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Abstract

The hybrid minimum principle (HMP) is established for the optimal control of deter-
ministic hybrid systems with both autonomous and controlled switchings and jumps
where state jumps at the switching instants are permitted to be accompanied by changes
in the dimension of the state space and where the dynamics, the running and switching
costs as well as the switching manifolds and the jump maps are permitted to be time
varying. First-order variational analysis is performed via the needle variation method-
ology and the necessary optimality conditions are established in the form of the HMP.
A feature of special interest in this work is the explicit presentations of boundary
conditions on the Hamiltonians and the adjoint processes before and after switchings
and jumps. Analytic and numerical examples are provided to illustrate the results.

Keywords Hybrid systems - Minimum Principle - Needle variations - Nonlinear
control systems - Optimal control - Pontryagin Maximum Principle - Variational
methods

1 Introduction

The minimum principle (MP), also called the maximum principle in the pioneering
work of Pontryagin et al. [1], is a milestone of systems and control theory that led to
the emergence of optimal control as a distinct field of research. This principle states
that any optimal control along with the optimal state trajectory must solve a two-point
boundary value problem in the form of an extended Hamiltonian canonical system, as
well as satisfying an extremization condition of the Hamiltonian function. Whether
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the extreme value is maximum or minimum depends on the sign convention used for
the Hamiltonian definition.

The main objective of this paper is the presentation and proof of the minimum
principle for hybrid systems, i.e., the generalization of the MP for control systems
with both continuous and discrete states and dynamics. It should be remarked that
due to the development of hybrid systems theory in different scientific communi-
ties which are motivated by various applications, the domains of definition of hybrid
systems do not necessarily intersect in a general class of systems. For instance, in
computer science hybrid systems are viewed as finite automata interacting with an
analogue environment, and therefore the emphasis is often on the discrete event
dynamics [2-9], while in the control systems community, the continuous dynam-
ics is more dominant in the discussion. Even in hybrid systems stability theory (see,
e.g., [10-17]) the considered structures for hybrid control inputs are different from
the admissible set of input values considered for optimal control purposes. Moreover,
the definitions and the underlying assumptions for the class of hybrid optimal control
problems in hybrid dynamic programming (HDP) [18-26] differ from those of the
hybrid minimum principle (HMP) literature.

The formulation of the HMP by Clarke and Vinter [27, 28], referred to by them
as “optimal multiprocesses,” provides a minimum principle for hybrid systems of a
very general nature in which switching conditions are regarded as constraints in the
form of set inclusions and the dynamics of the constituent processes are governed
by (possibly nonsmooth) differential inclusions. A similar philosophy is followed by
Sussmann [29, 30] where a nonsmooth MP is presented for hybrid systems possessing a
general class of switching structures. Due to the generality of the considered structures
in [27-30] degeneracy is not precluded, therefore additional hypotheses (typically of
a controllabilty nature) need to be imposed to make the HMP results significantly
informative (see, e.g., [31] for more discussion).

An alternative philosophy, followed by Shaikh and Caines [32], Garavello and
Piccoli [33], Taringoo and Caines [34], and Pakniyat and Caines [35] is to ensure
the validity of the HMP in a non-degenerate form by introducing hypotheses on the
dynamics, transitions and switching events. Then by performing first-order variational
analysis via the needle variation methodology, the necessary optimality conditions are
established in the form of the HMP, with the emphasis of theoretical developments on
generalization of the class of hybrid systems and on relaxation of regularity assump-
tions (see, e.g., [36] for a discussion on regulatory requirements in control theory).
Moreover, non-degeneracy provided by this approach is advantageous in the develop-
ment of numerical algorithms (see, e.g., [37—46]). Other, prior, versions of the HMP
which appeared in its development within hybrid system theory are to be found in the
work of Riedinger and Kratz [47], Xu and Antsaklis [48], Azhmyakov, Boltyanski
and Poznyak [49], and Dmitruk and Kaganovich [50-52].

In past work of the authors (see [35, 53, 54]), a unified general framework for
hybrid optimal control problems is presented within which the HMP, HDP, and their
mutual relationship are valid. Distinctive aspects in this work are the presence of
state dependent switching costs, the consideration of both autonomous and controlled
switchings and jumps, and the possibility of state space and control space dimension
changes. The latter aspect is of particular importance for systems with hybrid dynamics
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induced by restrictions of certain degrees of freedom (e.g., single- and double-support
modes in legged locomotion [55] and fixed gear modes and transitioning phases in
automotive systems [56, 57]). Within this general framework, it is proved that along
optimal trajectories of a hybrid system, the adjoint process in the HMP, and the gradient
of the value function in HDP are equal almost everywhere (see [53] for a proof method
based on variations over optimal trajectories, and [35] for variations over general (i.e.,
not necessarily optimal) trajectories). Illustrative analytic examples are provided in
[58-60].

In this paper, we further extend this framework to permit time-varying vector fields,
switching manifolds, switching costs and jump transition maps and we present the
statement and the proof of the hybrid minimum principle within this general frame-
work. Distinctive aspects of this work are the explicit presentation of the boundary
conditions on the Hamiltonians and adjoint processes (in contrast to their implicit
expressions in [27-30, 33]), the relaxation of the regularity requirements (relative
to, e.g., [32, 34]) and the presence of both autonomous and controlled switchings and
jumps with switching costs and the possibility of state space dimension change (where
only subsets of these features have been considered for the presentation of other ver-
sions of the HMP). Moreover, the explicit derivation of the boundary conditions in
the HMP is presented within the general class of hybrid optimal control problems
with time-varying vector fields, running and switching costs, jump transition maps
and switching manifolds.

The organization of the paper is as follows: In Sect. 2, a definition of hybrid systems
is presented that covers a general class of nonlinear systems on Euclidean spaces with
autonomous and controlled switchings and jumps allowed at the switching states and
times. Section3 presents a general class of hybrid optimal control problems with
a large range of running, terminal and switching costs. The regularity assumptions
in Sects. 2 and 3 are attempted to be minimal, and they are imposed primarily to
ensure the existence and uniqueness of solutions as well as continuous dependence
on initial conditions. Further generalizations such as the lying of the system’s vector
fields in Riemannian spaces [34, 61], nonsmooth assumptions [18, 19, 27-30], state-
dependence of the control value sets [33], and stochastic hybrid systems [62], as well
as restrictions to certain subclasses, such as those with regional dynamics [23, 24],
and with specified families of jumps [18-21], become possible through variations and
extensions of the framework presented here. The main result which is the statement
and the proof of the hybrid minimum principle (HMP) is presented in Sect.4 where
first-order variational analysis is performed via the needle variation methodology and
the necessary optimality conditions are established in the form of the HMP. To illustrate
the results, four analytic and numerical examples are provided in Sect.5. Concluding
remarks are presented in Sect. 6.

2 Hybrid systems
Definition 1 A (deterministic) hybrid system (structure) H is a septuple

HZ{H’I7F’A’F’E’M}’ (1)
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where the symbols in the expression and their governing assumptions are defined as
below.

A0 H :=1]] 40 R is called the (hybrid) state space of the hybrid system H, where
[] denotes disjoint union, i.e., [ [,co R™ =, <o {(g.x) : x € R"}, where

0= {1, 2, ..., |Q|} = {ql, q2, s q‘Q|}, |Q| < o0, is a finite set of discrete states
(components), and

{R"},c0 is a family of finite-dimensional continuous valued state spaces, where
ng <n<ooforalg € Q.

I := ¥ x U is the set of system input values, where

¥ with |¥| < oo is the set of discrete state transition and continuous state jump
events extended with the identity element,

U = {Uq},, is the set of admissible input control values, where each Uy C R™
is a compact set in R™4.

The set of admissible (continuous) control inputs U (U) := L ([70, Tx) , U), is
defined to be the set of all measurable functions that are bounded up to a set of
measure zero on [fg, Ty) , T, < oo. The boundedness property necessarily holds since
admissible inputs take values in the compact set U.

' : Hx ¥ — H is atime-dependent (partially defined) discrete state transition
map.

A QO x X — Q denotes both a deterministic finite automaton and the automaton’s
associated transition function on the state space Q and event set X, such that for a
discrete state ¢ € Q only the discrete controlled and uncontrolled transitions into the
g-dependent subset {A (g, 0),0 € £} C Q occur under the projection of I" on its Q
components: I' : Rx O xR" x ¥ — H|p. Inother words, I" can only make a discrete
state transition in a hybrid state (g, x) if the automaton A can make the corresponding
transition in q.

E: H x X — H is atime-dependent (partially defined) continuous state jump
transition map. For all & € §, the functions §; = §(-, -, 0) : [to, ty] x R" — R"r,
p € A(q, o) are assumed to be jointly continuously differentiable in both the time
t € [to, t7] and the continuous state x € R".

F is an indexed collection of vector fields { fq},., such that there exist ks, > 1

for which £, € Cfa ([to, 171 x R x U, — R") satisfies a joint uniform Lipschitz
condition, i.e., there exists Ly < oo such that qu (t1, x1, u1) — fq (t2, x2, u2) H <
Ly (It1 — 2] + llx1 — x2ll + llug —uzl)) forallg € Q, 11, 2 € [to, 5], x1, x2 € R,
ui, up € Uq.

M ={my : @ € QO x Q} denotes a collection of switching manifolds such that, for
any ordered pair o = (a1, ®2) = (g, 1), mq is a smooth, i.e., C* codimension 1 sub-
manifold of [fg, 7] x R, described locally by m!, = {x € R : mq (1, x) =0},
and possibly with boundary Bm;. It is assumed that mfy N m% = (), whenever a1 = B
butay # B, foralle, B € O x Q.1 € [to, 1] O

We note that the case where m/, is identified with its reverse ordered version mY
giving m}, = mL, is not ruled out by this definition, even in the non-trivial case m’, ooy
where 1 = ap = p. The former case corresponds to the common situation where the
switching of vector fields at the passage of the continuous trajectory in one direction

@ Springer



Mathematics of Control, Signals, and Systems (2024) 36:21-70 25

through a switching manifold is reversed if a reverse passage is performed by the
continuous trajectory, while the latter case corresponds to the standard example of the
bouncing ball.

Switching manifolds will function in such a way that whenever a trajectory governed
by the controlled vector field meets the switching manifold transversally there is an
autonomous switching to another controlled vector field or there is a jump transition in
the continuous state component, or both. A transversal arrival on a switching manifold

m!, ., atstate x, € ml = {x e R" :my,, (t,x) = 0} occurs whenever

Ving,r (t, XQ)qu (t,xg, uq) #0, 2

foruy, € Uy, and g, r € Q. Itis assumed that:

Al The initial state ho := (qo, x(fo)) € H is such that mg, 4; (10, x0) # 0, for all
qj € 0. ]
Definition 2 A hybrid input process is a pair I = IL[to’tf) := (Sr, u) defined on a
half open interval [fo, 15), 1 < 00, where u € U and Sz = ((t0, 00) , (t1, 01) .-+,
(tL,or) ), L < o0, is a finite hybrid sequence of switching events consisting of a
strictly increasing sequence of times 77 := {fo, t1, 2, ..., L} and a discrete event
sequence o withog =id ando; € X,i € {1,2,---, L}. O

Definition 3 A hybrid state process (or trajectory) is a triple (., ¢, x) consisting
of the sequence of switching times t;, = {fo,#,...,7L}, L < oo, the associ-
ated sequence of discrete states ¢ = {qo,q1,...,qr}, and the sequence x(-) =
{x40 (). xg, (), ... x4, ()} of piece-wise differentiable functions xg, () © [f, ti41) —
R". O

Definition 4 The input-state trajectory for the hybrid system H satisfying AQ and A1
is a hybrid input I} = (Sr, u) together with its corresponding hybrid state trajectory
(tr. q, x) defined over [fo, 1f) , 15 < 00, such that it satisfies:

(i) Continuous State Dynamics The continuous state component x(-) = {xqo(-),
X () ens Xgy (-)} is a piecewise continuous function which is almost every-
where differentiable and on each time segment specified by 7 satisfies the
dynamics equation

X (1) = fo: (. xq,(0), u(0)), a.e.t €[t tiz1), 3)

with the initial conditions

Xqo (f0) = Xo, “)
Xgi (ti) = EU,‘ (ti, Xgi—1 (ti_)) = go‘[ (}‘11\1’2 t, }‘ITI}II Xgi—1 (t)>, (5)
for (t;, 07) € Sp. In other words, x(-) = {x40("), Xg, (), ..., xg, (-)} is a piece-

wise continuous function which is almost everywhere differentiable and is such
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Mgr(x) =0 — o4y

& = fp(t,z,u) &= fo(t,x,u) &= fr(t, 2, u)

r € R™
u € R™»

r € R™
u € R™a

r € R"
u € R™r

Mep(t,x) =0 — opp
Tp = grp(xr)

Fig. 1 An example hybrid automata with both autonomous (displayed in red arrows) and controlled (dis-
played in green arrows) switchings (color figure online)

that each x4, (-) satisfies

t
X (1) = xq,(t;) + /t Jai (s, xg; (8), u(s)) ds, (6)

fort € [1;, ti1).

(ii) Autonomous Discrete Transition Dynamics An autonomous (uncontrolled) dis-
crete state transition from g; 1 to ¢; together with a continuous state jump &,
occurs at the autonomous switching time t; if xq;_, (t;—) := limy; x4,_, (¢) sat-
isfies a switching manifold condition of the form

My _1q; (ti’ Xgi—y (ti_)) =0, (N

for g; € Q, where my, 4 (t,x) = 0 defines a (g;—1, g;) switching man-
ifold and it is not the case that either (i) x(ti—) € 0dmgy,_,q4 or (ii)
oo @i x@—), uti—)) L Vmg,_,4 (t;, x(#;—)), i.e., t; is not a manifold ter-
mination instant (see [63]). With the assumptions AO and A1l in force, such a
transition is well defined and labels the event o; = 0,4, € X, that corresponds
to the hybrid state transition

h(ti) = (gi, xg, (1)) = (T (ti, i1, %q,_, (=), 07) &6, (tis Xgi_, (1)) - (B)
(iii) Controlled Discrete Transition Dynamics A controlled discrete state transition
together with a controlled continuous state jump &, occurs at the controlled

discrete event time t; if t; is not an autonomous discrete event time and if there
exists a controlled discrete input event o; € ¥ for which

h(t;) = (gis xg; (1)) = (U (ti, gi-1, Xg_, (ti =), 01) » &o (15 Xge_, (i) 5 (9)

with (#;,0;) € Sp and g; € A (gi—1). ]
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To illustrate the notation, Fig. 1 provides an example hybrid automata with both
autonomous and controlled switchings. In this example, the discrete component of
the state takes values from Q = {p, ¢, r}, i.e., |Q] = 3 |Q| = 3 within each mode
the evolution of the continuous component of the state is governed by a controlled
differential equation. Transitions from g to r and from r to p are autonomous (displayed
inred arrows) whereas transitions from p to ¢, from g to p and from ¢ to » are controlled
switchings (displayed in green arrows). In this example, there is no direct transition
from p to r. The indexed vector fields, the underlying spaces for the state and input
values, as well as switching manifold and jump maps are displayed in this figured.

A2 For a specified sequence of discrete states {g; }I-LZO, the class of input-state trajec-
tories is non-empty. In other words, there exist S; = ((to, o0g), (t1,o1), -, (tL, oL))
= ((to, q0), (t1,q1), -, (tL, qL)) anduy, € Lo ([ti, tiv1), U i) that together with
its corresponding hybrid state process form an input-state trajectory in Definition 4. O

Theorem 1 [63] A hybrid system H with an initial hybrid state (qo, xo) satisfying
assumptions AO and Al possesses a unique hybrid input-state trajectory on [tg, Tyy),
where Ty, is the least of

(i) Ty < oo, where [ty, Ty) is the temporal domain of the definition of the hybrid
system,

(ii) A manifoldterminationinstant T of the trajectory h(t) = h (t, (qo, x0) , (SL, u)),
t > to, atwhicheither x (Tx—) € dmy(1,—)q(T,) OF fq(T—) X (Tx—) , u (Tu—)) L
Vimgr,—q(1) (X (Tx—)). o

We note that Zeno times, i.e., accumulation points of discrete transition times, are
ruled out by A2.

Lemma 1 State processes of a hybrid system satisfying Assumptions AQ-A2 are con-
tinuously dependent on their initial conditions. In other words, for a given {Qi}iL:o
and an initial continuous state xo € R0, there exist a neighborhood N (xg) and a
constant 0 < K < oo such that

1

5 1

[vters s, %) = xg 10,500 | = K ([1vs = x>+ 15 = 102) (10)
fors >ty and x; € N (xg). O
Proof See Appendix A. O

3 Hybrid optimal control problems

A3 Let {lq}qu g € C"(R" x U — Ry),n; > 1, be a family of cost functions
with n; = 2 unless otherwise stated; {cs}yex € C"* (R x ¥ — Ry),n. > 1,bea
family of switching cost functions; and g € C"¢ (R" — R, ),ng > 1, be a terminal
cost function satisfying the following assumptions:
(i) There exists K; < oo and 1 < 3 < oo such that |l;(x, w)| < K;(1 + [x]|”)
and |l (x1, u1) — lg(x2, u2)| < Ki(llxy —x2ll + lug — uz|)), forallx € R", u €
U,q € Q.
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A

(ii) There exists K. < oo and 1 < y. < oo such that ¢, (x)| < K. (1 + [|x]]7°),
xeR" o eX.
(iii) There exists K, < oo and 1 < y, < oo such that |g (x) | < K, (1 + [lx[[?),

x € R". O

Consider the initial time 79, final time 7y < o0, and initial hybrid state
ho = (qo, xo). With the number of switchings L held fixed, the set of all hybrid
input trajectories in Definition 2 with exactly L switchings is denoted by Iy,
and for all Iy := (Sp,u) € I the hybrid switching sequences take the form

SL = {(t07 ld) ) (tly Ung]) LRI ) (tLa O’qL,qu)} = {(t07 CIO) ) (t]a ql) LR ] (tL’ ‘IL)}
and the corresponding continuous control inputs are of the foom u € U =

U{‘:O Lo ([tl', ti+1), U), where t7 41 = ty.

Let I, be a hybrid input trajectory that by Theorem 1 results in a unique hybrid state
process. Then hybrid performance functions for the corresponding hybrid input-state
trajectory are defined as

L lit1
J (to, tr, ho, L; IL) = Z/ ly; (qu. (s), u(s)) ds
i—o /i

L
+ ) oy (1, %, 1 (1j2)) + & (g, (1)) (11)
j=1

Definition 5 The (Bolza) Hybrid Optimal Control Problem (HOCP) is defined as

JO (to. 15, ho, L) = inf J (to. 15, ho, L; I1) (12)
L

that is, the infimization of the hybrid cost (11) over the family of hybrid input trajec-
tories Iy . O

4 The hybrid minimum principle (HMP)
Theorem 2 Consider the hybrid system H subject to assumptions AO-A3, and the

HOCP (12) for the hybrid performance function (11). Define the family of system
Hamiltonians by

Hy (1, %q, hgs tg) = )‘;fq (. xq, ug) +1q (1, xq, uq) , 13)

Xg.hg € R, uy € Uy, g € O, and let {qi}iL=O be a specified sequence of discrete
states with its associated set of switchings. Then for an optimal input u® and along
the corresponding optimal trajectory x°, there exists an adjoint process L° such that

Hq (1,500,200, 1 0)) < Hy (1,500), 250, ). (14)
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forallv € Uy, and at almost every t € 1y, t ], where (x°, A°) satisfy

. dH

iy = akq (1, x9, 25, ul) = fqlt, x5, uf), (15)

. 0H ol,(t, x%, u? A, x% u®)1"
)\'0 — q(nx()?)\'{)’u()) —— q( q q) _ fq( q l]) )\'()’ (16)

a dxy ara ox 0x a
almost everywhere t € [to, tf], subject to

x;o (tp) = xo, (17)
xa’] ( ) b, (xg,_, (7). (18)
0, ) =Vag(xg (1p)), 19)
AZ/ I( -) = qu 1(t”) = V’;‘U, q,(t +) + Veo; + piVmg; q;, (20)

where p; € R when t; indicates the time of an autonomous switching, subject to the
switching manifold conditionmg; 4, (x(‘]’F1 (tj—)) =0, and p; = Owhent; indicates
the time of a controlled switching. Moreover, the Hamiltonian satisfies

0 0 0
qu*I (t] q/ 1’ )“(11 1’ (Ij—l)
acgj 8mqj71qj B [Bégj

=H,, (t+ )f’ 0)_ —p;
* "q o Py ot

]
| 0
2D

which, with the expansion of the Hamiltonians from (13), is expressed as
Ly (195, (7= u 9=)) 2 (DT fy

(t;')’ xf(l)jfl (t;_)’ ugj—l (t;)_))
=1, (t;.’,x:;]_(t;.’),ugj(;;_))> A2 (@94) qu( X0 (1) (t0)>
acaj (t.lq’ xgjﬂ (l‘j —))
at
amqf—qu(t;’xgj—l(tj_)) 8§Uj(t}]’x‘(1)j—l([j_)) T
/ ot B ot

¥y ),
(22)

O

Proof First, in the first part of the proof (Sect.4.1), we study a needle variation to the
optimal input at the last location u , ata Lebesgue instant! 7 € (1, tL+1] = (tL, tf]

1 See, e.g., [64] for the definition of Lebesgue points. For any u € Loo ([, ti+11, U), u may be modified
on a set of measure zero so that all points are Lebesgue points (see, e.g., [65]).
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to derive the Hamiltonian canonical equations (15) and (16), the adjoint terminal
condition (19), and the Hamiltonian minimization condition (14) in that location. This
part of the proof is similar to the proof of the classical Pontryagin minimum principle.

Next, in the second part of the proof in Sect.4.2, we perform a variation in the
penultimate, L — 1st, location in order to obtain (i) Hamiltonian canonical equations
(15) and (16), and (ii) the Hamiltonian minimization condition (14) at the location
qrL—1,as well as (ii7) the boundary conditions (18) and (20), and (i v) the Hamiltonian
boundary condition (21) at time 7.

Then, in the last part of the proof (Sect.4.3), we extend the analysis for a general
switching instant #; and prove that (i) to (iv) above hold for all locations.

In order to provide the simplest derivation of the main result we define

0
Xy = [zq} e Rt2, (23)
Xq

such that 6 gives the current time and z provide the incurred cost, i.e., at
t € [t,tr], we have 0(t) = t and z,(t) = ft;/g,w(r)lq (xq(s),u(s))ds +

ZNSW(T) lj;fH-] lql (xq, (S) M(S)) ds + ZNSW([) lcgj (tj, xqu] (tj_)) with Nsw([)
denoting the number of incurred sw1tch1ngs over the interval [#y, ¢). This yields the
augmented vector fields as

1
qu:fé(‘%‘Q’uq) ::|:lq (9,X,M):|, (24)
fq 0, x,u)

subject to the initial condition

~ tO
o = (40, %y (10)) = (qo, [ 0 D ©5)

X0
with the switching manifold
m(x) :=m@,x), (26)
and the extended jump function defined as
0(t;—)
Xg; () = &5 (%, (1)) = |:Z(tj—) +c(9,x(z,-—))] 27)

Saj (.X(t]—))

This transform the problem into a time invariant, Mayer (without running or switch-
ing cost) HOCP in the form of

J (to, tf, ho, L; IL) =g (X, (tp)) == z2(tf) + g (x(tp)). (28)

@ Springer



Mathematics of Control, Signals, and Systems (2024) 36:21-70 31

4.1 The last discrete state location

First, consider a Lebesgue time ¢ € (7, 1,41] = (rz, 7] and the evolution of the
optimal state X°(t), T € [to, t f], governed by the set of differential equations

d -
5, = fu (%, 0.05,0) 7€ (1] (29)

We perform a needle variation at a Lebesgue time ¢ in the form of

ug () if Teftj1,1;) 1<j<L
uZL(r) if telt,,t—¢)
if telt—e,t)

MZL(‘L') if 7€ [t, tf]

u(t) = (30)

This corresponds to a perturbed trajectory X€ (), 7 € [to, t f] which coincides with
the optimal trajectory x° (t), T € [to, t f] over the interval [fg, t — €) but differs over
[t — €, t7]. Denoting SJE;L (1) := )E;L () — )ZgL (1), it necessarily satisfies 83?51, () =0
fort € [tg,t —€),0 <i < L,and for T € [ — €, 17] it satisfies

s = [ [ (5000) = i (55, 005,0) s

+/tI [qu (;z;L (s), ug, (s)) — far (i;’L (s), ug, (s))] ds,
G

Defining the first-order sensitivity of the (augmented) state as

1
= lim ~ 8% (), (32)
e—~>0¢€

d ~€
y(1) = P () .

the dynamics and boundary conditions of the first-order sensitivity are derived as

d 3 fy,

a0 = 5o (ng(r),ugL(r)) Yo, (1), (33)
Yoo () = foy (i;’L(z), v) — ()z;;L(z),ugL(z)). (34)

Denoting the state transition matrix corresponding to (33) by @, , it is shown by
linearization theory (see, e.g., [63, 66]) that

Vo (1) = @, (t5.1) [ T (i;’L ), v) — fu (i;’L (), uf, (;))] . (35)
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The optimality of X implies that
g (5,0n) =2 (7). (36)

which, using (28) and employing first-order Taylor expansion, it is equivalent to

08 /., T
- [E <qu([f)>i| yQL (tf) > 0. (37)

Substitution of (35) into (37) results in

0 (%g, (1) T -
R, Dy, (t7.1) far (XqL @), ”)

~ s T
- ag(xg, (15))
- 0%xg,

Py (171) o (%5, 00,05, ). (38)

Defining the (augmented) adjoint variable (process) as

- HOAGON
T g f
AOE [xg, 0 (0,22, (D), x;LT(t)] - afz# O, (t7,1),  (39)
fort € (1, t7] and evaluating it at 1 = ¢y we obtain
- 0g /.
Ko, tp) = === (%, ¢p). (40)
qL
where by the definition (28) for g, this is equivalent to
)\zqu (tr) =0, 41
A2 () =1, (42)
ag(xg, (15))
20 (1) = — T — v (ng (tf)) . 43)
0xg;

Also by differentiation of (39) with respect to  we obtain the dynamics of the
augmented adjoint process as

2T
d - a
Lo )= 2
dr 0Xq,

93 (0 Pl
(@170 0D oy

20 (1), 44
0%, 0%, 7 (0 (44)
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which is equivalent to

d
@ =0 @)
d o
T —1,, (0 =0, (46)
d, aqu(t,quL(t),ugL(t)) )
. (aqu (t.35, ®. usz))TM 0. @)
dxg, L

The zero dynamics (45) and (46) with the terminal conditions (41) and (42) give

(tH)y=0and A? () =1,forallt e (tL, t f), and equation (47) is equivalent to

9‘1L 9L

oH, (r X000 ul )

A= ) (43)
qL aqu
which is valid on (tL, t f) and where by definition
T
Hy, (tv Xqp> Aqp» ”tIL) =lg, (t’ Xq1> “fIL) +2y, far (t’ Xq1.> “qL) : (49)

From the definition of Hamiltonian (49) and through a simple differentiation, the
Hamiltonian canonical equation (15) for the state is also verified.
Also from (38) and (49) the Hamiltonian minimization

HCIL( qL’)‘ZL’ g ) = Hy, (t xQL’)‘ZL’ )’ (0)
is obtained for all v € Uy, .

4.2 The penultimate location

Now consider a needle variation at time ¢t € (71, tL] in the form of

ug, (v), T € [tj—1,1;), 1<j=<L-1,
ul, [(©), T et t—e),
e,y _ U, Te[t—¢,1),
=N (o), Telnn -5, ’ Gb
ug, (t), T €l —o%, 1),
ug, (v), e, tr],

where §¢ > 0 corresponds to the case when the perturbed trajectory arrives on the
switching manifold m (X) := my, _,4, (x) = 0 at an earlier instant. The case with
a later arrival time, i.e., 6 < 0 is handled in a similar fashion, and the case of a
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controlled switching, i.e., with no switching manifold, can be derived similarly by
setting 6€ = 0.
For t € [t, t; — 8%) we may write

8% (v):=x5 (1)—x° (1)

qrL—1 qrL—-1 qrL—1

- ,/,te [ﬁ“’l (i;L—l (5), U) - qu—l (iZL_] (s), MZL_I (S))] ds
+ ft [ (5,18, ) = o (5,005, ) Jas

(52)

At the last switching time 77, the state of the optimal trajectory is determined (see
also Fig. 2 with the consider of n = L) by

%, ) = (%, (1))
~ L -
=§ ( Xg1-1 ( - 56) +/ qu71 (il(l)L—l(t)’ MZL—l (T)) dT) ,
1 —08¢

(53)

and the state of the perturbed trajectory is calculated as

173 ~
o =E (55, (=0 )) [ (5, @0, an)dr G4

t,—96

Thus (see also Fig. 2),

8xg, (tr) = %y, (1) —Xg, (1)
L

=£ ( S () 56_)) +/t y fa (»z;L (r).uf, (;L)) dr
-
_é <E;L_1 (tL N 86) + /tL f;L—I <igL_1 (T)a MZL—I (T)) df).
[ €

L—36

(55)

Now, let us define puy := e—)olimg. If 77, is the time of a controlled switching
then p; = 0 since §¢ = O for every €. In order to determine u, for the case of an
autonomous switching, we note that by the switching manifold conditions (7) it must
be the case for both x? and x€ that

m(xg,  (r—)) =m(xg, _ (1 —8~)) =0, (56)
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since Xg, | arrives on the switching manifold at 7, —, and X; | arrives at7;, — §°—
Moreover, from the Taylor expansion of 72, we have

0= ﬁ’l()E g 1L — 5-)) = rﬁ( gy (L = 8°=) = xg, (t.—) +)E6(1)L—1(IL_))
17 -
= ,;l(qu (i =85 =) = | X9, (1L —8°=) +f o (%2, a°) dr) +)Z(‘1’L71(1L—))
tp —6¢
oo 0
= nﬁ(&x;L (1L —8°—) — /Z . faroy (3%, 0%) dr —|—)?;L_I(IL—)) = m (¥ A7)
L
am(ze -1/ . woo_
+|:(quL):| (5 ;L ]( L —8—) — f Jar-1 (xo, uo) dr) + HOT,
0x tr —8¢€
(57)
which yields
N I ~0 ~o oo (igL*I(tL_))
35‘62 [axq“ (tL—) — /[L_SE far (%00 )dr:| T =0. (58
Noting that, by definition, y,, ,(f.—) = 11rn€_>o (quL I(tL —) and that
: 1 & 3 ~0 ~o0 ~ ~0 0 . 5
By et G080 = oy (3,0t (00) -l
(59

we obtain a closed-form expression for py from (58) in the form of

.
(%, 010))
ni = - S (60)
[am(x;;“(q—))

9%, :| qufl ( Xgp o (tL—=) ug, l(fL—))

Hence, by diving both sides of (55) by €, using a similar Taylor expansion of & and
then taking the limit as € — 0, we obtain the relationship between the values before
and after the switching of the first-order sensitivity of the (augmented) state as

08 (%, ,(1-))

ZE.qr-1
tr— Pl 61
a)ﬁéqlﬁl Yqr—1 ( L ) + MLfQL’S ( )

Yqr (1) =
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where

A S R )
—%—m_))ﬁz (xq (L=, u, (n—)) : (62)

Similar to part A, the dynamics and boundary conditions of the first-order state
sensitivity are derived as

O A CARGRY S CANORTANG) RGO

d 3 g (R0 (D), ul (D)
3V (D) = o Y@ (64)
8§ (igL—] (tL_)) “E,q1-1
Vg (IL) = T)’qkl (tL—)+ MquL,E , (65)
d 3 far (32 (1), u, (1))
Y@ = “8% Iy, (D), (66)
and, hence,

Vau(tp) = ur®q, (1. t0) %
0k
+CI>(1L (tf’ tL)N.—chL,l (tL9 t)
0%g,

[ﬁ”‘*l (x~l(])L—1 @, U) - f‘Hfl ('x~f(1)L—1 @, MZL—I (t))] ' 67

Therefore, the optimality condition (37) is expressed as

ag 1" 9 am " y Y
[[W} Dy, (tr,1L) 3%, + P|:a~ ] i|Q)QL—1 L. t) for (qu_,(f), U)

qL qL—1
> [[ %% T(b (tr, 1) % + [ o ]T}D (tr, 1)
B ai% i 8~11L—1 P aiqul ae e
ﬁILfl ('%‘(IJL—I ), MZL—I (t))’ (68)

with

[ag(;gL @) T

E,qr-1
i }q’qL(tfvtL)qug

(s, ,@o)]'
m\xJ — (tL— ~ »
|: g’%qufl j| Jar-i (xZL_l(tL_)y MZL_I(IL—))

pL—1= (69)
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Defining the (augmented) adjoint process in the interval ¢ € (17—, tL] as
03 (g,ap) T 08 (%, , (o))
~ T qL—1
A2 () == [ ] by, (tp, 1) ————=
qL—1 aqu qL ( )
o T
o (%5, (1))
+PL71 ~ quL—l (tLv t) ) (70)
d%Xg,
and evaluating it at = #; we obtain
93 (i" (t )) T oE (i" (. —)
- T 8\ Xg Uf qr—1 V'L
[AZL,l(tL)] =|—=—"| @ (ty, 1) ———=
0%,
o (qu (tL—))
+PL-1 =
0%Xg,
R (R, @) o (%5, (1))
=|A t ] —_— —
[ qr(IL+) 0%, + P
(1)
By the definition of é in (27), we have
- 20 9 280
a0 9z x|
oE dz+c] dlzte] dlz+c] |
~ /. 50 a0 9z x|
08 (%7, , (L)) " o a3
— s = |5 |= 30 3z ax|
0Xg;_, z
o€
ﬁ . .
L 00 az x|
100 -+ 0]
de q B . e 10 0
El 0x1 dxp T
1 26 . B8 L
= El X1 dxp = ot dx (72)
R 9§ 9§
% () 08 . O ot dx
a0 dx1 ax, _|

@ Springer



38

Mathematics of Control, Signals, and Systems (2024) 36:21-70

and since also %—’;’ = 0 we have

_ om

£ ot
om (%, , () |
qr—1 i

= —|m|=] o0 (73)

qL-1 i om

a_ -

* 0x

Hence, (71) is equivalent to

)\OL lyg(tL)
R0 () = A;L )
Ag, (1)

[0 (%5, (1))

, dc 0 T am
)»qL,e(fL-l-)-l-a Ao, tL+) + m Ao, (tL+) + pr—1——

T

am (;z;;H (tL—))

Ag, (tL+) + pr-1

8)@“_1 8i4L—1
1 gc |:§:|T dm
ar | or )‘ZL oL+) ot
or 0 Mg (L) | +pr—1| O
0% [ﬁr ko (1L4) om
ox [ox dx

o 74
| L 4)

ngng (tL+) + Ve + pr_1Vm

which, for each of the primary components of the augmented adjoint process, it is

written as

at

, , dc  [og]" ., am
)\qul,e(tL) = )\qL,e(fL‘l') + T + T A (L) + pr—1——, (75)

AZL Lo (L) =1, (76)

QL

(L) = VETRY, (tL+) + Ve + pLoiVm. (77)

Differentiating (70) with respect to ¢ leads to

d
dr
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which is equivalent to

d

3 0@ =0, (79)
d
dr )‘ZL 1.0 =0, (80)
ol (r, I ANONT (r)) )
ataa =" Tror A5(0)
Ofgr . \toxg, (), ug, (1)
Y ( i ! ) 2, (). 81)

0Xg_

Therefore, )\Zkl’o(t) = 1 fort € (1, t1) is obtained as before and

Y dHy, (ng_l,)»ZL L. 1)
)LQL 1= ’ (82)
9%Xg,

holds for ¢ € (t;_1, tz) with the Hamiltonian defined as

Hy, (t’ Xqp—1>Aqr_1> Ugr_ 1)
=lg (t, Xqr_1> qu-l) + )‘(IL Jaro (t’ Xgr—1» “qL—l) . (83)

Also from (68) the minimization of the Hamiltonian is concluded as

H‘iLfl (t qu 1’)‘ZL 1’ ZL—I) = HqL—l (t qu 1’)”ZL 1’ )’ (84)

forallv € Uy, _,,a.e.t € (fL—1, t). It shall be remarked that the Hamiltonian for the
time-invariant system with the augmented states (23) includes an additional constant
term, i.e.,

Ay (g 7 tg) = hqio + Hy (1 %0 1) (85)

but A, ¢ does not play a role in the adjoint dynamics (82) or in the Hamiltonian
minimization (84).

In order to obtain the Hamiltonian boundary condition (21) (equivalently, (22))
at 77, we evaluate both H,, | and H,, at t; and invoke the previously established
relations (as referenced therein) to arrive at

HtIL—l (tL—)
=Ly (13, ()G, (=) 452, (o

Faros (12050, (=), (1)

_)T
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P X?]L—l(tL_)Tf;IL—l (iqL_l(tL_)a MZL—I(IL_)) — )\'ZL—lyg(tL_)

(85)
- T T
08 (%7, (o)) s i (35, (1)
an 3%g, gk pL-1 3%y,

v ~(tp—) Ot —) o
Jar- l(qu 10 Ugpy )_)‘qL,l,g(fL—)

R P o S

9 ~
(69) (1L 1, aqu_]
B—gT Z.qr-1 ~ -
BiqL q)qL(tf’tL)qu’g om £ (=) O(tL )
" X9 0 ox fIIL—l(qu 1o Ugr )
aqu I qu 1 (qu—l(tL_)’ ”qL,l(tL—)) qr-1
g T
= -)° tr—)+ — &, (tr,t _
(39) QL—l,H( L—) 3qu qL( f L)aqu_l

9 T FE.qL-1
ﬁ g, (1, 1) [

s (R, (=) g, 1)

ﬁuq (iqlfl (tL—=), ”Zkl (fL—)>

aqu 1
3}1~1 Tf (x(tL ) MU(,L ))
3qu,1 qr—-1\*qr—1> *qrL—1
0 8g T =0 o
&) e g Rl (50, =)y, (o))
qL
ag ' -
+ﬁ Dy, (tf,11) [qu (i;’L (tL), ug, (IL))
qL
85 ~
o " (2 (0 o o
= = g, (apn) oy (B (R, 00)) g, () = 25, (1)

qL
= R @D o (8,000, (0) =35, o)
A 0(L—) + )»ZL,Q (tL+) +1g, (ng (tL), ”ZL (fL)>

3, (0T fy (0, (), (@)

—H (- 2| "o ) — prg o (86)
(75 aL VL ot ot L PL=1757

which is equivalent to (21).
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Mg .4, (F) =0

xg, (t)

ax

xg, (tn — 63)

Fig.2 Theevolution of the original augmented trajectory X arriving on the (augmented) switching manifold
at 7 and a perturbed trajectory X€ arriving at an earlier time 7 — 85

4.3 Other locations

We now consider a needle variation at a general Lebesgue time ¢ € (#,_1, ) in the
form of

ug, (), T € [tjo1.t)), 1<j<n-—1,
”Zn 1(1’), re[t,,_l,t—e),
v, TE[t—¢,1),
u (r) = uj  (0), e[t - 86), (87)
ug, (t), €[t =8, m),
u, (1), te [t —8,,), n<k<L,
uf 1), T € [ty =85, k1), n <k < L.

As before (see also Fig. 2), the first-order sensitivity of the augmented state before
the switching is derived as

St (=) = B, () [ fyums (%5, 0 0) = oy (%5, 005, 0)].
(88)
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and its value after the switching is derived as

aéﬂn 1 "'ga sqn—1 a’/hQn—I(In T
t,) = " _— h—).
y‘]n ( l’l) |:a£q”1 + I:af;l?n_lqn ] ( ) fqn %_Gn ~ j y11n—] ( n )

qun71 qn—1

(89)

Therefore, its propagation until the terminal time is written as
n

» o T
Yo (tf) = l_[ |:(bqk (Tr+1, 1) ¥ «’E +y fé oIkl |: m:fklfjkj| i|

k=L Xgr—1 i 501( ax(Ik—l

Py (o) | Fou (g, 020) = Far (R, 0., @)]. ©00)

where
0 i o (B (55, ) o, )
—Zii (%o @) s (%5, ), =))  OD)
and
0, controlled switching,
Yk = 1 , autonomous switching.  (92)

- T
am‘ik—lqk ~ .
0 ) y° —
|: gp_ f‘kal (qu,l(tk )’ul]k,l(tk ))

The optimality condition (37) is expressed as

kel Xgi—1 i 8qu 1

w1 T & 8m
[(’Vg } l—[ @y (tr1, 1) 0o, 4y ot | Dacrae lqk
'qu 9%
>0

Py a0 [ Fanr (B0 0,0) = Fou (%5, 0. (r))] 93)
Defining the augmented adjoint process within the interval (#,_1, t,,] by

3z 1" & 9E,,

AR OY ::[ s j| Dy, (liet1, 1) ———

ot 9%q, kll, " gy

~ T
o k1 Mgy g
—_— P
ARG [aiqkl } } oo (1)

(94)
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which is, after the implementation of the transpose, equivalent to

L 8~(, T
Mgy (1) = [®g,_ 1(tn’f)]T l_[ [# [®g (fchrlch)]T

k=n aqu 1
~ - T -~
+]/k 8mqk_1qk ]Zfakflk—l ag
32(]1(71 qus«’rk 8)?[“

= [(b%—l (tn’t)]T |: Egn :| q)qn (tn-i-l tn)]

Xgn—1

; L T
01itg, 1g [ Foman | 0E,, .
+ ~n n on>s4dn— o ; 1
g 9Xg, Lo Eoy l_[ 0%y, [Py et 1]

k=n+1
+ aﬁl‘]k—]‘]k fg"k’qk*I ! ag (95)
o 33}6]/(—1 qk’g"k 8JELIL ,

we may evaluate (95) at r = ¢, to obtain

~ T
85 n T an:’l n—19n ~~(7n’ n— T
2 () = [ — ] (@4, (tas1. t)] +yn%[fS . 1]
qn—1

aan_] qnsSJn

L = T ~ - T ~

98 T 98

I1 [ ] [®g, (trs1, 1] + pp— B qug‘”“ °
sJk

k=nt1 0Xgy_y O%Xgy 9%Xg,,
(96)

or

o LT ok, ]
() = [ U"] [®q, (tn+1,tn)]T l_[ [~—ak:| [q)qk(tkﬂ,tk)]T

8 Qn 1 k=n-+1 8‘qu71
g, g [ o || 08 Mg, 10 [ a1 ]
+ — k~ _ + ~n n n,l: n
Vi aqu_l qu’EGk aqu Vn aan_l fq»z’gan

L 8§O'k ! om qk 19k “g:ak»LIk—l T ag
I - [©0 (g1, 10)] | + yp—Btdl | ook .

k=nt1 0x qk 1 qk’S(rk aqu

97

Having established (71), we take the (backward) induction hypothesis as
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L ~ T
0= [ 0] T[22 | [ow ]

k=n-+1
Mg, g [ op-ai Tl a0z
+ ind £ ~ 98
Ve akail qu’sak aqu ( )

and denote the scalar product

~E L & ! T
Pu = Vn [f (m:qn1] 1—[ |: Ok i| [cqu (tk+1, tk)]

Gn 6o kmnt 1 aqu71
Omg, g [ opai T 0g
£ . 99
tn 0%Xg_, ftik,&‘nk 3%, 99)
Then equation (97) becomes
0, | o
5 ~ m
)\.0 1, = — On )\,U t,-+) + f]nflqn ) 100
Gn—1 (tn) |:3an_1 i| qn (tnt) + Pn —3an_. (100)

Since the induction hypothesis (98) is proved to hold as (71) forn = L — 1, and
since (98) for n implies (100), the boundary condition (20) is deduced from (100) in
a similar way as shown in (72) to (77), i.e., (100) is equivalent to

Mg 1.0(tn)
) = | A ()
)Lgn—l(t")
;!
1 % [%} 10 (1) 38_’?
=01 0 W) [+p| o |- (101)
Oa_[ﬁ] K, (tnt) Ui
ox | dx

This gives

ac n as n ’ 8m n—14n
Ay 0(tn) = 24, g t) + =5 +[ 3‘;} Koy () + p—2=H (102

Mgy oz () =1, (103)
20 (tn) = VETAY (ta+) + Veo, + pVmg, g, - (104)
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Differentiating (95) with respect to ¢ leads to
d af, !
—X0 (1) = — [ = (“’ t t ) 2 (1), 105
FVANG) (%1 0. )] i@ (105)
which is equivalent to
d
T a0 = (106)
I qn L) =0, (107)
d dlg, (t,xan, (), uf (t))
e 1y =- Gn—1 dn—1 o)
dt qn—1 aan—l
af‘bl—l (t"xon_ (t)’ uon_ (t)>
_ A 20 (108)
aan—l "
Theref h 20 _ L ac"z 3o, )»0 —14i
erefore, the constants q,l,],e(t) = Zi:n -5+ [ ] @+ +p —,
and )‘anl,z(t) =1, fort € (t,—1, t,) are obtained as before and
aH‘h—l ( qn 1 (t) )\'qn 1 (t), u2n71 (t)>
t) = — , 109
qn l( ) aan_] ( )
holds for ¢ € (t,_1, t,) with the Hamiltonian defined as
Hy,_, (t Xgu_1> Agu_rs u‘htfl) =lg,, (tv Xgn-1- qufl)
T
+Ag,  Jauo (t, Xgu_ys g, ,) - (110)

Also from (93) the minimization of the Hamiltonian is concluded, i.e.,

HqH( NORVARONS l(z)) H, 1<t X0 (1,08 1(;),1}), (111)

forallv e Uy,_,.

In order to obtain the Hamiltonian boundary condition (21) (equivalently, (22)) at
tn, we evaluate both H,, | and H,, att, and invoke the previously established relations

(as referenced therein) to arrive at

Hy, 1(1" _)

=lg,_ ,(zn, X0 (tn=),ul 1( =) 20 =) fgy (1 X ta =)l (t=))

(85)[ qn— 1 ] f% l( X 1 )’”qn—l(t”_)) _)‘ZP],GU"—)
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08, | anm
on T
(1?0) |: = )\.Zn t+) + Pn = :| fqn ]( :])n—l (fn—), Mgn_l (tn—))

8'X[Infl aan 1
0 <9_9> 0 T 9, 001750
)" qn—1, 9( n ) - qn 1s e(tn )+ |:)" (tn ) x(Infl T ynf%ze&dn )\'Qn (tn+)
8mtIn71qn r ~0 o
gy, JJe a0, 00)
S n
=2y 19(tn )+)J’ (tn_|_)Ta qff fqn 1( o |(n_)’uznfl(t"_))
éa,,CIn IT}\‘U (t +) B
qn, Ean " am‘In—lf{n Tf ( ) u° (t _))
3"81;,1 111n‘|'fq('l’nl 8)2%171 dn—1 qn 1 * P Gn—1 N
In—
= 2% (ta—m) + A2 (1) T Yo 7 (%0 (tg=),ul  (ty—))
(9_1) qn—1,0\'1 gqn N1 ox fq”—l .an71 n ’uﬂmfl n
qn—1

san .
q lfCIn 1( qn 1 )vuq",l(tn_))]

=20 o) + 35 D) fy, (;Eg (1), 45 (1))
= 20 o(ta=) + 4G, o (tn) + 1, (t,x;’n(tn),uzn(tn)>
i, D) g, (155, ), (1))

0cq, &5,
ot ot

+Ag ()T [ Ja (B0 (1) 1l (1)) —

.
am
Hy, (th+) — } g (1) — p—otdn, (112)

(102) at

which is equivalent to (21). This completes the proof of the hybrid minimum principle.

(]
5 Analytic examples
5.1 Example 1
Consider a hybrid system with the indexed vector fields:
X =fy (x,u) =x+xu, (113)
X = fy (x,u) =—x+xu, (114)
and the hybrid optimal control problem
51 1 71 1
J(to, 15, ho, 1; 1)) = / —uldr 4 — +f —u?dr + = [x(ty)
(-1 ) o 2 L+ [x @)1 Jiy 2 [ ! ]
(115)
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subject to the initial condition iy = (g (f9), x(f0)) = (q1, xo) provided at the initial
time 7o = 0. At the controlled switching instant 7, the boundary condition for the
continuous state is provided by the jump map x (t;) = & (x (t,—)) = —x (t,—).

5.1.1 The HMP formulation

Writing down the hybrid minimum principle results for the above HOCP, the Hamil-
tonians are formed as

1

Hq1=§u2+xx(u+1), (116)
1

Hq2=§u2+kx(u—1), (117)

from which the minimizing control input for both Hamiltonian functions is determined
as

o

u’ = —Ax. (118)

Therefore, the adjoint process dynamics, determined from (16) and with the sub-
stitution of the optimal control input from (118), is written as

. —0H,

)L:Z)_QI:—k(u0+1)=k(kx—1),t€(to,ts], (119)
X

: _8Hq2 0

A:a—z—k(u —1)=x(x+1),1€(t,17], (120)
X

which are subject to the terminal and boundary conditions

Mtp) = Vglyay = x(ty), (121)
)\' (tY _) = )\' (IY) = V%_'x(ts—) )\' (tY+) + vclx(ls_)
—2x ([s_)
= —A(ts+) + (122)

(1 +[x (,—)17)°

The substitution of the optimal control input (118) in the continuous state dynamics
(15) gives

9H
x:a—f‘zx(wu”):—x(xx—l), t € [to, ty) (123)
. quz o

x 5 =x(—14+u’)=—-x(x+1), 1€t ty). (124)

which are subject to the initial and boundary conditions
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x(to) = x (0) = xo, (125)
x () =& (x (t5—)) = —x (t,—) . (126)

The Hamiltonian continuity condition (21) states that

Hy, (15—=) = = [ (15— + & (t5—) x (t—) [u® (1,—) + 1]

[=h (ts=) x (t=)1> + A (=) x (ts=) [= A (ts—) x (t—) + 1]

Il
T =

o (14) = % [ (1] + 1 (54 x (154) [u” (t+) — 1]

[—A (s +H)x (ts‘|’)]2 +A(ts+H) x (t+) [—A () x (t+) — 1],
(127)

N =

which can be written, using (126), as

() () = 0] = 5 [x 6O [r e = o] a28)

| =

5.1.2 The HMP results

The solution to the set of ODEs (119), (120), (123), (124) together with the ini-
tial condition (125) expressed at f, the terminal condition (121) determined at 7
and the boundary conditions (126) and (122) provided at #;, which is not a priori
fixed but determined by the Hamiltonian continuity condition (128), provides the
optimal control input and its corresponding optimal trajectory that minimize the cost
J (t0, tf, ho, 1; I1) over Iy, the family of hybrid inputs with one switching. The numer-
ical results for xo = 0.5 and ¢ty = 4 are illustrated in Fig. 3. Interested readers are
referred to [58] for further analytic steps to reduce the above boundary value ODE
problem into a set of algebraic equations using the special forms of the differential
equations under study.

5.2 Example 2

Consider the hybrid system with the indexed vector fields

i = [;‘;] = f1 (x,u) = [_xf2+u], (129)

and

%= [2} — b (x,u) = [’ﬂ (130)
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Fig. 3 The optimal state and adjoint processes, optimal inputs and the Hamiltonians for the system in
Example 1 withxg =0.5and 7y =4

where autonomous switchings occur on the switching manifold described by

m (x1 (Is) , X2 (ts—)) = x2 (t,—) =0, 13D

with the continuity of the trajectories at the switching instant. Consider the hybrid
optimal control problem defined as the minimization of the total cost functional

1 1 1
J= / Euzdt +3 (x1 (1)) + 3 (x2 (7)) — vref)2 (132)
0]
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5.2.1 The HMP formulation and results
Employing the HMP, the corresponding Hamiltonians are defined as
15
Hi = x>+ Xy (—x1 +u)+ Eu , (133)
and
1,
H) =A1x2+kzu+§u (134)
The Hamiltonian minimization with respect to u (Eq. (14)) gives
u’ = —>x (135)

for bothg = 1 and g = 2.
Therefore the state dynamics (15) and the adjoint process dynamics (16) become

. _ M (136)
Xl = —/— = X2,
1 3)&1 2
oH
_)2;2 = —1 = —x1 + u() = —X] — )\-2, (137)
%)
. —JH,
A= = A2, (138)
0Xx1
. —J0H,
fo= 0 _ (139)
0x2
forg =1, and
. 0H;
L 140
X e X2 (140)
) 0H, 0
L 141
X2 8)\,2 u 2 ( )
. —0H
= 20 (142)
dx1
. —0H,
iy = =, (143)
0x7

for ¢ = 2. At the initial time ¢ = #(, the continuous valued states are specified by the
initial conditions

x1 (fo) = x10, (144)
x2 (o) = x20 (145)
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At the switching instant ¢ = f,, the boundary conditions for the states and adjoint
processes are determined as

xp (1) = x1 (=) Elintnxl ), (146)

x2 (t5) = x2 (ts—) =0, (147)
ac om

M) =2 G+ —+p— = A1 (t+) +x1 (), (148)
axl 3)(1
dc aom

A2 (L) = A2 (ts+)+_+p_ =Xl (ts+)+p (149)
0x2 0x2

And at the terminal time ¢ = 7, the adjoint processes are determined by (19) as

ag

A (tf) = o1 =0, (150)
0
Ao (tf) = é =X (tf) — Uref (151)

Note that unlike 7y and ¢y which are a priori determined, #; is not fixed and needs
to be determined by the Hamiltonian continuity condition (21) as

1
Hy (t5—) = A (ts—) x2 (t5—) — A2 (&—) x1 (L—) — 512 (t,—)?

1 2
= —Ap (ts) x1 (t5—) — E)\Z (ts)

1 1
= Ha (1) = 21 (1) 22 (54) = Sho (ts+)* = —7 (t+)?,

(152)
ie.,
1 2 1 2
Ao (ts) x1 (t5—) + 5)»2 ()" = 5)»2 (ts+)7, (153)
that with the insertion of (149), it becomes
1 2 2
A2 () + p)xg (6—) + 5 A (ts+) +p) = E)\Z (ts+)", (154)

The set of ODEs (136) to (143), together with the initial conditions (144) and
(145) expressed at #(, the boundary conditions (146), (198), (148) and (149) provided
at ty, and the terminal conditions (150) and (151) determined at t, with the two
unknowns f; and p determined by the Hamiltonian continuity condition (154) and the
switching manifold condition (131), form an ODE boundary value problem whose
solution results in the determination of the optimal control input and its corresponding
optimal trajectory that minimize the cost J (fo, 7, ho, 1; I1) over Iy, the family of
hybrid inputs with one switching on the switching manifold (131).
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5.2.2 Analytical solution to the HMP

Similar to the previous example, further steps can be taken in order to reduce the above
boundary value ODE problem into a set of algebraic equations using the special forms
of the differential equations under study. This has been done in detail in [60], and a

brief version is provided here.
From (142) and (148) we may write

(1) =0, te(ts,tr]. (155)

Therefore, the dynamics of the second component of the adjoint process in (ts, t f]
is determined from (143) as

A =0, te (. tr], (156)
which from (151) we conclude that

Ay (1) = x3 (tf) — vrer te (s tr].
(157)

The boundary conditions (148) and (149) on adjoint processes at the switchings
instant give

A (ts) = A1 (ts+) + x1 (8) = x1 (L), (158)
A (ts) = Ao (t+) + p = x2 (tf) — Vres + P, (159)

The conditions (158) and (159) serve as terminal conditions for the adjoint processes
dynamics (138) and (138) which have a general solution of the form

A = Asin(t + ), t €[t 1], (160)
M =Acos(t+ ), t € [1g, ts] . (161)

Therefore, the state dynamics (136) and (137) are written as

%1 = x2, (162)
)'52 = —X] — )\‘2 = —X] — A cos (t +C¥) ) (163)

for ¢ € [19, t5], which have a general solution of the form

X1 (t) = ;Atsin(t+a)+Bsin(t+,3), (164)

-1 1
x (1) = TAt cos (t +a) — EA sin (¢ +«) + Bcos (t + ), (165)

@ Springer



Mathematics of Control, Signals, and Systems (2024) 36:21-70 53

for ¢ € [tg, t;) = [0, t,), subject to the initial conditions
x1 (to) = Bsin B = xo, (166)
1
x2 (ty) = _EA sin (@) + B cos () = xp0. (167)
At the switching time #; the continuity condition for x| and x, are written as

X1 (G+) = x1 (&) = x1 (t,—) (168)
X2 (ts+) = x2 () = x2 (t,—) =0, (169)

which form the initial conditions for the state dynamics in ¢, and 1 € [#;, ], deter-
mined from (140) and (141) as

)'Cl = X2, (170)
X2 = —A2 = Upef — X2 (tf) . (171)

The above equations have the solution

1
xmo=mao+iww~mﬂq»a—m% (172)
X2 (1) = (vrey — %2 (1f)) (t = 15) (173)

for t € [t;,15]. Since (173) is expressed implicitly in terms of x; (¢7), we evaluate
(173) at t ¢ to write an explicit form for x; as

X2 (tr) = (vrer — X2 (t5)) (tr —15) » (174)

which gives

tr—t
x (1) = —vrle'i(t‘: - tj)- (175)

Substitution of (175) into (172) and (173) results in

Uref 2
00 =31 )+ T s =1, (176)
_ Uref _
SR e G (177)

fort € [ts, tf]. This gives the adjoint boundary conditions (158) and (159) as
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Fig. 4 The optimal trajectory components xf and xg , the corresponding adjoint process components A‘l’
and A9, the optimal control input x and the corresponding Hamiltonian H (x°, A%, u®) in Example 2 with
10=0,x10=1,x0 = —0.5, 1y = 5 and vpef = 1
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t
A (1 N §> Sin (ty + &) = Bsin (t; + ), (178)
Acos (¢ +(x)—L+ (179)
s Tl U

The switching manifold condition (169) states that
—1 |
TAIS cos (t; + o) — EA sin (ty + ) + Bcos (¢, + B) =0, (180)

and the Hamiltonian continuity condition (154) gives

-1
Acos (t; + ) <7At‘; sin (¢t; + &) + B sin (f; + ,3))

1 1 Uref 2
— A% cos? (¢ =-(—= ). 181
+2 cos” (f + @) 2(1+lf—ls (181)

Hence, by solving simultaneously the set of 6 equations (166), (167), (178), (179),
(180), and (181) for the given o = 0,1y < 00, x (fy) = [x10, x20]F and vrer the values
of the 6 unknown parameters A, o, B, 8, t; and p are determined. For the values of
fo =0, x10 =1, x0 = —0.5, ff = 5 and vef = 1 the results are demonstrated in
Fig.4.

5.3 Example 3

Consider the hybrid system with the indexed vector fields

X1 0O 1 0 O X1 0
N EE 0O 0 1 0 X2 0
X = i | = f1(x,u) = 00 0 1 s + 0 u, (182)
X4 -3 -2-4-1 X4 1
and
X1 0O 1 O X1 0
X=|xX|=fku=]| 0 0 1 x2 | +10|u, (183)
X3 -6 —11 —6 X3 1

where autonomous switchings occur on the switching manifold described by

m(x(ts=)) = m( [010,2) x2(-) 130,-) xat2)]T ) = x3(t5-) =0, (184)
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with the jump map

x1(t) 2000 xlgs_;
x(t) = | 0 | =6(x@-)=[0100 m(;:) (185)
x3(ty) 0003/
x4(t5—)

Consider the hybrid optimal control problem defined as the minimization of the total
cost functional

1 2 1 2 2
J=| swdi+lxol +2 x| (186)
o 8

5.3.1 The HMP formulation and results

Employing the HMP, the corresponding Hamiltonians are defined as
_ 15 T
Hi(x, A, u)= zu + X' (A1x + Biu), (187)
Lo T
Hy(x,  ,u) = 214 + A" (Axx + Bou). (188)

The Hamiltonian minimization with respect to u (Eq. (14)) yields

u’ = —B =k, q=1, (189)
u’ = —B) ) =2s, q=2. (190)

Therefore the state dynamics (15) and the adjoint process dynamics (16) become

X =A1x — B4 (191)

A=—Al%r (192)
forg =1, and

X = Ayx — ByAs (193)

A=—AJA (194)
forg = 2.

At the initial time ¢ = tg, the continuous valued states are specified by the initial
condition

x (ty) = xo. (195)
At the switching instant ¢ = t,, the switching manifold condition

x3 (ts—) =0, (196)
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must hold, and the boundary conditions for the states and adjoint processes are deter-
mined as

x1(ts) =2x1 (5—) (197)
1

6 (1) = 300 (1), (198)

x5 (1) = 34 (15—) (199)

M0 = 201 )+ 01 () (200
1 1

B 1) = 3 0 (1) + 302 1) 201)

1
A3 (k) =p+ Z x3 (t5—) (202)
R (1) = 304 (D) + 5 54 () (203)

And at the terminal time ¢ = ¢, the adjoint processes are determined by (19) as

r(rr) =4x1(ty), (204)
r(1f) =4x2(t7), (205)
A3 (tf) =4 x3 (tf) . (206)

Note that unlike 9 and t y which are a priori determined, ¢, is not fixed and, together
with the unknown parameter p, they need to be determined by the switching manifold
condition (196) and the Hamiltonian continuity condition (21) as

Hi (t5—) = A(t;) "Ay x(t,—) — %A(u)TBIBFA(rs)

=1t A 1 BB, =
= A(ty) Az x(t5) 2)»(ts+) By B, Ats+) = Hy (t,+) . (207)

5.3.2 Numerical solution to the HMP

In order to numerically solve the HMP results, we employ the HMP-MAS Concep-
tual Algorithm presented in [67] and we exploit the analytical availability of trajectory
solutions due to the linearity of dynamics before and after switching to expedite the
algorithm. More specifically, the algorithm initiation consists of selecting arbitrary
switching time tA? € (1o, tf) and pre-switching state x? € R* such that the switching
manifold condition m (x?) = 0 holds. Then, at each iteration k the hybrid optimal con-
trol problem decomposes into two decoupled auxiliary classical (non-hybrid) optimal
control problems, one with the dynamics X = Ajx + Bju with fixed initial and ter-

k
minal states xo at fo and x¥ at £X with the cost J; = ft;‘ %u2ds and the other with the

. . . .. 2000 .
dynamics x = Aox -+ Bou with a fixed initial state [8 1720 g]xlj at ¥ and a free terminal
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Fig.5 The optimal trajectory x?, the corresponding adjoint process 1 and the corresponding Hamiltonian

H (x”, A, u") in Example 3 over the horizon [7y, 7] = [0, 3] with xo = [ 203 -2 ]T, an autonomous
T

switching with the switching manifold x@® (1y—) =0, and the jump maps [x(l) (ts) x@ (1) xP (1) ]

.
[2x(1)(zs—) %X(z)(tx_) 3@ (1) ]

@ Springer



Mathematics of Control, Signals, and Systems (2024) 36:21-70 59

state and with the cost J» = ft tkf ' %uzds. At each iteration, the adjoint process of the
first auxiliary problem is determined from )J;l (1) = exp(—ATt)[g(to, tsk)]’1 (xo —

exp(—A; (t5 — 19))xF) where G(to, 15) = ftff exp(—A17)B1 B| exp(—A| t)dt is
the controllability Gramian; and the adjoint process of the second auxiliary prob-
lem is determined from A’;Z (t) = Iy (¢)x(t), where I, is the solution of the Riccati
equation ﬁz = 1'[2B232T I, — AzT [T, — [12A> subject to the terminal condition
[Ma(ty) = 4 I3x3.

Then the algorithm updates tf and xf according to

= ik~ n(Hf ko) — HbaE) (208
200 0
oio 1 0

R e [T TGS RS R ERVRC

003 0
0
w0

— rpm(xy) 1 (209)
0

where ry € (0, 1) is a set of monotonically non-decreasing sequence of step sizes and

200
HE  —HE o (AxE— B BTAk YTk | 020 ok Lyk
2(tF) 1) s L7 ok (k) 000 ak .y 47s
.T+ s ql ql S+
k 003_| 9

[0010](Aixk — BiBIA (15)T)
(210)

For the initial condition xg = [ —-203 -2 ]T, over the time horizon [0, 3] and with

the initial guesses £ = 1.5, x) = [020 —1 ]T, the algorithm converges with € =
200 2
1
0.001 to | H (1) — Hf (1§ )P+ [, (1) — | 0 2 0 |16, (fH) = gxf | +Im )P
003

within the order of 10° steps and the corresponding results are displayed in Fig. 5.

5.4 Example 4
Consider the hybrid model of an electric vehicle equipped with a dual planetary trans-

mission (presented in detail in [56]) with the set of (active) vector fields F given
as
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fo 6, u) = —A1x* + Bju — C1x — Dy, 211)
fpy (1) = —Agx? + By — Cox — Dy, 212)
X

2
fq(;) (x,u) = —AgsxD £ Agpx® — Agy (x(l) 4 sz(z))
u®

- 2 _ 3 _
+ BSMx(l) TR + Bssu Bsru Dgy ,

2
L2 0wy = Apsx D — Agpx® — Aga (X(l) + sz(2)>
e

x4+ Rix@ N BRSM(Z) + BRRM(S) — Dre.

(213)

+ Brm (1 + Ry)

fas (e u) = —Aux® + By — Cax — Dy, (214)
X

where x4, x4, Xg,, € R, x4y € R? are the continuous components of the hybrid
state, with the notation xé‘i’ ) used for denoting the j th component, and ug, , Ug,, Ug, €
[-1,1] C R, ugy € [-1, 11 c R3 are the continuous components of the hybrid
input, with the coefficients on the right hand side of equations assumed to have deter-
ministically known values. In this example, transition from ¢ to g is an autonomous
switching, the transition from ¢» to g3 is a controlled switching accompanied by a
dimension change, and transition from g3 to g4 is an autonomous switching accompa-
nied by a dimension change. The set of switching manifolds M for the autonomous
switchings are given by

Mgy =X —k1 =0, (215)
Mgyge = xD =0, (216)

and the set of jump transition maps E is provided as

Eqigp T X = X, (217)
1
Epgs © X — [g’(;x} , (218)
)
X 2 (2
Egrqs [x@)} — gpx'?. (219

Let the performance measure be given as

Is

1 Isy
J(tg,tf,(ql,O),S; 13) =[ lgy (x,u)dt+/ lgp (x, u)dt
Is

1o 1

IS3 iy
[ [ oo ().
I t

2 53

(220)
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where the running costs /,;’s are the power consumption rates, determined from the
motor efficiency map in [56] as

lg, (x,u) =a1u2+b1xu+clu+d1x, (221)
u? u
lgy (x,u) = ar— + bou + cp— + dox (222)
X X
£ (0)?
lgy (x,u) = d3% + byuV
(x® + Rix®)
ut (1 (@)
+C3m +d3 (x +R1x ) s (223)
u? u
lgy (x,u) = as— + bau 4+ c4— + dyx , (224)
X X
2
g (x (l‘f)) =dy+dix (l‘f) + dyx (l‘f) . (225)

5.4.1 The HMP results and solution

Based on the HMP (details of the derivation are presented in [56]), optimal inputs
are determined as

—(b1x () +c1+ BiA(t
W (1) = sat (b1x @ +c1 4+ Bir @) , (226)
a =1.1] 2a;
—x () (b2x (t) +c2 + BaA (2
W) = sat x (1) (bax (1) + c2 4+ BoA (1)) ’ 227)
72 —1.1] 2a;
= st (LRI s b ]
Ugs = [fﬁl] 23 ,
2 —1if BgsAM (1) — BrsA® (1) > 0
”Zg ) (n = : 1 2 P (228)
; 0 if BgsAM (1) — BrsA® (1) < 0
0(3) —1if BrRgA@ (1) — Bsgrh™ (1) = 0
ugy” (1) = : @ M :
0 if BrrA'? (t) — BspA' () <0
—x (1) (bax (t) + c4 + Bah (2
W) = sat (1) (bax (1) + c4 + Bah (1)) ’ (229)
94 [—1.1] 2a4
where A (1) = )»Zl_ (r) are governed by the set of differential equations
2
204 (15, )" cquy, 0
q4 = 3 5 d
(g ) (g ()
g, (1)
+ g (0 24030, () + Bi—2— 4+ ¢4 ), (230)
(xq4 (t))
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Fig. 6 Optimal state and adjoint processes, optimal input and the corresponding Hamiltonians for the
example of vehicle with transmission

@ Springer



Mathematics of Control, Signals, and Systems (2024) 36:21-70 63

2as (u2M (1)) o(1)
asz \Ugs N Cc3ttgy (1)

A = _
T W4 Rx®@) (x4 Rx@)?
Bsy (1 + Ry) gy
+ ) [ Ass + 2454 (xV + Rox@) 4 =X U+ R gy
" (x® + Ryx@)?
2 1 2 Bry (1 + Ry) uZ§”
+ 13 [ —Ars +24ra (x< )+ Rox' )) + ). @
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(xM + R1x®) (x® + Rix®)
1 1 2 RiBsy (1+ Ry)uy
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RiBru (1 + Ry) ug
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(232)
2a; (w5, )
a (I/tqz t ) cou®. (1)
(xg2 () (g2 )
ug, (1)
+B—L— + C2>, (233)
(xg, (1))
hgr = —buug, (1) = di + g, (1) 2A1xg, (1) + C1), (234)
subject to the terminal and boundary conditions:
hgy () = di + 2daxy, (17) (235)
0 1
hgs (1s;) = [ 2 :|)‘q3 (tss+) + p3 [0] : (236)
tr
(1)
hgy (1) = [ 0] | 75 (1at) | gha M (15+) | (237)
hgs (1s,F)
hgy (151) = hgy (15 +) + p1 (238)

where the optimal switching instances f;,, t,, t;; together with the unknown scalar p;
and p3 are determined from switching manifold conditions and Hamiltonian conti-
nuity conditions. The associated results are illustrated in Fig. 6. Interested readers are
referred to [56] for further details about hybrid systems modeling and the determina-
tion of the HMP results for this system.
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6 Concluding remarks

The hybrid minimum principle (HMP) presented and proved in this paper exhibits
several distinctive characteristics of hybrid systems which are not simultaneously
present in other versions of the HMP available in the literature. One of the key aspects
of the established HMP is the explicit presentation of the boundary conditions on
the Hamiltonians and adjoint processes (in contrast to their implicit expressions in
[27-30, 33] in the form of transversality conditions), the relaxation of the regularity
requirements (relative to, e.g., [32, 34]) and the presence of time-varying switching
manifolds and jump maps corresponding to both autonomous and controlled, together
with time varying switching costs and the possibility of state space dimension change
(where only subsets of these features have been considered for the presentation of
other versions of the HMP).

It is worth remarking that the statement of the HMP (like other versions of the HMP
established in the literature) is along a fixed sequence of discrete states and while the
associated switching times are not a priori fixed (and are part of the solution to the
HMP), the currently available versions of the HMP are silent about the optimality of
a sequence of discrete states. In other words, the adjoint process in the HMP is only in
adjoint relationship with variations of the continuous state process while, to the best
of our knowledge, the determination of an adjoin-type variable for discrete-valued
processes (including especially the discrete component of the state of hybrid systems)
is still an open problem. In contrast, one can obtain the optimal switching sequence
using hybrid dynamic programming (HDP) (see, e.g., [18, 35]) at the expense of being
required to solve multiple partial differential equations and possibly encountering the
curse of dimensionality in the associated numerical algorithms. An interesting future
line of research would be the development of numerical algorithms based upon the
intrinsic relationship between the HMP and HDP [35] where the optimality results of
the HMP are combined with HDP in order to also determine the optimal sequence of
discrete states.
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Appendix A Proof of Lemma 1

Proof Let us define

Ki=sup{|fy t.x,w)|: (t.q.x,u) €lto, 171 x Q x B, x U}, (A1)
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where B, := {x € R : |x||* < r2}.
we first consider the stage where no remaining switching is available and hence
t € (tr, tr4+1) = (tr, t7). In this the case that

1f
X (tf; t, x,) = x; + / Jqr (T, X7, ug)dr, (A2)
1
which gives
1y
|x (tfs 00 x0) = x| < Ku|ey — 1] +/ Lyllx (zst,x) —xlldr,  (A3)
t

where Ly is defined in assumptions AQ. By the Gronwall-Bellman inequality this
results in

t
| (252, x0) —xi|| < Ko |ep — 2| + / ! LK) (r —1) et (r=Ddr
t

<Kty —t| <Kty —11

; (A4)

where K = max {Kl, LyKy (tp — 1) el (=) } Hence, by the semi-group prop-
erties of ODE solutions and by use of (A4), for s > ¢ and x, € N, (x;) we have
| (2p3 2, 20) = x (2538, x5) | < lloer = xll =+ I1x G5 2, %) — x|
t
+/ Lylx(zit,x) —x(z5s,x5)dr
)
< llxe — x5l + Ko |s — ¢}

t
+ / Lyllx(z;t,x)—x(z;s,x5)|ldt, (AS)
S
and therefore, by the Gronwall inequality we have

% (e £00) = x (535, %5) | < (e = xsll 4+ Ko Is — ) eBs (=)

< (llx — x5l + K2 |s — £]) eLr(ty—tL)

1
< K (e = x P +1s = 1) (A6)

for some K < oo which depends only on ¢y — t;,, Ky and K 7 and not on the control
input.

Now consider ¢,s € (t.,', tj+1) where ;11 indicates a time of an autonomous
switching for the trajectory x (t; ¢, x;), and consider for definiteness the case where
x (t; s, x5) arrives on the switching manifold described locally by m (x) = 0 at a
later time #j1 + 6t (the case with an earlier arrival time can be handled similarly by
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considering 87 < 0). It directly follows by replacing f;, and 5 by fg; and 7;41— in
the above arguments, that

1
2

[ (1 =5 1. 30) = x (1=, %) | = K (I = s 2+ 15— 1) (A7)
Now since

Hx (tj+1 + 8t—; s,x‘v) —X (tj_;,_l—; s,xx)” <K |lj+1 + 8t — tj+1| = K» |6t],

(A8)
and
e 1+ 80— 5,5) = x 17— 1.0) P
< ||x (tj+1 + 5t—; s,xs) —X (tj+1—; s,xs)”2
2 (=31, 0) = x (G01=55,3) [ (A9)

it is sufficient to show that the upper bound for |§¢| is proportional to ( lx, — x|

1
+ s — 1 )7. This can be shown to hold by considering the fact that

tj+dt
m(x(tjp1 +8t—; 5, x)) = m(X(tj+1—; 5, X5) + / fa; (x (T35, %), uz,_)dr>
1j

J

t_/+8t
=m <X(tj+1—; £, x) +0x(tjv1—-) +f fa; (x (@35, x5), uzj_)dr>
1
=m(x(tj41—51, %)) =0. (A10)
For |[8x (tj31—)| < €j+1 sufficiently small,
tj+o1
v (xi,,,- +/ Jup(r (@353 gy )dz ) + 0 (€)= 0, (Al
’
which is equivalent to
tj+8t
V' 8x (tj+1-) +/ V' fy (x (xi s, x5)  ug; - )dT 4 O (612-+1) =0.
t

J

(A12)

Due to the transversal arrival of the trajectories with respect to the smooth switching
manifold, [Vm T qu | is lower bounded by a strictly positive number &y, (see (2)) and
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hence,

tj+ot
)VmTSx (tj+1—) + O (€]2+1)‘ = / Vmquj (x (T;58,x5), utj_)dr
t

J
tj+§t
=
J

J

V' fo (x (ti 5, %) u,,-f)‘ dt >k, £ 181], (A13)
which gives

l1] < ﬁ (IIVmII 6 (tj01-) | + ’0 (GJZ'H)D

m

1 V|
< —IVmll€jr1+ €41 =< + 1) ejr1 = Kjr1€j41. (Al4)
km. 1 km, 1

Hence, for t € (tj, tj+1) and x; € B, there exist a neighborhood N, (x;)
such that for s € (tj,tj31) and x; € N, (x;) we have [8x (tj41—)] =<

1
K’ (||xt —)csll2 + |5 — 1:|2)2 < €41 in order to ensure that 6 < Kjy1€;41 and
consequently

1
| (tj51 + 8t—5 5, x5) —x (tjp1—s t.x) | < K (IIXz —xlI* + s — tlz)2 ,
(A15)

for K independent of the control. Since & is smooth and time invariant, it is therefore
Lipschitz in x uniformly in time. O
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