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Abstract In this paper, we study the lattice structure of
some fuzzy algebraic systems such as (G-)fuzzy groups,
some fuzzy ordered algebras and fuzzy hyperstructures. We
prove that under suitable conditions, these structures form a
distributive or modular lattice.
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1 Introduction and preliminaries

In the first half of the nineteeth century, George Boole’s
attempt to formalize propositional logic led to the concept
of Boolean algebras. While investigating the axiomatics of
Boolean algebras at the end of the nineteeth century, Charles
S. Peirce and Ernst Schroder found it useful to introduce the
lattice concept that is a partially ordered set (P, <) in which
for all x, y € P, inf{x, y} and sup{x, y}, denoted by A and
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Vv, respectively, exist. Independently, Richard Dedekind’s
research on ideals of algebraic numbers led to the same dis-
covery. (Boolean) Distributive lattices, i.e., a lattice L sat-
isfies (x Vy) Az = (x Az2) V(Y A 2), (or equivalently
(xVvyY)Az<xV(yAgz)forall x,y,z € L, have played
a many faceted role in the development of lattice theory and
it is one of the most extensive and most satisfying chapters
of lattice theory. Also, distributive lattices have provided the
motivation for many results in general lattice theory. Dede-
kind also introduced modularity, i.e., a lattice L satisfies
x>z =>xA(Vy=KAY) VzVxyze€elL,for
all x, y € L, a weakend form of distributivity.

The study of BC K-algebras was initiated by Imai and
Iséki (1966) as a generalization of the concept of set-the-
oretic difference and propositional calculi. Iséki posed an
interesting problem, whether the class of BCK-algebras is a
variety. In connection with this problem, Komori introduced
in (Komori 1984) a notion of BCC-algebras, as a general-
ization of BCK-algebras, and proved that the class of all
BCC-algebras is not a variety. Dudek (1992) introduced a
dual form of BCC-algebras that was introduced by Komori.

Hyperstructure theory was introduced in 1934 by Marty
(1934) at the eighth congress of Scandinavian Mathematic-
iens. He apply the theory to groups and introduced the con-
cept of a hypergroup that is a nonempty set H together with
a function o : H x H — P(H) \ {#}, so called binary
hyperoperation, that satisfies:

Associativity (xoy)oz=x0(yoz)
Reprocuctive rule x o H = Hox = H.

Some mathematiciens apply hyperstructure theory to other
subjects of classical pure mathematics and introduced the
notions of hyperring, hyperfield, hypermodule and so on. In
Jun et al. (2000), applied the hyperstructures to BCK-alge-
bras, and introduced the notion of a hyper BCK-algebra (and
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also weak hyper BCK-ideal) which is a generalization of
BCK-algebra.

Now, in this paper, we study the lattice structure of the set
of all ideals of some ordered algebras, as mentioned in the
abstract.

2 Lattice structure on (G-)fuzzy subgroups
of a (G-)group

Definition 2.1 (Rosenfeld 1971) Let (G, -) be a group and
1 be a fuzzy subset of G. We say that p is a fuzzy subgroup
of Gifforallx,y € G:

1) plx-y) = pulx) Aply),
(i) pGx=h = p).

Moreover, if for all x, y € G we have u(x - y) = u(y - x),
then p is called a fuzzy normal subgroup of G.

Lemma 2.2 (Rosenfeld 1971; Thomas 1997) Let (G, -) be
a group. Then

(1) if u is a fuzzy subgroup of G and u(x) < u(y), then
plx - y) = p(x) = p(y - x), forallx,y € G.

(i1) if Py is the set of all fuzzy normal subgroups with the
same tip “t” (i.e., u(e) = v(e), forall u,v € Fy;) of
G and ju,v € Fyy, then

wvo(x) = \/ uy) Av(z)

X=y-z
forall x € G.

Theorem 2.3 (%, vV, N) is a modular lattice.

Proof By virtue of Lemma 2.2 and that the intersection of any
family of fuzzy normal subgroups with the same tip f of G is a
fuzzy normal subgroup with the same tip ¢ of G, (%, v, N)
is a lattice. For modularity, let u, v, n € .%,; be such that
> n. We have to prove that u A (v VvV 1) = (L A V) V1.
The inequality u A (v VvV ) > (u A V)V nis obvious. Hence,
it is enough to prove that u A (v V 1) < (1 A v) V n. Now,
by contrary, suppose that it does not hold. Then there exists
x € G such that

(LA @Vvn))x) > ((uAv)Vvn)(x)
i.e.,

A\ 0O An@E) >\ (1w AnG) AnE).

x=y-z xX=y-z

Hence,

nx) > \/ (e Av)¥) ANGR) (0

x=y-z

@ Springer

and
\ o An@) > \/ (A Ane). )
x=y-z X=y-Z

This implies that, there exist yg, zo € G such thatx = yp - z¢
and

V(o) An@zo) > \/ (A3 ANE)

x=y-z

= (o) A v(yo) A n(zo)- 3)
Leta = v(yp) An(zop). Hence, by (3), wehavea > u(yp) Aa.
Now, if u(yo) A a = a, then a > a, which is impossible.
Hence, 1 (y9) A a = u(yp) and so

1(yo) A v(yo) A n(zo) = u(yo). 4
By 4), n(z0) = n(y0). If w(yo) = n(zo), then by (3),
v(y0) A n(zo) > n(yo) A v(yo) A n(zo) = v(yo) A n(zo)

which is a contradiction. So 1(z9) > ©(yo). Moreover, by
(1) we have

m(x) > w(yo) A v(yo) An(zo) = u(yo).
Thus

1y ") = pyo) < ux) = u(yo - 20)
and so by Lemma 2.2(i),

1(y0) = p(yg ) = (g " yo - 20) = 1(z0).

This implies that n(zo) > n(yo) = u(zp) which is a contra-
diction, because < w. Therefore, (%, N, V) is a modular
lattice. O

Definition 2.4 (Soleimaninasab and Mashinchi 2004) Let G
be a nonempty set. Then:

(1) G together with an operation - : G x G — G by
(a,b) — a - b, called multiplication, is called a gen-
eralized group or briefly, G-group if it satisfies the
following conditions:

@x-y)-z=x-(y-2),forallx,y, z €qG,

(b) for all x € G there exists a unique element
e(x) € Gsuchthatx -e(x) = e(x) - x = x,

(c) for all x € G there exists x ' € G such that
x-x1 Lox =e®),

(i) A nonempty subset H of G-group G is called a G-sub-
group if it itself is a G-group,

(iii) A fuzzy subset A of G-group G is called a G-fuzzy sub-
group if and only if A(x - y~') > A(x) A A(y), for all
x,y€aq.

=X

Theorem 2.5 Let Gy be the set of all G-fuzzy subgroups of
G-group G, ANB = AN B and

AV B = ﬂ{Aa:AaegfandA,BSAa},
a€EAN

forall A, B € Gy, where A is anindexed set. Then (9¢, \V, N)
is a modular lattice.
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Proof Tt is easy to see that AA B = AN B € ¥y, for all
A, B € 9. Also, it is obvious that

AV B = m{Aa:AaegfandA,BsAa}egf.

aeA
Moreover, by some modifications we can check that v and
A satisfy the axioms of a lattice. So, %f is a lattice. Now, we
show that ¢ is modular. For this, let A, B, C € ¢ be such
that A > C.Itisclearthat (AAB)VC < AA(BVvC).So,
it is enough to prove that A A (BV C) < (AAB) Vv C.Let

X={Age:A<Apl, Y={A, €% : B,C < Ay},
Z={Ay €9 ANB <Ay, C <Ay}

and o, B € A.Hence, X C {Ag € 9r : AN B < Ag} and
since A > C, then X C {Ay € 9 : C < Ay}. This implies
that X C Z.

Similarly, ¥ € {Ay € 9r : C < Ay} and since AN B <
B,thenY C{A, € 9r: ANB < Ay}andso Y C Z. Now,
since A € ¥y, then

A= ({Ape¥r: A< Ag)
BeA

Hence,

AN(BVC)=AN ({Ax €9 : B.C < Ay}
aEA
= ﬂ{Aﬂ €Y A< Agin m
BeA aeA
x{Ag €951 B,C < Ag)
(| (Ape¥r:A<Agn
(@.B)eAXA
x{Ay €9 :B,C < Ay}

< ﬂ {Aae%f:AﬂBgAa,CSAa}

(. B)eAxA
—(ANB)VC.

Hence, AN(BVC)=ANMBVC)<(ANB)VvVC =
(A A B) Vv C, says that ¢ is a modular lattice. m]

3 Lattice structure on weak normal F-subpolygroups
of an F-polygroup

Definition 3.1 (Zahedi and Hasankhani 1996) Let P be a
nonempty set, I = [0, 1], I? the set of all functions from P
into 1, If =P \ {0} and O be zero function on I = [0, 1].
Then,

e by an F-hyperoperation “«” on P we mean a function from
PxPtolIf,

e let “x” be an F-hyperoperation on P. Then (P, %) is called
an F-polygroup iff

(i) (x*xy)xz=x*(y*2),

(i1) there exists an element ¢ € P such that
x € supp(x xeNexx), VxeP

(iii) foreach x € P there exists a unique element x’ € P
such that
e €supp(x *x' Nx" %x)

(iv) z € supp(x xy) = x € supp(zxy~ 1) = y €
supp(x’1 *2), Vx,y,z€P

where for fuzzy subset i of nonempty set X, suppu = {x €
X :u(x) > 0}

Definition 3.2 (Zahedi and Hasankhani 1996) Let P be an
F-polygroup and H be a nonempty subset of P. Then, H
is called an F-subpolygroup of P if x € H implies that
x~le Hand supp(xxy) C H,forall x, y € H. Moreover,
H is called a weak normal F-subpolygroup of P if H is an
F-subpolygroup of P and x * H % x~! < ypy,forallx € P.

Theorem 3.3 (Zahedi and Hasankhani 1996) Let H and K
be F-subpolygroups of an F-polygroup P and H @ K =

U supp(x x y). Then:
xeH,yeK

(1) H®K isan F-subpolygroup of P ifandonlyif HQK
K®H,
(ii) if K is aweak normal F-subpolygroup of P, then HRQ K
is an F-subpolygroup of P,
(i) if H and K are weak normal F-subpolygroups of P,
then H ® K is a weak normal F-subpolygroup of P.

Theorem 3.4 Let %, be the set of all weak normal
F-subpolygroups of an F-polygroup P. Then (Fy,, ®,N)
is a modular lattice.

Proof We first show that .%,,,, is a lattice. For thislet H, K €
Fun- Itis easy to see that H A K = HN K € %#,,. More-
over, by Theorem 3.3(iii), HQ K € .%,,. Now, we prove that
HVvK=HQ®K.Letx € H. Since e € K, then supp(x *
e¢) € H ® K. Moreover, by Theorem 3.3(iii), supp(e xx) C
K®H = HQ®K and so x € supp(x xeNexx) =
supp(x xe) Nsupp(exx) € H® K.Hence, HC HR K.
Similarly, we can show that K € H ® K. Now, let L € .%,,,
be such that H, K € L and x € H ® K. Thus there exist
h € H and k € K such that x € supp(h * k), and since
L is an F-subpolygroup of P containing H and K, then
supp(hxk) C L. Thisimpliesthatx € Landso HRK < L.
Hence, H v K = H ® K. Theorefore .%,,, is a lattice. For
modularity, let H, K, L € %#,, be such that H 2> L. We
have to prove that H N (K ® L) = (H N K) ® L. But
the relation H N (K ® L) 2 (H N K) ® L, is clear. So, it
remains to show that HN(K ® L) € (HNK)® L. Now, let
x € HN(K ® L). Hence, x € H and x € supp(k 1), for
k€ Kand! € L and so k € supp(x *l_l) C H, because
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x € Hand ™! € L € H. Thus k € H N K. This implies
thatx € supp(kxl) C(HNK)®L.Hence, HN(K®L) C
(HNK)®L.Thus, HN(K® L) =(HNK)Q® L and so
Fwn 1s modular. O

4 Lattice structure on fuzzy hyperideals of a hyperring

Definition 4.1 (Corsini and Leoreanu 2003) (i) Let (H, o)
be a hypergroup. Then:

(i) Anelemente € H is called an identity if foralla € H,
a€(aoe)N(eoa).

(ii) If H has anidentity, then fora € H the elementa’ € H
is called an inverse of a if there exists an identity e € H
such thate € (@ oa’) N (a’ oa).

(iii) H is called canonical if it is commutative (i.e.,a o b =
boa,forall a,b € H), has an identity and every ele-
ment has an inverse.

(i) A hyperring is a hypergstructure (R, +, -, 0) where,
(R, +) is a canonical hypregroup, (R, -) is a semigroup
endowed with a two-sided absorbing element 0 and the prod-
uct is distributive on addition. A nonempty subset S of a
hyperring (R, +, -) is said to be a hyperideal if (S, +) is a
canonical subhypergroup and for all x € S and r € R we
have rx, xr € §S.

Definition 4.2 (Corsini and Leoreanu2003) Let i be a fuzzy
subset of a hyperring (R, +, -). Then, u is said to be a fuzzy
hyperideal of R if forall x, y € G,

N\ 1@ = pe) A p), p(=x) = p(x) and p(x - y)
ze€x+y

> p(x) VvV p(y).

Lemma 4.3 Let (H, o) be a hypergroupoid and jx and v be
fuzzy subsets of H and

(mov)@ =\ (1@ Av(y)).

z€XOY
Then forallt € [0, 1), (LoV)s> = s> ovy>, where for fuzzy
subset p of H, > is defined by 1> = {x € H : u(x) > t}.
Proof Let z € H. Then:

zewovr ¢ \/ () Av() > 1

z€X0Y
< Fxp, yo € H; z € xg o yp and 1 (xp)
> t,v(yg) >t
< dxp, yo € H; z € x9 o yp and xq o yp
S Wy> o>

<:>Z€,1,Lt>0\)t>.
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Lemma 4.4 Let p be a fuzzy subset of a hyperring R. Then
p is a fuzzy hyperideal of R if and only if for all t € [0, 1),
pr> % O is a hyperideal of R.

Proof Let p be a fuzzy hyperideal of R and x,y € p;>,
for t € [0, 1). Then p(x) > ¢ and p(y) > t and so for all
u € x + y, we have

pw)= N\ p@)=p()Ap(y) >t

zEx+y
This implies that u € p;> and so x + y € p;>. By a similar
argument, we can show that —x € p;>. Now, let u € p;>
and r € R. Then, p(u) > t and so p(ru) > p(r) vV p(u) >
p(r) Vvt > t, which implies that ru € p;>. Similarly, ur €
pr>. Hence, p;> is a hyperideal of R.

Conversely, let for t € [0, 1), p;> # ¥ be a hyperideal
of R and p(x) A p(y) = t. Thus x,y € p; and so for all
s € [0,1) we have x, y € ps>. Hence, x + y C p;> and so
for all z € x + y, we have p(z) > s, forall s € [0, 7). Thus
p(z) > t,forall z € x + y and so

A p@=1=p)ApG).

Z€X+Y

Similarly, we can show that p(—x) > p(x), for all x € R.
Now, let p(x) vV p(y) = ¢, forx, y € R. Then, p(x) >t or
p(y) >t.Letp(x) > t.Thenforalls € [0, t), p(x) > s,i.e.,
X € pg> and since py> is a hyperideal of R, thenx -y € pg>.
Hence, p(x - y) > s, forall s € [0,¢) and so p(x - y) >t =
p(x) V p(y). Therefore, p is a fuzzy hyperideal of R. O

Theorem 4.5 Let .%; be the set of all fuzzy hyperideals of
R with the same tip “t”. Then (%;, +,N) is a distributive
lattice, where for all u,v € Z;,

(w+v@ =\ @ Avp).

ZEX+Y

Proof Letu, v € .%;. We first show that u+v € .%;. For this,
by Lemma 4.4, it is enough to prove that for all # € [0, 1),
(u + v);= # @ is a hyperideal of R. Since p and v are
fuzzy hyperideals of R, then by Lemma 4.4, u;> # ¢ and
Vs> # ) are hyperideals of R. Now, we prove that ;> + v;>
is a hyperideal of R. For this, let x,y € ;> + v>, for
X,y € R. Then, there exist uj, uy € s> and vy, v2 € Vs>
such that x € uy +viandy € up + vy andsox +y C
(1 +v1) + (up +v2) = (u1 + u2) + (v1 + v2). By defi-
nition, /\aeu1+u2 u(a) > w(uy) A u(uy) > t, which shows
that u; + uo» < ps>. Similarly, vi + v C vs> and hence,
x4+ Yy € wu> + ve>. By a similar way, we can show that
—X € uy>~+ve>, forallx € pus>+v>.Now,letx € > +v;>
and r € R. Then, there exist u € u,> and v € v,> such that
x €u—+v.Now,rx € r(u+v) = ru-+rvand u(ru) >
w@) Vv pu(u) > pu(r) vt > t, which implies that ru € p,>.
Similarly, 7v € vy> and sorx € s> + vy~ Similarly, we can
show that xr € us> + vs~. Thus, us> + v> is a hyperideal
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of R and so by Lemma 4.3, (i + v)s> is a hyperideal of R.
Thus, by Lemma 4.4, i 4 v is a fuzzy hyperideal of R.

Now, we prove that © +v = u vV v. Let z € R. Since
z€z+0=04+zand v(0) = u(0) > u(x), forall x € R,
then we have

(L+v)(2) = \/ (m(x) Av(y) = n(z) Av(0) = n(z).
z€EX+Y

Similarly, (4 v)(z) > v(z) and so u + v is an upper bound
for y and v.

Now, let n be a fuzzy hyperideal of R containing u and
v and z € R. Then there exist x, y € R such that z € x +
y, e.g., we can choose x = z and y = 0. Hence, n(z) >
/\uex+y n(w) > n(x) A n(y) and so for all x, y € R such
that z € x + y we have

\V @ An) =\ we) Avy)

z€Xx+y ZE€EX+Y
(u+v)(2).

So, Vv = u+v. Also, this implies that  + u = p, for all
u € Z;. Now, for distributivity, we prove that t N (p +0) =
(tNp)+(tNo),forall p,o,t € .%. Letz € R. Then:

(tNp)+(TNo)z) = \/ (N p)x) A(TNo)(y)

z€X+y

=V (e Ape) A Acm)

z€x+y

=V (e aton A Acm)

zex+y

nz) =

=(V c@nrrom)a(V @ rcom)

zex+y z€X+y
=T+ A(P+0)2)
=1@)A(p+0))
=T N(p+0))).

Hence, tN(p+0) = (tNp)+(tNo). Therefore, (F;, +, N)
is a distributive lattice. O

5 Lattice structure on fuzzy ideals of a BC K -algebra

Definition 5.1 (Meng and Jun 1994) (i) By a BCK-algebra
we mean a nonempty set X endowed with a binary operation
“x” and a constant “ 0 ” satisfies the following conditions:

(BCKI1) (x xz2) * (y*2) < x %y,

BCK2) (x xy)xz=(x*2) %Y,

(BCK3) x xy <x,

(BCK4)x <yandy < x imply x =y,
for all x, y,z € X, where “ < ” is defined by x < y if and
onlyifxxy =0, forall x,y € X.

(i1) Nonempty subset I of BC K -algebra X is said to be
anidealof X ifOe I andxxy e landy € [ imply x € [,
forall x,y € X.

(iii) Fuzzy subset i of BC K -algebra X is said to be a fuzzy
ideal of X if ;1 (0) > p(x) and w(x) > pu(x *xy) A u(y), for
allx,y € X.

Note 5.2 (Meng and Jun 1994) Let X be a BC K -algebra.
Then,

(1) the following statements hold:

(a) x < yimpliesthatx*z < yxz,forallx, y,z € X.

(b) 0xx =0,

(©) xxx =0,

(d) it is easy to check that fuzzy subset ; of X is a
fuzzy ideal if and only if for all € [0, 1], the level
subset u; = {x € X : u(x) >t} # ¥ is an ideal
of X,

(e) let u be a fuzzy subset of X. Then, m v, where v

RSy
is a fuzzy ideal of X, is a fuzzy ideal of X, too.

We denote it by [u], that is [u] = {v : © C
v, and v is a fuzzy ideal of X}.

Lemma 5.3 Let u be a fuzzy subset of BCK -algebra X.
Then w is a fuzzy ideal of X if and only if
(x % y) %z =0 implies that j1(x) = pn(y) A pu(z) Q)

forallx,y,z € X.

Proof Let u be a fuzzy ideal of X, (x x y) *x z = 0, for
x,v,z € X and u(y) A u(z) = t. Thus u(y) > t and
u(z) > tandsoy,z € u;. Now, since (x x y) xz =0 € u;
and by Note 5.2(ii), u; is an ideal of X, then x x y € u;.
Similarly, since y € u;, then x € u, and so

n(x) =t = pu(y) A p().

Conversely, let the condition (5) holds. Since (0xx) xx = 0,
for all x € X, then u(0) > u(x) A u(x) = p(x), for all
x € X. Moreover, since by (BCK2), for all x,y € X we
have

xx@xxy)*xy=x*y)*(x=*y) =0,

then by hypothesis, 1 (x) > w(x * y) A u(y), which implies
that w is a fuzzy ideal of X. O

Corollary 5.4 Let u be a fuzzy subset of BCK-algebra X.
Then w is a fuzzy ideal of X if and only if

(- ((xxay) xax) = ---) xa, = 0 implies that 1 (x)
> plar) A pula) A= A plan)

forallx,ay,ay,...,a, € X.

Proof The proof follows from Lemma 5.3, by induction
onn. O
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Lemma 5.5 Let u and v be fuzzy ideals of BCK -algebra X
and

nx) =vipUv@a) ApUv(a) A ApUvian) :
(- (xxar) xaz) x---)*xay, =0,
for some ay, az, ..., a, € X}
Thenn = [ Uv]andso [ Uv]=puVo.

Proof We have to prove that 7 is a fuzzy ideal of X. For this,
by Lemma 5.3, it is enough to show that if (x * y) x z =
0, then n(x) > n(y) A n(z). Let x, y,z € X be such that
(x*y)*z=0ande > 0. Since, y * y = 0, then there exist

ai, ap, ..., a, € X such that

(..((yxay)xaz)*x---)*ka, =0

and

n(y) —e <puUv(@) ApUv@@) A ApUv(a,).

Similarly, there exist by, ba, ..., by, € X such that (- - - ((z *

b1) xby) x---)*x b, =0and
@) —e < uUvb) AuUvb) A~ AuUv(by).

Now, since (x * y) xz = 0 and so x * y < z, then by Note
5.2(i)(a), we have

(G- ((xxbp) kba)x---)kby) *y
= (- (((x*xy)kb)*xby)*---)*by
<(G--((zxby)xby)*x---)xby =0.

This implies that ((--- ((x % b1) * b2) x---) xbpy) xy =0
andso (- -- ((xxb1)xby) *---)xby, < y.Similarly, by Note
5.2())(a),

G (G- ((exbr) kDo) -2 ) s by) kap) xaz) *-++)
*dp S("'((y*al)*aZ)*"')*an:O-
Hence,
(o (G- ((exDy) xbp) %+ -2 )k by) x ar) * az)
k- )xa, =0
and so by (BCK2),
(- (((C-- (e xar) xaz) *---) *ay) * by) x by)
%+ )k by =0.
Thus,
nx) = pUvla) A AplUvia,)
ApUvb) A AuUv(by)
> (M) —e)A(n(z) —€)
= my) An(2) —e.

Therefore, n(x) > n(y) A n(z). Now, since x x x = 0, then
wx) < uUv(x) < n(x). Hence, u < n. Similarly, v < n,
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which shows that 7 is an upper bound for n and v. Now, let
T be a fuzzy ideal of X containing 4 and v and x € X. Thus,
n(x) =v{uUv@) ApUv(a) A---ApUvian) :

(- ((x*xay)xap)*...)xa, =0,
., ay € X}
=Vi{tla) At(a) A+ Atlan) :

for some ay, aa, ..

(- ((x*xay)xap)*...)xa, =0,
., ay € X}

< Vvrt(x) by Corollary 5.4

= 17(x).

Therefore, n = [u U v]andso u Vv =[uVv]. m]

for some ay, ap, ..

Theorem 5.6 Let % .7 (X) be the set of all fuzzy ideals of
BCK-algebra X. Then (¥ .7 (X),V,N) is a distributive
lattice.

Proof By Lemma 5.5 and that the intersection of any two
fuzzy ideal of X is again a fuzzy ideal of X, (% . (X), v, N)
is a lattice. For distributivity, it is enough to show that for all
uw,p,o0 €. F7(X),

HA(EVO)<(LAP)V(LAO).

Because, the converse inequality is obvious. Let u, p,o €

F.7(X),x € Xande > 0.Thenthereexistay, ap, ..., a, €
X, such that

(- ((xxap)*xax)*---)xa, =0

and
pVokx)<e+A(pUal(ay),pUoc(a),...,pUac(ay)).

We observe that ay, az, . . ., a, always exist, because x xx =
0 holds in any BC K -algebra and we can choose a; = x,
ay = --- = ay = 0. Now, by the definition of p U o we
have p Uo (a;) < p(a;) + € or o(a;) + €. Without loss of
generality, we can suppose that

pUo(ar) < plar) +e€

pUo(a;) < pla)+e
pUo(ai+1) <o(ai+1) +¢€

pUol(a,) < ol(a,) + €.

Because, if pUo (aj) < o(aj)+e,forj e {1,2,...,i}, then
we can restrict the set {1,2,...,i}toaset] ={1,2,...,1}
C {1,2,...,i} and rearrange alfs such that for all j € I,
pUo(aj) < p(aj) + €. Hence,

pVo(x) <2+ Aplar),...,pa),o@@1),...,0(an))
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and so
uA(pVo)x) <2e+ Aux)Aplar), ...,
mx) A plai), p(x) Ao (ai+i), ..., w(x) Ao(an)).
Now, let
by = (---((x*xap) xaz) *---) *ay—1

by—1 = ((---((x*xay) *xax) *---)xay,_2) * by

br = (- ((x xbp) xbp—1) *%--+) xb.
Hence,
(- (Qexb1) kb)) x -+ +)xby = ((-- ((x % by) * bp—1)
>l<-~-)>kb2)>l<b1 =b]>l<b1 =0.

Moreover, from the above equalities we deduce that b; < x,
foralli € {1,2,...,n} and since u is a fuzzy ideal of X,
then p(x) < w(b;), foralli € {1,2...,n}. Also,

by*ap=((--((xxap)xax) *---) *ap_1) *a, =0

whichimplies thatb,, < a,.Similarly, foralli e {1, 2, ..., n}
wehaveb; < a;andso p(a;) < p(b;),foralli e{l,?2,...,n}.
Thus,

w(x) A par) < ubr) A p(br)

w(x) A p(a;) < ubi) A p(b;)
wx) Ao(aiy1) < pubiy1) Ao(bitr)

p(x) Ao (an) < n(bp) Ao (by)

and so
uA(EVo)x) <2e+AuApb),...,unpbi),
uAGbit1)s ..., o Ao (bn)).
Obviously,

uApbi) < (uAp)Upuno))(bi)
< [(uAp)Upnno))ibi)

and similarly,

unNobi) < [(nAp)U(unAo))(bi).

So,

wA PV o)) < 2e+ Nl A p) UG no)bi)
i=l

<2e+ (LA P)U(A0)(X).

Since € is arbitrary, then

HA(EVO)<(LAP)V(LAO).

Thus,
UA(EVOo)=(RAP)V(ULAOT)
which shows that (% . (X), Vv, N) is distributive. O

6 Lattice structure on fuzzy ideals of a BC C-algebra

We first give some preliminaries about BC C-algebras.

Definition 6.1 (Dudek 2000; Dudek and Jun 1999; Dudek
and Zhang 1998) Let G be a nonempty set. Then,

(i) algebra (G, *, 0) of type (2,0) is said to be a BCC-alge-
bra if it satisfies the following axioms:
(1) ((xxy)*(zxy))*(x*xz) =0,
2) 0xx =0,
3) xx0=x,
@) xxy=0and y*x =0imply x =y,
forallx, y,z € G.
Any BC C-algebramay be viewed as a partially ordered
set with the order “ < ” defined by

x <y iff xxy=0

which has the following properties:

(@) x*xy <ux.

(b) x < yimpliesthatx xz < y*kzandz*xy < zx*x.
forallx, y,z € G.

(i) Nonempty subset I of BCC-algebra G is said to be a
BCC-ideal if 0 € I and (x xy)*xz € I and y € I imply
thatx xz € I.

It is well-known that any BC C-ideal of a BC C-algebra
is a BC K-ideal.

(iii) BCC-algebra G is said to be positive implicative if for
allx,y,z€e G

(xxy)kz=(x%z2)*(y*2).

(iv) Fuzzy subset u of BC C-algebra G is said to be a fuzzy
BCC-idealif u(0) > pu(x),forallx € G and pu(x*z) >
w((x *xy)*z) Au(y),forallx,y, zeG.

It is easy to see that if u is a fuzzy BCC-ideal of
BCC-algebra G and x < y, then u(x) > u(y), for
allx,y e G.

Lemma 6.2 (Dudek and Jun 1999; Dudek et al. 2001) Let
W be a fuzzy subset of BCC-algebra G. Then | is a fuzzy
BCC-ideal of G if and only if for all t € [0, 1), us> = {x €
G :u(x) >t} #Wisa BCC-ideal of G.

Lemma 6.3 (Dudek and Jun 1999) (i) In a BCC-algebra
every fuzzy BCC-ideal is a fuzzy BCK -ideal.

(i1) In a BCK-algebra every fuzzy BCK-ideal is a fuzzy
BCC-ideal.

Lemma 6.4 Let i be a fuzzy BCC-ideal of BCC-algebra
G. Then

(--((xxay) xax) x---)*xa, =0 implies that (x)
= plan) A p(az) A==+ A pulan)

@ Springer
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forallx,ay,a,...,a, €G.

Proof The proof is similar to the proof of Corollary 5.4. O

Lemma 6.5 Every positive implicative BCC-algebra is a
BCK-algebra.

Proof By Corollary 1 of Dudek (1992), it is enough to prove
that x % (x x y) < y, forall x, y € G. For this, let x, y € G.
Then,

(xx(xxy))xy=(x*y)*((x*y)*y)
= (xxy)* ((xxy)*(y*y))
= (xxy)* ((x x y) % 0)
=xxy)xxxy) =0

and so x * (x x y) <y, completes the proof. O

Lemma 6.6 Let i and v be fuzzy BCC-ideals of positive
implicative BC C-algebra G. Then fuzzy subset

nx) =VviuUv@a) ApUv(a) A ApUv(a,) :
(- ((xxap) xax) *---)*a, =0,

for some Ay, az,...,a, € G}.

is the fuzzy BCC-ideal of G generated by (1 U v and so
nwvv=[uUvl

Proof Since by Lemma 6.3(i), 4 and v are fuzzy BC K -ide-
als of G and by Lemma 6.5, G is a BC K -algebra, then by
Lemma 5.5, nis afuzzy BCK-ideal of G. Hence, by Lemma
6.3(ii), n is a fuzzy BCC-ideal of G. Moreover, similar to
the proof of Lemma 5.5, [u Uv] =n=pu V. O

Theorem 6.7 Let G be positive implicative BCC-algebra
and F 7 (G) be the set of all fuzzy BCC-ideals of G. Then
(F 7(G), Vv, N) is a distributive lattice.

Proof Since, by Lemma 6.5, G is a BC K -algebra, then the
proof follows from Theorem 5.6. O

7 Lattice structure on fuzzy weak hyper BC K -ideals
of a hyper BC K -algaebra

Definition 7.1 (Jun and Xin 2001; Jun et al. 2000) (i) By a
hyper BCK -algebra we mean a nonempty set H endowed
with a hyperoperation “o” and a constant O that satisfies the
following axioms:

(HK1) (x0z)o(yoz) K xo0Y,

(HK2) (xoy)oz=(x02z)0y,

(HK3) x o H < {x},

(HK4) x < yand y < x imply x =y,
forall x, y,z € H, where x < yis definedby 0 € x o y. In
such case, we call “«<” the hyperorder on H.

@ Springer

(ii)) The set S(H) = {x € H : x o x = {0}} is called the
BCK-part of H.

(iii) Hyper BC K -algebra H is said to be quasi alternatively
hyper BCK -algebra of type 1 if (xoy)oy = xo(yoy),
forallx,y € H.

(iv) Nonempty subset / of hyper BC K -algebra H is said
to be a weak hyper BCK-ideal if 0 €  andx oy C [
andy € [ implyx € I, forallx,y € H.

(v) Fuzzy subset u of hyper BC K -algebra H is called fuzzy
weak hyper BCK-ideal if 1(0) > pu(x) and pu(x) >
( \ w@)Ap(y). forallx,y e H.

acxoy

Lemma 7.2 Let u be a fuzzy subset of hyper BC K -algebra
H and forallt € [0, 1],

wr={xeH:ukx)>t} and u> ={x € H: u(x) > t}.
Then the following statements are equivalent:
(1) w is a fuzzy weak hyper BCK -ideal of H,
(11) ws # O is a weak hyper BCK -ideal of H, for all t €
[0, 1],

(iii) > # @ is a weak hyper BCK -ideal of H, for all
t €[0,1).

Proof (i) = (ii) See Jun and Xin (2001).
(i1) = (iii) By the definition of u,> we have

pe = eH pm>1= (J e H:p@=s)

se(t,1]
U s -

se(t,1]

Now, let u;> # @, fort € [0, 1). Then for some s € (¢, 1],
s # Wandsince by (ii),0 € uy,then0 € ;. Letxoy C s>
and y € u;>, for x,y € H. Then, for all a € x o y, there
exists s € (¢, 1]suchthata € us.Sincetheset{s : s € (¢, 1]}
is a chain, then the set {45 : s € (¢, 1]} is a chain and so there
exists s1 € (¢, 1] such thata € py,, foralla € x o y, which
implies that x o y € pug,. Also, since y € s>, then there
exists s € (¢, 1] such that y € pug,. Now, us, € g, or
Ws, € s, WL.O.G, let g, € ;. Thenx oy € g, and
Yy € ug, and since, ug, is a weak hyper BCK -ideal of H,
then x € w5, < u,>. Thus, > is a weak hyper BC K -ideal
of H.

(iii) = (i) Itis easy to see that ;£ (0) > w(x),forallx € H.
Now, let

( A u(a))/\u(y)=t,
aexoy

forx,y € H.Thenforalla € xoy, u(a) > tand u(y) > t.
This implies that for all s € [0, 7), u(a) > s and w(y) > s.
Hence, a € us> andsox oy C us>. Also y € us>, for all
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s € [0, t). Thus by (iii), x € ug> and so u(x) > s, for all
s € [0, t), which implies that u(x) > t. Hence,

u(x) = ( A u(a)) A ().
aexoy
Therefore, w1 is a fuzzy weak hyper BC K -ideal of H. O

Lemma 7.3 Let u be a fuzzy weak hyper BCK -ideal of
hyper BCK -algebra H. Then

(-+-((xoap)oap) o---)oa, = {0} implies that (x)
= pular) A paz) -+ A plan),

forallx,ay,...,a, € H.

Proof We prove the lemma by induction on n. Let n = 2,
(xoaj)oay = {0},forx, ay,ay € H and pu(ay) Aulay) =t.
Then a; € u; and ap € ;. Since (x o ay) oay = {0} C uy,
ay € puy and by Lemma 7.2, u; is a weak hyper BC K -ideal
of H, then x o a; C ;. Similarly, we get x € u; and so
u(x) >t = u(ar) A n(az). Now, let the lemma holds for
n=k—1and

(-~ ((xoaj)oaz)o---)oar = {0}

foray, az, ...,ar € H. Then by (HK2) we have

(- ((xoar)oar)o---)oar1 = {0}.

Letu € xoar. Then (---(uoay)oaz)o--+)oayr_; = {0}
and so

um) = wlap) Apaz) A -+ A p(ag—1).

Hence,

N @ = p@) A pa) A A plag-).

aexoay

On the other hand, since p is a fuzzy weak hyper BC K -ideal
of H, then

pu(x) = ( A M(a)) A plag) = pan) A p(a) A -

aexoday

A plag—1) A plag).

Therefore, the induction is complete. O

Theorem 7.4 Let H be a hyper BCK -algebra and f be a
fuzzy subset of H that satisfies the BC K -part condition, i.e.,

Vxe H\S(H), f(x)=0.

Then fuzzy subset (u which is defined by

ux) =V{fla) A---A flap) : (---((xoai)oaz)o---)
oa, = {0}, for someay, as,...,a,€ H}

is the fuzzy weak hyper BC K -ideal of H generated by f and
we denote it by [ f 1.

Proof We have to prove that u is a fuzzy weak hyper BCK -
ideal of H. For this, by Lemma 7.2, it is enough to prove that
W~ # Pis aweak hyper BC K -ideal of H. Since, 0ox = {0}
for all x € H, then it is easy to see that u(0) > u(x), for all
x € H.Now,letxoy C us,>andy € us>, forx,y € H and
t € [0,1). Then w(y) > tand foralla € x oy, u(a) >t
and so by the definition of p,

VE{flan---A flan): (- ((@oar) oaz) o---)oa,={0},

for some ay,ap,...,a, € H} >t
and
VAN Afbp): (- ((yobr) obr)o--)oby={0},
for some by, by, ...,b,, € H} > t.
Hence, there exist ay, ap, ..., ar, b1, by, ..., by € H such

that
(--+((@aoaj)oaz)o---)oar={0}, Vaexoy (6)
(- ((yob)oby)o---)ob = {0} )
and

flay A=A flax) >t and fb) A--- A f(br) >1 (8)
Now, letu € (---((x oaj) oap) o---) oag. Then

uoy C ((---((xoaj)oaz)o---)oar)oy

=((--((xoy)oa)oa)o---)oa by (HK2)
= J ¢ (@oanoam)o--)ou

aexoy

= {0} by (6)

which implies that u o y = {0}. Hence,

(- (@oby)oby)o---)ob

= ((--(@woby)oby)o---)oby)o{0}

= ((--(@woby)oby)o---)oby)o(---((yoby)obh)
o---)ob by (7)

L (¢ ((uoby)oby)o--)obi_1)o((-+-((yoby)oby)

o---)obi_y by (HK1)
Kuoy=/{0}
and so

(- (@oby)oby)o--+)ob = {0}
Since, u € (--- ((x oay) oaz) o---) o ay is arbitrary, then

(- ((¢--((xoay)oaz)o---)oar)oby)o---)ob ={0}.
Also, by (8) we have

flapy AN flag) A fb) A=A fbr) > 1.

@ Springer
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Hence,

wx) =Vv{fla) A+ A flam) : (-~ ((xoa)oaz)o---)
oa, = {0},
for some ay, as,...,a, € H}
> f@a AN A flag) A f1) AN f(br)

> 1.

This shows that x € u,>. Hence, > is a weak hyper BCK -
ideal of H and so by Lemma 7.2, u is a fuzzy weak hyper
BCK-ideal of H. Now, letx € H.If x € H \ S(H), then
by hypothesis, f(x) = 0 < u(x). Let x € S(H). Then
x ox = {0} and so

@) =v{f@a)A---A flay) : (---((x 0oar) oaz)

o) oay, = {0},
for some ay, ...,a, € H}
> f(x).

Thus p(x) > f(x) and so f € w. Now, let v be a fuzzy
weak hyper BCK -ideal of H such that f C vand x € H.
Then

ux) = Vv{flad) A A flap): (--((x 0oar)oaz)
o---)oa, ={0},
.,a, € H}
= Vvivla) A---Avap) : (- ((x oay) oaz)
o---)oa, ={0},

for some ay, ..

for some ay, ...,a, € H}
< Vv{v(x)} byLemma 7.3
=v(x).
Therefore, u = [ f1w. O

Now, we have the following result.

Corollary 7.5 Let H be a hyper BCK -algebra and f and
g be fuzzy weak hyper BC K -ideals of H with the same tip
t (i.e., f{0)=g(0)) and that satisfy the BC K -part condition.
Then forall x € H,

fvg) =[fUglux)=Vv{fUgla)n---Af
Ugan): (-~ ((xoar)o---)oa, ={0}}.

Theorem 7.6 Let H be a quasi alternatively hyper BCK -
algebra of type 1 and F [’,” ,(H) be the set of all fuzzy weak
hyper BC K -ideals of H with the same tip t and that satisfy
the BC K -part condition. Then (ﬁl’,‘f, (H), v, N) is a distrib-
utive lattice.

Proof 1t is easy to see that the intersection of any two fuzzy
weak hyper BC K -ideals of H is again a fuzzy weak hyper
BCK-ideal of H and so u A v = u N v and by Corollary
7.5, u Vv =[uUvly. So, (ﬂ;,‘jl(H), Vv, N) is a lattice. For

@ Springer

distributivity, we prove that u A (VV o) < (LAV)V (LAG),
for all u,v,0 € ﬁ;‘j,(H). The converse is obvious. Let
n,v,0 € ﬁ;jft(H),x € Hande > 0.1f x € H\ S(H),
since w satisfies the BC K -part condition, then u(x) = 0
and so i A (v Vv o)(x) = 0. Hence, the distributive inequal-
ity holds. Let x € S(H). Then, x o x = {0}. Hence, we can
choose ay, az, ..., a, € H such that

(- ((xoai)oay)o---)oa, ={0}
and
vvokx)<e+AWwUol(ay),...,vUo(a,)).
Similar to the proof of Theorem 5.6, we can show that
UAWVOo)x) <2e+A(u(x) Av(ay), ...
m(x) Ao (@iv1), ..., (x) Ao(an)).
Now, let p(x) > u(aj), forsome j € {1,2,...,n} and

s m(x) A v(a;),

u e(...((xoal)o...)oaj,l)oajﬂ)o...)oan.

Since H is a quasi alternatively hyper BC K -algebra of type
1, then

ucuoO0Cuo(ajoa;)=moaj)oaj
C (- ((xoaj)o--)oaj_1)oajt)o--+)
oap)oaj)oaj
=((--((xoay)o---)o---)oay)oajby (HK2)
=0o0a; ={0}
and so u = 0. This implies that
(- ((xoap)o--+)oaj_1)oajpi)o---)oa, ={0}.

By continuing this process, for each aj, j € {1,2,...,n},
such that p(x) > w(a;), we can omit a; and by a new
arrangement we get that

(-~-((xoa;)o-~-)oa,/{)ob/1)o--~)ob;:{O}

where {aj,...,a;} C {ar,....a;}, {b},...,b}}

C {@it1, .- an}, p(x) < p(aj) and p(x) < p(b;), for
alli € {l,...,k}U{L,...,1}. Now,

A (u(x) Aviar), ..., w(x) Avai), p(x)

A0 (ait1), -, w(x) Ao(an))

< A (ulay) Av(ay), ..., ulay) Avay), n(by)
Ao, ..., ub) Ao(b))

and so

wAWVo)x) <2+ A(ux) Av(ay), ...,
w(x) Av(ai), p(x) Ao(@iv1), .., p(x) Ao(an))
<2+ Aulay) Ao(ay), ..., ulay) Ao(ay),
@) Av(b)), ..., w(b) Avbp)
<2+ [(LAV)U (A 0)]y(x).

Thus uA(vvo) < (uAV)V(uAo).Hence, (ﬁ;,‘f,(H), v, N)
is a distributive lattice. O
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8 Conclusion

We prove that the set of all fuzzy (G-)subgroups of a
(G-)group and the set of all weak normal F-subpolygroups
of an F-polygrup form a modular lattice. Also, we show that
the set of all fuzzy hyperideals with the same tip “t” of a
hyperring is a distributive lattice and so is a modular lattice.
Moreover, the set of all fuzzy ideals of a BC K -algebra is a
distributive lattice. Finally, we prove that the set of all fuzzy
weak hyper BC K -ideals of a quasi alternatively hyper BCK -
algebra with the same tip “t” and that satisfy the BC K -part
condition forms a distributive lattice. But, there are an open
problem.

Open problem. Whether the set of all fuzzy hypersubal-
gebras of a hyperring and also the set of all fuzzy (strong)
hyper BC K -ideals of a hyper BC K -algebra forms a distrib-
utive lattice or even a modular lattice.
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