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Abstract

We study integral input-to-state stability of bilinear systems with unbounded control
operators and derive natural sufficient conditions. The results are applied to a bilinearly
controlled Fokker—Planck equation.
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1 Introduction

In this note, we continue recent developments on input-to-state stability (ISS) for sys-
tems governed by evolution equations. This concept unifies both asymptotic stability
with respect to the initial values and robustness with respect to the external inputs such
as controls or disturbances. Loosely, if a system X is viewed as a mapping which sends
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initial values xo € X and inputsu : [0, o0) — U to the time evolutionx : [0, T) — X
for some maximal T > 0, then X is ISSif T = oo and

Ix@®llx < Blixollx, 1) + vy ( Slgp IIM(S)IIU) . Vi >0,Vxo,u, (H
s€[0,7]

where the continuous functions 8 : Rg‘ X RS‘ — RS‘ and y : Rg’ — RS‘ are of
Lyapunov class ICL and IC, respectively (see Sect. 2.1 for the definitions).

Here, X is called the state space and U the input space equipped with norms || - || x
and || - llu.

X(t) = Ax(¢) + Bu(t), (Z(A, B))

where A is the infinitesimal generator of a Cp-semigroup (7'(f));>0 on a Banach
space X and B : U — X is a bounded linear operator, ISS is equivalent to uniform
exponential stability of the semigroup [4,10]. If B is not bounded as operator from U to
X, which is typically the case for boundary controlled PDEs, the property of being ISS
becomes non-trivial even for linear systems. In fact, this is closely related to suitable
solution concepts see, e.g., [10,20,29]. Along with the recent developments in ISS
theory for infinite-dimensional systems [4,5,8,15,27], several partial results have been
derived in the (semi)linear context, with a slight focus on parabolic equations, see,
e.g., [13,16,21,23,25,35]. We refer to recent surveys on ISS for infinite-dimensional
systems [26,29] and the book [17].

The origin of ISS theory, introduced by Sontag in 1989 [30], is nonlinear systems,
and we refer the reader to [31] for a survey on ISS for ODE:s.

Already seemingly harmless system classes such as bilinear systems

X(t) = Ax(t) + B(x(t), u(t)), 2)

where B(x, u) = Zf": (uiBix and A, B; € R%d see [6], are typical counterexam-
ples for ISS [32]. Nevertheless, the following variant of ISS [32] is satisfied by such
systems; there exists functions 8 € KL and y1, y» € K such that

t

xllx = Bllxollx. 1) + </o V2(||’4(S)||U)ds)s vt >0,Vu,xo, (3)

which is called integral input-to-state stable (integral ISS), see also [32]. Clearly, there
is no elementary implication between estimates (1) and (3).

Still integral ISS and ISS are equivalent for infinite-dimensional linear systems with a
bounded linear operator B : U — X, [10,24] as this reduces to uniform exponential
stability of the uncontrolled system. The corresponding question for general infinite-
dimensional systems seems to be much harder and notorious questions remain, see
[10,12,28] and [13] for a negative result.

On the other hand in [24], the equivalence of integral ISS and uniform exponential
stability is shown for a natural infinite-dimensional version of (2), with A generating
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a Co-semigroup and B : X x U — X satisfying a Lipschitz condition on bounded
subsets of X uniformly in the second variable and being bounded in the sense that
|B(x, )| < |lx|ly(Jlul]) for some KC-function y and all x and u. As indicated above,
the property whether a system is ISS or integral ISS is more subtle when bound-
ary controls are considered and consequently, the involved input operators become
unbounded. This also applies for bilinear systems which—in the presence of bound-
ary control—cannot be treated as in the references mentioned above.

In this article, we establish the abstract theory to overcome such issues. More
precisely, we study infinite-dimensional control systems of the abstract form

X(t) = Ax (1) + B1F(x(1), u1(t)) + Bous (1), t = 0, (X3(A, [B1, B2, F))

where A generates a Cp-semigroup on a Banach space X and B; and B, are possibly
unbounded linear operators defined on Banach spaces X and Us, respectively. The
nonlinearity F : X x U; — X is assumed to satisfy a Lipschitz condition and to be
bounded. With a slight abuse of notation, but following the literature, e.g., [22], we call
such systems “bilinear” because of the prototypical example given by F(x, u) = ux
with U; = C, which already shares most interesting aspects. In Sect. 2, we present
the details of this abstract framework and derive the main Result, which, in terms of
integral ISS, see also Definition 2.1, reads as follows.
Main Result (Theorem 2.9) The bilinear system X (A, [B], B;], F) is integral ISS, if
the linear systems X (A, By) and (A, B») are integral ISS.

In order to prove this statement, we show existence of global mild solutions to
X (A, [B1, B2], F) by classical fixed point arguments under the weak conditions on
the operators By, B;.

We conclude by applying our abstract result to the example of a bilinearly controlled
Fokker—Planck equation with reflective boundary conditions, which has recently
appeared in [3,9].

2 Input-to-state stability for bilinear systems
2.1 System class and notions

In the following, we study bilinear control systems of the form

ig))) = ;\X(I) + BiF(x(t), u1 (1)) + Baua(t), t > 0, (S(A.LBL. Bal. )
= X0,

where

X, X and U;, U, are Banach spaces and xg € X,

A generates a Cp-semigroup (7 (t));>0 on X,

the input functions u| and u; are locally integrable function with values in U1 and
U,, respectively, thatis, u; € LIIOC(O, o0; gl) and u, € LIIOC(O, oo; Up),

the operators By and B, are defined on X and U;, respectively. Both operators
map into a space (see below) in which X is densely embedded,
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e the nonlinear operator F : X x Uy — X is bounded in the sense that there exists
a constant m > 0 such that

IF(x, wlx <mlxlixlully, VxeX,uel “)

and Lipschitz continuous in the first variable on bounded subsets of X, where the
Lipschitz constant depends on the U;-norm of the second argument, that is, for all
bounded subsets X}, C X there exists a constant Ly, > 0, such that

IF (e, u) = F(y,wllx < Lxyllullollx —ylix  Vx,y € Xp,u € U, (5)

e s = F(f(s),g(s)) is measurable for any interval / and measurable functions
fI—=X,g:1— U,
e we write X (A, By) = X(A, [0, B>],0) if By = 0 and thus X (A, By) is linear.

Before explaining the details on the assumptions on By and B below, we list some
examples for functions F and operators that fit our setting.

(@) X =X,U =Cand F(x,u) = xu,
b)) X=U=X, feX"Fx,u)= f(x)u,
) X=C,U=X*F(x,u) = (x,u).

Let X_1 be the completion of X withrespect to the norm ||x||x_, = [[(B— A~ x|x
for some B in the resolvent set p(A) of A. For a reflexive Banach space, X_; can be
identified with (D(A*))’, the continuous dual of D(A*) with respect to the pivot
space X. The operators By and B; are assumed to map to X_j, more precisely,
By € L(Y, X_1)and By € L(Up, X_1), where L(X, Y) refers to the bounded lin-
ear operators from X to Y. Only in the special case that B or B; are in L(X, X) or
L(U,, X), we say that the respective operator is bounded. The Cy-semigroup (7' (¢));>0
extends uniquely to a Co-semigroup (7_1(¢));>0 on X_; whose generator A_j is the
unique extension of A to an operator in L(X, X_1), see, e.g., [7]. Note that X_1 can
be viewed as taking the role of a Sobolev space with negative index. With the above
considerations, we may consider System X (A, [ By, B2], F) on the Banach space X_;.
We want to emphasize that our interest is primarily in the situation where By and B;
are not bounded—something that typically happens if the control enters through point
boundary actuation.

Note, however, that the assumptions imply that “the unboundedness of B; and B>
is not worse than the one of A”—which particularly means thatif A € L(X, X), then
Bi € L(X, X) and B, € L(Ua, X).

For zero-inputs u; and uy, the solution theory for System X (A, [B1, B2], F) is
fully characterized by the property that A generates a Cp-semigroup as this reduces to
solving a linear, homogeneous equation. For non-trivial inputs, the solution concept
is a bit more delicate.

More precisely, for given fg, t; € [0, 00), ty < t1, x0 € X, u; € L! 0, o0; Uy)

loc
and up € L}DC(O, o00; U»), a continuous function x : [fy, ;] — X is called a mild
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solution of (A, [B1, B2], F) on [y, t1] if for all ¢ € [ty, t1],

t

x(1) =Tt —10)xo +/ T_1(t —s)[B1F(x(s), ui1(s)) + Boua(s)lds. ~ (6)

fo

We say that x : [0, 0c0) — X is a global mild solution or a mild solution on [0, 00) of
Y (A, [B1, B2, F) if x|[0,] is a mild solution on [0, #1] for every #; > 0.

We stress that existence of a mild solution is non-trivial, even when u; = 0. In
this case, it is easy to see that x € C([0, co); X_1), but not necessarily x(t) € X,
t > 0, without further assumptions on B,. The existence of a mild solution to the
linear System X (A, B5) is closely related to the notion admissibility of the operator
B for the semigroup (7' (¢));>0 and various sufficient and necessary conditions are
available, see, e.g., Proposition 2.4 and [10].

We need the following well-known function classes from Lyapunov theory.

K={neCRS R | 1) =0, u strictly increasing},
Koo =1{0 € £| lim 6(x) = o0},
X—>00
L={yeCR, Rar) | y strictly decreasing, lim y(¢) = 0},
—00
KL=1{p:R*— R 1B(,1) e KVt =>0,p(s,) € L Vs > 0}.
The following concept is central in this work. It originates from works by Sontag
[30,32]. We refer, e.g., to [26,27] for the infinite-dimensional setting.
Definition 2.1 The system X (A, [B1, Bz], F) is called

(i) input-to-state stable (ISS), if there exist 8 € KL, 1, 2 € K such that for
every xg € X, u; € L%°(0,00;Uy) and uy € L%°(0, oo; Uy) there exists a
unique global mild solution x of £ (A, [B1, B>], F) and for every t > 0

lx@Il < B(lxoll, ) + mr(lutllLee,r;up)) + ma(luzllLoe,;05)):

(ii) integral input-to-state stable (integral ISS), if there exist 8 € KL, 61,60, € Koo
and w1, uo € K such that for every xog € X, u; € L°°(0,00; Uy) and up €
L>(0, oco; Uy) System X (A, [By, Bz], F) has a unique global mild solution x
and for every t > 0

t
lx@®1 < Bdixoll, 1) + 61 (/0 M1(||M1(S)|I)d5) + 62 </0

One may define some mixed type of these definitions like (ISS, integral ISS) (and
(integral ISS,ISS)), in the sense that one has an ISS-estimate for #; and some integral
ISS-estimate for 1, (and vice versa).

t

M2(||M2(S)||)ds) .

The terms involving #1 and u, on the right-hand-side of the integral ISS estimate
do not define norms in general. However, there are function spaces which are naturally
linked to integral ISS [10].
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In this context, we briefly introduce the Orlicz space E¢(I; Y) associated with
a so-called Young function @ for an interval / C R and a Banach space Y in the
5. Note that the Orlicz space Eg corresponding to the Young function @ (t) = t?,
1 < p < o0, is isomorphic to L?.
Definition 2.2 Let (T'(¢));>0 be a Cp-semigroup.

(1) We say that (T'(¢));>0 is of type (M, w) if M > 1 and w € R are such that
IT@) <Me™, 1>0. 7)

(i1) We say that (T'(¢));>0 is (uniformly) exponentially stable if (T (t));>0 is of type
(M, w) for some w > 0.

(iii) Let Z = Eg or Z = L®°. An operator B € L(U, X_1) is called Z-admissible
for (T'(t)):>0, if forevery t > O and u € Z(0, t; U) it holds that

'
/ T_1(t —s)Bu(s)ds € X.
0

We will neglect the reference to (7'(¢)),>o if this is clear from the context.

Recall that every Cp-semigroup is of type (M, w) for some M > 1 and w € R. Note
that any bounded operator B is Z-admissible for all Z considered above.

Remark2.3 Let B € L(U, X_1) be Z-admissible for (7'(¢));>0 with Z = Eg¢ or
Z = L. Then, for any 7 > 0 there exists a minimal constant C; p > 0 such that

t
H/ T_1(t —s)Bu(s)ds| < Cylullzo,sv), u € Z0,1;U). ®)
0

This is a consequence of the closed graph theorem. Also note that B is Z-admissible for
€T (1)) >0 forany § € R. Furthermore, the functiont — C; pisnon-decreasing and,
if (T'(#))=0 is exponentially stable, even bounded, that is, Cp := sup,>( C; p < 00.

The following result clarifies the relation between admissibility and (integral) ISS.
The interest to study admissibility with respect to Orlicz spaces follows by the natural
connection to integral ISS for linear systems, see Proposition 2.4 (iii).

Note in particular that the existence of mild solutions for E¢-admissible operators
B; is based on the absolute continuity of the Orlicz norm with respect to the length
of the interval and the strong continuity of the shift-semigroup on E¢ (/; Y) for any
interval / and any Banach space Y. The latter can be proven by similar methods one
uses to prove the strong continuity of the shift-semigroup on L?(/; Y).

Proposition 2.4 (Prop. 2.10 & Thm. 3.1 in [10]) Let A generate the Cy-semigroup
(T())i=0on X and By € L(Ua, X_1).

(i) If By is Eg-admissible, then for every xo € X and uy € Eg¢ 10c(0, 00; Ua) there
exists a unique global mild solution x of System ¥.(A, By), which is given by (6)
with B; = 0.
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(ii) System X (A, By) is ISS if and only if (T (¢)):>0 is exponentially stable and B is
L®>-admissible.

(iii) (A, By) is integral ISS if and only if (T (t));>0 is exponentially stable and B>
is Eg-admissible for some Young function ®.

2.2 Main Results

Whether ISS implies integral ISS for a system X (A, B) is still an open question. This is
true for B bounded, see, e.g., [10, Prop. 2.14] or [24]. However, various conditions on
A and the input spaces U are available under which integral ISS and ISS are equivalent
[13] in the case of boundary control.

The following proposition proves an estimate between Orlicz-norms and integral
ISS estimates, which will be useful for the proof of the main Result.

Proposition 2.5 Let @ be a Young function. Then, there exist KCoo-functions 6 and |
such that for any Banach space U and t > 0,

t
lullEg.r0) <0 (/ M(IIM(S)IIU)dS> . YueL®(0,1;U). 9
0
Moreover, 8 and |1 can be chosen as

fg¢(ﬁ)ds, x < 1,

1
(Vs)d
hotMb g2, x=1,

n(x) = (10)

where ¢ equals the right-derivative of @ a.e. and, for a > 0,

t

O(a) = Sup{”u”Eq)(O,t;U) ueL>0,t;U),t>0, /(; n(llu(s)lv)ds < a} ,

with 0(0) = 0.
If @ satisfies the Ay-condition (c.f. 5), then u = @ can be chosen as well.

Proof Note that we only need to show that p and 6 define K. -functions since (9) is
immediate from the definition of 6. The proof is similar in spirit to an argument used
in [28, Proof of Thm. 1], with the crucial fact being that u defined by (10) defines a
Young function such that

D(cx)
® <pu and sup < 00,
x>0 M(x)

forallc > 0,see[28, Lem. 1]. In the special case that @ satisfies the A,-condition (with
so = 0), the above properties also hold for © = @, by the defining properties of the
Ap-condition. This implies that whenever a sequence ( f;,),en With f;, € L*(0, t,; U)
is such that
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In
nli>ngo/0 M(”fn(s)”(])ds:(),

it follows that lim, oo || full £4 (0.1,;v) = 0, see [28, Lem. 2]. Clearly, p is a Koo-
function, since p is a Young function. Therefore, it remains to consider 6. It is easy to
see that 6 is well-defined, non-decreasing and unbounded, whence we are left to show
continuity. Moreover, since 6 («) is of the form sup M, with nested sets (My)q~0, it
follows that 6 is right-continuous on (0, 0o). To see that 6 is continuous at @ = 0,
let (), be a decreasing sequence of positive numbers with lim, o o, = 0 and
for every n € N let u, € L*(0,t,; U) be such that fé” w(lju, (s)|Dds < ap and
0 < 0(on) = llunllEg 0,1,:0) < % By the above mentioned argument, we can conclude
that ||u, || £4(0,,;v) converges to 0 as n — oo. Thus, lim;,_, o 0(ct;,) = 0.

We finish the proof by showing that 6 is left-continuous on (0, o). Now, leta > 0,
a, S aandletuy € L0, t; U), k € N, such that

I
/ u(llug(s)lds <o« and klirr;OG(a) — llukllEg ©,6;0) = 0.
0 d

Forevery n € N, we aim to find i1,, € L°°(0, t,,; U) such that fé” w(liy(HHds < ay
and limy, o0 |4y — UnllEg0.1,:v) = 0. Indeed, then

O () — O(an) < O0(ar) = |litn | Eg (0,1: 1)
<0() = unllEg0,60:0) + Nt — Unll 4 0,1:0)

tends to 0 as n — 0o, which shows left-continuity. We define it,, := u,, s, where the
measurable set M, is chosen such that

t)l
/ (litn ()] ds = . if/o w(lltn()) ds = .

n

or M, = (0, t,) otherwise. It follows that

t)l tn
/0 ,u(llun(S)—b?n(S)IIU)dS=/0 M(Ilun(S)IIU)dS—/ n(llun(s)llv) ds

M)l

<o -—a,.

Thus, using the argument from the beginning of the proof again, we infer that ||u, —
inllEp0,1,:) = 0asn — oo. This concludes the proof. O

Combining Proposition 2.5 with [ 10, Prop 2.10] allows us to formulate the following
result:

Corollary 2.6 If System (A, By) possesses a unique mild solution x for every xo € X
and uy € L*(0, co; Uy), then the following statements are equivalent.
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(i) There exist functions B € KL and 1y € Koo such that

lx@1 < B(Ixoll, 1) + pallluzll £ ©.1;02)) (11)
holds for all t > 0 and uy € L*°(0, oo; Uy).
(ii) There exist functions B € KL, 6, € K and uy € Koo such that

t
lx@I < B(lxoll. 1) + 62 (/0 uz(lluz(S)Iluz)dS> 12)

holds for all t > 0 and uy € L*°(0, oo; Us).

Remark 2.7 Let us make the following comments on the construction of © and 6 in
Proposition 2.5.

1. If @(s) = s”,5 > 0, then u(s) = s” and it is not hard to see that, up to a constant,

0(r) is given by @1 (r) = r%. This shows that the choice of 6 is rather natural.

2. With similar techniques as in the proof of Proposition 2.5, it has been shown in
[10,28] that if a linear system X (A, B) satisfies (11), then it is integral ISS with
the estimate

IxI = B(ixoll. 1) +6 </0 M(””(S)”U)dS) ,

where

t
O(a) = sup”'/ T_1(s)Bu(s)ds
0

t
ueL>0,1;U), t >0, / plu(s)lv)ds < 06}~ 13)
0

Proposition 2.5 shows that 6 can actually be chosen independent of the semigroup
(T(t))r=0 and B provided the system is E¢-admissible (which, however, depends
on (T (t))s>0 and B, of course). In some sense, this fact simplifies the proofs in
[10,28]. On the other hand, the choice of 6 based on (13) is more refined; in case,
the system was even Ey-admissible with some ¥ < @, this would affect the
choice of 6, even if p is constructed from @ only.

In contrast to linear systems, the existence of mild solutions is less clear for bilinear
control systems of the form X (A, [By, Bz], F).

Sontag [32] showed that finite-dimensional bilinear systems are hardly ever ISS, but
integral ISS if and only if the semigroup is exponentially stable. In [24], it was shown
that this result generalizes to infinite-dimensional bilinear systems provided that B1 and
B, are bounded operators and X = X. The following results give sufficient conditions
for integral ISS and some combination of ISS and integral ISS of X (A, [By, Bz], F).
We start with a result on existence of local solutions to X (A, [B1, B2], F). The proof
involves typical arguments in the context of mild solutions for semilinear equations.
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A similar result for the existence of the unique mild solution as in the following
Lemma 2.8 was proved under slightly stronger conditions in [2] for L”-admissible By,
scalar-valued inputs u, F(x,u;) = uix and By = 0. Our condition is more natural
as the same condition guarantees the existence of continuous (and unique) global mild
solutions of the linear systems X (A, By) and X (A, B»), see Proposition 2.4.

Lemma 2.8 Let A generate a Cy-semigroup (T (t));=0 on X. Suppose that By €
L()_(, X_1) is Eg-admissible and that By € L(Uy, X_1) is Ew-admissible. Then,
foreveryty > 0, xo € X, u; € E¢(0,00; Uy) and ur € Ey (0, 00; Uy) there exists
t1 > to such that System X (A, [B1, Ba], F) possesses a unique mild solution x on
(70, 11].

Moreover, if tmax > to denotes the supremum of all ty > to such that System
Y (A, [B1, B2], F) has a unique mild solution x on [ty, t1], then tmax < 00 implies
that

lim [x(®)| = oco.
I—>Imax

Proof We first show that for every to > 0,x9 € X, u; € E¢(0,00; Uy) and up €
Ey (0, 0o; Uy) there exists t; > fo such that System X (A, [B1, B2], F) possesses a
unique mild solution on [f, #;] with initial condition x¢ and input functions u; and
uy. Moreover, we show that 71 = 79 + § can be chosen such that § is independent for
any bounded sets of initial data xg and 79. Let T > 0,7 > 0, u; € E¢(0, co; Uy)
and uy € Ey (0, co; Us) be arbitrarily. We first recall the following property of Orlicz
spaces. For any ¢ > 0, there exists § > 0 such that

max{l|uill gy ¢,i4+8:01) N2l Eg ¢ 148:00)) <€ YVE=0, (14)

see,e.g.,[19, Thm. 3.15.6]. Letty € [0, T],#; > foand xp € K,(0) = {x € X: ||x| <
r} and define the mapping

Py + C([10, 11]; X) = C([10, 1] X)
t

(Prg.1 (0))(1) := T (t — 10)x0 +/ T_1(r = $)[B1F(x(s), u1(s)) + Bauz(s)]ds.

fo

The strong continuity of (7 (¢));>0 and Proposition 2.4 imply that @, ;, is well-defined,
that is, @y, 1, (x) € C([to, t1]; X) for every x € C([fo, t1]; X). Note that we applied
Proposition 2.4 twice: to System X (A, By) with input u» and to System X (A, By)
with input F(x(-), u1(-)), where we set uy, u», x zero on (0, tp).

Let M > 1 and @ € R be such that ||T(7)|| < Me™" for all + > 0 and choose
k=4Mr 4+ 2M. Set

My (2o, t1) := {x € C([to, t1]; X) | Ixllc(eo,111; %) = k}.

We will show next that #; can be chosen such that @, ;, maps My (to, t1) to My (o, t1)
and is contractive on this set. Let C; , and C; p, refer to the admissibility constants
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such that (8) holds for B; and B, which can be chosen non-decreasing in ¢. Let m be
the boundedness constant of F from (4) and let L, (o) be the Lipschitz constant of F
such that (5) holds for the bounded set X}, = {x(¢) | x € My (29, t1),t € [tg, 1]} C X
which is equal to K (0) = {x € X: ||x|| < k}. Now, let#; =19+ 6 withé € (0, 1) be
chosen such that for all ty € [0, T'],

(1) ew(n —t0) — ew(S < 2,
s 1
(i) mCr1, B 11l Epto.00+8:01) = 75

(iii) CT,Bz”uZ”Eq/(I(),to-i-(S;Uz) < M and
(iv) Cr4s,B L) llu1llEs o, n0+8;01) < 1

holds, where we used (14) in (ii)-(iv). Note that apart from the parameters of the oper-
ators By, Bo, A, F, the choice of § only depends on » and T, where the r-dependence
of ¢ arises from the r-dependence of k. It follows that forall 7o € [0, T], x € M (ty, t1)
and xg € K, (0)

1Dsy.0, )l (29.117: %)
< M=) | xoll + Cyy 5, | F(x, UD gy o) T Crr B U2l Ey 10,10:02)

<2M||xoll +mCy B 1l Eg o, 0;un 1X Il C(irg,01:x) + M
S k’

where we used admissibility in the first inequality and (4) in the second inequality
as well as the monotonicity of the Orlicz norm in both estimates. Hence, ®;, ;, maps
My (to, t1) to My (2, t1). The contractivity follows by (iv) since

||‘pt0.,t1 (x) — (pto,tl ()z)”C([t(),tl];X)

t
/ Tt = $)BILF (x(s), ur(5)) — F(E(s), 1 ()] ds
0]

= sup
t€lto,11]

< Cy.gLg, o) llutll Ego.r; 001X — Xllcro,n1: 0

where we used again admissibility, the Lipschitz property of F and the monotonic-
ity of the Orlicz norm. By Banach’s fixed-point theorem, we conclude that System
Y (A, [B1, Ba], F) possesses a unique mild solution on [#g, #1] with initial condition
xo and input functions u and u>.

Now, let ftmax be the supremum of all #; such that there exists a mild solution x of
¥ (A, [B1, B2], F) on [y, t1] for every t] < tmax, Where xg € X, u; € E¢ (0, co; Uy)
and up € Ey (0, oo; Us) are given. Suppose that #,x is finite. We will show, that then
lim; . [lx()|| = oo. If this is not the case, we have

r= sup |x(@)] < oo.
t€[to,tmax ]

Let (t,),en be a sequence of positive real numbers converging to fyax from below.

Since t,, € [0, tmax] and || x(t,)|| < r for all n € N, there exists § > 0 independent of
n € N such that the equation
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y() = Ay(t) + BiF(y(1), u1(1)) + Baua (1),
y(tn) :x(tn)~

has a mild solution y on [t,, f, + §]. Therefore, we can extend x by x(¢) = y(¢),
t € (t,, t, + 8], toasolution of (A, [By, B2], F) on [ty, t,, + &]. This contradicts the
maximality of #yax and hence, x has to be unbounded in fy;x. O

Theorem 2.9 Suppose that the linear systems X (A, By) and X(A, By) are integral
ISS, then the bilinear system (A, [B1, B2], F) is integral ISS and (integral ISS,ISS).
The assumption that ¥ (A, By) is integral ISS is necessary.

Proof The necessity of X (A, By) being integral ISS follows by setting #; = 0 in the
bilinear system.

Proposition 2.4 says that integral ISS of the linear systems is equivalent to the
exponential stability of the semigroup (7'(¢));>0 generated by A and the admissibility
of the control operators By and B, with respect to some Orlicz spaces E¢ and Ey,
respectively.

Using this characterization, we will give the proof in two steps. At first, we prove the
existence of a global mild solution x of X (A, [B1, B2], F) (which does not need the
exponential stability of (7'(¢)),>0). Afterward, we prove the (integral) ISS properties.

STEP I Let (M, ) denote the type of (7(1));>0. By Remark 2.3, there exist
C:.B,. Ct,B, > Osuchthatforeveryt > 0,y € E¢(0,00; X)and y € Ey (0, o0; Us),
we have

t
/ 09T (1 — $)Biy(s)ds| < Crpy Il gy 05

0

and

< Ci.8, I Ey 0.1:0) -

t
/ e2 T (t — $)Bay(s)ds
0

Letxp € X,u; € E¢(0,00; Uy)anduy € Ey (0, 00; Up) and let f4x be the supremum
over all #; such that X (A, [Bi1, B2], F) possesses a unique x mild solution on [0, #1].
Lemma 2.8 yields fax > 0. For ¢ € [0, fmax) we have that

(@)l

' '
= HT(t)xo—i—/ T_1(t—s)BlF(x(s),ul(s))ds—}-/ T_1(t — s)Bouy(s) ds
0 0

< IT(t)xoll + e 2

t
/ 2T (1 — 5)Bi (¥ F(x(s), u1(5))) ds
0

t
0
< Me ™ ||xol| + Cr.pe” 2" le F(x(), ut (Dl gy (0.1:%) + Contnt- (1
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w .
e2'uy . The || - || g, -norm in the second term
Ey (0,t;Uz)

can be estimated by the boundedness of F,

_w
where Cy, 4t = Cr pe” 2" ‘

¥ FG OOy 0 < m | I Ol lrO |

We pass over to the equivalent norm on E¢ given in the 5, (24). Therefore, for ¢ > 0
there exists a function g € L (0, t; C) with ||g||Lé(0,,;(c) < 1 such that

JOnef eon|, < /O lir )11 18] (3 x()1) ds +e.

Eg(0,1;C

Hence, by combining this with (15) gives

Qt _Qt Qt
e x|l < Me 2 lxoll + mC; e +€2 Copuy,t

t
#mCon, [ 1)1 1g@)] (#1x0)1) ds.
0

Setting o (?) 1= Me™ 3" |xo|l + mCy € + e%’Cw,uzgt, Gronwall’s inequality implies
that

w t t
67t||x(t)|| < a(t) + mCy p, / a(s)]lur ()] |g(s)|e<mct,31 S5 e @)l Ig(r)ldr)ds
0

<a(t)+ [ Mlxol sup e 2" +mC pe+e2 Couns
rel0,t]

. 2mCt,B1 lluey ”E<1>(0,l‘;U|)ezmcr'B1 lutllzg @501 N

where we used the generalized Holder inequality for Orlicz spaces, see (25) in the 5.
Thus, by letting ¢ tend to 0, multiplying with e~ 2’ and using ab < %az + %bz for
a, b € R, we obtain

Ix(®ll < Me™ |lxoll + s M*e™" sup e " [lxol|*
rel0,z]

AP CY g Nty 0, I s 00

1,2
+ Court +5C5 1y 10

by monotonicity of the Orlicz norm,

(2 (2
leZ usllgy 0,05 < sup 2" luzll gy 0,1:05)-
rel0,t]
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Thus, we have shown

Il < BUxoll, )41 (Crpllurll £ 0.0) + 2(Cr e 2 e uall £y 0.1))

< Blxoll, ) +y1(Cy Bllu1l E40,0)) + ¥2(Cr.B, sup e 2" |2l £y 0,1))s
ref0.1]

(16)

forallu; € E¢ (0, 00; Uy), uy € Ey (0, 00; Us) and functions 8 € KL and yq, y» €
Koo, which can be chosen as

B(s, 1) = Me “'s + %Mze_"”s2 sup e~ ",
rel0,t]
)/1 (S) — 4m2sze4m.&"
ya(s) =5 + 1s?
Moreover, the mild solution exists on [0, 00). Indeed, if this is not the case, we have

fmax < 00 and Lemma 2.8 implies that x is unbounded in f,x. This contradicts (16)
since the right-hand-side is uniformly bounded in 7 on finite intervals [0, fax)-

STEP II. Since we are dealing with an exponentially stable semigroup, Remark 2.3
implies that C; , and C; p, are uniformly bounded in # and we can choose w > 0.
Hence, (16) yields for all u1 € E¢ (0, oo; Uy) and upy € Ey (0, oo; Uj) that

lx@1 < Blxoll. ) + y1 (Cay lu1llEp©.:01)) + v2 (Cy U2l £y 0.1:05))
with Cp, = sup;~o Cs.B;,1 =1, 2.

Using Proposi_tion 2.5 for u; and up, we have shown that X (A, [By, B2], F) is
integral ISS since L is contained in any Orlicz space on compact intervals. If we
apply Proposition 2.5 only for u; in (16), X (A, [By1, B2], F) is (integral ISS,ISS) by
realizing that there exists a constant C > 0 such that

_w (2
e 2" le2 urll £y 0,102 < C lluallLoo,1:05) (17)

for all up € L°°(0, oo; Uy) and ¢t > 0. To see this, let &€ > 0 such that ¥ (x) < x for
all x € (0, &), which exists by the property that lim,_, ¥) — (. Therefore, choosing

N
C = max{l, 2},

t w. t . 2
/ 14 (C_le_75> ds < / Cle 2%ds < — < 1.
0 0 Cw

This implies that

/ @ t
/ v ;2 llua(s) | ds < / v (C—le%(S—t)) ds <1,
0 Ce2"luz | L ,r;05) 0

by the definition of the Ey-norm. 0O
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The assumption in Theorem 2.9 that System X (A, Bj) is integral ISS is not neces-
sary as the choice F = 0 shows.

Remark 2.10 (1) In Theorem 2.9, one cannot expect the bilinear systems to be ISS as
the trivial finite-dimensional example X = —x + u|x shows.

(2) Using the definitions of yq, y» after (16) and the definitions of u and 6 from
Proposition 2.5, up to constants the functions i1, t2, 01 and 65 in the integral ISS
estimate for X (A, [B1, Bz], F) can be given explicitly.

(3) The proof of Theorem 2.9 is easier in the case that the Orlicz spaces are L”
spaces, since the L”-norm is already an integral of the form we are seeking for in
the integral ISS estimate (c.f. Definition 2.1).

(4) Note that the assumptions of Lemma 2.8 already yield that the unique mild solution
is global. This is the first step of the proof of Theorem 2.9.

In order to investigate integral ISS, itis thus sufficient to check that the linear systems
3 (A, By) and X (A, B») are integral ISS, or by Proposition 2.4 equivalently, that A
generates an exponential stable Co-semigroup and the control operators B; and B, are
admissible. Note that there are control operators B which are Eg-admissible for some
Young function @ but not L”-admissible for any p € [1, c0). In the context of linear
systems, such an example was already given in [10, Ex. 5.2] for an operator B defined
on C using the connection between a Carleson-measure criterion and admissibility
stated in [10], see also [11]. The next example extends this result to control operators
defined on X.

Example2.11 Let X = KZ(N) and define F : X x C — X, by F(x, u) := ux and the
diagonal operators

2”
Ae, = —2"e,, Be, = —e,, neN,
n

where (e,),N 1s the canonical basis of X and A is defined on its maximal domain.
The general assumptions of Sect. 2.1 are satisfied with By = B and B, = 0. Let
x = (%)neN € X and p € [I, 00). Following [10, Ex. 5.2], the operator b = Bx
defined on C is not L?-admissible. Hence, B is not L”-admissible.

Next, we show that B is E¢-admissible, where @ is the complementary Young function
to

®(s) = s In(In(s + e)).

It is easy to check that @ is a Young function. Define the sequence k = (k,)nen by

k, = @, n € N, where C = In(2) 4+ In(2e) > 1. We choose n large enough, such

that k,n = In(Cn) > 1 holds. Similar to [34, Ex. 4.2.13], one can show

- 2”
& e ) <2me ",
ky,n -
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We deduce

t e 2" (t—5)2" .
fcp — n)lds<l-e?"<1
0 kn

and hence [le=2"(—) % lzz0.0) < k,, for sufficiently large n. Using the generalized
Holder inequality (25), we get for u € Eg (0, t; £*(N)) and sufficiently large n

t
‘(f T_1(t —s)Bu(s) ds) (n)
0

t " on
/ e > T (u(s)) (n) ds
0 n

ne 20
o2 =) 2
n

<2

() @) Eg©,;0C)
L(0,1;C)

=< 2kn||u||E¢(o,t;(2),

where we used in the last inequality that

/t(p <|(14(S))(”)|> ds §/t¢ (||M(S)||22> ds.
0 k 0 k

Therefore, for some M > 0,

| = Mkl llwll g 0.1:62)-
13

t
H/ T_1(t —s)Bu(s)ds
0

which shows that B is Eg-admissible and thus X (A, [B, 0], F) is integral ISS.

3 Controlled Fokker-Planck equation

Following [3,9], we consider the following variant of the Fokker—Planck equation on
a bounded domain 2 C R”, with smooth boundary 952,

g_‘t’(x, 1) =vApx, 1)+ V- (P(Xv HVV(x, t)>’

(18)
p(x,0) = po(x),
where x € £2,t > 0, with reflective boundary conditions
0=wVp+pVV)-n, on 82 x (0, 00). (19)

Here, n refers to the outward normal vector on the boundary, pg denotes the initial
probability distribution with [, o po(x)dx = 1and v > 0. Furthermore, the potential
V is assumed to be of the form

Vx,t) = W) +alx)u(?), (20)
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where W € W>®(£2) and o € W N H?(£2) satisfying the structural assumption
Vo -n = 0 on d52. Thus, the scalar-valued input function u enters via the spatial
profile « in the potential.

In order to cast the equations in an abstract framework, we introduce the following
operators:

Af =vAf +V - (fVW),

DA) ={f € H(2) | Af € L’(2), WV f + fVW) -n = 0on 0},
Bf =V -(fVa),

D(B) = H'(2),

where X = L%(£2) and H'(£2), H?*(£2) refer to the standard Sobolev spaces. By
standard arguments, the operator A is seen to generate a bounded Cp-semigroup on
X, with discrete spectrum 0 (A) = 0,(A) C (=00, 0] and po = ce~? is an eigen-
function to the simple eigenvalue 0, where @ is given by @ =Inv + % andc > 01is
such that fQ Poodx = 1, see [3]. Furthermore, we will identify B with its extension
from X to X_.

We now consider the system around the stationary distribution ps instead of the
origin, see also [3] and decompose X according to the projections

P:L*(2)—> L*(2),y+—y —/ y(x)dxps and Q:=1— P.
2

Note that ran(Q) = ker(P) = span{ps} and ker(Q) = ran(P). Define X = ran(P).
Usingy = p— pocandy = yp +yp withyp = Py € X and yp = Qy € span{px}
and following [3, Sec. 3.2], the Fokker—Planck equation can be rewritten as

yp(t) = Ayp(®) + Bi yp(Hu(t)) + Bou, t > 0,
yp(0) = Ppy, (21)
yo@) = Qpo — poo =0, 1 =0,

where

A:DA)=XNDA) - X, f— Af,
Bi: X —> X_y, f— Bf,
By :C— X, u+— uBpso,

and A generates a strongly continuous semigroup as APf = PAf for f € D(A),
see also [3, Eq. (3.12)]. We emphasize that Q pg — psc = 0 follows by the assumption
that f o ro(x)dx = 1. That B; and B; are well-defined will be argued below.

Theorem 3.1 System (21) is integral ISS.

In the remainder of the section, we will lay out the proof of Theorem 3.1 based on
Theorem 2.9 and Proposition 2.4. This includes to show that A, By, BB, satisfy the
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assumptions of the abstract system class from Sect. 2.1 and considering the nonlin-
earity

F: XxC— X,(y,u) — yu. (22)

Let M be the multiplication operator by e on L%(£2). Clearly, M is bounded and
invertible on L2(£2), leaves H ' (£2) invariant, and the inverse M ! is the multiplication

operator by e™ 7 . Hence, A given by

is well-defined and self-adjoint.

To study admissibility of B, we introduce the following well-known abstract inter-
polation and extrapolation spaces, see, e.g., [33]. Let X; and X_; be defined in the
same way as X| and X_, but using A instead of A. We define X 1as the completion

of D(A) with respect to the norm given by

Iz} = (U —A)z,2), xe DA,

Nl—

and we denote by X 1 the dual space of X 1 with respect to the pivot space X, i.e.,

the completion of X with respect to the norm SUP|jy ¢ = [(z, v)x|. The following

2
embeddings are dense and continuous: X1 — Xl — X — X_l — X_ji.
2 2

We first prove that the operator B := MBM~' defined on D(A) has a unique
extension B € L(X, X -1 ) which is L?-admissible for A. Integration by parts gives

2 2 2 ) i
iy, = ol + 1V (e3v) e 212, ve DA,

2

For f € D(A) and v € D(A), |[vllz < 1, we have that

D=

~ [ 2]
(Bf,v)2] = ‘/ ve7V~<e’7fVa) dx
Q
@ _2 @ _9
f veZe 2fVot-nda—/V(v62>~<e 2f)d)c
Yes 2
2\ _2 9 2
E ||V(v62>e 2 ||L2(Q)n||fva”L2(_Q)n

3
S n”V“”%Z(Q)n ”V (veZ ) 2 ||L2(.Q)”||f||L2(.Q)
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where o is the surface measure on 952. Thus, B e L(X, 5(7%) and B is L?-admissible
for A by [33, Prop. 5.1.3]. We have for 8 € p(A) = p(A) and f € X

M flix, =I1B =AM flx =M B=A" fllx <IMIflig_,-

Thus, M~ extends uniquely to an operator in L(X_;, X_1). The same argument
yields a unique extension M € L(X_q, X _1). Note that these extensions are inverse
to each other, so it is natural to denote the extensions again by M and M~

We claim that M~'BM e L(X, X_1) extends B to an L?-admissible operator for
A which we again denote by B. Indeed, if (7' (¢));>¢ is the semigroup generated by
A, then (S(2));>0 with S(¢) = MT ()M~ is the semigroup generated by A and for
u € L*(0, t; X) we have Mu € L*(0, t; X) and

t t
/ T_1(t —s)Bu(s)ds = M~" | St — s)B(Mu)(s) ds.
0 0

As By € L(C, X), B, is clearly L'-admissible. The operator P commutes with
the Co-semigroup generates by A [3, Eq. (3.12)], by [14, Lem. 4.4] the operator
Bi = Blx € L(X, X_}) is well-defined and L2-admissible for A.

Thus, the bilinearly controlled Fokker—Planck system given by (18)—(20) can be writ-
ten as a system X (A, [B1, Ba], F).

Remark 2.10 implies that the Fokker—Planck system (18)—(20) has a unique
global mild solution p for any initial value pg € L>(£2) and input function u €
L2(0, 00; U). Further, in [3, Proposition 2.2] it is shown that f o Po(x)dx = 1implies
[ p(t, x)dx = 1forallr > 0.

Following the construction of the integral ISS estimate (c.f. (16)), we deduce an
explicit integral ISS estimate: There exist constants C, @ > 0 such that for any pg €
L?(£2) with [, po(x)dx = 1 and u € L*(0, co; U), the global mild solution of the
Fokker—Planck system (18) satisfies

t
o) — pooll2 < Ce™! (Ilpo — poollp2 + o — poolliz) +v </0 ||u(s)||?1dS> .
1
where y (r) = Cre€’? + Cr% +Cr.

4 Conclusion

Bilinear systems appear naturally in control theory, e.g., when considering multiplica-
tive disturbances in feedback loops of linear systems. The results in this article draw
a link between bilinear systems, which are a classical example class in (integral) ISS
in finite-dimensions, and recent progress in ISS for infinite-dimensional systems. We
emphasize that the most natural example in this context,

x(t) = Ax(@®) +u@®)x(t), t>0, x(0)=xo,
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with A generating a Co-semigroup (7 (t));>0 on X, is covered by the system class
considered here. More precisely, by the results in Sect. 2, it follows that this system is
integral ISS if and only if (7' (¢));>0 is exponentially stable. More precisely, the suf-
ficiency follows since the identity is L'-admissible and hence, the system is integral
ISS. It seems that prior works on integral ISS [24, Sec. 4.2] did not cover this com-
parably simple class as the bilinearity x +— xu fails to satisfy a Lipschitz condition
uniform in u required there'.

Moreover, our results generalize to integral ISS assessment for bilinearities arising
from boundary control (or lumped control).

5 Appendix

We briefly introduce Orlicz spaces of functions f : I — Y for an interval I C R
and a Banach space Y. For more details on Orlicz spaces, we refer to [1,18,19]. Let
P R(‘)" — ]R(')F be a Young function, i.e., @ is continuous, increasing, convex with

lim,—0 (pis) = 0and lim,_ o q)g” = oo and denote by L (I; Y) the set of Bochner-
measurable functions u : I — Y for which there exists a constant k > 0 such that

D (k|lu(-)|) is integrable. We equip L¢ (I; Y) with the norm

lullLyr;yy = inf {k > 0] / o) <”u§:)”) ds < 1}. (23)
I

Despite the fact that L (1; V) is typically referred to as “Orlicz space” in the literature,
we prefer to call

Eop(I;Y)={ue L>®°(;Y) | ess suppu is bounded}‘l.”L"’“:Y)

the Orlicz space associated with the Young function @. We write |[ullg,.y) =
lullLgi;y) foru € Eg. Note thatu € E¢(1; Y) implies that @ o ||u(-)|| is integrable.
Typical examples of Orlicz spaces are L”-spaces; for @ (t) = t” with p € (1, 00) it
holds that E¢ (I; Y') is isomorphic to L?(I; Y).

A Young function @ is said to satisfy the As-condition if there exist K > 0 and
so > 0 such that

D(2s) < KP(s), s > 50.

Note that E¢(I; Y) = L (I; Y) if and only if @ satisfies the A,-condition. Also note
that @(s) = s?, p € (1, 00) sati§ﬁes the A;-condition. For a Young function @, the
complementary Young function @ is defined by

I However, it seems that this can be overcome with a carefully refined argument in the proof of [24,
Thm. 4.2].
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ém=m%m—¢my
[ =<

Again, this is a Young function and @ can be recovered from @ in the same manner. The
complementary Young function to @ (s) = %, 1 < p < o0, is given by @ (s) = %
with T+ 1 = 1.

As for L? spaces, an equivalent norm to || - [z, (7:y) is given by

lulle,z;v) = sup {/I llu(s)|[lv(s)|ds|lv measurable, /IQS(IU(S)I)dS < 1}.
(24)

Furthermore, for a Young functions @ and its complementary Young function @ the
following generalized Holder inequality

/IIIM(S)IIIIU(S)IIdS = 2ullLgllvliLg- (25)

holds. This also implies the continuity of the embeddings
L¥(I;Y) = Lo(I;Y) = LY(I;Y)

if I is bounded. Although L! is not an Orlicz space, we will explicitly allow for
@(t) = t in our notation referring to E¢([;Y) = L'(I;Y). Note that the definition
of the norm (23) is indeed consistent with the L'-norm and that @ satisfies the A,-
condition. However, we will not define a “complementary Young function” for this
particular @.

An essential property of Orlicz spaces is the absolute continuity of the E¢ norm
with respect to the length of the interval I (see, e.g., [19, Thm. 3.15.6]), this is for
u € E¢(I;Y) and ¢ > 0 there exists § > 0 such that for each interval 7 holds

AI) <6 = |ullgsa:y) <é&

where A refers to the Lebesgue-measure on R.
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