

e�cxðc [ 0Þ �c 1
c log

�cdþ1ðbdþ1�adþ1Þ
ðdþ1ÞðCðdþ1;cbÞ�Cðdþ1;caÞÞ

� �

s
ffiffi
x
r

p
ðr; s [ 0Þ � r

2x 4r3ðdþ1Þ2 bdðb=rÞ3=2�adða=rÞ3=2ð Þ2
ð2dþ3Þ2ðbdþ1�adþ1Þ2

1
1þe�cx ðc[ 0Þ cð1�e�cxÞ

1þe�cx

� 1
c log bdþ1�adþ1

ðdþ1Þ
R b

a
xd=ð1þe�cxÞdx

� 1

 !
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Proof of Lemma 3.1 Let ½a; b� 2 CðDÞ satisfying a\b:

(M.i) Since f and f�1 are strictly increasing, we have

Mf ð½a; b�Þ ¼ f�1

Zb

a

f ðxÞwðxÞdx

,Zb

a

wðxÞdx

0

@

1

A

� f�1

Zb

a

f ðbÞwðxÞdx

,Zb

a

wðxÞdx

0

@

1

A

¼ f�1ðf ðbÞÞ ¼ b:

Thus we get Mf ð½a; b�Þ � b: In the same way, we also have

Mf ð½a; b�Þ� a: Therefore, we obtain a�Mf ð½a; b�Þ � b:

This inequality also implies that Mf ð½a; a�Þ ¼ a for a 2 D

together with the definition (6). (M.ii) Put a function

FðtÞ ¼
Z t

a

f ðxÞwðxÞdx

,Z t

a

wðxÞdx

for t [ a: Then we have

F0ðtÞ ¼
f ðtÞwðtÞ

R t

a wðxÞdx� wðtÞ
R t

a f ðxÞwðxÞdx
R t

a wðxÞdx
	 
2

¼
wðtÞ

R t
aðf ðtÞ � f ðxÞÞwðxÞdx
R t

a wðxÞdx
	 
2

[ 0

since f is strictly increasing on D and w [ 0 on D. Thus the

map t 2 ða;1Þ \ D 7!FðtÞ is strictly increasing. We also

put a function

GðtÞ ¼
Zb

t

f ðxÞwðxÞdx

,Zb

t

wðxÞdx

for t\b: Then we have

G0ðtÞ ¼
�f ðtÞwðtÞ

R b
t wðxÞdxþ wðtÞ

R b
t f ðxÞwðxÞdx

R b
t wðxÞdx

� �2

¼
wðtÞ

R b

t ðf ðxÞ � f ðtÞÞwðxÞdx
R b

t wðxÞdx
� �2

[ 0

since f is strictly increasing on D and w [ 0 on D. Thus the

map t 2 ð�1; bÞ \ D 7!GðtÞ is also strictly increasing. Let

½a; b�; ½c; d� 2 CðDÞ satisfying ½a; b� � ½c; d�: From the

above results and the definition (6), we have

f ðMf ð½a; b�ÞÞ � f ðMf ð½a; d�ÞÞ � f ðMf ð½c; d�ÞÞ: Therefore, we

get Mf ð½a; b�Þ �Mf ð½c; d�Þ since f�1 is strictly increasing.

(M.iii) The continuity is trivial from the definition (6).

Therefore, the proof is completed. (

Proof of Proposition 4.1

(i) Let r be a positive number and let ½a; b� � ½0;1Þ:
Then we have

r �Mf ð½a; b�Þ ¼ r �
Zb

a

xcwðxÞdx

,Zb

a

wðxÞdx

0
@

1
A

1=c

¼
Zb

a

ðrxÞcwðxÞdx

,Zb

a

wðxÞdx

0

@

1

A
1=c

¼
Zrb

ra

xcwðx=rÞdx

,Zrb

ra

wðx=rÞdx

0
@

1
A

1=c

¼
Zrb

ra

xcwðxÞdx

,Zrb

ra

wðxÞdx

0

@

1

A
1=c

¼ Mf ð½ra; rb�Þ:

(ii) Let r be a positive number and let ½a; b� � ð0;1Þ:
Then we have

r �Mf ð½a; b�Þ

¼ exp
1

c
�
Zb

a

c log x � wðxÞdx

,Zb

a

wðxÞdxþ log r

0
@

1
A

¼ exp
1

c
�
Zb

a

c logðrxÞ � wðxÞdx

,Zb

a

wðxÞdx

0
@

1
A

¼ exp
1

c
�
Zrb

ra

c log x � wðx=rÞdx

,Zrb

ra

wðx=rÞdx

0

@

1

A

¼ exp
1

c
�
Zrb

ra

c log x � wðxÞdx

,Zrb

ra

wðxÞdx

0
@

1
A

¼ Mf ð½ra; rb�Þ:

(iii) Let s be a real number and let ½a; b� � ð�1;1Þ:
Then we have

Mf ð½a; b�Þ þ s

¼ 1

c
log

Zb

a

ecxwðxÞdx

,Zb

a

wðxÞdx

0
@

1
Aþ s

¼ 1

c
log

Zb

a

ecðxþsÞwðxÞdx

,Zb

a

wðxÞdx

0
@

1
A

¼ 1

c
log

Zbþs

aþs

ecxwðx� sÞdx

, Zbþs

aþs

wðx� sÞdx

0
@

1
A

¼ 1

c
log

Zbþs

aþs

ecxwðxÞdx

, Zbþs

aþs

wðxÞdx

0

@

1

A

¼ Mf ð½aþ s; bþ s�Þ:

Thus we obtain this lemma. (
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Proof of Theorem 5.3

(i) Let f and g satisfy f 00=f 0\g00=g0 on ða; bÞ: Define

HðyÞ ¼
Zy

a

f ðxÞwðxÞdx� f Mgð½a; y�Þð Þ
Zy

a

wðxÞdx

¼
Zy

a

f ðxÞwðxÞdx

� f g�1

Zy

a

gðxÞwðxÞdx

,Zy

a

wðxÞdx

0
@

1
A

0
@

1
A

	
Zy

a

wðxÞdx

for y 2 ða; b�: Then we have

H0ðyÞ ¼ wðyÞ
g0ðMgð½a; y�ÞÞ
	 g0ðMgð½a; y�ÞÞðf ðyÞ � f ðMgð½a; y�ÞÞÞð
�f 0ðMgð½a; y�ÞÞðgðyÞ � gðMgð½a; y�ÞÞÞÞ:

On the other hand, the map x 7! g0ðxÞ=f 0ðxÞ is increasing on

ða; bÞ since

g0ðxÞ
f 0ðxÞ

� �0
¼ g00ðxÞf 0ðxÞ � g0ðxÞf 00ðxÞ

ðf 0ðxÞÞ2
[ 0

for x 2 ða; bÞ from f 0[ 0; g0[ 0 and f 00=f 0\g00=g0 on

ða; bÞ: Therefore, we get

g0ðMgð½a; y�ÞÞ
f 0ðMgð½a; y�ÞÞ\

g0ðnÞ
f 0ðnÞ ;

where a constant n 2 ðMgð½a; y�; yÞ is given by

g0ðnÞ
f 0ðnÞ ¼

gðyÞ � gðMgð½a; y�ÞÞ
f ðyÞ � f ðMgð½a; y�ÞÞ

from Cauchy’s mean value theorem. Thus we get

g0ðMgð½a; y�ÞÞ
f 0ðMgð½a; y�ÞÞ\

gðyÞ � gðMgð½a; y�ÞÞ
f ðyÞ � f ðMgð½a; y�ÞÞ :

From f 0[ 0; g0[ 0 and the above equality regarding

H0ðyÞ; this implies H0ðyÞ\0 for y 2 ða; bÞ; Together with

HðaÞ ¼ 0; we obtain HðbÞ\0 for b [ a: Thus we have

Zb

a

f ðxÞwðxÞdx \ f Mgð½a; b�Þð Þ
Zb

a

wðxÞdx:

Since, f�1 is increasing, we obtain

Mf ð½a; b�Þ ¼ f�1

Zb

a

f ðxÞwðxÞdx

,Zb

a

wðxÞdx

0

@

1

A

\Mgð½a; b�Þ:

This also implies

hf ða; bÞ ¼ Mf ð½a; b�Þ � a

b� a

\
Mgð½a; b�Þ � a

b� a

¼ hgða; bÞ:

Thus (i) holds. We also obtain (ii) in the same way as (i).

The proof of (iii) is straightforward. Therefore, the proof of

this theorem is completed. (

Proof of Theorem 5.6 ðaÞ ) ðbÞ: Let ½c; d� satisfy ½c; d� �
½a; b� and c\d: Then, we obtain (b) from (a) applying

Theorem 5.3(ii) to f 00=f 0 � g00=g0 on ðc; dÞ:ðbÞ ) ðaÞ: Let

Mf and Mg satisfy Mf ðIÞ�MgðIÞ for all closed intervals

Ið� ½a; b�Þ: Suppose that f 00=f 0 � g00=g0 does not hold on

ða; bÞ: Then there exits an closed interval ½c; d� such that

½c; d� � ½a; b�; c\d and f 00=f 0[ g00=g0 on ðc; dÞ: By Theo-

rem 5.3(i) we have Mf ð½c; d�Þ[ Mgð½c; d�Þ; and this con-

tradicts Mf ðIÞ�MgðIÞ with I ¼ ½c; d�: Therefore, we

obtain f 00=f 0 � g00=g0 on ða; bÞ: Thus, the equivalence

between (a) and (b) hold. This theorem holds since (b) and

(c) are also equivalent clearly. (

Proof of Proposition 5.8

(i) Let f and g satisfy f 00=f 0\g00=g0 on ða; bÞ: For h ¼
ðf þ gÞ=2; we have

h00

h0
¼ f 00 þ g00

f 0 þ g0

¼ f 00

f 0
� f 0

f 0 þ g0
þ g00

g0
� g0

f 0 þ g0

\
g00

g0
� f 0

f 0 þ g0
þ g00

g0
� g0

f 0 þ g0

¼ g00

g0
:

Therefore, we get h00=h0\g00=g0: In the same way, we also

have f 00=f 0\h00=h0: From Theorem 5.3(i), we obtain

Mf ð½a; b�Þ\Mhð½a; b�Þ\Mgð½a; b�Þ and hf ða; bÞ\hhða; bÞ
\hgða; bÞ: We also obtain (ii) in the same way as (i).

Therefore the proof is completed. (

Proof of Theorem 5.9 Fix any a 2 D: First, we have

lim
b#a

mða; bÞ ¼ lim
b#a

1

ðb� aÞ
R b

a wðxÞdx

Zb

a

ðx� aÞwðxÞdx

¼ lim
b#a

ðb� aÞwðbÞ
R b

a wðxÞdxþ ðb� aÞwðbÞ

¼ lim
b#a

wðbÞ
R b

a wðxÞdx
.
ðb� aÞ þ wðbÞ

¼ wðaÞ
wðaÞ þ wðaÞ ¼

1

2
:
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Therefore, it holds that limb#a mða; bÞ ¼ 1=2: Next, by

Taylor expansion, we have

f ðxÞ ¼ f ðaÞ þ f 0ðaÞðx� aÞ þ 1

2
f 00ðcðxÞÞðx� aÞ2

for x 2 ða;1Þ \ D; where cðxÞ satisfies a\cðxÞ\x: For

b 2 D such that a\b; it implies that

R b

a f ðxÞwðxÞdx
.R b

a wðxÞdx� f ðaÞ
b� a

¼ 1

ðb� aÞ
R b

a wðxÞdx

Zb

a

ðf ðxÞ � f ðaÞÞwðxÞdx

¼ 1

ðb� aÞ
R b

a wðxÞdx

	
Zb

a

f 0ðaÞðx� aÞ þ 1

2
f 00ðcðxÞÞðx� aÞ2

� �
wðxÞdx:

Then we have

1

ðb� aÞ
R b

a wðxÞdx

Zb

a

f 0ðaÞðx� aÞwðxÞdx

¼ f 0ðaÞmða; bÞ

and

1

ðb� aÞ
R b

a wðxÞdx

Zb

a

1

2
f 00ðcðxÞÞðx� aÞ2wðxÞdx

������

������

� 1

ðb� aÞ
R b

a wðxÞdx

Zb

a

Kðb� aÞ2wðxÞdx

�Kðb� aÞ

with a positive constant K ¼ maxy2½a;b� jf 00ðyÞj=2: Thus we

get

lim
b#a

R b

a f ðxÞwðxÞdx
.R b

a wðxÞdx� f ðaÞ
b� a

¼ f 0ðaÞ lim
b#a

mða; bÞ: ð16Þ

Next, we put a function

FðtÞ ¼
Z t

a

f ðxÞwðxÞdx

,Z t

a

wðxÞdx;

for t 2 ða;1Þ \ D: Then we have

f�1
R b

a f ðxÞwðxÞdx
.R b

a wðxÞdx
� �

� a

R b
a f ðxÞwðxÞdx

.R b
a wðxÞdx� f ðaÞ

¼ f�1ðFðbÞÞ � a

FðbÞ � f ðaÞ : ð17Þ

Since limb!a FðbÞ ¼ f ðaÞ and limt!f ðaÞ f�1ðtÞ ¼ a; we get

lim
b!a

f�1ðFðbÞÞ � a

FðbÞ � f ðaÞ ¼ lim
t!f ðaÞ

f�1ðtÞ � a

t � f ðaÞ

¼ 1

f 0ðf�1ðtÞÞ

����
t¼f ðaÞ

¼ 1

f 0ðaÞ : ð18Þ

These equalities (16), (17) and (18) imply

lim
b#a

hf ða; bÞ ¼ lim
b#a

f�1
R b

a f ðxÞwðxÞdx
.R b

a wðxÞdx
� �

� a

b� a

¼ f 0ðaÞ lim
b#a

mða; bÞ 1

f 0ðaÞ
¼ lim

b#a
mða; bÞ

¼ 1

2
:

Thus we obtain (10). We can easily check (11) in a similar

way. Therefore, we obtain this theorem. (

Proof of Lemma 5.10

(i) Fix any b [ 0: (12) is trivial from (M.iii). (ii) If Mf

satisfies (13), then

lim
a#0

hf ða; bÞ ¼ 1

b
Mf ð½0; b�Þ

¼ Mf ð½0; 1�Þ

¼ f�1

Z1

0

f ðxÞwðxÞdx

,Z1

0

wðxÞdx

0
@

1
A

for b [ 0: Thus we have (14). Finally fix any a 2 D:

From (13) and (M.iii),

lim
b!1

hf ða; bÞ ¼ lim
b!1

Mf ð½a; b�Þ � a

b� a

¼ lim
b!1

1

b
Mf ð½a; b�Þ

¼ lim
b!1

Mf ð½a=b; 1�Þ

¼ Mf ð½0; 1�Þ:

Thus we also obtain (15). Therefore, we get this

lemma. (
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