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Abstract In this paper, an approach is proposed to design
robust controllers for uncertain systems with the linguistic
uncertainties represented by fuzzy sets. With a provided
technique, the fuzzy sets are best approximated by intervals
(crisp sets). Then the Kharitonov’s theorem is applied to
construct a robust PID controller for the uncertain plant
with time-invariant uncertainties represented by interval
models. Also, for the uncertain system with linguistic values
of the time-varying uncertainties best approximated by
intervals (which are bounded), a robust sliding mode
controller is developed to stabilize the uncertain system if
the sliding coefficient conditions are satisfied. Moreover,
the best approximation intervals are shown to be more
related to the possibility distribution of the elements in the
universes of discourse of fuzzy sets than the type of mem-
bership functions used for fuzzy sets. Examples and simu-
lation results are included to indicate the design approach
and the effectiveness of the proposed robust controller.

Keywords Robust control, Fuzzy representation,
Uncertain system

1
Introduction
It is known that the exact mathematical model of the
controlled plant is not always available in the real world.
That is, the mathematical plant model includes uncer-
tainties. The structured (parametric) uncertainties may
arise from the major variations in the parameters due to
mass series production, to different operating environ-
ment, and to aging problem. For example, the aerody-
namic coefficients in flight control vary with flight
environment [9]. The unstructured uncertainties appear
when a parameterized mathematical model fails to specify
the system with dynamic models. Many mechanisms (e.g.
intervals, lingustic information, etc.) can be used as the
representations of uncertainties to describe the difference
between the models and real plants.

For the plant parameters which can be measured or
estimated, the intervals are usually taken to indicate the

uncertainties from the imprecision of the measurement
and the improper estimation. The parameter variations are
defined by appropriate subsets of parameter space. For a
linear system with interval uncertainties, Kharitonov’s
theorem can be used to analyze the stability of the
uncertain system [5]. By using the analysis of stability, a
robust controller is able to be designed for the system with
uncertain interval parameters. However, the robust con-
troller based on an entire interval may become too con-
servative to have satisfactory performance. Moreover, the
precise invervals for the uncertainties from the variations
of parameters are difficult to be specified. Further, the
measurements or estimates might not be obtainable all the
time in reality. In this case, the linguistic information
of the uncertain plant provided by experts becomes
important for the control of the uncertain plant.

When the errors between the model structures and the
plant dynamic structures occur, the bounds of uncertainty
norms represents the unstructured uncertainties. If the
norm-bound is known as a priori and the uncertainties
satisfy some required conditions, the uncertain plant can be
controlled with the sliding mode control techniques [2]. The
H1 technique can be applied to the uncertain plant with
predefined norm-bounded uncertainties. It is known that
the uncertainties might not satisfy the matching conditions,
and the required bounds for the norm of uncertainties might
not be obtainable, either. Thus, the experts’ knowledge as an
alternative representation of unstructured uncertainties is
great helpful for the design of a robust controller to the
variations of the plant dynamic structures.

Nevertheless, it is difficult to combine the linguistic and
numerical information [7]. In order to include the lin-
guistic information in the numerical system, a proper in-
terpretation of the linguistic terms is necessary. One of the
popular way to interpret the linguistic terms is to represent
the linguistic terms as fuzzy sets [8]. For each fuzzy set, a
membership function is defined to assign a value (from
½0; 1�) to every element in the input universe of discourse
[3, 4]. The fuzzy representation of uncertainties not only
indicates the interval of the variations (by the support of
the fuzzy set), but also describe the possibility of each
different value in the variation interval (by the member-
ship function). With this concept, Nguyen and Kreinovich
design an algorithm to calculate the degree of belief that
the chosen control strategy can stabilize the linear system
with fuzzy representation of uncertainties [5]. Even the
control strategies can be evaluated by the corresponding
degree of belief that the control system is stable, it is
computational time consuming to develop the satisfactory
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controller with this approach. Recently, to minimize the
degree of the difference between a fuzzy set and a ap-
proximated crisp set, Nguyen derives a sufficient condition
for a crisp set to be the best approximation of a fuzzy set
[6]. With the fuzzy sets appropriately approximated by
crisp sets, many techniques metioned above can be applied
to design a robust controller since the crisp sets are
bounded. Since the concept ‘‘every element in the defined
universe of discourse is possible for the uncertain pa-
rameter’’ is used to be implicitly expressed in the expert’s
linguistic information, the support of the fuzzy set may
come out to be a very large or even an infinite set. How-
ever, the experts might not really mean that every possible
element for the parameter will occur when the system is in
the normal or expected situation. The best crisp approxi-
mation of a fuzzy set indicates an interval with high pos-
sibility (membership values) elements which may actually
represents the region of the regular occurrence of pa-
rameter. Because the approximated crisp sets contain only
the values of variations with high possibility of occurrence,
the controller based on the approximated crisp sets will
not lead to a conservative design. Thus, the control system
is expected to have satisfactory performance and reason-
able robustness to the variations of the system plant. Even
so, the sufficient condition in [6] can not specify an unique
crisp set. That is, there are more than one crisp set which
can satisfies the sufficient condition in [6]. This phe-
nomenon leads to the confusion for the design of a robust
controller.

In this paper, robust controllers for uncertain systems
are designed. With the uncertainties described by
linguistic information and represented as fuzzy sets, the
uncertain system is said to be a system with fuzzy Rep-
resentation of uncertainties (SFRU). An approach is pro-
vided to implement the idea in [6] for approximating a
fuzzy set by an unique crisp set. Thus, a system with fuzzy
representation of uncertainties (SFRU) becomes a system
with interval uncertainties. The best approximation in-
tervals of fuzzy sets are shown to be more related to the
possibility distribution of the elements in the universe of
discourse of fuzzy sets than the type of membership
functions used for fuzzy sets. For a linear system with
interval structured (parametric) uncertainties, a robust
PID controller is designed based on the analyses of the
stability of the uncertain control system with Kharitonov’s
theorem [1]. Moreover, a robust sliding mode controller is
designed for the system SFRU with time-varying mis-
matched uncertainties satisfying the sliding coefficient
conditions. The simulation results are also provided to
show the effectiveness of the proposed robust controller.

The remainder of this paper is organized as follows. The
uncertain system (SFRU) with linguistic information
(which is represented as fuzzy sets) from experts is
described in Sect. 2. The sufficient condition (in [6]) for
approximating a fuzzy set by a crisp set is introduced in
Sect. 3. Also in Sect. 3, Kharitonov’s theorem to analyze the
stability of the system with interval uncertainties is
reviewed. Section 4 presents the proposed approach to
implement the best approximation of a fuzzy set by an
unique interval. A robust controller is designed for the
uncertain system with the application of Kharitonov’s

theorem in Sect. 5. A robust sliding mode controller is
designed for the uncertain system (SFRU) with time-
varying mismatched uncertainties in Sect. 5. Simulation
results are given in Sect. 6. Finally, a conclusion is
provided in Sect. 7.

2
An uncertain system SFRU
The uncertain system in Fig. 1 is considered to have a
linear plant with uncertain parameters in this paper. The
only information available for the uncertainties in the
plant are the experienced linguistic information from
experts. Thus, the uncertain plant can be defined in
general with the transfer function as

PðsÞ ¼ lmsm þ lm�1sm�1 þ � � � þ l1s1 þ l0

Lnsn þ Ln�1sn�1 þ � � � þ L1s1 þ L0
; n > m ;

ð1Þ
where Li; lj; i ¼ 0; 1; . . . ; n; j ¼ 0; 1; . . . ;m; are the uncer-
tain parameters with linguistic information from experts.
For example, l0 may represent

l0 : l0 is large ð2Þ
from expert. It is known that the classical techniques can
not be applied for the uncertain system with the linguistic
information. Also, the fuzzy logic has been shown to be a
proper and popular approach to implement the expert
knowledge which is in the linguistic forms. Therefore, the
linguistic terms in the expert’s information is interpreted
as fuzzy sets, e.g., the term ‘‘large’’ in Eq. (2) is defined to
be a fuzzy set LG with a membership function lLG. Then
from Eq. (2), l0 can be considered to be equal to the fuzzy
set LG, i.e.,

l0 ¼ LG :

Likewise, the uncertain parameters Li; lj; i ¼ 0; 1; . . . ; n,
j ¼ 0; 1; . . . ;m, represent the corresponding fuzzy sets.
With the fuzzy sets Li; lj; i ¼ 0; 1; . . . ; n; j ¼ 0; 1; . . . ;m, the
uncertain plant with the transfer function in Eq. 1 is de-
fined as an uncertain plant with uncertainties represented
by fuzzy sets (SFRU).

3
Interval approximation of fuzzy sets and Kharitonov’s
theorem
In this section, the idea in [6] for the best approximation
of a fuzzy set by an interval is introduced. Also, the
Kharitonov’s theorem for the stability analyses of an
uncertain system with interval uncertainties is reviewed.

3.1
Interval approximation of fuzzy sets (Nguyen(2000))
It is known that two sets (A and B) are equal if and only if

FAðxÞ ¼ FBðxÞ; 8 x 2 U () A � B ðFAðxÞ � FBðxÞÞ
and A � B ðFAðxÞ � FBðxÞÞ ; ð3Þ

where FA and FB are membership functions for A and B,
and U is an universe of discourse for A and B. Note that A
and B could be fuzzy or crisp sets. Thus, A and B are
different (A 6¼ B) if
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A 6� B ðFAðxÞ > FB ðxÞÞ and A 6� B ðFAðxÞ < FBðxÞÞ :

Let the degree to which A and B are different be

oðA 6¼ BÞ ¼ maxfoðA 6� BÞ; oðA 6� BÞg :
With the degree of A 6� B ðFAðxÞ > FBðxÞÞ simply calcu-
lated by

oðA 6� BÞ ¼
Z

x2U

maxf0; FAðxÞ � FBðxÞgdx ;

the degree of A 6¼ B is

oðA 6¼ BÞ ¼ max

Z

x2U

maxf0; FAðxÞ � FBðxÞgdx;

8<
:
Z

x2U

maxf0; FBðxÞ � FAðxÞgdx

9=
; :

For a fuzzy set A, to find a crisp set B� which is the best
approximation of A is to find a crisp set B� such that
oðA 6¼ B�Þ is minimum for all the crisp set B with the same
universe of discourse as A. Since

FBðxÞ ¼
1; if x 2 B;
0; if x 62 B

�
;

oðA 6� BÞ ¼
Z

x2U

maxf0; FAðxÞ � FBðxÞgdx

¼
Z

x2Bc

maxf0; FAðxÞ � FBðxÞgdx

¼
Z

x2Bc

FAðxÞdx ; ð4Þ

where Bc is the complement set of the crisp set B. Likewise,

oðA 6� BÞ ¼
Z

x2B

ð1� FAðxÞÞdx :

It is easy to find that when the crisp set B becomes larger,
the degree of A 6� B is decreased, however, the degree of
A 6� B is increased. Similarly, the degree of A 6� B is in-
creased, however, the degree of A 6� B is decreased when
the crisp set B gets smaller. Therefore, the minimum of the
degree of A 6¼ B (oðA 6¼ BÞ) is attained when

oðA 6� BÞ ¼ oðA 6� BÞ :

Proposition 1 For a fuzzy set A, if a crisp set B satisfy

oðA 6� BÞ ¼ oðA 6� BÞ ;

i.e.,Z

x2Bc

FAðxÞdx ¼
Z

x2B

ð1� FAðxÞÞdx ;

then B ¼ B� is the best crisp approximation set of the fuzzy
set A.

3.2
Kharitonov’s theorem
Let the characteristic polynomial of an uncertain system
with interval parameters be

pðs; ~DDÞ ¼
Xn

i¼0

Dis
i ¼

Xn

i¼0

½d�i dþi �si : ð5Þ

Associated with the characteristic polynomial pðs; ~DDÞ, four
Kharitonov polynomials [5] are

K1ðsÞ ¼ d�0 þ d�1 sþ dþ2 s2 þ dþ3 s3 þ d�4 s4 þ � � �
K2ðsÞ ¼ dþ0 þ dþ1 sþ d�2 s2 þ d�3 s3 þ dþ4 s4 þ � � �
K3ðsÞ ¼ dþ0 þ d�1 sþ d�2 s2 þ dþ3 s3 þ dþ4 s4 þ � � �
K4ðsÞ ¼ d�0 þ dþ1 sþ dþ2 s2 þ d�3 s3 þ d�4 s4 þ � � �

ð6Þ

If the element zero is not included in the interval
½d�n dþn �, the polynomial pðs; ~DDÞ is a degree invariant
polynomial. For a degree invariant characteristic
polynomial pðs; ~DDÞ, the Kharitonov’s theorem is as
follows.

Theorem 1 (Kharitonov’s theorem (1978))
If a characteristic polynomial pðs; ~DDÞ with intervals is

degree invariant, the system with the characteristic poly-
nomial pðs; ~DDÞ is stable if and only if the systems with four
Kharitonov polynomials as characteristic polynomials are
stable.

In the Kharitonov’s theorem, the system with the
characteristic polynomial pðs; ~DDÞ being stable means that a
family of systems which have the characteristic polynomial
pðs; dÞ such that

pðs; dÞ ¼
Xn

i¼0

dis
i; di 2 ½d�i dþi � 8 i ;

are stable. Note that for the characteristic polynomial
pðs; ~DDÞ with possible degree dropping (i.e., 0 2 ½d�n dþn �),
the Theorem 1 can not be applied directly [1]. In this
case, not only the characteristic polynomial pðs; ~DDÞ with
nonzero coefficient for Dn needs to be discussed, the
characteristic polynomial pðs; ~DDÞ with Dn ¼ 0 (one
degree lower) also needs to be considered. Also, the
interval Di; i ¼ 1; 2; . . . ; n, is allowed to be a lumping
interval. For a lumping interval Dj,

Dj ¼ f ðD0;D1; . . . ;Di; . . . ;DnÞ; j 6¼ i; f ð�Þ is a function ;

the overbounding technique is utilized for simplicity to
find the bounds of Dj,

d�j ¼ min
d02D0;d12D1;...;di2Di;...;dn2Dn

ðDjÞ ;

and

Fig. 1. Block diagram of the closed loop fuzzy uncertain system
with a robust controller
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dþj ¼ max
d02D0;d12D1;...;di2Di;...;dn2Dn

ðDjÞ ;

in this paper.
Even only the sufficient condition of Kharitonov’s

condition is guaranteed when the overbounding technique
is used [1], a robust controller can be designed with the
sufficient condition of Kharitonov’s condition.

4
Implementation of the interval approximation of fuzzy sets
Since the intervals are crisp sets, the main idea to approx-
imate a fuzzy set A by a crisp set D is to find an interval D
which has the minimum degree of difference between D and
A [6]. As in Sect. 3.1, the best crisp set (interval) D satisfiesZ

Dc

FAðxÞdx ¼
Z

D

ð1� FAðxÞÞdx ð7Þ

where Dc is the complement set of the crisp set D and FAðxÞ
is the membership function of the fuzzy set A. However, it
is easy to find that the condition in Eq. 7 is not enough to
exactly define a interval D. That is, if the interval D in Eq.
(7) is substituted by D ¼ ½d1 d2�, then we could only obtain
one equation with two variable d1; d2. There will be more
than one pair of d1; d2 which satisfies the condition in
Eq. (7). In order to determine an unique interval D, the
following approach is proposed for the usually used convex
fuzzy set A. Let the interval ½a1 a2� be the region such that

FAðxÞ ¼ 1; 8 x 2 ½a1 a2� ;
where FAðxÞ is the membership function of A. Also, the
center point ac of the interval ½a1 a2� is specified as

ac ¼
a1 þ a2

2
:

Based on the common sense that the best crisp approxi-
mation interval D covers the region which includes the
points with high membership values, it is reasonable to
have ac 2 ½d1 d2�. That is,

d1 < ac < d2 :

Then d1 and d2 can be determined by the equations

Zd1

�1

FAðxÞdx ¼
Zac

d1

ð1� FAðxÞÞdx ð8Þ

and

Z1

d2

FAðxÞdx ¼
Zd2

ac

ð1� FAðxÞÞdx : ð9Þ

From Eqs. (8) and (9), it is straightforward to see that

Zd1

�1

FAðxÞdxþ
Z1

d2

FAðxÞdx

¼
Zac

d1

ð1� FAðxÞÞdxþ
Zd2

ac

ð1� FAðxÞÞdx ;

and it leads toZ

Dc

FAðxÞdx ¼
Z

D

ð1� FAðxÞÞdx :

Therefore, the d1, d2 obtained from Eqs. (8) and (9) satisfy
condition in Eq. (7), and D is a best approximation of A.
To detail the approach of approximation, an example is
presented next.

Example 1 Let the fuzzy set A with the membership
function FAðxÞ (the solid line in Fig. 2),

FAðxÞ ¼ expð�x2Þ
Also, the best crisp approximation of A, D, is defined as
D ¼ ½d1 d2�. From Eq. (7), we have

Zd1

�1

FAðxÞdxþ
Z1

d2

FAðxÞdx ¼
Zd2

d1

ð1� FAðxÞÞdx ð10Þ

Since the membership function is symmetrical to the axis
x ¼ 0, it is reasonable to have

d1 ¼ �d2 ;

and Eq. (10) becomes

Z�d2

�1

FAðxÞdxþ
Z1

d2

FAðxÞdx ¼
Zd2

�d2

ð1� FAðxÞÞdx :

By knowing that

Z1

�1

FAðxÞdx ¼
ffiffiffi
p
p

;

we can find that d2 ¼ :5
ffiffiffi
p
p

and as in Fig. 3, the best crisp
approximation of the fuzzy set A is

D ¼ �:5
ffiffiffi
p
p

:5
ffiffiffi
p
p� �

:

Since the concept ‘‘every element in the defined universe
of discourse is possible for the uncertain parameter’’ is
used to be implicitly expressed in the expert’s linguistic
information, the support of the fuzzy set may come out
to be a very large or even an infinite set. However, the
experts might not really mean that every possible element
for the parameter will occur when the system is in the
normal or expected situation. The best crisp approxi-
mation of a fuzzy set indicates an interval with high
possibility (membership values) elements which may
actually represents the region of the regular occurrence of
parameter. It can be seen from Fig. 2 that the interval D
is smaller than the support of the fuzzy set A, and the
elements in interval D. As it is known that there are
many types of membership functions can be assigned to
the same fuzzy set. Thus, to see the difference between
the types of membership functions for the same fuzzy set
is important. The next example is provided to show the
difference between the best crisp aprroximation of three
different types of membership functions for the same
fuzzy set.

166



Example 2 Let the linguistic information ‘‘around zero’’ is
represented by the fuzzy set A with three different mem-
bership functions F1

AðxÞ; F2
AðxÞ; F3

AðxÞ. As the solid line in
Fig. 2, the bell-shaped membership function is defined as

F1
AðxÞ ¼ expð�x2Þ ;

the trapezoidal membership function

F2
AðxÞ ¼

1; if �0:2 � x � 0:2;

1þ ðxþ :2Þ=1:4; if�1:6 � x � �0:2;

1þ ðx� :2Þ=1:4; if 0:2 � x � 1:6;

0; otherwise

8>><
>>:

;

is dash-lined, and the dash-dotted line is the triangular
membership function with

F3
AðxÞ ¼

1þ x=1:6; if �1:6 � x � 0;

1� x=1:4; if0 < x � 1:6;

0; otherwise

8<
: :

Note that the F2
AðxÞ and F3

AðxÞ are defined to have the
possibility distributions (membership values for elements)
be closed to the possibility distribution of F1

AðxÞ. From
Example 1, the best crisp approximation of the fuzzy set A
with F1

AðxÞ is the interval D1 ¼ �:5
ffiffiffi
p
p

:5
ffiffiffi
p
p� �

	 ½�0:88
0:88�. It is straightforward to get the best crisp approxi-
mation intervals

D2 ¼ ½�0:9 0:9�; D3 ¼ ½�0:8 0:8� ;
for the fuzzy set A with F2

AðxÞ and F3
AðxÞ, respectively. In

this example, we find that the shape of the membership
function does not make much difference in the size of the
best crisp approximation intervals. Also, for the repre-
sentation of the linguistic information by a fuzzy set, the
possibility distribution is implicitly shown to be the most
important factor which contribute to the size of the best
crisp approximation intervals.

With the interval approximation of fuzzy sets, the
uncertain system with the uncertainties described by
linguistic information and represented as fuzzy sets is
described by the system containing interval parameters.
The stability of the uncertain system with interval
parameters is analyzed and the robust controller is
designed in the following section.

5
Design of a robust controller
In this section, the Kharitonov’s theorem is first applied to
enable the analyses of the stability of the uncertain system
with interval parameters. Then a robust controller is
defined. Also, the design of the robust sliding mode
controller is detailed for the time-varying uncertainties in
this section.

5.1
Definition of a robust controller
As in the Fig. 1, the control system is a closed loop system
with a controller G included. For a system SFRU with its
fuzzy information approximated to be intervals, the
transfer function of the uncertain plant, PðsÞ, in Eq. (1)
becomes a transfer function with intervals,

Pðs; ~DDl; ~DDLÞ ¼
Pm

j¼0 Dljs
j

Pn
i¼0 DLisi

; n > m ; ð11Þ

where Dlj;DLj; j ¼ 1; 2; . . . ;m are intervals, and ~DDl; ~DDL

represent the collections of intervals. To clarify the

Fig. 3. Approximated interval of the fuzzy set A with bell shape
membership function

Fig. 2. Membership functions FAðxÞ
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meaning of a robust controller, the following definitions
are provided.

Definition 1 (A family Qp of plants) Let a family of plants
Qp be defined as the collection of the plants which have the
transfer functions pcðsÞ such that

pcðsÞ ¼
Pm

j¼0 dljs
j

Pn
i¼0 dLisi

; n > m ;

and

dLi 2 DLi and dlj 2 Dlj; 8 i; j :

Definition 2 A controller G is said to be a robust controller
if every plant in the family Qp can be stabilized by the
controller G.

5.2
Design of a robust PID controller
Let the interval transfer function of the uncertain plant
PðsÞ with the fuzzy set approximated by intervals be
Pðs; ~DDl; ~DDLÞ in Eq. (11). In this subsection, a robust PID
controller for a uncertain plant with the interval transfer
function Pðs; ~DDl; ~DDLÞ is designed. From the discussion in
two previous subsection, the idea to design a robust PID
controller GðsÞ is to have the interval characteristic poly-
nomial satisfy the Kharitonov’s theorem. For an example,
consider an uncertain plant with two uncertain parame-
ters, q1 and q2. The transfer function of the uncertain plant
is

PðsÞ ¼ 1

s3 þ 2s2 þ asþ b
ð12Þ

where

a ¼ �1� q1 � q2 � q2
2 ;

and

b ¼ �q2
2 � 3q2 � q1 � q1q2 � 2 :

Assume that the only information available for the values
of the uncertain parameters q1; q2 is linguistic information.
From expert’s experience, the uncertain parameters q1; q2

of the three order plant are both around zero. Note that
although the expert uses the same linguistic term for the
uncertain parameters q1; q2, the ‘‘around zero’’ for q1

might not have exactly the same meaning as the ‘‘around
zero’’ for q2. With the linguistic term ‘‘around zero’’
represented as fuzzy sets Aq1

;Aq2
for q1; q2, the triangular

type membership functions FAq1
; FAq2

are adopted (for
simplicity) and shown in Fig. 4. To approximate the fuzzy
sets in the uncertain plant with intervals D1;D2, it is easy
to find that (see Sect. 4)

D1 ¼ ½�0:3 0:3�; D2 ¼ ½�0:2 0:2� :
With the overbounding technique in Sect. 3.2, a and b can
be represented by intervals

Da ¼ ½�1:54 � 0:5�; Db ¼ ½�3 � 1:04� ;
respectively. Then, the interval transfer function of the
uncertain plant is

Pðs;DÞ ¼ 1

s3 þ 2s2 þ Dasþ Db
: ð13Þ

Since Pðs;DÞ is a type 0 plant, the PID controller with
transfer function GðsÞ
GðsÞ ¼ kp þ ki=sþ kds :

is designed to eliminate the steady state error. The closed
loop interval transfer function Hðs;DÞ is

Fig. 4. Membership functions of ‘‘around
zero’’ for q1 and q2
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Hðs;DÞ ¼ GðsÞPðs;DÞ
1þ GðsÞPðs;DÞ

¼ ðkp þ ki=sþ kdsÞ1=ðs3 þ 2s2 þ Dasþ DbÞ
1þ ðkp þ ki=sþ kdsÞ=ðs3 þ 2s2 þ Dasþ DbÞ

¼ ðki þ kpsþ kds2Þ
s4 þ 2s3 þ ðkd þ DaÞs2 þ ðkp þ DbÞsþ ki

ð14Þ
The interval characteristic polynomial, Pcðs;DÞ, of the
closed loop control system is equal to the denominator of
Hðs;DÞ, i.e.,

Pcðs;DÞ ¼ s4 þ 2s3 þ ðkd þ DaÞs2 þ ðkp þ DbÞsþ ki

¼ s4 þ 2s3 þ ðkd þ ½�1:54 � 0:5�Þs2

þ ðkp þ ½�3 � 1:04�Þsþ ki : ð15Þ
Associated with the interval polynomial in Eq. (15), four
Kharitonov’s polynomials are

K1ðsÞ ¼ ki þ ðkp � 3Þsþ ðkd � 0:5Þs2 þ 2s3 þ s4

K2ðsÞ ¼ ki þ ðkp � 1:04Þsþ ðkd � 1:54Þs2 þ 2s3 þ s4

K3ðsÞ ¼ ki þ ðkp � 3Þsþ ðkd � 1:54Þs2 þ 2s3 þ s4

K4ðsÞ ¼ ki þ ðkp � 1:04Þsþ ðkd � 0:5Þs2 þ 2s3 þ s4 :

With the Routh Hurwitz criterion, the conditions for the
systems with the Kharitonov’s polynomials as character-
istic polynomials to be stable are

ki > 0
kp > 3

kd > maxfð 4ki

kp�3þ kp � 2Þ=2;

ð 4ki

kp�1:04þ kp þ 2:04Þ=2;

ð 4ki

kp�3þ kp þ 0:08Þ=2;

ð 4ki

kp�1:04þ kp � 0:04Þ=2g : (16)

8>>>>>>>><
>>>>>>>>:
Then, it is easy to determine the coefficients for the PID
controller, for example, if ki and kp are selected to be
ki ¼ 1 and kp ¼ 4, then

kd > 4:04 :

That is, if the PID controller is designed to have transfer
function

GðsÞ ¼ 4þ 1=sþ kds

with kd > 4:04, then the uncertain control system with the
interval characteristic polynomial Pcðs;DÞ is stable.
Therefore, the proposed approach is shown to be able to
design a robust PID controller to stabilize the uncertain
system with only linguistic information available for the
uncertain parameters q1 and q2.

5.3
Design of a robust sliding mode controller
In this section, the same uncertain plant is assumed to be
the same as in Eq. (12) with two uncertain parameters
considered as time-varing uncertainties. In this case, the
parameters q1ðtÞ and q2ðtÞ are functions of time. The
linguistic information from experts is the only information

we can obtain for the parameters q1ðtÞ and q2ðtÞ. Although
the parameters are time-varying, the values of q1ðtÞ and
q2ðtÞ are indicated (by experts) to be around zero. Let
the linguistic information ‘‘around zero’’ for q1ðtÞ and
q2ðtÞ be represented by the fuzzy sets Aq1

and Aq2
with

membership functions FAq1
and FAq2

shown in Fig. 4. As
calculated in Sect. 5.2, the best crisp approximation of the
fuzzy sets Aq1

and Aq2
results in the intervals

D1 ¼ ½�0:3 0:3�; D2 ¼ ½�0:2 0:2� ; ð17Þ
respectively. Let the plant in Eq. (12) be represented as a
state equation

_xxðtÞ ¼ ðAþ DAðtÞÞxðtÞ þ BuðtÞ ð18Þ
with

A ¼
�1 2 0
1 0 3
0 0 �1

2
4

3
5; B ¼

0
0
1

2
4
3
5 ;

and

DAðtÞ ¼
0 q1 q1

0 q2 q2

0 0 �q2

2
4

3
5 : ð19Þ

Thus, the regular form of the state equation is

_zzðtÞ ¼
_zz1ðtÞ
_zz2ðtÞ

� �

¼
A11 A12

A21 A22

� �
z1ðtÞ
z2ðtÞ

� �

þ
DA1ðtÞ
DA2ðtÞ

� �
zðtÞ þ

0

B2

� �
uðtÞ

where

A11 ¼
�1 2
1 0

� �
; A12 ¼

0
3

� �
;

A21 ¼ 0 0½ �; A22 ¼ �1; B2 ¼ 1 ;

and

DA1ðtÞ ¼
0 q1ðtÞ q1ðtÞ
0 q2ðtÞ q2ðtÞ

� �
;

DA2ðtÞ ¼ 0 0 �q2ðtÞ½ � :
It can be seen that DA2ðtÞ satisfies the conventional match
condition and

DA1ðtÞ ¼ DFðtÞE

¼
1 0

0 1

� �
q1ðtÞ
q2ðtÞ

� �
0 1 1½ � ð20Þ

where

FðtÞTFðtÞ ¼ q2
1ðtÞ þ q2

2ðtÞ � 1 (see Eq. 17) :

Thus, the the sliding coefficient matrix C can be design to be

C ¼ C1 C2½ � ¼ 0 1 1½ �; C2 ¼ 1;

and the matrix C satisfies the sliding coefficient condition
[2] that
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E ¼ EaC; Ea ¼ 1 :

Also, C2B2 is invertable, since

C2B2 ¼ 1 :

As stated in the work of Chan [2], the system with time-
varying uncertainties is guaranteed to reach the sliding
mode with the output of the sliding controller u,

uðtÞ ¼ ueqðtÞ þ DuðtÞwith

ueqðtÞ ¼ �ðC2B2Þ�1ðC1ðA11z1ðtÞ þ A12z2ðtÞÞ
þ C2ðA21z1ðtÞ þ A22z2ðtÞÞÞ and

DuðtÞ ¼ umðtÞ �
1

2
ðC2B2Þ�1ðC1DDTCT

1 Sþ ET
a EaSÞ

� ðC2B2Þ�1ðk1sgnðSÞ þ k2SÞ

umðtÞ ¼
�BT

2 CT
2 S

jjBT
2 CT

2 Sjjþ0:0001
q; if S 6¼ 0,

0; if S ¼ 0

(
; ð21Þ

where S ¼ CzðtÞ, and q ¼ 1 is a norm bound of DA2, i.e.,
jjDA2jj � q. Since the uncertain system with sliding mode
controller is guaranteed to reach the sliding mode and the
control system is asymptotically stable on the sliding
surface, the uncertain system with time-varying parame-
ters is stable.

6
Simulation results
In this section, the simulation results are provided for the
fuzzy uncertain systems in the examples in Sects. 5.2 and 5.3.

6.1
The uncertain system with PID controller
Let the linguistic transfer function PðsÞ of the uncertain
plant with linguistic parameter q1 and q2 be the same as
Eq. (12),

PðsÞ ¼ 1

s3 þ 2s2 þ asþ b

where a and b are specified as in Sect. 5.2. With the pro-
posed approach, the best crisp approximation of fuzzy sets
is obtained for the linguistic information. This make the
system with linguistic information be able to be stabilized.
If the PID controller

GðsÞ ¼ kp þ kdsþ ki=s ;

is designed to have

ki ¼ 1; kp ¼ 8; kd ¼ 20 ;

then the stability condition in Eq. (16) is satisfied, and
the fuzzy uncertain system is expected to be stable.
Figure 5 shows the system performance with zero
reference input (r ¼ 0), output initial value yð0Þ ¼ 0:8
and different values of q1 and q2 (q1 ¼ 0:3; q2 ¼ 0:2
(dash line), q1 ¼ �0:3; q2 ¼ 0:2 (dash-dotted line),
q1 ¼ �0:3; q2 ¼ �0:2 (solid line)). The uncertain system
is shown to be robust to the variations of the parameters
in Fig. 5.

6.2
The uncertain system with sliding mode controller
To implement the example in Sect. 5.3, the time varying
uncertain parameters q1ðtÞ and q2ðtÞ are assumed to be

q1ðtÞ ¼ 0:3 sinð0:1tÞ;
q2ðtÞ ¼ 0:2 cosð0:1tÞ : ð22Þ
The simulation is provided with zero reference input
(r ¼ 0), and the initial conditions

xð0Þ ¼ ½0:5 0:25 0:01�T :

Figure 6 shows the open loop uncertain system is
unstable, and the Fig. 7 indicates the unstable uncertain

Fig. 5. Performance of the uncertain
system with q1 ¼ :3, q2 ¼ :2 (dash line),
q1 ¼ �:3; q2 ¼ :2 (dash-dotted line),
q1 ¼ �:3; q2 ¼ �:2 (solid line)
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system is stabilized when the sliding mode control is
applied.

7
Conclusions
An approach to design a robust controller for an uncertain
system with linguistic information from experts is pro-
posed. The linguistic information is represented as fuzzy
sets and the uncertain system with fuzzy sets is defined as
a system with fuzzy representation of uncertainties. An
effective approach is proposed to implement the idea in

[6] for best approximating the fuzzy sets with crisp in-
tervals. With the fuzzy sets best approximated by intervals
(crisp sets), Kharitonov’s theorem is applied to construct a
robust PID controller for a fuzzy uncertain system. Also,
for the linguistic time-varying uncertainties, a robust
sliding mode controller is designed for the uncertain sys-
tem with the best crisp approximation of fuzzy represen-
tation of the linguistic uncertainties. Examples and
simulation results are included to indicate the design
approach and the effectiveness of the proposed robust
controller.

Fig. 6. Output of the open loop system
(x1)

Fig. 7. States of the close loop system: x1

(solid line), x2 (dash-dot line), x3 (dash
line)

171



References
1. Barmish BR (1994) New Tools for Robustness of Linear

Systems, McMillan, New York
2. Chan ML, Tao CW, Lee TT (2000) Sliding mode controller

for linear systems with mismatched time-varying uncertain-
ties, J Franklin Institute, 337: 105–115

3. Driankov D, Hellendoorn H, Reinfrank M (1993) An Intro-
duction to Fuzzy Control, Springer, New York

4. Dubois D, Prade H (1980) Fuzzy Sets and Systems: Theory and
Applications, Academic Press, New York

5. Nguyen HT, Kreinovich V (1994) How stable is a fuzzy linear
system, Proceedings of The Third IEEE Conference on Fuzzy
Systems, pp. 1023–1027

6. Nguyen HT, Pedrycz W, Kreinovich V (2000) On
approximation of fuzzy sets by crisp sets: from continuous
control-oriented defuzzification to discrete decision-making,
Proceedings of the First International Conf on Intelligent
Technologies, Thailand, pp. 254–260

7. Tao CW, Taur JS (1999) Design of fuzzy controllers with
adaptive rule insertion, IEEE Trans System, Man and Cybern
SMC-29(3): 389–397

8. Zadeh LA (1965) Fuzzy sets, Inform Contr 8(3): 338–353
9. Zhao K, Doyle F, Glover K (1996) Robust and Optimal Control,

Prentice Hall, New Jersey

172


