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Abstract

In the last decades, control problems with infinite horizons and discount factors
have become increasingly central not only for economics but also for applications
in artificial intelligence and machine learning. The strong links between reinforce-
ment learning and control theory have led to major efforts toward the development of
algorithms to learn how to solve constrained control problems. In particular, discount
plays a role in addressing the challenges that come with models that have unbounded
disturbances. Although algorithms have been extensively explored, few results take
into account time-dependent state constraints, which are imposed in most real-world
control applications. For this purpose, here we investigate feasibility and sufficient
conditions for Lipschitz regularity of the value function for a class of discounted infi-
nite horizon optimal control problems subject to time-dependent constraints. We focus
on problems with data that allow nonautonomous dynamics, and Lagrangian and state
constraints that can be unbounded with possibly nonsmooth boundaries.
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1 Introduction

Infinite time horizon models arising in mathematical economics and engineering typ-
ically involve control systems with restrictions on both controls and states. Models
of optimal allocation of economic resources were, in the late 50s, among the key
incentives for the creation of the mathematical theory of optimal control. Constrained
optimal control problems are often solved in practical control applications, which are
more challenging to deal with than unconstrained ones.

Over the last few decades, an increasingly central role has been given to infinite
horizon control problems with discount factors not only for applications in finance
but for applications to artificial intelligence and machine learning. Strong connec-
tions between reinforcement learning and control theory have prompted a major effort
toward developing algorithms to learn optimal solutions. Discounting plays a role
in addressing the challenges that come with models where unbounded disturbances
are present. The discount configuration is common in many stochastic control prob-
lems [7, 23, 24, 33], reinforcement learning [8], and financial engineering [19, 30].
Discount factors ensure the feasibility of constrained optimal control problems with
potentially unbounded perturbations. In dynamic programming, discounting is often
used to ensure well-posedness of problems with infinite horizons and possibly unlim-
ited costs [6, 9]. Moreover, with an appropriate value of the discount factor, stability
is guaranteed [31].

Much of the present works in the literature focuses on manage constraints in con-
trol problems. In general, state constraints imply non-convex feasible sets. So, there
are several ways to provide amenable approximations in deterministic and proba-
bilistic frameworks, e.g., using available informations from probability distributions
[32], deterministic approximation methods jointly with confidence sets [25], deter-
ministic and stochastic tubes [5, 12], attainable sets [22] or conservative approach
with probabilistic inequalities [17, 21] and random methods [11, 26]. Although deter-
ministic algorithms have been widely investigated to solve the optimal regulation
problems, few results consider the solution of optimal synthesis in the presence of
time-dependent state constraints, needed for most real-world control applications (cfr.
Sect. 2). A fundamental point in constrained cases is how to ensure desirable prop-
erties, as existence of viable solutions and stability, including regularity of the value
function. This is particularly evident in reinforcement learning, where value functions
necessitates employing a function approximator with a limited set of parameters. Sev-
eral researchers have emphasized that integrating reinforcement learning algorithms
subject to state constraints with general approximation systems, such as neural net-
works, fuzzy sets, or polynomial approximators, can lead to unstable or divergent
outcomes, even for straightforward problems (cfr. [2, 10, 20]).

In this settings, a key role is given by the dynamic programming principle and the
Hamilton—Jacobi—Bellman (HJB) equation associated with the control problem [6, 34].
The value function, when differentiable, solves the HIB equation in the classical sense.
However, it is well known that such a kind of notion turns out to be quite unsatisfactory
for HIB equations arising in control theory and the calculus of variations (we refer the
interested reader to the pioneer works [13, 14] and [3] for further discussions). Indeed,
the value function loses the differentiability property whenever there are multiple
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optimal solutions at the same initial condition or additional state constraints are present.
The lack of classical (smooth) solutions to HIB equations for regular data led to the
need of a new notion—i.e., weak or viscosity solution—of this equation, in the class
of Lipschitz continuous functions. Such regularity is not taken for granted especially
when time-dependent state constraints are imposed on the control problem [4, 6].

In this paper, we focus on analyzing the Lipschitz regularity of the value function
of infinite horizon control problems, specifically those with discount factors and time-
dependent state constraints of a functional type. Our approach is designed to provide
a comprehensive and rigorous analysis of this problem. We carefully consider the
impact of the presence of time-dependent state constraints and discount factors, as
these factors can significantly alter the optimal control strategy and lead to unexpected
system behavior. To ensure feasibility and obtain neighboring estimates on the set of
feasible trajectories, sufficient conditions on the constraint set by means of inward
pointing conditions are imposed (cfr. Sects. 3 and 4). More specifically, by employing
recent viability results that were investigated in [3], we establish Lipschitz regularity
of the value function and viability of the system. We also demonstrate that the value
function vanishes at infinity on the feasible set for all sufficiently large discount factors.
This result is significant, as it implies that the value function is bounded on such set,
which has important implications for the stability of the system. Overall, our analysis
sheds light on the behavior and regularity of weak—or viscosity—solutions of HIB
equations.

The outline of the present paper is as follows. In Sect. 2 we describe the general
formulation of the optimal control problem addressed here, with notations and back-
grounds on nonsmooth analysis. Section 3 is devoted to a controllability condition
on constraint set. We give a viability and neighboring estimate results in Sect. 4 for
feasible trajectories on infinite horizon. Meanwhile, in Sect. 5 we show the desiderate
Lipschitz continuity for the value function.

2 Problem’s formulation and backgrounds

In this paper, we address the following infinite horizon control problem subject to
functional constraints

+0o0
minimize / e ML(s, x, u)ds (P)
t
subjectto x' =f(s,x,u) ae.s
x(t) =x

u(s) e U(s) ae.s
hi(s,x(s)) <0 Vs>t

hn(s,x(s)) <0 Vs >1t.
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We assume:

e the controls u takes values in R” and are Lebesgue measurable;

e U is a measurable set-valued map with nonempty closed images in R";

e h;’s are real-valued functions, measurable in time and space-I'':? regular,
uniformly in time;

where I'1- stands for the class of continuously differentiable functions with -Hoelder
continuous and bounded differential, i.e., for 8 €]0, 1]

v el «— vy e ! with Vi bounded,
3k >0 VY (x) — V()] < klx — y[’.

The optimal control problem described above is applicable to several scenarios within
the fields of economics and engineering sciences (cfr. [15, 18, 27]). In these fields
of applications, functional constraints often appear as functions affine in space with
measurable time-dependent terms, specifically, /; (s, x) = A(s)xx + B(s) which falls
under the framework of the proposed model. This family of functions extends to
include £; (s, x) = A(s)¥i (x) + B(s), with ¢; € R" a parameter and ; € 9 Itis
worth to notice that the autonomous case with & = 1 was previously studied in [6].

2.1 Preliminaries and notations

Let B(x, 8) stand for the closed ball in R” with radius § > 0 centered at x € R"” and
set B = B(0,1), " ! = 8B. Denote by | - | and (-, -) the Euclidean norm and scalar
product, respectively. Let C C R” be a nonempty set. We denote the interior of C by
int C and the convex hull of C by coC. The distance from x € R" to C is defined
by dc(x) := inf{|]x — y| : y € C}. If C is closed, we let I[1¢(x) be the set of all
projections of x € R" onto C.

For p € RT U {oo} and a Lebesgue measurable set I C R we denote by L (I; R")
the space of R"-valued Lebesgue measurable functions on / endowed with the norm
ll-llp,7. We say that [ € Lf;c(l; R™)if f € LP(J; R") for any compact subset J C I.
Let I beanopeninterval in R. Forany f € LIIOC(T; R") wedefine6¢ : [0, u(1)) — Rt
by

0r(0) = sup {/ | f(D)|dt : J C1, Lebesgue measure of J < U} .
J

We denote by Lioc the set of all functions f € L. (RT;RT) such that
limy00¢(c) = 0. Notice that L¥(R*t; RT) C Lo and, for any f € Lo,
0r(0) < oo for every o > 0.

Let Q : R~ R", F: T xR" ~ R" and G : R™ ~» R" be set-valued maps
with nonempty values. G is said to be L-Lipschitz continuous, for some L > 0, if
G(x) C G(x)+ L|x — x|B for all x, x € R™. We say that F has a sub-linear growth
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(in x) if, for some ¢ € L} (T; RT),

sup |v] <c(@®)(1+|x|) aetel, Vx e R".
veF(t,x)

Definition 2.1 Let y € LIIOC(T; R™). We say that F is y-left absolutely continuous,
uniformly wrt €2, if

t
F(s,x) C F(t,x) +/ y(©)dtB  Vs,tel:s<t Vxe Uzels,1S2(T).
N
2.1
If F does not depends explicitly from x, in that case we simply say that F is y-left
absolutely continuous.

If 7 =[S, T], then we have the following characterization of uniform absolute con-
tinuity from the left: F is y-left absolutely continuous, uniformly wrt 2, for some
y € Li (I;RT), if and only if for every & > 0 there exists § > 0 such that for any
finite partition S <) <11 <tHh < < ... <ty < Ty < T of [S, T],

m m
Y (wi—t) <8 = Y exc(F(t;,x)|F(ti,x)) <& Vx €Ures.r()

i=1 i=1
where the excess of A given B is defined by

exc(A|B) := sup{dp(a)|la € A} € RT U {+00}.

3 Controllability

In what follows, we take the notation

m
Q) =) Q). Q) :={x eR": h(t,x) <0}
i=1
Consider the following condition

Assumptions 3.1 Let 8 €]0, 1] and /; : Rt x R” — R be m real-valued functions
satisfying forany i = 1, ..., m:

e h;(., x) is measurable for any x.
e h;(t,.) is I'\Y regular, uniformly wrt 7.

The proposition below states a geometric result for a Inward Pointing Field Condi-
tion (also known as Inward Pointing Condition) on infinite horizon wrt the constraints
2(¢) and a vector fields F(t, x).
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Proposition 3.1 [Inward Pointing Fields Condition] Consider the Assumptions 3.1.
Let F : R x R" ~» R" be a set-valued map with nonempty closed values satisfying

iM>0,9>0:

(a) sup{lv] : ve F(t,x), t e RT, x € dQ()} <M
(b) F(t, ) is ¢-Lipschitz continuous for any ¢ > 0.

Assume that

for somed > 0, r > Oand forall t+ € R*, x € 9Q(¢)
there exists v € co F(z, x) satisfying

(Vhit,x),v) <—r Vie |J 1@
z€B(x,0)

3.1

where [(z) ={iel: z€dQi{@)}and I :={1,...,m}. Then

for some ¢ > 0, n > Oand every t € R", x € (3Q(t) + nB) N Q (1)
there exists v € co F (¢, x) satisfying 3.2)
{y+1[0,e](v+eB): ye (x+eB)NQ(>1)} C Q).

Proof LetussetJ (x) := |, cp(y.5) (z) forallx € 3Q(s)ands > 0.Fixt € RT, x e
d92(t), and v € co F(t, x) satisfying (Vh; (¢, x), v) < —r foralli € J(x). Pick

[Vhi(t,x) = Vhi(t, y)|

k > max sup

i€l xoy lx — }’|0
L > max sup |Vh;(t, x)|.
L€l ycRn

We proceed by steps.
(i): We claim that there exists n” > 0, not depending on (¢, x), such that for all
y € B(x,n’) we can find w € co F(z, y), with |[w — v| < r/4 L, satisfying for all
ieJ),
(Vhl(ta y)v w) S _r'/2
Indeed, foralli € J(x) and y € B(x, /r/4kM) we have

(Vhi(t, y),v) = (Vhi(t, y) = Vhi(t, x), v) + (Vhi(1, x), v)

3r
SkM|y_x|—”§—Z

and for all w € R” such that jw — v| < r/4L
(Vhi(z, y), w) = (Vhi(t, y), w — v) + (Vh;(t, y), v)
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< Llw—v|—3r/4 < —%.

Since F(t,-) is ¢-Lipschitz continuous, there exists w € co F(t,y) such that
lw — v| < r/4L whenever |y — x| < r/4¢L. So the claim follows with n’ =

min{r /4oL, &/r]4kM}.
(ii): We claim that there exists ¢’ > 0, not depending on (¢, x), such that for all
y € B(x,n") we can find w € co F(z, y) such that

(Vhi(t,2), W) < —r/4 VYzeB(y,sh)Vw e B(w,&)Vi e J(x).

Indeed, let y € B(x,n’) and w € co F(t, y) be as in (i). Then for any @ € R” such
that |[w — w| <r/8 L and forall i € J(x) and z € R”,

(Vh;(t,z), w)
= (Vhi(t,2) = Vhi(t, y), w) + (Vhi(t, y), w — w) + (Vhi(t, y), w)
<k(M+r/AL+r/8L)|z—y|+7r/8—r/2.

So the claim follows with &’ = min{k~'(M +r/2L)"'r/8, r/8 L}.

(iii): We prove that there exist n > 0, ¢ > 0, not depending on (¢, x), such that for
all y € B(x,n) N Q(t) we can find w € co F(t, y) satisfying

z+Ttw e () VzeB(y,e)NQE),Vw e B(w,e), VO<71 <e. (3.3)
Let y € B(x,n') N Q(t) and w € co F(t, y) be as in (ii). Then, by the mean value

theorem, for any T > 0,any z € B(y, &) NQ(¢),any w € B(w, &), and any i € J(x)
there exists o; € [0, 1] such that

hi(t,z+1w) = hi(t,z) + (Vhi(t,z + orTW), W)
< T(Vhi(t,2), ) + k(M +r /4L + &')*1?
rt N
< Y + k(M +r/4L + &)T°.

Choosing 1 €10, n'] and ¢ €]0, &'] such that n + e(M +r/4L +¢) < § and ¢ <
k=Y(M + r/AL + &)~ %r /4, it follows that for all z € B(y, &) N Q (1), W € B(w, ¢),
andall0 <t <¢

z+tw € B(x,d) (3.4)
and
hi(t,z+1w) <0 VieJ(x). (3.5)
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Furthermore, by (3.4) and since B(x, 5) C ;(¢) forall j € I\J(x), we have for all
z€ B(y,e)NQ(t), w € B(w,¢e),andall0 <7 <¢

hit,z+tw) <0 Viel\J(x). (3.6)

The conclusion follows from (3.5) and (3.6). m]

4 Viability and distance estimates on trajectories

We provide here sufficient conditions for uniform linear L°° estimates on intervals of
the form I = [1g, t;], with O < 19 < 11, for the state constrained differential inclusion

x'(t) e F(t,x(t)) ae.tel
x(t) e () Vel

where F : RT x R" ~ R" is a given set-valued map. A function x : [fg, ;] — R" is
said to be:

e F-trajectory if it is absolutely continuous and x'(r) € F (¢, x(¢)) fora.e.t € [1g, 1].
e feasible F-trajectory if x(-) is an F-trajectory and x(¢) € Q2(¢) forallr € I.

Assumptions 4.1 We assume the following on F(-, -):

(1) F has closed and nonempty values, a sub-linear growth, and F(-, x) is Lebesgue
measurable for all x € R".
(2) There exist M > 0 and « > 0 such that

sup{|v| : ve F(t,x),t e RT, x € 3Q(t) + aB} < M.

(3) Thereexists ¢ € Lo such that F(¢, -) is ¢(t)-Lipschitz continuous forall t € RT.
(4) There exist > 0 and y € Lo such that F is y-left absolutely continuous,
uniformly wrt 92 4+ 7B.

Before to state the main result of this section, we recall a definition and a viability
result for tubes ([3]-Corollary 4.5).

Definition 4.1 Consider a closed interval I C R. We say that a set-valued map @ :
I ~ R¥ is of locally bounded variations if:

e @ takes nonempty closed images.
e Forany [a,b] C I

m—1
sup Z exc(Ptir) N D)) Vexc(P;) N A |P(ti+1)) < +00
i=1

where the supremum is taken over all compact subset .#~ C R¥ and all finite partition
a=t <t <..<ty_1<ty=>b.
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In the next result, we need to recall the definition of Boulingad (or contingent) cone.
Consider a closed set G C R”. The Boulingad tangent cone at x € G is defined by
Io(x) ={velR":3; - 0+, Iv; — v, x + t;v; € GVi}.

Proposition 4.1 (Existence of Viable Trajectories, [3] Let E : Rt ~ R4 be con-
tinuous," of locally bounded variations in the sense of Definition 4.1, and consider
® : Rt x R~ R? g set-valued map with nonempty convex closed values such that:

— &(., x) is measurable for any x
- JoelL, RTRY
Vr > 03k, : Rt — R locally bounded: for a.e. t
sup |v| < o(@)(1 + |x|) and ®(¢,.)is k-(t) — Lipschitz on rB.
ved(1,x)

Iffora.e.t > 0andall y € E(t) it holds

clco Tgrapn £(1, ) N ({1} x ®(t, y)) # 0, 4.1

then for any ty € R™ and xo € E(ty) there exists an absolutely continuous viable
solution

xX'(@t) e ®@t,x(@)) aet >t
x(10) = xo
x(t) € E(t) Vt > 1.

Remark 4.1 (1) Proposition 4.1 extends classical viability results under restricted con-
ditions on the regularity of the tube E (we refer the interested reader to the
bibliography therein [3]). Furthermore, it is straightforward to see that Lipschitz
continuity for set-valued maps imply the locally bounded variations property.

(2) We notice that, whenever Proposition 3.1 applies, then condition (3.1) on
O(t,x) = {f(,x,u) : u € U(t)} ensure the non-triviality intersection (4.1)
for E(t) = Q(1).

We have the following

Theorem 4.1 (Neighboring Trajectories Estimates) Consider Assumptions 4.1. Sup-
pose that h;’s satisfy the viability condition (3.1) and there exists L > 0 such
that

the set-valued map Q : R™ ~» R"is L — Lipschitz continuous. “4.2)

Then for every § > 0 there exists a constant 8 > 0 such that for any [tg, t;] C R
with t| — tg = 8, any F-trajectory x(-) defined on [to, 1] with X(ty) € Q(to), and any

! In the sense of set-valued maps, see e.g. [1]-Section 1.4.
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o > 0 satisfying

sup don(X(1) <o

telt,11]

we can find an F-trajectory x(-) on [ty, t1] such that

x(to) = x(to)
% — X oo, 10,111 < BO
x(t) eint Q) Vit €l 1]

Proof Fix § > 0 and let [to, ;] C RT with#; — 9 = $.
We first show the statement whenever F' = co F. Let

£>0,k>0 A>0,0>0and m e NT 4.3)
be such that

A<e, 0+MA<e ko<e k>1/e, 4AM <17 (4.4)
B0, (A) + 0,(AYM) < &, 2e% D (B, (A) + 0,(A)M)k < (ke — 1) (4.5)

and

<A. (4.6)

S|e

Notice that all the constants appearing in (4.3) do not depend on the time interval
[70, 1], the trajectory x(-), and g.

I)o<oand§ < A.
We observe that, by the last inequality in (4.4), if

R(10) € LU\ (10) + gm)

then x(-) = X(-) is as desired. Indeed, without loss of generality, assume X (fy) €
(0Q2(ty) + %S”’l) N Q(tp) and suppose by contradiction that

R = {t €ltg, t1] : X(t) € cl (R"\Q(r))} # 0.
Put s := inf R and notice that s # . Then, we have
dyQ (1) (X (5)) < dist(32(t0), 32(5)) + daq(s)(X(s)) < LIs — o]

where dist(A, B) stands for the standard Euclidean distance between two sets A and
B. Since

da (1) (X (10)) — dy () (£ (5)) < |X(s) — X(t0)|
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it follows that
n/4—Ll|s —to] < MA < 1/4,

a contradiction. Next we assume that x (fy) € (02(19) + gIB%) N Q(t).
From Proposition 3.1, let v € F(ty, X(#p)) be as in (3.2) and define

y:lto, 1] > R"

by
o I t € [to, (fo + ko) A 1]
where J = {s €]ty + ko, 11] : X'(s — ko) exists}. Hence
X = Ylloo.lt0.11] < 2Mko. (4.8)

By Filippov’s theorem (cftr. [1]) there exists an F-trajectory x(-) on [fo, #1] such that
x(to) = y(to) and

t d t
Iy = Xlloo g < o ?@ / drisyion (Y (5)) ds 4.9)

fo

for all t € [#, t1]. Then, using Assumptions 4.1-3, (2.1), and (4.7), it follows that

J '(5)) < 0, (A) +o(s)M(s —1t9) a.e.s € [t, (fo + ko) A t1]
Fs.yn (7 (9)) = o(s)Mko + f;fkg y(©)dr ae. s €lto + ko, 11].

Hence, we obtain for any ¢ € [ty, (fo + ko) A 1]

t
/ dF(s.y(s) (Y () ds < (0, (A) + 0,(A)M) (1 — 10)
fo

and, using the Fubini theorem, for any ¢ €]# + ko, t1]

t
/ ey (5)ds = B (&) + 6, (A)ke.
to-+ke

0+

Thus, by (4.9), for all ¢ € [tg, (to + ko) A t1]
Iy — Xlloo,r0.r] < €% (6, (A) + 0, (AYM)(t — 1) (4.10)
and

Iy = Xllo.frg.n] < 2% (6, (A) + 0,(A)M)ko. 4.11)
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Finally, taking note of (4.8), it follows that
1% — xlloo, 19,111 < Br0,

where we put B = 2(M + %) (0, (A) + 0,(A)M))k.
We claim next that

x(t) €eint Q(t) Vt €lrg, 11].

Indeed, if ¢t €]19, (to + ko) A t1], then from (3.2), the first condition in (4.4), and (4.7)
it follows that

y(t) + (t — 19)eB = X (t9) + (t — 1) (v + eB) C Q(¢)

and it is enough to use (4.10) and the first inequality in (4.5).
On the other hand, if t €]ty + ko, t1], then for 7(z) € Mg (X(t — ko)) we have
|X(t — ko) — ()| = da@ (X — ko)) < 0, and, from (4.7), it follows that

y(t) € (1) + kov + oB. (4.12)

Now, since [ (1) — £(t0)| < |[X(t — ko) — w ()| + |t — ko) — X(t0)| < 0+ MA,
from Proposition 3.1 and the 2™ inequality in (4.4)

w(t) +kov+koeB =m(t) + ko(v+ eB) C Q(2). (4.13)

Finally, (4.12) and (4.13) imply that y(¢) 4+ (ke — 1)oB C Q(¢). So, the claim follows
from (4.5)-(ii) and (4.11).

2)o>pandé§ < A.
By Proposition 4.1, there exists a feasible F-trajectory x(-) on [#g, #1] starting from
X(tp). Note that do«)(x(r)) = 0 for all r € [1, 11]. By the Case 1, replacing X(-)
with x(-), it follows that there exists a feasible F-trajectory x(-) on [fg, #1] such that
x(tp) = x(t9) and x(¢) € int Q(¢) for all ¢ €]z, t1]. Hence, by Assumption 4.1-2, we
have [|X — x||oo,[19,1] < 2MA < oo, with i = %~

3)§ > A.
The above proof implies that in Cases 1 and 2, 81, B> can be taken the same if § is
replaced by any 0 < §; < §. Define ,5 = B1 V B> and let {[7", rjr] | be a partition
of [#, t1] by the intervals with the length at most §/m. Put xo(-) := X(-). From Cases
1 and 2, replacing [#, #1] by [z!, r}r] and setting

Q0 =2

we conclude that there exists an F-trajectory x1(-) on [t 1 7:_}_] = [, T _}_] such that
x1(ty) = x(tg), x1(¢) € int Q(¢) for all ¢ €]y, ri], and

1 = xollog 71 <17 = Boo-
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Using Filippov’s theorem, we can extend the trajectory x (-) on whole interval [#g, ]
so that

1] dr 5 ~
lx1 — xo0lloo, 119,111 < el ¢ "Boo < KBoo

where K := ¢%©®_ Repeating recursively the above argument on each time interval
[r!, 7} ], we conclude that there exists a sequence of F-trajectories {x;(-)}/”; on
[0, t1], such that:

o x;(tg) = x(tp) foralli =1, ..., m;
o x;(t) €int Q(¢) forall t €ltp, tf ]and alli =1, ..., m;

° xj(-)|[t0’r_+/_1] =xj_1(-)forall j =2, .., m;
and

Ixi = xi—1llooio) < KBoict  Vi=1,..m (4.14)
where

0i—1 = max{g, sup dq)(xi—1(2))}.

telto, 1]
Notice that
0i <0i—1+Ixi —xi—tllooito.s1  Yi=1,...,m. (4.15)
Taking note of (4.14) and (4.15) we get foralli =1, ..., m

lxi — Xi—1lloo.fro.1] < KB(0i—2 + l1xi—1 — Xi—2llso.110.111)
< KB(1+ KP)oi-2

IA ]

KB+ KB op.

IA

Then, letting x (-) := x,,(-) and observing that g9 < o, we obtain

m

X = Xlloc, 79,111 < Z llxi = xi—1lloo,[10,11]
i=1

< Kooy (1+ KB < pso,
i=1

where g3 = (1 + KB)" — 1. i
Then all conclusions of the theorem follow with 8 = B Vv B3. Observe that
depends only on ¢, 77, M, 8, and on functions y () and ¢(-).
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Now, assume F # co F. From the first part of the proof, we have that there exist
B > 0 (that does not depend on the reference trajectory x(-) on [f, #;]) and a co F
trajectory x(-) : [fo, t1] — R", strictly feasible on ]tg, ¢1], such that

||')E - 56”00,[[0,[]] = ﬁQ

Let{s;}; Clto, t1] withs| = #; be adecreasing sequence such thats; — f#g. Since x(-) is
strictly feasible on J#, #;] we can find a sequence of decreasing numbers {g;}; C]0, o[
such that &; — 0 and

x(o)+¢&B C Q) Yo els;,n] Vi=>2. (4.16)

Without loss of generality, we can assume that &; < JT Ao forall i € NT. Put

C := eJo #©)% 414 define ay = % for all k € N. Notice that

We recall the following known relaxation result.

Lemma 4.1 (Relaxation, [34]) Consider a measurable set-valued map F : [S, T] x
R" ~» R" with closed and nonempty values. Assume that there exist ¢,V €
L'(S, T; R) such that

F(t,x) CF(t,y)+o®B Vit e[S, T]Vx,y e R"
F(t,x) C Y @B Y(,x) €[S, T] x R".

Take any feasible co F-trajectory x(-) and any ¢ > 0. Then there exists an F -trajectory
v(-) that satisfies y(S) = x(S) and

ly — x||oo,[s,T] < é&.

From the above lemma, there exist a sequence of F-trajectories x; : [s;, t1] — R”
such that, for all i > 2, we have x; (s;) = x (s;) and

lxi — Xlloo, 5,001 =< G- 4.17)
For each integer j > 2, we construct an F-trajectory y; : [s I3 tl] — R” as follows:
y2(-) := x2(-) and for all j > 2

e y;(-) is the restriction of x;(-) on Is;, s;_1].

o forall 1 <k < j—2,y;() restricted to |sj_¢, sj_x—1] is an F-trajectory with
initial state y; (s j_k), obtained by applying Filippov’s theorem with reference
trajectory y;—1(-).
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Now fix an integer j > 2. From Filippov’s theorem and since x; (s;) = x(s;), for any
2<i<j

“)’j — X ”oo [5i.8i—1] = <C |y, (si) — X (sz)|

|y - < C ) = F (1)

From these relations and (4.17), it follows that foreach 2 < i < j and any [ € NT

L[si,si—1]

J

”yj - OO [si,8i-1] Z (418)
k=i
+
yf Hl Jsivsici] Z (“.19)

Notice that y;(s;) = x(s;) for any j > 2. Hence, we can extend each F-trajectory y;
asan co F trajectory to whole interval 19, #1], by setting y; () = X (o) foro € [1o, 5;].
Since the trajectories {y;}; have initial value X (¢p) and owing the sub-linear growth of
F, taking a subsequence and keeping the same notation, we have

3 co F-trajectory x(-) : y; — x uniformly on [t, t;], with x(¢p) = X (fp).

We conclude to show that x(-) satisfy all the conclusions with 8 replaced by g + 1.
Indeed, due to (4.19), for each k > 2 the F-trajectories {y;};, restricted to [sk, sk_l],
forms a Cauchy sequence on WL (s, sk—1).2 So, it follows that the limiting co F-
trajectory x(-) is an F-trajectory and, since &; < g forall i > 2,

12 = oot < £ = F[ o oy + 16 = Fllos, .1 < B+ D

Moreover, notice that x(-) is strictly feasible on ]z, #1]. Indeed, consider o €]y, #1].
We have o €]s;, s;—1] for some i > 2. From (4.18), (4.17), and (4.16) we get

yj(0) € ¥(0) + %IBB C int Qo) forall j > i.
Since the {y;}; converge uniformly to x,
x(0) € X(0) + %]B% Cint Qo).

This concludes our proof. O
Now, consider the following state constrained differential inclusion:

x'(t) € F(t,x(t)) ae.t € [ty, +00[

2 Here Wl*l(a, b) stands for the space of all absolutely continuous functions on [a, b] endowed with the
norm gl = g(a) + [ ¢'(s)ds.
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x(t) € Q@) Yt € [ty, +o0f,

where 79 > 0. A function x : [ty, +oo[— B" is said to be:

o Fuo-trajectory if x|(4 +1(-) is an F-trajectory.
o feasible Fyo-trajectory if x|y, 1,1(+) is a feasible F-trajectory for all 11 > 1.

Theorem 4.2 Consider Assumptions 4.1. Suppose that conditions in (3.2) hold true
and

1 1
lim sup?/ p(r)dt < oo.
0

t—>0o0

Then there exist C > 1 and K > 0 such that for any ty > 0, any x0, x! e Q1),
and any feasible Fso-trajectory x : [tg, +0o[— R, with x(t9) = x°, we can find a
feasible Fao-trajectory X : [to, +oo[— R, with %(ty) = x', such that

150) —x@)| < CeXx! = X0 Vi > 1.

Ifroof Let 5 = 1 and 8 > 0 be as in Theorem 4.1. Consider K; > 0, K, > 0, and
k > 0 such that

1+1 .
264+1 < €X' and / o(s)ds < Kat+k Vit =>0. (4.20)
0

Fixzp > 0,x9, x! € Q(to),withx1 * x and a feasible Fo-trajectory x : [tg, +00[—
R" with x(f9) = x¢. By Filippov’s theorem, there exists an F-trajectory yq : [to, to +
1] — R” such that yg(7p) = x!and
to+1 Y ds
Iyo — Xlloo.fioorn) < o PO R —x0).
Denote by xg : [f9, fo+1] — R” the feasible F-trajectory, with xo(zp) = xh satisfying
the conclusions of Theorem 4.1 with x(-) = y(-). Thus

I1¥0 = Yolloo.fr0.10+11 < BC_max da (o)) + |x' —x°))
t€lty,to+1]
=< BUlyo — xlloo,lt.80+11 + Ix! —x0p

1
< Zﬂeﬁg)Jr W(S)ds|xl _x0|

and therefore

lx0 — xlloo,(t0,70+11 < IX0 — Yolloo,[t9,70-+11 T Y0 — X ll oo, [9,10+1]
o+ 4.21)
< QB+ Delo ¢@d5 1 _ 40|,
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Now, applying again Filippov’s theorem on [#o + 1, #o 4 2], there exists an F-trajectory
yvi:[to+ 1,104+ 2] — R?, with y;(fo + 1) = xo(fp + 1), such that, thanks to (4.21),

t0+2 .
11 = Xlloo ot 1ig 21 < 2B + Dl #0451 40}, (4.22)

Denoting by x; : [tg + 1, o + 2] — R” the feasible F-trajectory, with x;(t9p + 1) =
xo(ty + 1), satisfying the conclusions of Theorem 4.1, for x(-) = y;(-), we deduce
from (4.22), that

10+2
et = Villootio+ 1421 < BQRB + Delo ¥4l 30, (4.23)
Hence, taking note of (4.22) and (4.23),

t)+2
2 )ds |1 0
61 = Xlloo 110421 < 2B + D2el #9110,
Continuing this construction, we obtain a sequence of feasible F-trajectories x; :

[to+i,t0 +i+ 1] — R" such that x;(fo + j) = x;_1(to + j) forall j > 1, and

. t+i+1 d .
1 = Xlloofiorispsitn) < @B+ Diflelo @A 1401 vi e N, (4.24)

Define the feasible Fuo-trajectory x : [to, +oo[— R” by x(¢) := x;(¢) if t € [to +
i,to + i + 1] and observe that X (fy) = x!. Lett > 1. Then there exists i € N such
thatt € [to + i, t9 + i + 1]. So, from (4.24) and (4.20), it follows that

. 1o +i+1 ) §
() —x()] < QB+ Ditlelo  ¢@ds |10

S 612(2,3 + 1)e(K1+K2)(l()+i)|xl _ x0|

< CeKt|x1 _x0|

)

whereK=K1+K2andC=e’;(2ﬂ+1). m]

5 Lipschitz continuity

Now we give an application of the results of previous sections to the Lipschitz regularity
of the value function for a class of infinite horizon optimal control problems subject
to state constraints.

Let us consider? the problem (P) stated in Sect. 2.

3 We recall that for a function q € Llloc([to, +o0[; R) the integral

00 T
/ q(t)dt := lim q(t)dt,
1o T—o00 to

provided this limit exists.

@ Springer



440 Mathematics of Control, Signals, and Systems (2024) 36:423-450

Assumptions 5.1 We take the following assumptions on f and L:

(1) For all x € R" the mappings f(-, x, -), L(:, x, -) are Lebesgue-Borel measurable.
(2) There exists @ > 0 such that f and L are bounded functions on

{(t,x,u) : t>0,x € @01 +aB), u e U()}.
(3) Forall (t, x) € RT x R" the set
{E, x,u), L{t, x,u)) : u e U()}

is closed.
(4) Thereexistc € Ll (R*;R¥) andk € Lioc such that forany r € R, x, y € R,
andu € U(¢),

£, x,u) — £, y, w)| + |LE, x,u) — L&, y, w)| <k@)|x —yl,

[£(z, x, w)| + L, x, u)| < c()(1 + |x]).
(5) there exist 7 > 0 and y € Lo such that
t~~ {(f(, x,u), L(t, x,u)) :u € U(1)}

is y-left absolutely continuous, uniformly wrt 02 + nB.
(6) limsup,_, o, 1 [5(c(s) +k(s))ds < oo.

We consider, for any A > 0, the relaxed infinite horizon state constrained problem
o
minimize / e ML (s, x, w)ds, (P*)
t
subjectto x' =f*(s,x, w) ae.s
x(t) =x

w(s) € W(s) ae.s
hi(s,x(s)) <0 Vs>t

hn(s,x(s)) <0 Vs >1t.

where
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o W :RT ~s RO+Dm  R1+1 g the measurable set-valued map defined by:

W(s) := (X/_U () x {(@0, ... on) € R 2 Y "oy =1, 0; = 0 Vi)
i=0

forall s > 0.
o f*: Rt xR x R+Dm R+l _y R gpd L* : RT x R x RU+Dm R+l 5 R
are defined by:

n
(s, x, w) := Zaif(s, X, U;)

i=0

n
L*(s, x, w) := ZaiL(s, X, Ui)
i=0
foralls > 0, x € R", and w = (ug, ..., Un, A0, ..., ay) € ROTDM R+l

Remark 5.1 1. For control systems, the condition (3.2) take the following form: for
some ¢ > 0, n > O0andevery t € R", x € (3Q(t) + nB) N Q(¢) there exist
{ai}!_y C [0, 1], with Y7 gy = 1, and {u;}'_, C U (1) satisfying

[y +10. 1) aif(t. x, u;) + €B) : y € (x + eB) N Q1)) C Q).
i=0

2. If there exist ) > 0, y, ¥ € Lioc, and k > 0 such that (f, L) is y-left absolutely
continuous, uniformly wrt (02 + 7B) x R™, U(-) is y-left absolutely continuous,
and f(¢, x, -) is k-Lipschitz continuous for all t € R*, x € (3Q(t) + 7B), then
Assumption 5.1-5 holds true.

Definition 5.1 We denote by
V:Qqo— RU{*oo} and V*: Qg — RU {z£oo}

the value functions of the infinite horizon control problems (P) and (P*), respectively,
where

Qo :={t,x) eR" xR":r eRT, x € Q(1)}.

Next, we state the main result of this section

Theorem 5.1 Consider Assumptions 5.1. Suppose that (3.1) and (4.2) hold true. Then
there exist b > 1 and K > 0 such that for all A > K we have
1) V*(t,)isb- e’()”*K)’-Lipschitz continuous on Q(t), for any t > 0.

(i) lim;— o0 V*(2, x(2)) = O for any feasible trajectory x ().

(iii)) V* =V on Qq.
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Proof We notice that, by Proposition 4.1, the problem (P*) admits feasible trajectory-
control pairs for any initial condition; using the sub-linear growth of f and the Gronwall

lemma, we have 1 + |x(#)| < (1 + |x0|)ef’i) €O forall ¢ > to and for any trajectory-
control pair (x(-), u(-)) at fo € R*, xg € Q(19).

In what follows, we define for all (¢, x,z) € RT x R” x R the time-measurable
set-valued maps

G(t,x,z) = {(f@, x,u), e ML, x,u)) : ueU®))
G (t,x,2) ={(F* (@, x,u), L*(t, x,w)) : we W)

Next, we show (i). Let a; > 0, ap > 0 be such that
t
/ c(s)ds <ait+ay Vt=0. 6.1
0

For all T > 1y, we have

ST e ML, x (@), w@) di < (4 1) [T e Mo (1 + xohelo O ar
< (m+ DA+ |xp)e® ftg e~ =at () dt.

5.2)
Then, by (5.1) and denoting ¥ (¢) = flg c(s)ds, forany A > a;

ST e LA x (1), w(o))| dr
T
< (1 D(1+ [xhe® ([e*“*“”fw(z)]t + 0 —ap) fyg e B Y0 dr
0
<+ (1 + [rohe® (e C=T @ T + ap) + (artg + 7245 +az) e~ ¢m)0).
(53)

Passing to the limit when T — oo, we deduce that for every feasible trajectory-control
pair (x(-), w(-)) at (fo, x0)

o0
/ e MIL*(t, x(1), w())|dt < +00 VA > aj.
0]

From now on, assume that A > a;. Fix ¢t > 0 and xx0 e Q (1) with x! #* xY. Then,
for any 8 > O there exists a feasible trajectory-control pair (x5(-), ws(-)) at (¢, x%)
such that

o0
Vi, x%) + el = X0 > / e LA (s, x5(s), ws(s)) ds.
t
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Hence

Vi, xh) — VA, x0) < e ! — X0+

lim; 00 |ftr e ML*(s, x(s), w(s)) ds — flr e ML (s, xs5(s), ws(s)) ds| Ry

for any feasible trajectory-control pair (x(-), w(-)) satisfying x(¢) = x!. Consider the
following state constrained differential inclusion in R”*!

(x,2)(s) € G*(s, x(s), z(s)) ae.s e [t, +o0[
x(s) € Q(s) Vs e [t,+oo[.

Putting z5(s) = ff L*(&, x5(§), ws(§)) d&, by Theorem 4.2 applied on 2(7) x R and
the measurable selection theorem, there exist C > 1 and K > O such thatforall§ > 0
we can find a G7-trajectory (Xs(-), Zs(-)) on [t, +00[, and a measurable selection
ws(s) € W(s) a.e. s > ¢, satisfying

(%s, 28) () = (£* (s, Fs(5), Ws (5)), L* (s, Fs(5), Ws(5)))  ae.s =1,

(F5(1), Z5(1)) = (x, 0)
Xs(s) € Q(s) Vs e [t, +oo[

and for any s > ¢
|%5(5) — x5(5)| 4 1Z5(5) — z5(s)| < CeX¥|xt — xO]. (5.5)

Now, relabelling by K the constant K V aj, by (5.5) and integrating by parts, for all
A>K,allTt>¢t,andall§ > 0

/ LML (s, B o), 5() ds — / T s (5). ws () ds

t t

T
<

[e“ ( [ vene e - [ Lese. w@(é))dé)]

t

+ A

[ e ( / L* (&, %5(€), w5 (€)) dE — / L*@,xa(sxwa(s))ds) ds
t t !

< e M Es(r) — z5(D)| + )»/ e |25(s) — zs(s)lds
t

T (5.6)
< Ce KT x1 — X0 +AC/ e~ B8 T _ 0 gs
t

—O—K)T e~k " 1.0
Ce + 1C —W |x — X |
N t

CK rC
=K e—(k—K)t) ! — x|

A—K r—K

rC o~ O—K)t
A—K

Il
A/

|x1 —x0|.

IA
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Taking note of (5.4), (5.6), and putting § = A — K, for all . > K we get
AC
Vi, xhH — v, x0) < (W + 1) e~ T X0,

By the symmetry of the previous inequality with respect to x! and x°, and since 2, C,
and K do not depend on ¢, x!, and xo, the statement (i) follows.

Now, let (79, x0) € Qg and consider a feasible trajectory X(-) at (¢, xop). Let
t > to and (x(-), w(-)) be a feasible trajectory-control pair at (¢, X(¢)) such that
V*(t, X(1)) > ftoo e ML*(s, x(s), w(s)) ds — % Then

[V*(t, X(1))| < /OO e TMILX(s, x(s), w(s))| ds + %
t

From (5.1) and (5.2), we have forall T > t

T T 'S
/ e ML (s, x(s), w(s))|ds 5/ e+ X @1)])el C@doc(s) ds.
t t
T y do ¢
<+ |x0|)/ e_)‘seffo e ©ol; C(w)d‘”c(s) ds
t
T S
<+ IXOI)[ e el cl@doq (o) ds
t

T
< (1 + xoDe® / o003 ¢ () ds.

t

Then, arguing as in (5.3) with 7y replaced by ¢ and taking the limit when T — oo, we
deduce that

a 1
1 +a2) e—G—ant 4 L
A—a t

V(e X()] < (1 + |xo)e™ <a1t +

Since K > aj, (ii) follows passing to the limit when t — +o0.

Next, we show (iii). Notice that V*(¢,x) < V (¢, x) for any (t,x) € Qgq, and
V*(t, -) is Lipschitz continuous on 2(¢) for all #+ > 0 whenever A > 0 is sufficiently
large. Fix tp € RT, xo € Q(t), and & > 0. We claim that: for all j € N* there exists
a finite set of trajectory-control pairs {(xx(-), ux(-))}x=1,...,; satisfying the following:
X, () =£(s, x;.(5), up (s)) a.e. s € [to, 1o + k] and xx (s) € Q(s) forall s € [to, 10 + k]
and forall k =1, ..., j; if j > 2, Xk|[s.00+k—17(-) = xk—1(-) forall k =2, ..., j; and
forallk =1, ..., j

to+k k 1
V*(t0, x0) > V*(to+k,Xk(to+k))+[ e ML, x (), ug (1)) dt — ¢ T
1 i=1
5.7
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We prove the claim by the induction argument with respect to j € N*. By the dynamic
programming principle, there exists a trajectory-control pair (x(-), w(-)) on [fy, fo+1],
feasible for the problem (P*) at (¢g, xo), such that

to+1
V*(to, x0) +Z >V*to+1, %o+ 1) + / ' e ML, (1), W(t)) dt. (5.8)

fo

By the relaxation theorem for finite horizon problems (cfr. [34]), for any 2 > 0O there
exists a measurable control ﬁh(t) € U(t) ae. t € [tg, to + 1] such that the solution
of the equation (£%)'(r) = £(¢, 2" (t), " (1)) ae. t € [to, 1o + 1], with £ (19) = xo,
satisfies

~h ~
llx _x”oo,[t(),toJrl] <h

and

to+1 to+1
/ e_}"L*(t,)?(t),zi)(t))dt—/ e ML, 21 (0), 4" 1)) dt| < h.
to

fo

Now, consider the following state constrained differential inclusion in R+1

(x,2)(s) € G(s, x(s), z(s)) a.e.s € [ty, to + 1]
x(s) € Q(s) Vs e[ty 10+ 1].

Letting X"(-) = (2"(-), 2()), with 2"(t) = [} e ™ L(s, £"(s), &"(s)) ds, by The-
orem 4.1 and the measurable selection theorem, there exist 8 > 0 (not depending
on (fg, xp)) such that for any 7 > 0 we can find a feasible G-trajectory Xh(~) =
(xh(-),zh(-)) on [tg,to + 1], with Xh(to) = (xp,0), and a measurable control
ul(s) € U(s) ae. s € [1g, to + 1], such that

", Y (5) = (B s, X" (s), u"(5)), e (s, x" (), u (5)))
ae.s € [ty, to+ 1]

and

IX" — XMoo tt00+11 < BC sup  da)xr(X"(5)) + h).
s€to,to+1]

Since Sup; cpyo.10+17 42(5) xR (X" (5)) < IX = 2" [l 19,10+ 17» We have

to+1 to+1
/ e ML, X" (@), u (1)) dt — / e ML* (1, X(1), W(t)) dt
I

0 fo

<

fo+1 to+1
/ e MLA(t, X (1), w(t)) dt — / e ML, £ @), 0" () dt
fo

fo
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to+1

to+1
/0 e‘“L(r,xh(t),uh(t))dt—/ e ML, & (o). " (1)) dr
0]

fo

+

<hB+1)
and

hs -k h ah
lx™ — Xlloo,[t0,104+11 = 1% — X" oo, [10,104-17 + I1X" — X" |l00, [20,10+1]

<hQB +1).

Hence, choosing 0 < h < ¢/4(28 + 1) sufficiently small, we can find a trajectory-
control pair (x(-), u”"()) on [, to + 11, with u”(s) € U(s) and (x")(s) =
(s, x"(s), u(s)) ae. s € [to,t0 + 11, x"(t9) = xo, and x"(s) € Q(s) for
s € [ty, to + 1], such that, by (5.8) and continuity of V*(¢g + 1, -)

to+1 e
V*(to, x0) > V*(to + 1, x" (19 + 1)) +/ e ML@, X" @), ut (1)) dt — >
fo

Letting (x1(-), u1(-)) := (x"(-), u”(-)), the conclusion follows for j = 1. Now, sup-
pose we have shown that there exist {(xx (-), ux(-)) }x=1,...,; satisfying the claim. Let us
to prove it for j + 1. By the dynamic programming principle there exists a trajectory-
control pair (X(-), w(-)) on [fo + j, fo + j + 1], feasible for the problem (P*) at
(to + j, xj(to + j)), such that

V(o + j, xj(to+ ) + 55 > V(o +j+ L X(to+ j+ 1)

+ [T e L, R (1), () dt.

(5.9)

As before, for every h > 0 there exist a feasible G-trajectory X" (-) = (x"(-), z"(-))
on [fo + j,ty + j + 1], with X" (to) = (xj(to + j),0), and a measurable control
ul(s) e U(s) ae.s € [to + j, to + j + 1], such that

", 2 (5) = (B, X" (s), u"(5)), e L(s, x" (), u (5)))
ae.se€fto+ j,to+j+1]

satisfying

to+j+1 to+j+1
/ e ML, X" (1), u (1)) dt — f e ML, X (), W) dt
fo+j fo+j

<h2B+1)
and
1" = Flloo, o+ .t0+j+11 < BB+ 1).
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Putting

(xj(-),u;(-)) on [0, 10 + j]

(xh(_)’ uh()) on [[O =+ j’ to +J + 1] (510)

X1 ujp1() = {

and choosing 0 < h < &/2/ 208+ 1) sufficiently small, it follows from (5.9) that

V(o + j, xj(to+ j)) = V(o + J ;i— Lxjpi(to+j+ 1)
+ﬁf)°fjj+ e ML(t, xj1(t), ujy1(0)dt — 212&2'
(5.11)

So, taking note of (5.10) and (5.11), we obtain

V*(t0, x0)
1o+j J 1
> V*(t0+j,x]'(to+j))+/ e ML(t, x;(t), uj(t))dt — e 7
fo i=1
N
* . . I
> Vo +j+ Ll +j+ 1) =y o — oy
i=1
to+j+1
+/ e ML(t, xj41(t), uj1 (1) dt
fo+j
fo+j
+/ e ML(t, x; (1), uj (1)) dt
fo
=Vo+j+1L,xjp(o+j+1)
fo+j+1 j+1 1
+/ e ML, xj1(0), ujy1 (1) dt — e T
fo i=1

Hence {(xx (), ux(-))}x=1,..., j+1 alsosatisfy our claim. Now, let us define the trajectory-
control pair (x(-), u(-)) by (x(#), u(t)) := (xx(t), ux(t)) if t € [to + k — 1, 19 + k].
Then (x(-), u(-)) is a feasible trajectory-control pair for the problem (P) at (f, x).
Since, by (ii), V*(¢z, x(t)) = 0 when t — 400, from (5.7) we have

V* (10, x0) z/ e ML, x (1), u(r))dt — e.

4]

Hence, we deduce that (fp, x¢) lays in the domain of the value function V and so
V*(ty, x0) = V (o, xo) — €. From the arbitrariness of ¢, the conclusion follows. 0O

Corollary 5.1 Consider any N > 0 with

N > sup{|f (¢, x,u)| + |L(t,x,u)| : >0, x e R*, u e U(r)} < c0.
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Then, for any ) > 0 sufficiently large, for any t > 0 and any x € Q(t), the func-
tion V (-, x) is Lipschitz continuous on [t, +0o0[ with constant (L(t) + 26’“) N and
L(t) := be~ =K1,

Proof From Theorem 5.1, when A > 0 is large enough, V (¢, -) is L(t)-Lipschitz
continuous on (¢). Fixt > 0 and x € Q(¢). Lets, s € [t, +00l.

Suppose that s > 5. Then, by the dynamic programming principle, there exists a
feasible trajectory-control pair (x(-), u(-)) at (s, x) such that

Vs, x) = V(§,x) < [V(s,x) = V(s, X())] +/ e ML, X(6), w(£))| dE

s
+ N|s —§le™ (5.12)
< L(s)N|s — 5| + N|s — §le ™ + N|s — §|e™
< (L@ +2¢ M) Nls =3I

Arguing in a similar way, we get (5.12) when s < 5. Hence, by the symmetry with
respect to s and § in (5.12), the conclusion follows. O

Remark 5.2 The relaxation result in Theorem 5.1 assumes crucial significance when
convex data assumptions are absent. By transitioning to the relaxed problem, we ensure
that both convergence and Lipschitz regularity remain guaranteed. This approach nat-
urally aligns with the need of machine learning algorithms, in which the desirable
property of Lipschitz regularity of the value function improve significantly conver-
gence rates (cfr. [7, 8]). As mentioned earlier in the Introduction, it is well known
that incorporating state constraints in the learning process can introduce instability or
lead to error divergence in function approximation techniques. Hence, to bolster the
overall robustness and reliability of the methods, inward point conditions such as those
in (3.1) play a critical role. We refer the reader to [16, 28, 29, 35] for a more com-
prehensive understanding of the roles of inward pointing conditions and Lipschitz
continuity of value functions in convergence guarantees for reinforcement learning
with uncertainties and path planning algorithms for autonomous vehicles.

Conclusions

This paper presents a method for recovering the feasibility and Lipschitz regularity
of the value function for control problems with time-dependent state constraints and
infinite horizon discount factor. These results are essential for addressing optimal
synthesis and weak solutions to the Hamilton—Jacobi—Bellman equation. We establish
sufficient conditions on the constraint set to ensure feasibility and obtain estimates
on the neighboring set of feasible trajectories, based on recent viability results. An
important contribution of this paper is the demonstration of the equivalence between
the master and relaxed infinite horizon problems. Additionally, we prove that the value
function approaches zero at infinity for all feasible sets and large discount factors.
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