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Non-commutative fuzzy Galois connections

G. Georgescu, A. Popescu

Abstract Fuzzy Galois connections were introduced by
Bélohlavek in [4]. The structure considered there for the
set of truth values is a complete residuated lattice, which
places the discussion in a “commutative fuzzy world”.
What we are doing in this paper is dropping down the
commutativity, getting the corresponding notion of Galois
connection and generalizing some results obtained by
Bélohlavek in [4] and [7]. The lack of the commutative law
in the structure of truth values makes it appropriate for
dealing with a sentences conjunction where the order be-
tween the terms of the conjunction counts, gaining thus a
temporal dimension for the statements. In this “non-
commutative world”, we have not one, but two implica-
tions ([15]). As a consequence, a Galois connection will
not be a pair, but a quadruple of functions, which is in fact
two pairs of functions, each function being in a symmetric
situation to his pair. Stating that these two pairs are
compatible in some sense, we get the notion of strong
L-Galois connection, a more operative and prolific notion,
repairing the “damage” done by non-commutativity.

Keywords Non-commutative fuzzy logic, Fuzzy Galois
connection, Fuzzy relation, Non-commutative conjunction

1

Introduction

As in [4], our discussion concerns only Galois connections
between power sets.

A classical (crisp) Galois connection between the power
sets of X and Y (shortly, between X and Y) is a pair (T, |)
of functions T: 2X — 2Y, |: 2¥ — 2%X such that A; C A,
implies A} C Al, B, C B, implies B, C B!, A C A'},

B C B!, for all A, Ay, A, € 2%, B, By, B, € 2Y. Galois con-
nections naturally arise when one considers an arbitrary
relation between X (the universe of objects) and Y (the

universe of attributes). For A C X, A' is the set of all at-
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tributes shared by the objects of A and, for B C Y, B! is the
set of all objects that share the attributes of B. In [14], Ore
showed that all the Galois connections between X and Y
are induced by binary relations, so Galois connections are
in a bijective correspondence with binary relations.

In [4], Bélohlavek generalized the notion of Galois
connection to the case where the truth values (degrees)
come from a complete residuated lattice, that is a structure
(L,V, A, *,—,0,1), where (L,V,A,0,1) is a complete,
bounded lattice, (L, *,1) is a commutative monoid and
(%, —) forms a residuated pair (ie. x*xy < ziff x <y — z
for all x,y,z € L). Of course, the framework is fuzzy logic
and thus, for a fixed set X, called universe, instead of the
power set one considers the L-power set, L* (the set of
functions A : X — L). For any x € X and A € L%, A(x)
represents the truth value of “x is in A”. An L-relation
between the universes X and Y is a function I from LX*Y,
I(x,y) showing, for any (x,y) € X x Y, how much is x in
the relation I with y. For A;, A, € LX, S(A}, A;) (in [4], it is
denoted Subs(A;, A,)) is the subsethood degree of 4, in
Ay, namely \/, y(A1(x) — A;(x)) (it is, in fact, the truth
value of “for all x, x is in A; implies x is in A,”). A; C A,
means that for all x € X, A;(x) < Ay(x), i.e. S(41,4,) = 1.
An L-Galois connection between X and Y is a pair (7, |) of
functions 1: L* — LY, |: LY — L such that S(4;,4,) <
S(Al,Al), S(By,B,) < S(B},B}), A C All, BC B!, for all
A A}, A, € LX, B,B;,B, € LY. As in the crisp case, an
L-relation I from L*¥*Y induces an L-Galois connection
between X and Y:

Aly) = \(A(x) — I(x,))

xeX

forall y € 1;

B'(x) = \(B(Y) — I(x.))

yey

for all x € X. Bélohlavek proved a generalization of Ore’s
theorem, showing that there are as many L-Galois con-
nections between X and Y as L-relations in LX*Y (every L-
Galois connection being induced by an L-relation). He also
provided a representation of L-Galois connections by
families of crisp Galois connections with certain proper-
ties, namely L-nested systems.

All these can be found in [4]. Now let us suppose that =
(the multiplication on L) is not necessarily commutative
and that, instead of —, we have two residua — and =,
satisfying the properties:

xxy<ziff x<y—ziff y<x=12z
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for all x,y,z € L. Then L is a generalized residuated lattice
([15]). The statement “x, not being necessarily commuta-
tive, gives rise to two residua instead of one” is motivated
by the fact that, in both commutative and non-commu-
tative case, the residuum (residua), if there exists (exist), is
(are) uniquely determined by *. Of course, for each uni-
verse X, we have two subsethood degrees between the
L-subsets of X, S; and S,, corresponding to the two
implications given by the two residua.

An L-Galois connection will consist of a quadruple
(1.1, 1, 1) of functions T,4: LX — LY, |, LY — L,
where (1,{) and (1}, |) are both pairs of complementary
functions that satisfy similar properties as in the com-
mutative case, only with a left-right variation of the sub-
sethood degree considered. In addition, when fulfilled a
compatibility condition between these two pairs (de-
manding that T and 1), respectively | and |}, have the same
starting point, i.e. coincide on crisp singletons), the
L-Galois connection will be called strong.

Section 2 of this paper creates the framework for our
discussion (generalized residuated lattices, L-sets, subset-
hood degrees).

In Sec. 3, we define the L-Galois connections and
investigate their properties, following quite closely [4] in
order to generalize the results from there. It turns out that
most of the generalizations are possible only with strong
L-Galois connections; this, together with the fact that
strong L-Galois connections (which still generalize the
commutative case of L-Galois connections) are precisely
the ones induced by L-relations, suggests that this might
be the right fuzzy non-commutative notion of Galois
connection, although the strongness condition is quite
unlike “Galois connection style”.

Section 4 treats, in the style of [7], the case where
universes come equipped with fuzzy equalities and, con-
sequently, the considered relations and Galois connections
must respect those equalities. It is proved that a bijection
between L-relations and strong L-Galois connection exists
also here.

2
The framework

Definition 2.1 A generalized residuated lattice is a struc-
ture (L,V, A, *,—,0,1) such that the following conditions
hold:

(GR1) (L,V,A,0,1) is a bounded lattice;
(GR2) (L,%,1) is a monoid;
(GR3) (residuation)

For all a,b,c € L we have the equivalences:
iffaxb<c,
iff bxa<c.

a<b—c
a<b=c

Obviously, a generalized residuated lattice is a residuated
lattice (identifying — with =) iff % is commutative.

Lemma 2.1 In a complete generalized residuated lattice L,
the following properties hold for all a, b,c € L, (4;);.; C L,

(bi)ier € Ls (ai])(l])EIX] c L

iel =

(1) a<biffa—b=1iffa=>b=1;
2) a—1=a=1=11—a=1=a=a;
(3) — and = are antitone in the first and isotone in the
second argument;
(4) = is isotone in both arguments;
(5) axb<aand axb < b;
(6) 0xa=ax0=0;
7) (vzel ai ) *a=\/;c;(a;*a) and
ax* (Vi ai) = Viga* ai);
(8) (a—b)xa<bandax(a=b)<b;
(9) a<(a—b)=banda< (a=b)— b
(10) (Ajesai) * a < Njey(ai * a) and

(11)
(12) (Viel ai) =a= /\iel(a'
= Nigs(

(13) ey 4ij = /\]e] /\zel aij = /\ (ij)elxy Qijs
\/161 \/]E] aij = \/JE] \/IEI aij = \/ (ij)eIx] aijs
—-(b=c)=b= (a—c) and
:>(b—>c):b—>(a:>c);
* is commutative iff —== .

(14)

(15)

Remark 2.1 Of course, many of the properties above
(namely those that do not involve family suprema) hold in
any generalized residuated lattice, not necessarily com-
plete. However, we are interested only in the case of
completeness, since the truth values must be appropriate
for universal and existential quantification.

For a set X, call an element from L* (the set of functions
from X to L) an L-fuzzy-subset (L-subset) of X. We shall
identify the subsets of X (called crisp subsets, i.e. elements
from 2%) with particular L-subsets of X in the obvious way.
For two sets X and Y, an L-relation between X and Y is an
element from LX*Y,

In the commutative case ([4]) (i.e. L being a complete
residuated lattice), we have, for any A, B € L%, the
subsethood degree S(A, B) of A in B:

S(A,B) = [\ (A(x) = B(x)) .

xeX
One can see that, for all a, b, ¢ € L%,

(1) S(A,A) =1;
(2) S(A,B) = S(B,C) < S(4,C) ,

ie. S: L¥ x L* = L is an L-preorder on L.

Now we want to define a similar concept of
subsethood degree for the case of a generalized
residuated lattice (L,V,A,*,—,=-,0,1). The existence
of two residua — and = leads to two indicators of this
degree:

$1(4,B) = /\(A(x) = B(x)) ,
$:(A,B) = \ (A(x) = B(x))

for any A, B € L*. We write A C B when A(x) <
all x € X.

B(x) for
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For the rest of this paper, (L,V, A, *,—,=,0,1) will be
a generalized residuated lattice.

Proposition 2.1 For all A, B, C € LX the following prop-
erties hold:

(1) A C B implies S;(B,C) < §;(4,C) and
$,(B,C) < 8,(A,C);

(2) A C B implies Sl(C,A) < 8(C,B) and

$,(C,A) < ,(C, B);

(3) A C B iff Sl(A,B) = 1iff $,(A,B) = I;
(4) $1(B,C) x 81(4,B) < 851(A,C);
(5) S2(A,B) x 82(B,C) < 8,(4, C).

Proof. (1): By Lemma 2.1.(3), for any x € X, A(x) < B(x)
implies B(x) — C(x) < A(x) — C(x) and
B(x) = C(x) < A(x) = C(x), hence

$1(B,C) = /\(B(x) — C(x))

xeX

< /\ (A
xeX
and, similarly,

SI(B7 C) < Sl(Av C) .
(2) The proof is similar.
(3) We have the equivalences:

S1(A,B) =1 iff Acex(A(x) — B(x)) =1
iff A(x) > B(x)=1forxeX
iff A(x) <B(x) forall x € X

iff ACB.
The equivalence A C B iff S,(A, B) = 1 can be proved
in the same manner.
(4) By Lemma 2.1.(5 and 8), for any x € X, the following
inequalities hold:

(B(x) — C(x)) * (A(x) — B(x)) * A(x)
< (B(x) — C(x)) * B(x) < C(x) .
We get, in accordance to (GR3), that
(B(x) — C(x)) * (A(x) — B(x)) < A(x) — C(x) ,
for any x € X. Therefore, using Lemma 2.1.(10),
S1(B,C) = S1(A, B)

— C(x)) = 51(4,C)

= {/;(B(x) - C(x))} * /G\X(A(x) HB(X))}
< ;\ [(B(x) — C(x)) * (Ax()/) — B(y))]

< )C)y\eE((B(X) — C(x)) * (A(x) — B(x))]

< X/EC (x)) < 81(4,C) .

xeX
(5) has a similar proof.

3

Non-commutative fuzzy Galois connections

In [4], Bélohlavek defines fuzzy Galois connection as a
natural generalization of the classical (crisp) one. This

section is concerning with a notion of Galois connection
corresponding to a fuzzy set theory based on a generalized
residuated lattice. The results from [4] are generalized in
this section.

Remember that L denotes a generalized residuated
lattice.

Definition 3.1 Let X and Y be two arbitrary non-empty
sets. An L-Galois connection between X and Y is a
quadruple (1,1, |,{) of functions

XLV, o —1V, | LY — X,
LY — X
such that the following conditions are fulfilled:

(G1) $1(A1,4;) < sz(ALAT) $2(A1,4A;) < sz(AQ,A”);
(G2) $1(By,B;) < S,(B f )s S2(B1, B2) < S1(B; ﬂ )
(G3) A C AT, A C AN
(G4) B C Bif; BC BYT |

If L is a residuated lattice then the residua — and =
coincide hence one obtains the Bélohlavek’s notion of
fuzzy Galois connection ([4]).

The following proposition provides an alternative
definition for L-Galois connections.

Proposition 3.1 A quadruple (7,1}, |,{) of functions
T, LX — LY, |,|: LY — LX forms an L-Galois
connection iff

Si1(A,B%) = S,(B,A"), S2(A,B) = S,(B, A") for all
AcILX,BelL'. (A)

Proof. Let (7,1, |, ) be an L-Galois Connection.

First, we prove S;(A,B%) < S,(B,A"). From (Gl1), we get
S1(A,BY) < S,(BYT, AT). Moreover, by (G4), B C B'T; now,
applying Proposition 2.1.(1), S,(B', AT) < S,(B, A'). Thus
S1(A,BY) < S,(B,A"). For the converse inequality, we
apply (G2) and get S,(B,A") < S, (A", BY); next, by (G3),
A C A™ and thus, applying again Proposition 2.1.(1),
SZ(Ba AT) < Sl (ATU7 BU) < Sl (A7 BU)

We showed that S;(A, BY) < S,(B, A"). The proof of the
fact that S;(A, B!) < S,(B, A™) goes on in a similar
manner.

Suppose now, conversely, that A hold. We shall prove,
for each property from (G1)-(G4), only half of it, the other
half having an analogous proof.

(G3): Because S,(A',A") = 1, we have that
Si(A,ATH) = S,(AT, AT) =1, hence A C ATV,
(G1): $,(AL, Al) = $,(A1, Al"). But since 4, C ALY (as

showed above) and 51 is isotone in the second

argument, S; (A1, A,) < S1(A1,AlY) = 5,(Al, A]).
(G4): Since $;(BY, BY) = 1, we have

S»(B,B'T) = §;(BY, B¥) = 1, hence B C BYI.
(G2): S1(BY,BY) = $,(By,BY'). But since B, C BY' (as

showed above) and S, is isotone in the second

argument, S,(B;,B,) < S,(By,By') = S,(By, B).

Now we shall see how a binary L-relation I € LX*Y
naturally induces an L-Galois connection.

With any L-relation I € LX*Y, one can associate four
functions



X — L', el — 1LY, |l — ¥,

Up LY — I¥

defined by

All(y) = N\(A@x) = I(x,))

Aﬂl(y) = /\(A(X) = I(%)’))

Blz x) /\(B()/) — I(x )’))
yeyYy

B(x) = \(B(y) = I(x,y))
yey

foranyAELX,BGLYandeX,yE Y.

Proposition 3.2 For any binary L-relation I € L**Y, the
quadruple (T;, 7, |1, 1) is an L-Galois connection.

Proof: We shall prove that the conditions A from
Proposition 3.1 hold. We have

$1(4,8") = \(A(x) — B*(x))

xeX

= AlA®) — \BQ) = I(x,))] .

xeX yey

Applying successively Lemma 2.1.(11, 14 and 13), we get:

Si(A,BY) = \[A(x) = \(BY) = I(x.y))]

xeX yeyY

AYAG

xeX yeY

AYAGL

yeY xeX
=\ N\BO») =
yeY xeX

On the other hand,

5:(B,4") = \(B(y) = Al (»))

yeyY

= \BO) = /\(A(

yeY xeX

— (By) = I(x,y))]
— (By) = I(x,7))]

—1I(x,y))] -

x) = 1(x,))] -

Applying Lemma 2.1.(12), we get

$:(B,A") = \[B() = /\ (A(

yeyYy xeX
=\ \BO) =
yeY xeX

So S,(A,B%) = S,(B,A").
The fact that S,(A,B!) =

x) = I(x,7))]

—I(x,7))] .

S1(B, AT follows similarly.

Remark 3.1 The crisp form of the above reasoning is:

ACBViffAC{xeX /xeB'}iffAC{xeX/Vy€cB,
(x,y) € I} iff Vx € A,Vy € B, (x,y) € I; on the other hand,

BCAVMffBC{yeY /ycAl}iff BC{yeY /Vx€A,
(x,y) € I} iff Vy € B,Vx € A, (x,y) € I; hence, since
universal quantifications commute, A C B iff BC A'.

Thus, like in the crisp case and in the commutative fuzzy
case, relations induce Galois connections ((T;, 1, |7, U;) is
called the L-Galois connection induced by I). Ore ([14])
showed that every crisp Galois connection is induced by
some crisp relation. Bélohlavek generalized this result,
showing that, when L is a complete residuated lattice, every
L-Galois connection is induced by an L-relation. In our non-
commutative case, the splitting of implication into two,
which leads to the splitting of subsethood degree into two,
causes the existence of two “liberty degrees” instead of one
in our definition of an L-Galois Connection; that is, the pairs
(1,4) and (i, |) are quite independent from each other,
making impossible the natural bijective correspondence
with L-relations that exists in the commutative case. Thus,
one could argue that our definition of L-Galois Connections
is two permisive and that for the two pairs (1,{}) and (1, | ) it
should be postulated a compatibility condition. We shall in
fact do that, when defining what we shall call a strong
L-Galois Connection. Though most of the interesting results
hold only for strong L-Galois Connection, we have chosen
this variant thinking that the definition of Galois connection
should be given only with “traditional tools”, like in [8] and
[14]. However, though important, this is only a matter of
sintax.

Consider the L-Galois connection (T, 1, |1, ;) induced
by some L-relation. The two pairs (1;,;) and (fit;, |;) are,
in this case, strongly connected, in fact each one of them
uniquely determining the other. This will lead us to the
notion of strong L-Galois Connection. But let us first in-
vestigate some properties of L-Galois connections between
two fixed sets X and Y.

We make the following denotation:

(for any a € A and x € X)
{a|x} is the function from L* defined by:

{alx}(x') = {0, if x' # x

a, ifx' =x
for all x' € X.
Let (1,1, |,{) be an L-Galois Connection.

Lemma 3.1 Foranya € L, x € X and y € Y, we have:

(1) {1[x}! )= {lly}“( );
@ {1x}"0) = {1} (%)

Proof.

(1) We know that S, ({1]x}, {1]y}*) = S, ({1|x}", {1]y}).
This means that

N {1l () = {1y} ()
= //\({l\x}T()/) - {1y}0Y)) ,
that isy

1— {1y} (x )—1=>{1T|x} )
that is {1[y}"(x) = {1x}'(y) .

(2) has a similar proof.
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Lemma 3.2 Foranya € L, x € X and y € Y, we have:

(1) a = {ll)’} (x) < {a|x}1(y)s
(2) a— {ll)'} (x) < {alx} (7);
(3) a = {1fx}! o)< {aly}l(x)
@) a— {1lx}"(y) < {aly}'(x) .

Proof. We shall only prove (1), the rest being provable
analogously.
By the definition of S;,

Se({alx}, {11y} (x)lx})
= A\ Hal} (&) = ({1} (x)lx} (x)

=a= {1y} (x)
hence, by (G1),
a= {1y} (x) < {1y} (x)[x}", {alx}") -

On the other hand, since {{1]y}'(x)|x} C {1]y}*, we have,
by (G3),

1= {1p}0) < {137 0) < {1 @I )
therefore {{1]y}'(x)|x}"(y) = 1.

Thus,

Si{{1ly} (x)lx}", {alx}")
= A} ") — {alx}" ()

yey
< {1} ()l () = {alx}" () =1 = {alx}" ()
= {alx}"(y) .
Therefore a = {1y} (x) < {alx}"(y).

Lemma 3.3 For any a € L, x € X and y € Y, we have:

(1) a= {llx}ﬂ(y) = {alx}ﬂ()’)
2)a— {llx} () = {alx}! s
(3)a= {lly} (x) = {aly} (x)s
@) a— {1y} (x) = {aly}' (x) -

Proof. We only prove (1). Letac A, x € X and y € Y.
From Lemma 3.1.(2) and Lemma 3.2.(1), we immediately
get a = {1|x}"(y) < {a|x}"(y). For the converse inequal-
ity, notice that a = S, ({1|x}, {a|x}). Now, from (G1),

a < Si({alx}", {1x}") < {alx}" () — {1} () -

From (GR3), we get, successively, that

ax{alx}"(y) < {1]x}"(y)
and
{alx}"(y) <a={1x}"(y) -

Lemma 3.4 LX and LY are complete lattices with respect
to the component-wise inclusion in which infima and

suprema are the component-wise infima and suprema

X Y
from L. Moreover, for any (Aj)je] C L* and (Bj)je] CcL,
we have:

T
o (V) - Ass
j€l o j€l
(2) (\/Aj> :/\A.ﬂ;
j€l | i€l
@ (Vo) - Ao
j€l ' j€l
(4) (\/Bj> = \B/.
j€l j€l

Proof. That LX and LY are complete lattices with compo-
nent-wise suprema and infima follows immediately from
the fact that L is a complete lattice.

Further, we only prove (1). Let B € L" and (4)),; C L*.
Applying, successively, Lemma 2.1.(11, 13 and 12) we get

(1)
I

= A A\@Aix) = B'(x) = \ \(4(x) — B'(x))
xeX jeJ Jj€J x€X

= /\SI(AJ BY) = /\SZ(BaAjT)
jel jel

= A N\Bx) = A (x) = \ ABx) = Al (x))

jeJ xeX

= A [B(x) = (/\A}(x)ﬂ =5, (B,/\(A})> .
xeX jel j€l

1
In particular, B C (vje/ Aj> iff B C /\jej(AjT), SO

T
j€l j€l

xeX jeJ

/\A]T.

Definition 3.2 An L-Galois connection (T, 1, |,{}) is called
strong if it satisfies one of the following equivalent
conditions:

(1) {1|x}T = {1|x}ﬂ for all x € X.
(i) {1y} = {1]y} forally e v .

That (i) and (ii) are equivalent one can see from Lemma
3.1.

Proposition 3.3 An L-Galois connection is strong iff it is
induced by some L-relation. There is a bijective corre-
spondence between the set of L-relations and the set of
strong L-Galois connections (between X and Y).

Proof. Let I € L**Y be an L-relation. We know that it
naturally induces an L-Galois Connection,

Cr = (15, L1y Up)- Let us show that this L-Galois
connection is strong. Take x € X and y € Y. Since



{1} () = A\ {1lx}(x) = I(x', )]
=1— I(xay) - I(x’y)

and

{1} ) = A\ {1lx} () = I(x', )]
x'eX
=1=1I(x,y) =1(x,y) ,

it follows that {1|x}'(y) = {1|x}"(y). Thus, for any x € X,
{1x}" = {1]x}".

Consider now (T, |,{) a strong L-Galois connection
and denote it with C. We define I € LX*Y as follows: for
any x € X and y € Y,

Ie(x,y) = {1} () = {1} () = {1y} (%)
= {1y} () -

This definition is correct according to the definition of
strong L-Galois connection and Lemma 3.1.

Let us prove now that the two correspondences from
above (I—~C; and C—I.) between L-relations and L-Galois
connections are invertible and inverse to each other.

Consider I € L**Y and let x € X and y € Y. Then

e (x.9) = {11} () = A\ ({1} () — 1<, 3))
x'eX
=1—-1I(x,y)=1(x,y) .

So IcI =1

Now, take C = (1,1, |, {}) to be an L-Galois Connection.
We show that C = Cj.(= (1., 1., 41.s 11.))- Remember
that LX and LY are complete lattices with respect to the
component-wise inclusion in which infima and suprema
are the component-wise infima and suprema from L. Let
A € L* and B € L*. We have that: A = \/,{A(x)|x}, so,
according to Lemma 3.4.(1), AT = /\XGX({A(x)|x}T).

Let y € Y. From above and Lemma 3.3.(2), we get

Aly) = A{A@)IH )

xeX

= NA®) — {1x'0) -

xeX
On the other hand,

Ale(y) = N\(Ax) = Ie(x,y)
xeX
= N@AE) = {1x'p) -
xeX
Thus Alc = A'. That ATc = A", for any A € L¥ and Blic =
B! and B%c = BY, for any B € LY, follow analogously.

Notice that, for a strong L-Galois Connection, the cor-
responding L-relation I¢ can be defined in terms of any of
the four functions from C (in fact, it was sufficient the
restriction of one function to crisp singletons). This
immediately gives:

Corollary 3.1 If (1,1, |, {}) and (1,1, |, {) are two
strong L-Galois connections, then the following statements
are equivalent:

@ (1,1, L4 = 0 1 8).

@ 1=

(3) T and 1’ coincide on crisp singletons.
(4) p=1".

(5) 1 and 1)’ coincide on crisp singletons.
(6) |=I".

(7) | and |’ coincide on crisp singletons.
(8) U=V

(9) |} and |}’ coincide on crisp singletons.

Actually, we can tell more about the above bijective
correspondence, namely that, considering the partial order
C on L¥*Y and the component-wise C on the set of strong
L-Galois Connections between X and Y, this correspon-
dence is an order isomorphism.

Proposition 3.4 Let (1,1, [1,41) (T2, 2, 12, J2) be two
strong L-Galois Connections between X and Y and I, I,
the corresponding L-relations. Then the following are
equivalent:

(1) [ C L

(2) For each A € LX, B LY, we have A"t C A2 and
Bh C B

(3) For each A € LX, Be LY, we have AT C Af: and
Bl1 g Blz;

Proof. “(1) implies (2)” and “(1) implies (3)” are easy
consequences of — and = being isotone in the second
argument. Let us prove “(2) implies (1)”. Particularizing
(2), we get that, for any x € X and y € Y, {1]x}''(y) <
{1]x}"2(y), that is I; (x, y) < L(x,y). “(3) implies (1)”
follows similarly.

The equivalence between (2) and (3) together with
Corollary 3.1 immediately give:

Corollary 3.2 Fix, as usual, X and Y. Consider these five
partially ordered sets:

o The set of strong L-Galois connections with the com-
ponent-wise inclusion;

e The set of functions T such that there exists the triple
(f, 1, ) making (1,1, |,{}) a strong L-Galois connec-
tion, together with the component-wise inclusion;

e The set of functions {} such that there exists the triple
(1,1,4) making (7,1, |,{}) a strong L-Galois connec-
tion, together with the component-wise inclusion;

e The set of functions | such that there exists the triple
(1,1, ) making (1,1, |,{) a strong L-Galois connec-
tion, together with the component-wise inclusion;

e The set of functions |} such that there exists the triple
(1,1, ]) making (7,1, |,{}) a strong L-Galois connec-
tion, together with the component-wise inclusion.

The five structures are isomorphic (and, of course, iso-
morphic to (L**Y, C)).

So, for an L-Galois connection to have its components
correlated, we had to postulate that T and f} (or, same thing, |
and |}) coincide on crisp singletons. This condition could be
seen as a remedy for the “non-commutativity syndrome”,
which splits everything in two. Thus, the “healthy” version
of L-Galois connection is the strong one. Notice also that
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strong L-Galois connections still generalize L-Galois con-
nections from the commutative case. Our interest in the rest
of the paper will be focused on strong L-Galois connections.

The next proposition says that, in non-trivial cases, our
notion of strong L-Galois connection coincides with the
one from [4] if and only if L is commutative.

Proposition 3.5 Suppose X, Y # (). Then the following are
equivalent:

(i) L has the operation * commutative;
(ii) For any strong L-Galois connection (T, 1, |, ) be-
tween X and Y, T=1} and |=].

Proof. (i) implies (ii): Suppose * is commutative, and
hence, from Lemma 2.1.(15), —==>. Let I be the corre-
sponding L-relation. We have that, for any A € L*, B € LY
andxeX,yey,

A'p) = NAR) = I(x,9) = \(ARx) = I(x,))

xeX xeX

= 41)

and
B'(x) = \(BY) — I(x,9)) = \(B() = I(x,y))
yeY yeY
= B“(x) .
o =1t and |=].

(i) implies (i): Let a,b € L. Take A € L* as the constant
function a and I € L*¥*Y as the constant function b. Ac-
cording to the hypothesis, T;=f}; and thus, for an y € Y,

a—b= N\(Ax) —I(xy) = \Ax) = I(x,)

xeX xeX
=a=b.

Applying again Lemma 2.1.(15), we get * commutative.

In the rest of the section, generalizing another result
from [4], we shall get a representation of strong L-Galois
Connections by (crisp) Galois connections.

Like in [4], for A € L* (and same goes for A € LY, or
A € I*Y) and a € L, the a-cut of A is the crisp set
A ={x € X /A(x) > a}. As already mentioned, we view
crisp subsets of X (i.e. elements from 2X) as particular
cases of L-subsets of X from LX.

Lemma 3.5 Let I € LY (1,1, |, ) the (strong) L-Galois
connection induced by I and, for any a € A, (", ") the
crisp Galois connection between X and Y induced by the
crisp relation “I. Then:

(1) For any a € L, A € 2¥ and B € 2Y, we have:

“(Al)y =4 =4"(B") =“(B*)=B"
(2) Foranya€L, A€ LX and B € LY, we have:

a(AT) — ﬂ(bA /\u*b (1 ﬂ( B \/b*a .
bel bel
() = )4y “(8) = ﬂ(l’mvm .

bel bel

Proof.
(1): For any y € Y, we have that

“(A1)iff Al(x) > aiff /\ (A

xeX

(x) = I(x,y)) = a

iff (A being crisp) /\(1 — I(x,y)) > a

x€A

iff /\I(x,y) >a

x€A
iff (x,y) € °I for all x € A iff x € A .
Thus “(A") = A, Analogously, *(AT) = A" and
o(B') = (3}) = B

(2): Let y € Y. We have that
YAl iff AT(y) > a

iff A\ (A(x

x€X
iff for all x € X,a < A(x) — I(x,y)
iff forall x € X,a* A(x) <I(x,y). #

On the other hand,
y e m(bA)/\a*b iff

bel
for all b € L, for all x € YA, I(x,y) > a b iff
forall x € X, forall b€ L,b < A(x)implies a x b
<I(xy). ##

It is immediate that ## implies # (taking b as A(x)).
Conversely, suppose # holds and let x € X and b € B such
that b < A(x). Then a*x b < ax A(x) < I(x,y). So # im-
plies ##. This means that y € 4(A") iff y € ﬂbeL(bA)/\“*”
for any arbitrary y € Y. Thus *(A") = (), ("A)"** The
other three equalities from (2) follow in the same way.

) = I(x,y)) >

>

The definition of an L-nested system is taken from [4]:

Definition 3.3 A system {("*,Y+) / a € L} of crisp Galois
connections is called L-nested if:

(a) foreacha,be L, a<b, Ac2X Bec2Y, we have
AlNe C A/\a’ BV C Bva;

(b) foreveryx € X,y € Y, theset {a € L / y € {x}/} has
the greatest element.

Proposition 3.6 Let X and Y be two sets. There is a
bijective correspondence from the set of strong L-Galois
Connections between X and Y to the set of L-nested
systems of crisp Galois connections between X and Y.

Proof. Let C = (1,1, |,{}) be an L-Galois connection.
Define S¢c = {(A4, Va) / a € L}, where, if a € L, A" =
@(A1) = %(A") and B« = %(B¥) = 9(BY) for any A € 2% ,
B € 2¥. The definition is correct according to Lemma
3.5.(1). We show that S¢ is an L-nested system. Let I be the
L-relation that corresponds to C. If a < b, then by C g,
Applying Lemma 3.5.(1), (A, Vq) and (Ap, V) are the



crisp Galois connections induced by “I and b1 thus, from
Proposition 3.4. (that treats, in particular, the crisp case),
we get AN C A and BY» C BV« forall A € 2X ,B€ 2'. In
addition, for any x € X and y € Y, the set
{acL/yec{x}"} is precisely {a € L / I(x,y) > a},
which has the greatest element, namely I(x, y).

Consider now S = {("*,Y+) / a € L} an L-nested sys-
tem. Define Cs = (1g, s, | s, Us)> with Tg, frg: LX — LY
and |, |s: LY — LX as follows: for any A € LX, B€ LY,
xeX,yey,

o Vferreen
bel
BYs(x) = \/{a [ x € ﬂ(bB)v“*b};

beL

Aﬂs(y)_\/{a/yem /\b*u}.
bel
Bls(x) = \/{a /x€ ﬂ(bB)v”*“} :

bel

Let us show that Cs is a strong L-Galois connection.
Consider the L-relation I defined by

y)=\Valye{x"}=\/{alxe {y}"}

forall x € X, y € Y and (1, iy, 11, ;) the corresponding
L-Galois Connection. We shall prove that (TS, s Lgy ds) =
(11, ft1» L1, 4;). From the definition of I, ("*,"«) is the crisp
Galois connection induced by “I. Thus, according to
Lemma 3.5(2), for any A € LX and yey,

Aliy)=\/{a/ye“(al}
~V{aryepearl-ap.

bel

Similarly, we get AT = Afls, Al = Als; A% = Als,

Thus we defined two mappings (C—S¢) and S—Cs be-
tween strong L-Galois Connections and L-nested systems.
Let us show that these mappings are invertible and inverse
to each other.

Let C = (1,1, /,{) an L-Galois connection and let
A € L%, y € Y. It is obvious that AT = \/{a / x € 9(AT)}.
By Lemma 3.5.(2),

AT:\/{a/xE“ (AT)}:\/{a/yeﬂ A"*”}
bel

where A, is the first component of the crisp Galois
connection induced by the relation “I, which is, via Lemma
3.5.(1), exactly the first component of the element from S¢
corresponding to a * b. And similar statements can be
proved for 1}, | and |}, obtaining that C = Cs,.

Finally, let S = {("*,*) / a € L} an L-nested system.
Let A € 2X and a € L. We know, from Lemma 3.5.(1), that
4(Alc) = A’ and the similar statements for f\¢, |, and
|, meaning together that S = S¢,.

Remark 3.2 Notice that we did not have to enrich, because
of non-commutativity, the notion of L-nested system.
Thus, this notion is “commutative-free”, like those of
fuzzy sets and fuzzy relations.

4

Galois connections modulo equality

In what follows, we shall prove a generalization of the
theorem stating the one-to-one correspondence between
strong L-Galois Connections and L-relations. Instead of
just sets, we shall take sets with L-equalities. This will also
generalize Proposition 7 from [7].!

Definition 4.1 Let U be a set. A binary L-relation
~¢c LYY (in infixed notation) is called L-equality on U if,
for all x,y,z € U,

(1) (x = x) =1 (reflexivity);

(ii) (x =y) = (y = x) (symmetry);
(i) ((x~y)* (y~ 2) A (= 2) * (x~ ) < (x = 2)
(tran51t1v1ty)
(iv) (x =y) =1 implies x = y.

Definition 4.2 Let (X,~x) and (Y,~y) two sets with
L-equalities. An L-relation R between (X, ~x) and (Y, ~y)
is an L-relation between X and Y which is compatible with
~x and ~y, i.e, for all x;,x%, € X, y1,0, € Y,

(x1 ~x x2) * R(x1, 1) * ()1 Ry y2) < R(x2,y2)

and

(1 =x y2) * R(x1,y1) * (x1 =y x2) < R(x2,2) -

Denote with L&X~0%(Y~v) the set of L-relations between
(X,~x) and (Y, ~y).

Definition 4.3 Let (X, ~zx) be a set with L-equality. An
L-subset A € L* is said to be:

- left extensional w.r.t. (=) if, for all x,x" € X,

A(x) x (x ~x x') < A(X);

- right extensional w.r.t. =

(x' ~x x) % A(x) < A(X);

- extensional w.r.t. ~x if it is both left and right
extensional w.r.t. ~x.

if, for all x,x" € X,

Denote with L;X’%X) (LgX"NX), L&) the set of L-sets that
are left extensional (respectively right extensional,
extensional) w.r.t. ~x.

Definition 4.4 Let (X,~x) and (Y
L-equalities. An L-Galois connection between (X,
(Y,~sy) is a quadruple (1,1, |, ll) of functions

1 L™ — L0 e L0 — Y,
[E A gy oS NP LﬁY ) )

,~2y) be two sets with

zx) and

'In [7], the author consider the proof of this proposition a simple
adaptation of the one that does not consider equalities on the
universes and leaves it to the reader. In the non-commutative
case, the proof will encounter a few technical difficulties, so we
give it here.
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such that:

(a) S1(A1,42) < S2(A},A}); Sy(Ay, 4;) < 8,(A], AD);
(b) Si(B1,B;) < Sy(B;, B}); S2(B1,B;) < Si(By, BY);
(c) AC At A C AL

(d) B C B': BC BYI.

Consider now a crisp singleton from L¥, that is an L-set
of the form {1|x}, with x € X and ~ an L-equality on X.
We have that, for each x,x’ € X,

{Ux} () # (&~ x") = {07 if x £ %,

x =~ x", otherwise.
Hence {1|x} is left extensional w.r.t. ~. Analogously, {1|x}
is also right extensional w.r.t. ~. Thus the following defi-
nition makes sense:

Definition 4.5 An L-Galois connection between (X, =)
and (Y,~y) is called strong if one of the following
equivalent conditions holds:

(1) T and 1} coincide on the crisp singletons of L*;
(2) | and |} coincide on the crisp singletons of LY.

The two above conditions are equivalent because, for each
x € X and y € Y, we have {1|x}'(y) = {1]y}*(x) and
{12} () = {1y} ().

(this has a proof similar to the one of Lemma 3.1)

Proposition 4.1 Let (X, =) and (Y, ~y) be two sets with
L-equalities. Then there are as many strong L-Galois

connections between (X,~x) and (Y,~y) as L-relations
from L(X;":X)X(Yu%Y).

Proof. Let (1,1, |,{}) be an L-Galois connection between
(X,~x) and (Y,~y). Define I € LX*Y by

I(x.y) = {1} () = {1x}' () = {1} () = {1} (%)

for all x € X, y€ Y. We show that I is in L&~)*(Y~r) Let
x,x € X,y,y € Y. We apply, successwely, the left exten-
s10nahty of {1]x}", the fact that {1]x}"(y/) = {1/} (x )
the symmetry of ~x and the right extensionality of {1]y'}":

(x mx X) % 1(x, ) * (y =y ¥)
= (x ~x )+ ({1x} () % (v =y ¥))
< (x g o) * {1} () = (x mx ) {1y} (%)
= (¢ mx ) = {10 < (1YY () = 1Y)

Analogously,

(y =y ) * 1(x, y) * (x ~x %)
= (/ oy y) + {1lx} () +
< {1} () * (x =y )
= {1y P (x) * (x=x &) < (YY) = 1(¢,Y)

Consider now I € LE=)*(Y~v) Define (1,1, |, {) as
follows:

(x ~x x')

A1) = N\ (A1) — I(x,9)); A5 ()

xeX

= N\ (Aa(x) = I(x,y));

xeX

ABi) = I(x.5)); B; ()

yeyYy

= ANB:(y) = I(x.y))

yey

forall A, € L;X"zx
xeX,yeY.
From a similar reason as in the proof of Proposition
3.3, we have that conditions (a)-(d) from Deﬁn1t10n 4.3
hold. It remains to show that, if A € L*™), then
Al e L< ~) and the other three correspondmg state-
ments for 1, |,{. We only prove the one mentioned
above, the rest following similarly. Take y,y’ € Y. We
have that, for each x € X,

=y y) * (A(x) = I(x,p) * A(x) < (y =y Y) * I(x,)
=y =~y y) *I(x,y) * (x ~x x) < I(x,))

(we applied Lemma 2.1.(8) and the compatibility of I).

Further, by residuation, we have:

foreach x € X, (y =y y') x A(x) — I(x,y)) < A
I(x,y") #.

We now apply, successively, the symmetry of ~y,
Lemma 2.1.(10) and #:

(Y =y y)«Al(y)
==y y) A ) = v y) « N\(AX) = I(x,y))

xeX
< \lb

~yy) x (Alx) = I(x,7))]

</\(A ) —I(x,y") =Al(Y) .

xeX

Bl(x) =

Y NY)

)4, e 1™, B e L") B, e L!

(x) —

Thus we have defined two mappings between strong
L-Galois connections and compatible L-relations. By
definition, the two mappings are both restrictions and
corestrictions of the mappings defined in the proof of
Proposition 3.3, hence they are, like those, bijective and
inverse to each other.
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