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Abstract

Hao et al. (Int J Robust Nonlinear Control 28(5):1778-1788, 1976) established nec-
essary and sufficient conditions for the controllability of homogeneous networked
systems where the individual nodes are linear time-invariant (LTI) systems and the
network topology matrix is diagonalizable. In this paper, we consider a class of het-
erogeneous networked systems having triangularizable network topology. Here, we
establish a result which gives necessary and sufficient conditions for controllability
of a class of heterogeneous systems, which generalizes the result of Hao et al. (Int J
Robust Nonlinear Control 28(5):1778-1788, 1976). Also, we provide some necessary
conditions for the controllability of general heterogeneous networked systems having
some restrictions on the network topology matrix. Theoretical results are illustrated
with numerical examples.

Keywords Controllability - Heterogeneous dynamics - LTI systems - Networked
control systems - Network topology

1 Introduction

Controllability is one of the fundamental properties of dynamical control systems
introduced by Kalman [20]. Various notions of controllability, like state controllabil-
ity, structural controllability, etc., are introduced in the literature, and controllability
conditions are obtained by many authors both for linear and nonlinear systems [10, 14,
19, 21]. The state controllability deals with the ability of the system to steer the system
from an arbitrary initial state to a desired final state using suitable control functions,
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whereas the structural controllability introduced by Lin [22] attempts to set some val-
ues to the nonzero parameters in the system matrices such that the resulting system
is state controllable in the sense of Kalman. The notion of controllability, whether it
is state or structural, has been extensively studied for various types of systems and
conditions for controllability have been obtained over the past few decades [17, 24,
26]. Most of these results are for single higher-dimensional control systems. However,
in the real-world situation, occurrence of networked control systems is comparatively
much larger than that of single stand-alone control systems. In general, modeling com-
plex systems requires a collection of individual systems connected together with an
interconnection topology. Controllability of large-scale complex networked systems
gives rise to fascinating challenges for various studies. Such studies include different
aspects of the systems such as structural complexity, node dynamics, interaction among
various nodes, etc. The research on the controllability of networked systems is gaining
much attention as it has applications in various fields of science and technology [3, 7,
217].

Many approaches were invoked to study the controllability of a dynamical system
over the years. The study of network controllability employs tools like graph theoretic
properties of network topology, rank conditions and spectral properties of the system
matrices, etc. [1, 12, 18,23, 29, 30, 39, 41, 42]. The problem of controllability of inter-
connected systems dates back to the work of Gilbert [9], followed by the works of
Callier and Nahum [5] and Fuhrmann [8]. Representation of complex interconnection
structures needed the idea of weighted directed graphs to represent the network topol-
ogy. By dividing the nodes into leaders and followers, some conditions on network
topology were derived by Tanner [31], which ensured the controllability of a group
of nodes with a single leader. Hara et al. [13] studied networks in which each node
is a copy of the same single-input-single-output (SISO) system and obtained neces-
sary and sufficient conditions for the controllability and observability. Later, Wang et
al. [32] addressed the controllability problem of networked multi-input-multi-output
(MIMO) systems. They established necessary and sufficient conditions for control-
lability of homogeneous networked systems that involve solution of certain matrix
equations. Based on the above work, Wang et al. [33] further derived a necessary and
sufficient condition for the state controllability of a homogeneous networked system
where communications are performed through one-dimensional connections. They
also discussed the controllability of a homogeneous networked system over some par-
ticular network topologies such as trees, cycles. Hao et al. [11] derived necessary and
sufficient conditions for the controllability of a MIMO homogeneous LTI networked
system where the network topology matrix is diagonalizable. Compared to Wang et
al. [32], Hao’s result is easy to verify as it does not involve solving matrix equations.

All the works discussed above considered networked systems having the same
dynamics in each node. However, in real-life applications, all nodes need not possess
the same dynamics. Zhou [42] studied a networked system where every subsystem
is permitted to have different dynamics. A necessary and sufficient condition for
the controllability of a heterogeneous networked system was derived from Popov—
Belevitch—-Hautus (PBH) rank condition by Wang et al. [34]. They also attempted to
extend the results obtained by Wang et al. [32] for homogeneous systems to heteroge-
neous systems. Later, Xiang et al. [36] extended this work and derived a necessary and
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sufficient condition for the controllability of a particular type of heterogeneous system
in terms of some rank conditions. The obtained results are for a system in which the
state matrices of the individual nodes are of a special form. Along with the necessary
and sufficient conditions for controllability, several other necessary conditions for con-
trollability were also derived based on the properties of the individual nodes. Inspired
by this work, some necessary conditions for controllability of heterogeneous systems
were derived in Ajayakumar and George [2]. The notion of structural controllability
of large-scale networked systems is also studied by many authors [4, 6, 25, 37, 39].
A brief survey of recent advances in the study of controllability of networked linear
dynamical systems can be seen in Xiang et al. [35].

Most of the available controllability results for the networked systems are for homo-
geneous LTT systems. This paper provides necessary and sufficient conditions for the
controllability of a heterogeneous system model and discusses the connection between
networked topology and the controllability of the whole networked system. Our result
generalizes the work of Hao et al. [11], which was for the controllability of homoge-
neous LTI networked systems, enabling us to extend the scope of study into a larger
class of systems. Compared to the result of Xiang et al. [36], the condition in this paper
is easier to verify as it does not require solving matrix equations. The paper is orga-
nized as follows. Some preliminaries are given in Sect. 2. The controllability problem
is formulated in Sect. 3. In Sect. 4, we prove necessary and sufficient condition for
the controllability of the heterogeneous networked system formulated in Sect. 3, and
some controllability results of the networked system over some specific topologies are
also established. The derived results are substantiated with examples. Conclusion and
future scope of the work are given in Sect. 5.

2 Preliminaries

In this paper, we make use of the following notations. Let R™*”" denotes the set of
m x n real matrices and by I we denote the identity matrix. Let {e1, €2, . . ., e, } be the
canonical basis for R”. Let diag{ai, a», . .., a,} denotes diagonal matrix of order n
with diagonal entries ay, as, . . ., a, and uppertriang{a, ay, . . . , a, } denotes an upper
triangular matrix of the form

ap % k... %
0 ay =* *
0 0 a3 *
0O 0 O an
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By blockuppertriang{A1, Az, ... A}, we denote a block upper triangular matrix of
the form

A % % *
0 Ay =% *
0 0 A3 *
0 0 0 Ay,
where A1, Az, ..., A, are matrices. Let o (A) denotes the eigen spectrum of a matrix

A.
The following lemmas will be used in the subsequent sections of this paper.

Lemma 1 [15] Let A and B be similar matrices, that is, there exists a nonsingular
matrix P such that PBP~' = A. If v is a left eigenvector of A with respect to the
eigenvalue A, then v P is an eigenvector of B with respect to the eigenvalue A.

Lemma2 [16] Let A ® B denotes the Kronecker product of two matrices A and B.
We use the following properties of Kronecker product in this paper.

(i) (A® B)(C® D) = (AC ® BD)

(i) (A® B)™' = A~ @ B! if A and B are invertible.
(i) A+B)®C=AQC+B®C

(iv) A(B+C)=AQ®B+ARC

(v) AR B=0ifandonlyif A=00rB =0

Lemma 3 [30] A linear time-invariant control system characterized by the pair of
matrices (A, B) is controllable if and only if left eigenvectors of A are not orthogonal
to columns of B, i.e., VA = Av implies that vB # Q.

3 Model formulation

Consider a heterogeneous networked linear time-invariant system with N nodes, where
the ith node is described by the following differential equation:

N
(1) = Apxi (1) + ) cijHxj(1) +diBui(1), i=1,2,....N e)
j=I1

where x;(t) € R" is the state vector; u;(t) € R™ is the external control vector;
A; € R™" is the state matrix of node v;; B € R"*™ is the control matrix, with d; = 1
if node v; is under control, otherwise d; = 0. ¢;; € R represents the coupling strength
between the nodes v; and v; with ¢;; # 0 if there is a communication from node v;

to node v;, otherwise ¢;; = 0,i, j =1,2,..., N and H € R"*" is the inner coupling
matrix describing the interconnections among the states x;, j = 1,2, ..., N of the
nodes.
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Let
C =[cij] eRMN and D = diag{dy, d>, ..., dy} 2)
denote the network topology and external input channels of networked system (1),
respectively. Denote the whole state of the networked system by X = [xlT e x{,] r
and the total external control input vector by U = [ul, ..., uIT\,]T

Now, using the Kronecker product notation, networked system (1) can be reduced
into the following compact form:

X(t)=FX@t)+ GU(r) (3)
where
F=A+C®H, G=DQ®B 4)
and A = blockdiag{A1, A>, ..., An}. B
If the state node matrices A, Ay, ..., Ay are identical, that is, A; = A, then

system (1) becomes a homogeneous networked system. Hao et al. [11] have proved the
following necessary and sufficient condition for controllability of such homogeneous
networked systems.

Theorem 1 [11] Consider a homogeneous networked system with a diagonalizable
network topology matrix C. Let 0 (C) = {A1, A2, ..., An}. Then networked system
(1) is controllable if and only if the following conditions are satisfied.

(1) (C, D) is controllable;
(i1) (A + AiH, B) is controllable, fori = 1,2,..., N; and
(iii) If matrices A +M,H, ... A +Ai, H (Xik eo(C), fork=1,...,p, p> 1)
have —a  common  eigenvalue p, then (t;D) ® (Sill B),...,

(6, D)® " B).....(1;,D)® & B, (1,D)® (s;"" B) are linearly inde-
pendent, where t;, is the left eigenvector of C corresponding to the eigenvalue
Aiys Yip = 1is the geometric multiplicity of p for A + A;, H; él.lk =1 ...,vi)

are the left eigenvectors of A + A;, H corresponding to p,k =1, ..., p.

In this paper, we will relax the diagonalizability condition of the network topology
matrix C for the homogeneous system and also we derive necessary and sufficient
condition for heterogeneous system under more relaxed condition on the network
topology.

4 Main results

4.1 Controllability in a general network topology

In this section, we investigate the controllability of (3) under certain network
topologies. Suppose that the network topology matrix C is triangularizable. That

is, there exists a nonsingular matrix 7 such that TCT! = J, where J =
uppertriang{ii, Ao, ..., Ay} is the Jordan Canonical Form of C. Leto (A; + A H) =
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{M},...,u?i} denotes the set of eigenvalues of A; + A\;H,i = 1,2,..., N and

5{;, k =1,..., v be the left eigenvectors of A; + A; H corresponding to /,Llj ,j =
l,...,qi,i=1,..., N,where y;; > 1is the geometric multiplicity of the eigenvalue
e

We investigate the controllability of original system (1) in terms of the eigenvalues
and left eigenvectors of the matrix F in compact form (3). When the network topology
matrix C is triangularizable with triangularizing matrix 7 and if 7 ® I commutes
with A, we characterize the eigenvalues and left eigenvectors of F in terms of the
eigenvalues and left eigenvectors of A; + A;H, i = 1,2,..., N as shown in the

following theorem.

Theorem 2 Let T be the triangularizing matrix for the network topology matrix C and
suppose T @ I commutes with A. Let (;L{, é;‘i]}) denotes the left eigenpair of A; + A; H.
Then the following statements hold true.

(1) The eigenspectrum of F is the union of eigenspectrum of A; + AiH, where
i=1,2,...,N. Thatis,

o(F) = U0 +a ) = {uls ooy}

(i) If J is a diagonal matrix, then e; T ®$l-/j-, k=1,..., v are the left eigenvectors
of F corresponding to the eigenvalue ulj, j=1...,qi,i=1,...,N.

(iii) If J contains a Jordan block of order | > 2 for some eigenvalue A;, of C with
si’;H = Oforalli = i, io+1,...,i0+—1,j=1,2,....qi,k=1,2,....yij,
then e;T ® éikj, k =1,...,v; are the left eigenvectors of F corresponding to
theeigenvalueuij,i =1,2,...,N,j=1,2,...,qi.

Proof (i) By hypothesis, T is a nonsingular matrix such that 7CT~! = J, where
J = uppertriang{A1, Az, ..., Ay} is the Jordan Canonical Form of C. Let

F=TQDFT '@ =TQNA+CQHT'®I)
As T ® I commutes with A, we have

F=AT®NDNT '@+ (TR®NCRHN(T'®I)
=A+(TCT™'Q H)
=A+JQH
= A + uppertriang{ri, A2, ..., AN} ® H
= blockuppertriang{A1 + M H, ..., ANy + ANvH}

Since F and F have same eigenvalues, we get
1 1
U(F) = {/"Llﬂ~'*7IL(]1I’-'-7I‘(’N7--~’M7VN
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(ii)

(iii)

Let éf;, k =1,..., vy be the left eigenvectors of A; + A; H corresponding to

le j=1,...,qi,i =1,..., N.If J is a diagonal matrix, F is a block diagonal

matrix and hence e; ®§l T k=1,...,y; arelefteigenvectors of F corresponding

tO/Li,J =1,....,qi,i=1,...,N.
Suppose that J contains a Jordan block of order 2, corresponding to the eigenvalue
Aip of C. Then the matrix F contains the block matrix of the form

Ajy +AigH H
A= |71 0 5
[ 0 Ajg+1 + Aig+1 H )
It follows easily that, ¢;)+1 ® Szo+11 =1,2,...,¥+1, are eigenvectors of F
corresponding to the eigenvalues u or10d =120 qigr IF Silf)joH = 0 for
allk =1,2,..., ¥ijo- then ej; ® él o’ k =1,2,..., ¥,j, are left eigenvectors

of F corresponding to the eigenvalue ,u ©_ Now suppose that J contains a Jordan
block of order / > 2 for some elgenvalue Ai, of C, then again we can consider
(I — 1) block matrices of form (5) and by using the fact that EI.I}H = 0 for all
i = io,i0+1 oo+l =1,7=12,...,q,k=1,2,...,y; we gete; ®
Sl j, .., vij are left eigenvectors of F corresponding to the eigenvalue
Mz I = 1,2, ...N,j=1,2,...,q9;. We will prove that these are the only
eigenvectors of F. Suppose that F does not have any Jordan blocks and let
& = [51 & ... éN] € RN be a left eigenvector of F corresponding to the
eigenvalue p, where &, &, ..., &y € R". Then &7 F = pu&T implies that

& (A +aH) ] 51"
& (A + 22 H) &

: =M
En (Ay +ANH) En

This in turn implies that 4 is an eigenvalue of A; + A; H for all i with §; as an
eigenvector. Suppose that F has a block of type (5). Then & TF = e’ implies
that

g@A+mHE) 10 TE7

& (Ai‘.f‘)w’H) _ %:i
EH+&H (A +0H) |~ Hley

&1 (Ay +ANH) i L v

As & (A + A H) = g, & is a left eigenvector of A; + X; H. Then by our
hypothesis, & H = 0. Hence u is an eigenvalue of A; + A; H for all i with & as
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an eigenvector. Thus, if A; + A;H,i = 1,2,..., N does not have a common
eigenvalue, then the left eigenvectors of F are of the form ¢; ® &, where & is a
left eigenvector of A; + A; H for some i. If they have a common eigenvalue, the
eigenvectors are either of the form ¢; ®&, where & is aleft eigenvector of A; +A; H
for some i or of the form 23:1 e, @&, where A; + A H,i € {i1,i2,...,0}
have a common eigenvalue u with eigenvector &; for each iy, i, ..., i .

Thus in both cases, by Lemma 2(i) and Lemma 1, (ei ® gi’;) (TR =¢TQ®

$ikj (k = 1,...,y;) are the left eigenvectors of F corresponding to Ml/ ,Jj =
1,...,qi,i=1,...,N. [m}

Using the above result, we will prove the following necessary and sufficient con-
ditions for controllability of heterogeneous networked system (3).

Theorem 3 Let T be a nonsingular matrix triangularizing matrix C such that T ® 1
commutes with A. If J contains a Jordan block of order | > 2 corresponding to the
eigenvalue A;, of C, then assume thatéiij = 0foralli =ig,io+1,...,i0+l—1,j =
L2, qik = 1,2, yij, where i = 1,2, N, j = 1,2,...,qi,k =
1,2,...,yij are the left eigenvectors of A; + A;H corresponding to the eigenvalues
M{, i=12,...,N,j=1,2,...,qi. Then networked system (3) is controllable if
and only if
(i) e¢sTD #0foralli=1,...,N
(i) (A; + X;H, B) is controllable, fori = 1,2,..., N; and
(iii) If matrices A;, + M H, A, + ApH, ..., Aip + )\'ipH()\'ik e o(C),k =
1,....p, wherep > 1) have a common eigenvalue o, then (e;;TD) ®
Vi Vi
€\ B (e TD)® (5" B)..... (e, TD) ® (§} B),.... (e, TD)® (5 " B)
are linearly independent vectors, where y;, > 1 is the geometric multiplicity of
o for Ay + A, H and Eilk (I =1,...,y,) are the left eigenvectors of A;, + Ay H
corresponding to o, k = 1,..., p.

Proof (Necessary part) From Theorem 2 it follows thate; T ® él.k/. (k=1,...,y;j)are

left eigenvectors of F corresponding to ,ulj ,j=1,...,qi,i =1,..., N.If networked
system (3) is controllable, then

&T ®END®B)#0, for I=1...yj.j=1.....q.i=1..N
which implies that
e;TD#0, i=1,...,N,
and

E;B#0, for I=1,....yj,j=1,....qii=1.._.N

Since éilj is an arbitrary left eigenvector of A; + A; H, the controllability of (A; +
MH,B), fori =1,..., N follows.
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Assume that the matrices A;, + kilH,...,Aip + )»,-pH()\,-k e o(C),k =
1,..., p, where p > 1) have a common eigenvalue o. Then all the left eigenvectors
of F corresponding to o can be expressed in the form of Zle Z;/l‘l ar (e, T ® gl.lk),
where oy € Rk = 1,...,p,l = 1,...,y,) are scalars, not all are zero and

&i}(, e, éi}:k , are the eigenvectors of A;, + A; H corresponding to the eigenvalue
o,where k =1, ..., p. If the networked system is controllable, then

Vie

ZZ%(%T ®E)|(D®B)#0

k=1 I=1

Consequently, we have

P Vik
ZZakz(eszm ® (§B) # 0

k=11

for any scalars oy € Rk = 1, ...p, L = 1,...,v%), not all of them
are zero. Therefore, (¢;1T D) ® (éllB) ., (enTD) ® (EV” B),...,(e;pTD) ®
(él.lpB), ,(eipTD) ® (&, "Ir B are lmearly 1ndependent vectors in RN n

(Sufﬁc1ency part) Suppose that the networked system is uncontrollable, then we
will prove that at least one condition in Theorem 1 does not hold. If the networked
system is not controllable, then there exists a left eigenpair of F, denoted as (ft, v),
such that vG = 0.

If i € o(A;) + )»,'OH) and ft ¢ o(A1 + M H)U...U0o(Ajyj—1 + Aiy—1H) U
0(Ajg+1 + Aig+1H) U ... U o (A, + A, H). Again v can be written as a linear

0/0 l l 1 Yio jg
combination, 0 = Zz ay(ei, T ® éio,-o)’ where éio,-o’ R élo of left eigenvectors

. - Yioj
of A;, + X, H corresponding to [t, where [a(l), co 0 ’0] 1S some nonzero vector.
Now 9G = 0 implies

Yioj Yio jy

Z Olé(eiOT ® siZOjO)(D ® B) = Z aé(eioTD) ® (gil()jo B)

Yioj
[l
= (e;,TD) ® ZaoéinOB =0

=1

This implies that e;,TD = O or }_,_; T0io aég.l B=0.1f),_; 0io a(l)éilo, B = 0, then
J0

(AlO + Ay H, B) is uncontrollable as Zl "0jo aoéiloj isalefteigenvector of A; )+, H.
0

Thus, if the networked system is uncontrollable, then either there exists A;, € o(C)
such that (A;, + A, H, B) is uncontrollable or e;, T D = 0 for some io.

Let fi be the common eigenvalue of the matrices A;, +1;, H, ..., Ai,+2i, H(\; €
o(C), for k =1,..., p, p > 1) and the corresponding eigenvectors of A; + A;,
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are Sii, . ..,Si):", where k = 1,..., p. Since v can be expressed in the form
Vi

MU Sk ekl (e, T ®§ilk), where af/(l = 1,..., .,k = 1,..., p) are some

scalars, which are not all zero. Then vG = 0 implies that there exists a nonzero

Ly 1 pYi
vector [aél,...,aoy'l, 7 S ’p] such that

p Vi p Vi

S all (T wel) | DB =YY o [0 o EB]=0

k=1 I=1 k=1 I=1

This implies that (¢;; T D) ® (Sill B),....(esTD)® (5.”1 B), ...

i1
, (e,-p TD)® (SilpB), s (e, TD)® (éi};'” B) are linearly dependent.

Therefore, if the networked system is uncontrollable, then at least one condition in
Theorem 3 does not hold, true. O

The following examples demonstrate the application of the result for testing con-
trollability of heterogeneous networked systems.

Example 1 Consider a heterogeneous networked system as shown in Fig. 1 com-
posed of 3 nodes in which two nodes are identical. The state matrices of each node
(A1, A2, A3), control matrix B, inner coupling matrix H and the network topology
matrix C are given by

1 -1 1 1 0 0 1 01 0
Al=As=|—-1 1 0|, Aa=|—-1 1 0o|,B=|2|,H=|1 0 1],
1 1 0 0 1 1 0 0 0
0 0 1
c=10 11 (©)
0 0 1

Fig.1 Controllable

heterogeneous networked .
system with triangularizable

network topology C and node @
dynamics as given in (6)
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As all the nodes have control input, the external control input matrix, D =

1 0 0

0 1 0

0 0 1
~ For the network topology matrix C, there exists a nonsingular matrix 7 =
10 —1 000

01 0 |suchthatTCT ! =J,whereJ =|011 .Clearly, T ® I commutes with
00 1 001

A. J contains a Jordan block of order 2 and the eigenvalues of C are .} =0, 1, =1
and A3 = 1. Observe that ‘.;‘21 = [0 0 1] is the only left eigenvector corresponding to
the eigenvalue 1 of matrix A, + H and it satisfies 521 H = 0. Then, we can easily verify
the following:

10-—1
i) AsTD=T=|01 0 |,¢;TD #0foralli =1,2,3.
00 1

(i) (A1, B), (A2 + H, B) and (A3 + H, B) are controllable.

(iii) o = 1isacommon eigenvalue of the matrices Ay + H and Az + H have with left
eigenvectors £ = [00 1] and & = [1 —1 0], respectively. Also, the vectors
eaTD® SZIB = [O 1 O] ande3TD ® 5318 = [0 0 —l] are linearly independent
vectors.

As all the conditions (i)—(iii) of Theorem 3 are verified, the heterogeneous networked
system is controllable.

Example 2 Consider a heterogeneous networked system shown in Fig. 2, which is
composed of 3 nodes in which two nodes are identical. Let

00 0 01 1 110
Ar=10 1 2|, Av=A3=|2 1 —1|,B=|1|,H=|0 1 1],
0 0 —1 02 -1 0 0 1
(111 10 0
C=|0 0 1|{andD=|0 1 0 )
0 1 00 0

Fig.2 Controllable
heterogeneous networked
system with triangularizable
network topology C and node
dynamics as in (7)
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We observe that, for the network topology matrix C, there exists a triangularizing

10 0 110
nonsingular matrix 7 = |0 1 1 | suchthat TCT~' = J, where J = [0 1 0
033 00—1

J contains a Jordan block of order 2 and T ® I commutes with A. The eigenvalues
of C are, .\ = 1,1, = 1 and A3 = —1. Observe that 5111 = [O 1 —1] is the only
left eigenvector corresponding to the matrix A + H and & 11 H = 0. Further, we can
verify that

(i) ¢TD #0foralli =1,2,3.

(i) (A1 + H,B),(A>+ H, B) and (A3 — H, B) are controllable.
(iii) As the matrices A} + H,A> + H and A3 — H do not have a common eigenvalue,

the condition (iii) in Theorem 3 is satisfied.

Thus all the conditions (i)—(iii) of Theorem 3 are verified. Hence, the heterogeneous
system is controllable.

Now, we give an example of a controllable networked system having heterogeneous
dynamics with diagonalizable network topology matrix.

Example 3 Consider a heterogeneous network system composed of 3 nodes in which

010 010
two nodes are identical, where Ay = |001]|,A4A, = A3 = |001|,B =
001 000
1 100 100 100
O|,H =(010(,C =1]010]and D = [010|. There exists a nonsin-
1 001 010 000
1 00 100
gular matrix 7 = |0 —1 1 | such that 7CT~! = | 000 | = J. J has no Jordan
020 001

block of order > 2 and T ® I commutes with A. A = 1, A, = 0 and A3 = 1 are the
eigenvalues of C. Also,
(1) ¢ TD #0foralli =1,2,3.

(i1) (A1 + H, B), (A3, B) and (A3 + H, B) are controllable.

(iii) The matrices A1 + H and A3 + H have a common eigenvalue 1 with left eigen-
vectors f;‘ll = [O 1 —1] and 531 = [O 0 1], respectively. Further, e; 7D ® éllB =
[-100]and e37D ® &5 B = [0 +/2 0] are linearly independent vectors.

Thus, all the conditions (i)—(iii) of Theorem 3 are verified. Hence, the heterogeneous
network system is controllable.

This approach enables as to find the nodes to which a control can be applied to
make an uncontrollable system to a controllable system.

Remark 1 If ¢;TD = 0O for some i = 1,2,..., N, then the given system is not
controllable. For, we have, ¢;T ® él.'} (k = 1,...,yj) are left eigenvectors of F

corresponding to /Llj, j=1...,qi,i=1,...,N.If ¢, TD = 0 for some i, say i,
then (e, T ® él.’f)f)(D ® B) = (¢;,TD ®§,.’;J,B) =0forall j =1,2,...,qi k =
L2,..., Yij- Then by Lemma 3, the given system is not controllable.
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Now we may be able to modify the external input matrix D, sothate;TD # 0,i =
1, ..., N as shown in the following example.

Example 4 Consider a homogeneous network system composed of 3 nodes, where

0 1 0 1 0 0 0 0 1
Al=A=A3=|(0 0 1|,B=|1|,H=({0 1 O0|,C=|1 0 O0Of,
0 0 O 0 0 1 1 0 0
0 0 O
D=0 1 0 (8)
0 0 0
0 1-1
There exists a nonsingular matrix 7 = JT§ 0 “/T§ such that TCT™! =
o
2 2
000
01 0 | = J.From Corollary 1, it is easy to verify that the networked system
00-1
010
is not controllable as exT D = 0. Here TD = | 0 0 O |. Observe that either §; or 83
000
000
must be 1 sothate; T D # 0 forall i = 1, 2, 3. Modify D as D=1{010].Inother
001

words, either node vy or node v3 is supplied with a control input. Then ¢; T D # 0 for
alli =1,2,3.

For the modified network system, we can verify the conditions (ii) and (iii) of
Theorem 3. The eigenvalues of C are A1 = 0,A = 1 and A3 = —1. Clearly,
(A,B),(A+ H, B), (A — H, B) are controllable and these matrices does not have a

Fig.3 Heterogeneous networked
system which is not controllable
with a triangularizable network
topology C and node dynamics
given in (8)

Fig.4 The networked system
becomes controllable with node
dynamics as in (8), if the
external control input matrix is
D
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common eigenvalue. Thus, all the conditions of Theorem 3 are satisfied and hence the
heterogeneous system is controllable.

The condition that the matrix 7 ® I commutes with A in Theorem 3 is satisfied when
the networked system is homogeneous as we can see in the following proposition.

Proposition 1 If networked system (1) is a homogeneous system, that is, A; = A for
i=1,2,...,N, then T ® I commutes with A.

Proof If the given system is a homogeneous system, then it can be represented in the
compact form

X(t)=FX@t)+GU(1)
where F = A+ C® H and G = D ® B. From Eq. (4),
A = blockdiag{A1, Aa, ..., AN} = blockdiag{A, A, ..., A} =1 ® A
Clearly,
TONA=TNUR®A=TRA=UIRA(T®I)=AT®I)

Thus, T ® I commutes with A. O
Consequently, for a homogeneous networked system, we have the following result.

'[heorem 4 Suppose that networked system (1) is a homogeneous system, that is, A; =
Aforalli =1,..., N with

(@) atriangularizable network topology. Thatis, TCT ' = J = uppertriang{i1, A2,
...y AN}, where J is the Jordan Canonical Form of C; and
(b) if J contains a Jordan block of order | > 2 corresponding to the eigenvalue X;,
ofCandél.’j.H =0foralli =ip,io+1,...,00+1—-1,j=1,2,...,qi, k=
1,2,..., yij, where él-’;-, i=1,2,....,k=1,2,..., vy are the left eigenvectors
of Ai + A;jH corresponding to the eigenvalues “;j and y;j > 1 represents the
geometric multiplicity of ;L{.
Then networked system (3) is controllable if and only if the following conditions
are satisfied.
1) e,-~TD #Oforalli =1,..., N, where {e;} is the canonical basis for RN,
(i) (A+A;H, B) is controllable, fori = 1,2, ..., N; and
(iii) If matrices A + A H, ..., A +AipH(Aik eo(C), fork=1,...,p, p >
1) have a common eigenvalue o, then (e;;TD) ® (Eill B),....(e;TD) ®
(S;l/il B),...,(ei,TD) ® ($ilpB), <oy (€, TD) ® (Si};" B) are linearly indepen-
dent vectors where y;, > 1 is the geometric multiplicity of o for A+ A H
and éilk (I =1,..., ;) are the left eigenvectors of A + X;, H corresponding to
o k=1,...,p.
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In the following example, we verify the conditions of (i)—(iii) Theorem 4 to obtain
the controllability of a homogeneous networked system.

Example 5 Consider a networked system with two identical nodes, A} = A, =

11 0 10 01 10 .
|:0 1],3 = |:1],H = [00],C = |:1 0j| and D = |:0 0j|.Then, there exists a

nonsingular matrix 7 = such that TCT~! = |:_1 0

0 1] Here, Ay = —1 and

-1 1]
11
Az = 1 are the eigenvalues of C. Observe that
(1) ¢,TD #0foralli =1,2.

@ii) (A1 —H, B), (A + H, B) are controllable. As the matrices A| — H and A, + H

do not have a common eigenvalue, condition (iii) does not apply.

Thus, all the conditions of Theorem 4 are verified. Hence, the system is controllable.

Remark 2 Verification of following conditions restricts the application of Theorem 3
to a general heterogeneous networked system.

(i) T ® I commutes with A.

(ii) If the network topology is triangularizable, the condition that Sik.H = 0 for all
i=ig,io+1,...,00+1—-1,j=1,2,...,q;,k=1,2,...,y; if J contains a
Jordan block of order I > 2 corresponding to the eigenvalue A;, of C.

However, condition (i) is trivially satisfied in the case for ahomogeneous networked
system and condition (ii) does not apply when the network topology is diagonalizable.
The network topology being triangularizable is an advantage over the existing results
as the available results are only for systems with a diagonalizable network topology.
If a triangularizable network topology is applied to a homogeneous system, Hao et
al.’s [11] result does not ensure controllability of the system as the network topology
matrix is not diagonalizable. But, we have seen in Example 3 that our result can be
applied to a homogeneous networked system with nondiagonalizable network topol-
ogy. Also, as seen in Examples 1 and 2, our result can be applied to heterogeneous
networked systems with triangularizable network topology matrix. Another advantage
is that, as shown in Example 4, we can identify nodes of an uncontrollable system
in which one can apply control to a node to make the modified networked system
controllable.

Hao et al. [11] have proved Theorem 1 as a necessary and sufficient condition
for the controllability of a homogeneous networked system with a diagonalizable
network topology matrix. With the help of the following proposition, we now show
that Theorem 3 is a generalization of Theorem 1 of Hao et al. [11].

Proposition 2 Suppose that the network topology matrix C is diagonalizable. That is,
there exists a matrix T such that TCT~' = J, where J = diag{ii, A2, ..., An}.
Then (C, D) is controllable if and only if e;TD # 0,i =1,2,..., N.

Proof Given that there exists a matrix 7 such that TCT~! = J, where J =
diag{i1, M2, ..., An}. Now,

TCT '=J=TC=JT
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= e TC=¢JT Yi=12,....N
= (&iT)C = Ai(e;T) Vi=1,2,...,N

That is, ¢; T is a left eigenvector of C corresponding to the eigenvalue A;,i =
1,2,..., N. Then by Lemma 3, (C, D) is controllable if and only if ;7D # 0,i =
1,2,...,N. O

Thus by Proposition 2, we can now deduce the necessary and sufficient condition
for the controllability of a homogeneous networked system with a diagonalizable
network topology matrix C, established by Hao et al. [11] as a corollary of Theorem 4
as follows.

Corollary 1 Consider a homogeneous networked system, that is, A; = A for all
i = 1,...,N with a diagonalizable network topology matrix C. Let oc(C) =
{A1, A2, ..., AN}. Then networked system (1) is controllable if and only if the fol-
lowing conditions are satisfied:

(1) (C, D) is controllable;

(i1) (A+ A H, If) is controllablg, fori=1,2,...,N;and

(iii) If matrices A+ A H, ..., A —}—)»ipH (Aik ea(C), fork=1,...,p, p> 1)
have a common eigenvalue p, then (t;; D) ® (éill B),...,(t;;D)® (é;:il B),...,
(t,-pD) ® (Eilp B),..., (t,'p D)® (Ei):p B) are linearly independent, where t;, is the
left eigenvector of C corresponding to the eigenvalue A;, ; vi, > 1is the geometric
multiplicity of p for A + A;, H; Eilk ( =1,...,y;) are the left eigenvectors of
A+ Aj, H corresponding to p,k =1, ..., p.

In view of Proposition 2, the condition (i) of Theorem 4 and condition (i) of Corol-
lary 1 are equivalent. The condition (ii) in Theorem 4 and Corollary 1 coincides. As
per the result of Hao et al. [11], if (A;, ;) and (u, &) are the left eigenpairs of C and
A+ A; H, respectively, then (u, §(t; ® I,)) is alefteigenpairof F = Iy ® A+CQ®H.
This in turn implies that the condition (iii) in Theorem 4 is equivalent to condition 3
in Corollary 1.

Remark 3 The existence of the matrix 7 satisfying all the required conditions is crucial
in applying the theorem. If the given system is such that A; # A; foralli # j, then
for A = blockdiag{A1, A, ..., Ay} tocommute with (7 ® I), T must be a diagonal
matrix. If A; = A; for some i # j, then T;; and T;; are the only possible nonzero
elements along with the diagonal entries.

4.2 Necessary conditions for controllability in special network topologies

Now we obtain some controllability results over some specific network topologies. In
case there exists a node v; with no incoming edge, we obtain a necessary condition
for controllability of heterogeneous networked system (3) as shown below.

Theorem 5 Suppose that there exists a node v; with no edge from any other nodes.
Then, if (A}, B) is not controllable, then networked system (3) is not controllable.
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Proof If there exists anode v; with no edge from any other nodes, the network topology
matrix C is of the form

C11 C12 e CIN
21 22 CON
Cc = |€G=-DI C¢(Gj-n2 .-+ C(G-DN
0 0 0
CG+D1 CG+D2 -+ CHDN
B CN1 CN2 CNN _

Suppose that (A}, B) is not controllable. Then by Lemma 3, there exists a nonzero
eigenvector & of A; such that &£ B = 0. The state matrix of the networked system F is
given by

(A1 +ci H coH cNH
21 Ar+cpH ... ... ... conH
F= 0 0 A 0
cy1H cnoH ceie oo ... Ay t+cennH

and hence e; ® & is a left eigenvector of F. Since §B = 0, (¢; ® §)(D ® B) =
e;D ® £ B = 0. Then the networked system is not controllable. O

We have seen that the controllability of an individual node is necessary when there
are no incoming edges to that node. But this is not the case when there are no outgoing
edges from a node. Example 6 shows that controllability of an individual node is not
necessary for network controllability, even if there are no outgoing edges from that
node.

Remark 4 1f there exists some node v; with no edge to other nodes, the controllability
of (Aj, B) is not necessary for the controllability of the networked system.

Example 6 Consider a system with two nodes which are nonidentical,

1 2 11 1 0 1 0 0 1 0
Al:[l 3]*‘2:[0 0}’32[0}’H=[1 0]C=[1 0}’1):[0 1
©

From Fig 5, it is easy to observe that there is no edge from node 2. Also, (Aj, B)
is not controllable. But the networked system is controllable.

Fig.5 The networked system is f‘\ m
controllable with parameters ‘ > @ » \1}_2/ < ‘
given in (9). Observe that there

is no edge from node vy to node

V] @ Springer
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The following theorem addresses a situation where the controllability of an individ-
ual node with no outgoing edges. Here controllability of the individual node becomes
a necessary condition for network controllability.

Theorem 6 Suppose that there exists a node vj with no edge to any other nodes. If
&H = Oforall left eigenvectors & of A, then the controllability of (A j, B) is necessary
for the controllability of the networked system.

Proof 1If there exists some node v; with no edge to any other nodes, then the network
topology matrix C takes the form,

Cl1 C12 cl(j—l) 0 Cl(j—H) CIN

21 c22 N C2(j—1) 0 C2(j+1) e CON
C= : : :

CN1 CN2 <o CN(G-D) 0 CN(j+1) ... CNN

The state matrix of the networked system F is given by,

[A; +c H cioH ... 0 ... ciNH
co H Ar+cpH ... 0 ... oo H
F— : . . . :
cj1H cj2H AL cinH
cn1H cnoH ... 0 ... Ay+cvnH |

Suppose that (A, B) is not controllable. Then there exists a left eigenvector & of A
such that £B = 0. Since £ = 0 for all left eigenvectors of A;, e; ® £ is a left
eigenvector of F with (¢; ® §)(D ® B) = ¢;D ® £ B = 0 and hence the networked
system is not controllable. O

5 Conclusion and future scope of work

In this paper, a necessary and sufficient condition has been derived for controllability
of a class of heterogeneous networked systems under both a directed and weighted
topology. Examples are provided to illustrate the theoretical results. Furthermore, our
result generalizes the work of Hao et al. [11] on controllability of homogeneous LTI
networked systems, allowing us to broaden the scope of study to a larger class of
systems. In addition, controllability results have been derived for a networked system
over some particular network topologies. Our result is more informative regarding
the role of subsystem dynamics, network topology, etc., in the controllability of a
networked system than the existing results and is easy to validate. In the present study,
the control matrix is uniform in all subsystems. However, in the future, we intend to
study the controllability of networked systems with heterogeneous control matrices.
Another line of research could be an investigation of the controllability of networked
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systems with delays and impulses. However, research in this direction is performed
for homogeneous networked systems with one-dimensional communication having
delays in control. But for heterogeneous networked systems, such an investigation is
yet to be performed.
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