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Abstract

Ensemble control deals with the problem of using a finite number of control inputs to
simultaneously steer a large population (in the limit, a continuum) of control systems.
Dual to the ensemble control problem, ensemble estimation deals with the problem
of using a finite number of measurement outputs to estimate the initial state of every
individual system in the ensemble. We introduce in the paper a novel class of ensemble
systems, termed distinguished ensemble systems, and establish sufficient conditions
for controllability and observability of such systems. Every distinguished ensemble
system has two key components, namely a set of distinguished control vector fields
and a set of codistinguished observation functions. Roughly speaking, a set of vector
fields is distinguished if it is closed (up to scaling) under Lie bracket, and moreover,
every vector field in the set can be obtained by a Lie bracket of two vector fields
in the same set. Similarly, a set of functions is codistinguished to a set of vector
fields if the Lie derivatives of the functions along the given vector fields yield (up to
scaling) the same set of functions. We demonstrate in the paper that the structure of
a distinguished ensemble system can significantly simplify the analysis of ensemble
controllability and observability. Moreover, such a structure can be used as a guiding
principle for ensemble system design. We further address in the paper the problem
about existence of a distinguished ensemble system for a given manifold. We provide
an affirmative answer for the case where the manifold is a connected semi-simple Lie
group. Specifically, we show that every such Lie group admits a set of distinguished
vector fields, together with a set of codistinguished functions. The proofis constructive,
leveraging the structure theory of semi-simple real Lie algebras and representation
theory. Examples will be provided along the presentation of the paper illustrating key
definitions and main results.
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1 Introduction

We address in the paper controllability and observability of a continuum ensemble of
control systems. Roughly speaking, ensemble control deals with the problem of using
afinite number of control inputs to simultaneously steer a large population (in the limit,
a continuum) of control systems. These individual control systems may be structurally
identical, but show variations in their tuning parameters. Dual to ensemble control,
ensemble estimation deals with the problem of estimating the state of every individual
control system in the ensemble using only a finite number of measurement outputs.
We refer the reader to Fig. 1 for an illustration of a continuum ensemble of control
systems indexed by a parameter of a two-dimensional surface. Note that any finite
ensemble of control systems can be viewed as a proper subsystem of the continuum
ensemble. Controllability (or observability) of the continuum ensemble will guarantee
the controllability (or observability) of any such finite subsystem of it.

The framework of ensemble control and estimation naturally has many applications
across various disciplines in engineering and science. The individual control systems
in the ensemble can be used to model, for example, spin dynamics that are controlled
by a magnetic field [14], molecules that respond to external stimuli such as light [35]
and heat [33], or micro-robotics that are steered by a broadcast control signal [3]. We
further note that an individual control system does not necessarily have only one single
physical entity, but rather it can comprise multiple interacting components (or agents).
In this case, every individual control system is itself a networked control system (or a
multi-agent system). For example, a mathematical model for a continuum ensemble
of multi-agent formation systems has recently been proposed and investigated in [5].

Many existing ensemble control and estimation theories deal only with linear
ensembles (i.e., ensembles of linear control systems). For nonlinear ensembles, the
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literature is relatively sparse on controllability, and much less on observability. There
is also a lack of methodologies for designing nonlinear dynamics of individual con-
trol systems so that an ensemble of such systems is controllable and observable. To
address the above issues, we introduce in the paper a novel class of nonholonomic
ensemble systems, termed distinguished ensembles. Every such system has two key
components: a set of finely structured control vector fields, termed distinguished vec-
tor fields, and a set of costructured observations functions, termed codistinguished
functions. Details about the structure of a distinguished ensemble will be provided
below. We will demonstrate that controllability and/or observability of a distinguished
ensemble system can be easily fulfilled under some mild assumption. The first half of
the paper is devoted to establishing the fact. For the second half, we will investigate
the problem about existence of a distinguished ensemble. We focus on the case where
the state space of every individual system is a Lie group or its homogeneous space. We
leverage existing results [6] and structure theory of Lie algebras to construct explicitly
distinguished vector fields and codistinguished functions.

1.1 Mathematical models for ensemble control and estimation

The model of an ensemble system considered in the paper comprises two parts, namely
ensemble control and ensemble estimation. We introduce these two parts subsequently.

Model for ensemble control We consider a continuum ensemble of control systems
indexed by a parameter o € X, where X is the parameterization space. We assume
in the paper that X is compact, real analytic, and path-connected. We allow X to have
boundary. If an individual control system in the ensemble is associated with index o,
then we call it system-o . The state space of each individual system is the same, which
we denote by M. We assume that M is real analytic. Further, let x5 (#) € M be the
state of system-o at time 7. Then, in general, the control model of an ensemble system
can be described by the following differential equation:

o (1) = axgt(’) — flxo (1), 0,ut)), x5 € Mforallo € %, (1

where u(¢) is a finite-dimensional control input common to a// of the individual control
systems and f is an analytic vector field. Let

xx(t) :={xs() |0 € L}

be the collection of system states. One can treat xx (¢) as a function from X to M.
We call xy (¢) a profile. Let C”(X, M) be the space of real analytic functions from ¥
to M. We assume that for any given 7, the profile xx (#) belongs to C*(X, M). We call
C®(X, M) the profile space.

We focus in the paper on a special class of ensemble systems, namely systems
such that the vector fields f are separable in state x, the parameter o, and the control
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input u. Specifically, we consider the following type of ensemble system:

io () = folxe (1),0) + )Y i s(Dps(0) fi(xo (1), Xo € Mando € 3, (2)

i=1s=1

where fj is a drifting term, the f;’s are control vector fields depending only on x, (¢),
the p;’s are parameterization functions defined on X, and the u; ;’s are scalar control
inputs. We assume in the paper that all the vector fields and parameterization functions
are analytic in their variables. All the control inputs are integrable functions over any
finite time interval. For convenience, we let u(¢) be the collection of all the u; 4(¢)’s.
Model for ensemble estimation We assume that there are [ (scalar) measurement
outputs y/ (¢), for j = 1,...,1, at our disposal. Each y/(r) is a certain average of an
observation function ¢/ (x, (f)) over the parameterization space X. Specifically, we
first let X be equipped with a strictly positive Bor;l measure, i.e., |, y do > 0 for any
nonempty open subset U of X. Next, let each ¢/, for j = 1,...,/, be an analytic
function defined on M. Then, the measurement outputs {y/ (t)}lj:1 are described by

Vi) = /E ¢ (ro()do, j=1.....1. 3)

For convenience, let y(z) be the collection of the y/ (r)’s.
Model for an ensemble system Combining (2) and (3), we arrive at the following
mathematical model of an ensemble system:

Yo (1) = folxe (1), 0) + 2 iy Yooy i s(1)ps(0) fi(xs (1)), Vo € Z,
yf(r>=/ ¢! (x, (1))do, Vi=1,...
>

Examples of the above system will be given along the presentation.

1.2 Distinguished structure and examples

A major contribution of the paper is to introduce a novel class of nonholonomic
ensemble systems (4), termed distinguished ensembles. Every such ensemble system
has two key components: a set of distinguished control vector fields { f;}/"; and a set
of codistinguished observation functions {¢/ }l/:y Roughly speaking, a set of vector
fields { f;}/L , is said to be distinguished if the Lie bracket of any two vector fields f;
and f; is, up to scaling, another vector field fi,i.e.,[fi, fj] = A fx for A a constant, and
conversely, any vector field f; in the set can be obtained in this way. Such a structure
is motivated by Li and Khaneja [26] for their earlier study on ensemble control of
Bloch equations. Similarly, a set of functions {¢/ }lj:1 is said to be codistinguished to

the vector fields { f;}72 | if the Lie derivative of any ¢/ along any f; is, up to scaling,
another function d)k, ie., ﬁ-¢>j = M)k for A a constant, and conversely, any function
¢* in the set can be obtained in this way (see Definitions 2 and 3, Sect. 3.1 for details).
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We note here that although the notion of a “distinguished set” of a Lie algebra
appears to be new, such set arises naturally in different areas. Here are a few examples:

(1) When dealing with the rigid motions of a three-dimensional object with a fixed
center, we have that the infinitesimal motions of rotations around three axes of an
orthonormal frame ® € SO(3) are given by

f1(®) =0Qy3,  [£(0):=0Q3, f3(0):=0Q;,

where each €2;; is a skew-symmetric matrix with 1 on the ijth entry, —1 on the
Jjith entry, and O elsewhere. By computation, [ f;, f;] = fi where (i, j, k) is any
cyclic rotation of (1, 2, 3). Thus, the above vector fields form a distinguished set.

(2) In quantum mechanics, the Pauli spin matrices are used to represent angular
momentum operators. We recall that they are given by

01 0 —i 10
= o) 2T oo BT o -1

where i is the imaginary unit. Similarly, if (i, j, k) is a cyclic rotation of (1, 2, 3),
then [0, 0j] = 2ioy. Although the constant 2i is not real, one can multiple all the
three matrices by i so that the new set {ioi}?: | now satisfies [io;, ioj] = —2ioy.
Note that the set {iai}?:1 belongs to su(2) i.e., the special unitary Lie algebra.
However, we shall note that su(2) is isomorphic to so(3).

(3) We also note that the ladder operators represented by the following matrices in the
special linear Lie algebra s[(2, R):

w=ly 0] e[l v=[0 )

satisfy the desired property: [H, X] =2X,[H,Y] = -2Y,and [X,Y] = H.

The examples given above demonstrate the existence of distinguished sets in Lie
algebras s0(3) ~ su(2) and sl(2, R). In fact, we have shown in [6] that every semi-
simple real Lie algebra has a distinguished set. We review such a fact in Sect. 4.1.

1.3 Literature review

Among related works about controllability of nonlinear ensembles, we first mention
[25,26] by Li and Khaneja in which the authors establish the controllability of an
ensemble of Bloch equations parameterized by a pair of scalar parameters (o7, 02)
over a square X := [ay, b1] X [a2, by] in RZ:

x(1) = (01212 + u1 (1028213 + U2 (1)02€223)x(1).
Ensemble control of Bloch equations has also been addressed in [2] using tools from

functional analysis. We further note that the controllability of a general ensemble
of control-affine systems has been recently addressed in [1], in which the authors
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established an ensemble version of Rachevsky—Chow theorem via a Lie algebraic
method. We do not to intend to reproduce in the paper the results established there,
but rather our contribution related to ensemble controllability is to demonstrate that
if the set of control vector fields { f;}?*, is distinguished, then the ensemble version
of Rachevsky-Chow criterion can be easily verified in analysis and fulfilled in system
design. For ensemble control of linear systems, we refer the reader to [19,24], [11,
Ch. 12] and references therein. We further refer the reader to [4,7,8] for optimal control
of probability distributions evolving along linear systems.

Observability of a continuum ensemble system has been mostly addressed within
the class of linear systems. We first refer the reader to [11, Ch. 12] where the following
ensemble of linear systems is investigated:

Xo (1) = A(0)xs (1) € R", y(@) = / C(0)xy(1)do € R,
z

The authors addressed the observability of the above ensemble system using the
duality between controllability and observability of infinite-dimensional linear sys-
tems [9]. We also refer the reader to [36] for a related observability problem about
estimating the probability distribution of the initial state. Specifically, the authors
there considered a single time-invariant linear system: x(¢) = Ax(¢) + Bu(t) and
y(t) = Cx(t). An initial probability distribution pg of x € R" induces a distribution
p: of y(¢) for a given control input u(¢). The observability problem addressed there
is whether one is able to estimate pg given that the entire distributions p; (which are
infinite-dimensional), forall # > 0, are known. A key difference between our model (4)
and theirs is that we only allow a finite-dimensional measurement output y (). We fur-
ther refer the reader to [10,12,13,20,34] for the study of observability of a single
nonlinear system using the so-called observability codistribution.

1.4 Outline of contribution and organization of the paper

The technical contribution of the paper is twofold: (1) We establish a structure theory
for controllability and observability of a distinguished ensemble system. (2) We prove
the existence of distinguished ensemble systems over semi-simple Lie groups.

Structure theory We establish in Sect. 3 a sufficient condition for controllability
and observability of a distinguished (and pre-distinguished) ensemble system. In par-
ticular, we demonstrate how distinguished vector fields and codistinguished functions
can simplify the analysis and lead to ensemble controllability and observability. The
structure theory established in the paper also provides a solution to the problem of
ensemble system design—i.e., the problem of codesigning the control vector fields
fi’s, the observations functions ¢/’s, and the parameterization functions p;’s so that
system (4) is controllable and/or observable. In particular, it divides the problem into
two independent subproblems—one is about finding a set of distinguished vector fields
{fi}/L, and a set of codistinguished function {p/ }l/':l over the given manifold M while
the other is about finding a set of parameterization functions { ps}i_, that separates
points of the parameterization space X.
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Existence of distinguished ensembles We prove in Sect. 4 that every semi-simple
Lie group G admits a set of distinguished vector fields, together with a set of
codistinguished functions. The proof of the existence result is constructive: (1) For
distinguished vector fields, we leverage the result established in [6] where we have
shown how to construct a distinguished set on the Lie algebra level. We then identify
the distinguished set with the corresponding set of left- (or right-) invariant vector
fields over the group G. (2) For codistinguished functions, we show how to generate
these functions using representation theory. In particular, we show in Sect. 4.2 that a
selected set of matrix coefficients associated with a finite-dimensional Lie group rep-
resentation could be used as a set of codistinguished functions (with respect to a set of
left-invariant vector fields). Then, in Sect. 4.3, we focus on a special representation,
namely the adjoint representation. We show, in this case, that there indeed exists a set
of matrix coefficients as codistinguished functions. In particular, if G is a matrix Lie
group, then these matrix coefficients are simply given by ¢/ (g) = tr(gX;g~'X;")
where X; and X; are selected matrices out of the Lie algebra g of G. We further
address, in Sect. 4.5, the existence problem for homogeneous spaces.

We provide key definitions and notations in Sect. 2 and conclusions at the end.

2 Definitions and notations

(1) Manifolds Let M be a real analytic manifold. For a point x € M, let T, M be the
tangent space and 7' M be the cotangent space of M at x. Let TM := UycprTx M be
the tangent bundle and 7*M := U,y T,F M be the cotangent bundle.

Let C“(M) be the set of real analytic functions on M. Denote by 1, € C*(M) the
constant function whose value is 1 everywhere. Let X(M) be the set of real analytic
vector fields over M. Let ¢ € C®(M) and f € X(M). Denote by f¢ € C”(M) the
Lie derivative of ¢ along f. If we embed M into a Euclidean space, then f¢ is simply
given by

Vx e M.

6)0) i tim SO EFE) —dG)
e—0 €

For any ¢ € C®(M), we let dp € T*M be a one-form defined as follows: Let
d¢, € T.*M be the evaluation of d¢ at x. Then, for any f € X(M), we have that
do. (f (x)) = (f¢)(x). For two vector fields f;, f; € X(M), welet[f;, f;]be the Lie
bracket, which is defined such that [ f;, f;l¢ = f; fj¢ — f} fi¢ for all ¢ € C*(M).

Let { fi}]", be a subset of X(M). Let w = wy - - - wy be a word over the alphabet
{1,..., m} of length k. For a function ¢ € C”(M), we define fyd := fu, - fu, ®.
If w = @, i.e., an empty word (of zero length), then we set fy¢ := ¢.

Letn : M — N be a diffeomorphism. Denote by 1, : TM — T N the derivative
of n. For a vector field f € X(M), let n.f € X(N) be the pushforward defined as
1+ F)(y) := n+(f(p~'y)) forall y € N.Forafunction¢ € C2(N),letn*¢p € C*(M)
be the pullback defined as (n*¢)(x) := ¢ (n(x)) forall x € M.

(2) Algebra of functions Let X be an analytic, compact manifold and {ps};_, be a set
of real-valued functions on X. For any £ > 0, let ,of (0) := ps(0)*. Note, in particular,
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that ,o? = 1yx. If py is everywhere nonzero, then ,of is defined for all k € Z. We call

[Ti-, ,of“, for kg > 0, a monomial. Its degree is defined by k := Y | _, k. Let P
be the collection of all monomials. We decompose P = Lik>oP(k), where P(k) is
comprised of monomials of degree k. Denote by S the subalgebra generated by the
set of functions {py};_,. It is defined such that if p € S, then p can be expressed as a
linear combination of a finite number of monomials with real coefficients.

(3) Lie groups and Lie algebras Let G be a Lie group with e the identity element.
Let g be the associated Lie algebra, and [-, -] be the Lie bracket. We identify each
element X € g with a left-invariant vector field Lx over G, i.e., Lx(g) = gX for any
g € G.Thus, Lix y] = [Lx, Ly]. Note that to each X € g, there also corresponds a
right-invariant vector field Ry. For any X, Y € g, we have Rx y] = —[Rx, Ry].

A subalgebra by of g is a vector subspace closed under Lie bracket, i.e., [h, h] C b.

An ideal i of g is a subalgebra such that [i, g] C i. We say that g is simple if it is not
abelian and, moreover, the only ideals of g are O and itself. Simple real Lie algebras
have been completely classified (up to isomorphism) by Elie Cartan. A complete list
of (non-complex) simple real Lie algebras can be found in [22, Thm. 6.105]. A semi-
simple Lie algebra is a direct sum of simple Lie algebras. A Cartan subalgebra ) of g
is maximal among the abelian subalgebras h’ of g such that the adjoint representation
ad(X)(-) := [X, -] is simultaneously diagonalizable (over C) for all X € §'.
(4) Representation Let V be a finite-dimensional vector space over R. Let Aut(V)
and End(V) be the sets of automorphisms and endomorphisms of V, respectively. A
representation w of G on V is a group homomorphism & : G — Aut(V), i.e., w(e)
is the identity map and 7 (gh) = w(g)m (h).

Let (-, -) be an inner product on V. We say that the representation 7 is C¥ (i.e., kth
continuously differentiable) if the map 7 : (g,v) € G x V > w(g)v € V is ck. A
matrix coefficient is any CF-function on G defined as (v;, 7 (g)v ;) where v;, v; belong
to V. In particular, if the v;’s form an orthonormal basis of V, then (v;, w(g)v;) is
exactly the i jth entry of the matrix 7 (g) with respect to the given basis.

A group representation 7 induces a Lie algebra homomorphism 7, : g — End(V),
where 1, is the derivative of 7w atthe identity e € G. Itsatisfies the following condition:

T ([X, Y]) = 1 (X)me (Y) — (V)7 (X), VX, Y €g.

We call 7, a representation of g on V, or simply a Lie algebra representation.

Let Ad : G — Aut(g) be the adjoint representation, i.e., for each g € G, Ad(g) :
T,G — T,G is the derivative of the conjugation h € G + ghg™' € G at the
identity e. Denote by ad : g — End(g) the induced Lie algebra representation of Ad,
which is given by ad(X)(-) = [X, -] forall X € g.

(5) Lie products Let A := {Xy, ..., X;} be a set of free generators. Let L4 be the
collection of formal Lie products of the X;’s in A. For a given element £ € L4, we
let dep(&) be the depth of & defined as the number Lie brackets in &. For example, the
depth of [ X;,, [Xi,, Xi;1]is 2. We further decompose L4 = Lik>0L4 (k) where L4 (k)
is comprised of Lie products of depth k.

(6) Miscellaneous Let {e;}!_, be the standard basis of R". We denote by
det(e;,, ..., e;,) the determinant of a matrix whose jth column is ei; for i; €
{1,...,n}
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Let V be a vector space over R. We denote by V* the dual space, i.e., it is the
collection of all linear functions from V to R.
The following definition will be frequently used throughout the paper:

Definition 1 Two subsets V' and V" of areal vector space V are said to be projectively
identical if for any v’ € V', there exists a v/ € V" and a constant ¢ € R such that
v/ = cv”, and vice versa. We write V' = V" to indicate such equivalence relation.

Let S be an arbitrary set with an operation “x” defined so that s1 * s, belongs to S
for all s1, s3 € S. For any two subsets S” and §” of S, we let S" % S” be the subset of §
comprised of the elements s” x s” for all s” € S and s” € §”. Here are two examples
in which such a notation will be used: (i) If S is a vector space and “x” is the addition
“+7, then we write S’ + §”. (ii) If S is the commutative algebra of analytic functions
C®(X) and “x” is the pointwise multiplication, then we simply write §’S”.

However, we note that the above notation does not apply to [g1, g»] for g; and g»
two subsets of a Lie algebra g. By convention, [g1, g2]is the linear span of all [ X1, X»]
with X; € g1 and X2 € g2. We adopt such a convention in the paper as well.

For a general control system x (t) = f(x(¢), u(t)), we denote by u[0, T'] the control
input u(¢) over the time interval [0, T'] for T > 0. Correspondingly, we let x[0, T'] be
the trajectory of the control system generated by u[0, T1].

3 Distinguished ensemble systems
3.1 Distinguished vector fields and codistinguished functions

We introduce in the section the class of (pre-)distinguished ensemble systems and
establish controllability and observability of any such ensemble system. We start by
introducing two key components of the system, namely distinguished vector fields and
codistinguished functions. We first have the following definition:

Definition 2 (Distinguished vector fields) A set of vector fields { f;}/*_, over an analytic
manifold M is distinguished if the following hold:

(1) Forany x € M, the set { f; (x)}7_, spans T, M.
(2) For any two f; and f;, there exist an f; and a real number A such that

Lfi, fi1=Afi; Q)

conversely, for any f, there exist f; and f; and a nonzero A such that (5) holds.

Recall that X(M) is the Lie algebra of analytic vector fields over M, which is
infinite-dimensional. However, if F := {f;}/_ | is distinguished, then by item 2 of
Definition 2, the R-span of the f;’s, which we denote by L, is a finite-dimensional
subalgebra of X(M). We note here that L is perfect, i.e., [Lr, Lr] = LF.

Let N be any manifold diffeomorphicto M,andn : M — N be the diffeomorphism.
Recall that for a vector field f over M, we denote by 1, f the pushforward of f as a

vector field over N. We have the following fact:
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Lemma 1 If{f;}! , is distinguished over M, then {n, f;}/_, is distinguished over N.
Proof If [ fi, fi] = X fx, then [y fi, ne fi1 = 0l fi, fi] = Ans f. m|

We next introduce the definition of codistinguished functions:

Definition 3 (Codistinguished functions) A set of functions {¢/ }lj:1 on M is codis-
tinguished to a set of vector fields { f;}/_, if the following hold:

(1) Forany x € M, the set of (exact) one-forms {d¢){ } spans T, M.
(2) For any f; and any ¢/, there exist a ¢* and a real number A such that

fi¢?) =2o"; (6)
conversely, for any ¢k, there ¢xist fi» ¢j , and a nonzero A such that (6) holds.
(3) Forx,x" € M, if ¢/ (x) = ¢/ (x') forall j =1,...,1, then x = x’.
If {¢/ }lj: | satisfies only (1) and (2), then it is weakly codistinguished to { f;}/" ;.
Let7 : N — M be a diffeomorphism. Recall that for a function ¢ on M, we denote
by 17*¢ the pullback of ¢ as a function on N. We have the following fact:

Lemma2 If {qﬁj}lj:l on M is codistinguished to { fi}!" |, then {f;*qu}lj:l on N is
codistinguished to {ij; " Sfiti,.
Proof If fip/ = A", then (7! fi)(7*¢7) = 7*(fip!) = Aip*¢k. o
We say that a set of vector fields F' := {f;}/", and a set of functions & :=
(¢ }l/.:1 are (weakly) jointly distinguished if F is distinguished and ® is (weakly)
codistinguished to F. Note that Lemmas 1 and 2 imply that the property of having a
set of (weakly) jointly distinguished pair (F, ®) is topologically invariant. Let " and
® be (weakly) disjoined. Recall that ¢ is a finite-dimensional Lie algebra spanned

by F (since F is distinguished). Let L¢ be the R-span of ®. Then, by the second item
of Definition 3, the following map:

(f,¢9) elp xLo —~ f¢p €lo

is a finite-dimensional Lie algebra representation of L.y on L¢.

For the remainder of the subsection, we provide an example about jointly distin-
guished vector fields and functions on SO(3). These vector fields and functions will
be further generalized in Sect. 4 so that they exist on any semi-simple Lie group.

Example 1 Let SO(3) be the matrix Lie group of 3 x 3 special orthogonal matrices,
and so0(3) be the associated Lie algebra. We define a basis {X; }z‘3=1 of s0(3) as follows:

— T T
Xi =eje; —ee;

j where det(e;, ej,er) =1, Vi=1,2,3.

Let {Ly, }[3:1 be the corresponding left-invariant vector fields. By computation,
[Lx;, Lx;]1 = —det(ei, ej, ex)Lx,, Vi #j. (7
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It follows that {L, }?:1 is distinguished.
Denote by tr(-) the trace of a square matrix. We next define functions {¢ij }? j=10n
SO(3) as follows:

¢ (g) =tr(gX;g" X)), 1<i,j<3.

We show below that {¢'/ }?’ j=1 is codistinguished to {Ly;, }1.3:1. First, for any left-
invariant vector field Lx with X € so0(3), we obtain by computation that

49 (Lx(2) = (Lx#")(g) = (g[X, X;1gT X]). ®

We now prove that the three items of Definition 3 are satisfied for {¢'/ }1.3‘ =1 and
(Lx)_):

(1) We fix an arbitrary group element g € SO(3) and show that {d¢gj }1.3’ j=1 spans

T; SO(3). For convenience, let )A(,-j = [Xj, gTXl.Tg]. Then, by (8), we obtain
that

dgd (Lx(g) = r(X[X;. g X g]) = r(XX;)).

Note that tr(-, -) is negative definite on so0(3). Thus, {d¢;j}? j=1 spans Tg* SO(3)
if and only if {)A(ij}?’jzl spans s0(3). It now suffices to show that {Xij}? j=1
spans s0(3). But, this holds because both {Xj}izl and {gTXiTg}?:l span s50(3).
Moreover, so(3) is simple so that [s0(3), s0(3)] = s0(3).

(2) For the second item, we combine (7) and (8) to obtain the following:

LX ¢l/j — _det(el9 ejvek)(bi,k? lfl ;é jv
i 0, otherwise.

(3) Finally, let g and g’ be such that ¢/ (g) = ¢/ (g’) forall 1 <i, j < 3:
tr(gX e X, ) =tr(¢g'X;8' "X, Vi=1,23.
Because {X; }?:1 spans s0(3) and tr(-, -) is negative definite on s0(3), we have that

gXjg" =g'X;g'". Since this holds for all X ;, it follows that g " ¢’ belongs to the
center of SO(3). But the center is trivial. We thus conclude that ¢ = g’. O

3.2 Controllability and observability of distinguished ensemble system
We establish in the subsection a sufficient condition for controllability and observabil-

ity of ensemble system (4). For convenience, we reproduce below the mathematical
model of the ensemble system introduced in Sect. 1:
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Xo (1) = folxe (1), 0) + 1L Doi_y uis(1)ps(0) fi (X6 (1)), Yo € X,

yf<r>=/ & (xo (1)do, Vil ©
x

The common state space M is an analytic manifold, equipped with a Riemannian
metric. We denote by dj(xq, x2) the distance between two points x; and x, in M.
The parameterization space X is analytic, compact, and path-connected. It is equipped
with a strictly positive measure. All vector fields and parameterization functions are
analytic. For any 7 > 0, the control inputs u; s : [0, T] — R are integrable functions.
We denote by u(t) (resp. y(¢)) the collection of u; 4 (t) (resp. yj (1)).

We recall that xx (¢) is the profile of system (9) at time ¢, which can be viewed as
an analytic function ¥ to M. We also recall that C* (X, M) is the profile space. Now,
let xx [0, T'] be the collection of trajectories of individual systems:

x5[0, T]:= {x,[0,T] | 0 € T}.

We call xx [0, T] a trajectory of profiles. We assume in the paper that xx [0, 7] is
continuous in time #. We now have the following definition for ensemble controllability.

Definition 4 (Ensemble controllability) System (9) is approximately ensemble path-
controllable if for any initial profile x5 (0), any target trajectory of profiles x5 [0, T']
of class C! with £5(0) = xx(0), and any error tolerance € > 0, there is a control
input u(¢) such that the trajectory xx [0, T'] generated by u(t) satisfies

dy(xs (1), X5 (2)) <€, V(t,0)€[0,T] x Z.

If, further, the control input u(¢) can always be of class Ck, then system (9) is approx-
imately ensemble path-controllable under C*-inputs.

Remark 1 The continuity of X5 [0, T'] implies that any two profiles Xy (1) and x5 (#2),
fort, o € [0, T], are homotopic. Thus, the above definition concerns about capability
of approximating a target trajectory of profiles within a homotopy class. In general,
there may exist multiple homotopy classes. For example, if ¥ = S”, then all the homo-
topy classes of continuous functions from S” to M form the so-called nth homotopy
group [17]. If, further, M = S", then the group is known to be Z. The above arguments
imply that given an initial profile xx (0) and a target profile x5 (7'), there may not exist
a continuous trajectory of profiles that connects xx (0) and x5 (7). O

We next introduce the definition for ensemble observability. To proceed, we first
have the following one about output equivalence, which straightforwardly generalizes
the notion for a single nonlinear control system (see, for example, [20]):

Definition 5 (Output equivalence) Two initial profiles xx (0) and x5 (0) of system (9)
are output equivalent, which we denote by x5 (0) ~ x5 (0), if for any 7 > 0 and any
integrable function u : [0, T] — R™ as a control input, the following holds:

/ ¢/ (xo (N)do = / ¢/ (% (1))do,
> M)
forallr € [0, T]and forall j =1,...,1.
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For a given xx(0), we let O(xx(0)) be the collection of all initial profiles in
C®(X, M) that are output equivalent to xx (0), i.e.,

O0(xz(0) := {xs(0) | x£(0) ~ xx(0)}. (10)

The set O (xx(0)) can be viewed as a “measure of ambiguity” for the ensemble
estimation problem. With the above definition of output equivalence, we now introduce
the definition of ensemble observability.

Definition 6 (Ensemble observability) System (9) is weakly ensemble observable if
for any profile xx; (0), thereis an e > 0O suchthatif xx (0) ~ xx(0) and xx (0) # xx(0),
then dys (x5 (0), X5 (0)) > € forall 0 € X. Further, system (9) is ensemble observable
if for any profile xx (0), the set O (xx(0)) = {xx(0)} is a singleton.

We establish below a sufficient condition for ensemble controllability and observ-
ability of system (9). To state the condition, we need a few more preliminaries.

First, we say that the set of parameterization functions {os};_, defined on X is
a separating set if for any two distinct points o, ¢’ € X, there exists a function py,
for some s € {1,...,r}, such that p;(c0) # ps(c’). Note that by Stone—Weierstrass
theorem [30, Chp. 7], if {py}_, separates point and contains an everywhere nonzero
function, then the subalgebra generated by {p,};_, is dense in the space C%(2) of
continuous functions on X.

Next, for convenience, we let ¢ := (qSl, R ¢[ ) be a vector-valued function on M.
For a given x € M, we let [x], be the pre-image of ¢ (x), i.e., [x]y is the collection of
all points x’ in M such that ¢ (x’) = ¢ (x). Note that if the set of one-forms {d¢? }lj:l
spans T;) M for all x € M, then [x] is a discrete set. Let x4 be defined as follows:

X¢ := sup |[x]¢|.
xeM

If x4 is unbounded, then we set x4 := oo. We have the following fact:

Lemma3 If M is compact and the one-forms {dqb){ }lj:1 span T)'M for all x € M,
then xg¢ is a finite number.

Proof First, note that for any x € M, |[x]s] is a finite number because otherwise [x]g
contains an accumulation point x, and the one-forms {dd)){*}lj: | cannot span T;* M.

In fact, since the one-forms {d(l),{}lj:1 span T, M for all x € M, there is an open

ball Be(y)(x) centered at x with radius €(x) such that |[x/]¢| = |[x]y]| for all x" €
Be(x)(x). The collection of open balls { B¢ (x)(x)}xenm is an open cover of M. Since M
is compact, there is a finite subcover { Be y;) (x;) }lN: |- Itthen follows that x4 := max’V

i=1
[[xilgl. O

We are now in a position to state the first main result of the paper. The result estab-
lishes connections between the “distinguished” structure introduced in the previous
subsection and ensemble controllability/observability of system (9):
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Theorem 1 Consider ensemble system (9). Suppose that {ps},_, is a separating set

and contains an everywhere nonzero function; then, the following hold:

(1) Ifthe set of control vector fields { f; )i, is distinguished, then system (9) is approx-
imately ensemble path-controllable under C'-inputs.

(2) If the set of observation functions {¢p’ }lj: | is (weakly) codistinguished to { f;}7. |,
then system (9) is (weakly) ensemble observable. If, further, M is compact, then
for any x5(0), the set O (xx(0)) defined in (10) is finite and | O (x5 (0))| < x¢.

Following the above theorem, we introduce the following definition:

Definition 7 Anensemble system (9) is distinguished if (1) the set of parameterization
functions {p,}!_, separates points and contains an everywhere nonzero function, and
(2) the set of control vector fields { f;}7_ ; and the set of observation functions iy }lj: "
are (weakly) jointly distinguished.

By Theorem 1, a distinguished ensemble system is approximately ensemble path-
controllable and (weakly) ensemble observable. We provide below an example of a
distinguished ensemble system:

Example 2 Recall that in Example 1, we have introduced jointly distinguished left-
invariant vector fields {Ly; }1.3: | and functions {tr(gX; g'X lT )}1.3‘ j=10n SO(3). Now,
consider a continuum ensemble of control systems defined on SO(3), parameterized
by a scalar parameter o over a closed interval [a, b] withO < a < b.Let p(0) := o be
the parameterization function. The singleton {p} is a separating set and p is everywhere
nonzero. Thus, the following ensemble system is distinguished:

8o (1) = folgo (1), 0) + Yo ui (Vo Lx,(85(1)), o € [a, b],
Y10 = [ (s )X, (X))o l<i,j<3
D)

Thus, it is approximately ensemble path-controllable and ensemble observable. O
We have the following remark on the set of parameterization functions:

Remark 2 For any analytic manifold X, there exists a set of separating set. By the Nash
embedding theorem [15,29], the manifold ¥ can be isometrically embedded into a
Euclidean space RN, We write 0 = (o1, ..., o) as the coordinate of a pointo € X.
Now, let ps(0) := o5, fors = 1, ..., N, be the standard coordinate functions (more
precisely, the restrictions of the coordinate functions to X). Further, let py 41 := 1y
be the unit function. Then, { px}év:ll satisfies the assumption of Theorem 1. O

We establish Theorem 1. The proof will be divided into two parts: We deal with
ensemble controllability and ensemble observability separately. The proofs will be
given in Sects. 3.3 and 3.4, respectively.

3.3 Proof of approximate ensemble path controllability
We establish here the first item of Theorem 1. The proof relies on the use of the

technique of Lie extension, the structure of distinguished vector fields, and the Stone-
Weierstrass theorem. We provide details below.
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3.3.1 On the use of Lie extension and distinguished vector fields

Recall that for an arbitrary single control-affine system:

£(1) = fo(x(®)) + D ui(0) fi(x(1)), (11)

i=1

the first-order Lie extension of the system is a new control-affine system given by

£(0) = fox @) + Y wi () fitx®) + Y wijOLfi, f1(x(0)).

i=1 ij=1

By repeatedly applying Lie extensions, we obtain a family of control-affine systems
with an increasing number of control vector fields. All of these control vector fields
can be expressed as Lie products involving the f;’s in (11). We make the statement
precise below. First, for the given set of vector fields F' := {f;}7L,, we use L to
denote the collection of Lie products generated by F in which the f;’s are treated
as if they were “free” generators. For ease of notation, we will simply write £ by
omitting the subindex F. Decompose .L := Lix>0L(k) where each L(k) is comprised
of Lie products of depth k. Then, the kth-order Lie extension of (11) is a control-affine
system given by

k
20 = fox@)+ > D ug(EX®)). (12)
1=0 £ L()

By increasing the order k, we obtain an infinite family of Lie extended systems. Lie
extension has been used in [23,28,32] for nonholonomic motion planning.

It is known that original control-affine system (11) is approximately path-
controllable if and only if any of its Lie extended systems is. Specifically, we let u*(¢)
be the collection of control inputs ug (¢) of Lie extended system (12). The following
fact is established in [27,32] by Sussmann and Liu:

Lemma 4 Givenany order k of Lie extension and any control input u*[0, T) of class C!
for system (12), there exist a sequence of control inputs {u7[0, T]}?i1 of class C! for

original system (11) such that the trajectory generated by u'’) converges uniformly to
the trajectory of system (12) generated by u* over [0, T].

Remark 3 We note here that the above result is “formal” in a sense that the control
sequence {u(/) }?021 depends only on u* but not on the vector fields f; [27,32]—if one
replaces f; with any other sufficiently smooth vector fields g;, then the same control

sequence {u'/)[0, T]}?o | can still be used to obtain the convergence result. O

We now apply the technique of Lie extension to ensemble system (9). For conve-
nience, we reproduce below the control part of the system:

So () = folio().0) + Y Y uis(ps(©) fi(xo (1)), Yo € T.  (13)

i=1s=1
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In this case, we have that for any individual system-o, the control vector fields are
ps(0) fi(xs), for 1 < s <rand 1 < i < m. Note that the Lie bracket of any two
of these control vector fields is given by [os(0) fi, ps (o) fj] = ps(0) py () fi, fi]-
Thus, the first-order Lie extension of (13) is given by

fo (1) = folxo (),0) + Y > ui s()ps(0) fi (56 (1))

i=1 s=1

+ Y D uijsy (Ops(@)ps (@) i, 1106 (1), Vo € X

i,j=1s,s'=1

The last term of the above expression can be simplified as follows:

3 e pOp@)E G (1),

§eL(1) peP(2)

where $(2) is the collection of monomials pgspy of degree 2. In general, we obtain
the following kth-order Lie extension of (13):

k
fo (1) = folie (0,00 + ) Y D e p(p(@)E(x, (1), Vo € X. (14)

1=0 £eL(I) peP(+1)

Recall that two arbitrary sets of vector fields { f;}/L, and {f}, ! }”,‘, ! over M are said
to be projectively identical, which we denote by {f;}7" | = { f }l '_y» if for any fi,
there exist an fl and a real number A such that f; = A fl ,, and vice versa. We will
use such an equivalence relation in the following way: In original ensemble control
system (13), the set of control vector fields { f;}/"; is, by assumption, distinguished.
Thus, by the second item of Definition 2, if we evaluate the Lie products in each L(k),
then

LK) ={fi}). Vk=0. (15)

Since every control vector field f in (14) is obtained by evaluating a Lie product

involving the f;’s, by using the above fact, we can simplify Lie extended system (14)
as follows:

m k
o (1) = foko (1), 0) + DY > (uip®p(@) fi(xe (1), Yo € X. (16)

i=1 1=0 peP(+1)

The control inputs u; ,(¢) in the above expression are defined such that

ujp(t) := Z)\S ug p(t),
&
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where the summation is over Lie products & of depth (deg(p) — 1) such that§ = A¢ f;.
We now have the following fact (see, also, similar results in [1]):

Lemma 5 Original system (13) is approximately ensemble path-controllable under
Cl-inputs if and only if any of its Lie extended system (16) is.

Proof By Lemma 4 and Remark 3, we know that for any control input u* [0, T'Tof class
C! for Lie extended system (16), there is a sequence of control inpu'ts (w0, T]}jfil
of class C! for each individual system-o such that the trajectory x((,] ) [0, T'] generated
by u/)[0, T] converges uniformly to the trajectory x [0, T] of system (16) generated
by u*[0, T]. We now fix an arbitrary € > 0 and show that there exists an integer jy

such that if j > jy, then
dy (x(0), x2(1) <€, Y(t,0)€[0,T] x 2. (17)

To establish the fact, we first note that the initial profile xx (0) is analytic in o. We
next note that the drifting vector field fj and the monomials p are analytic functions.
It follows that for any o € X, there exist an integer j, and an open neighborhood
U, of o such that dM(x((TJ,/)(t),x;",(t)) < ¢ forany j/ > j,, any o’ € Uy, and any
t € [0, T]. All such U, form an open cover of X. Since X is compact, there is a finite
subcover {Uy, }lN:l. It then suffices to set jy := rnaxlN:1 {Jo;} so that (17) holds. O

3.3.2 On the use of Stone-Weierstrass theorem

By Lemma 5, it now suffices to establish controllability of system (16) for a certain
order k with C!-control inputs u; [0, T']. We prove the fact below. Let xx[0, T'] be
an arbitrary target trajectory of profiles. By the first item of Definition 2, we have that
the set { f; (x)}7_, spans T, M for all x € M. This, in particular, implies that there are
functions ¢; (¢, o) continuous in both ¢ and o, fori = 1, ..., m, such that

%4 (1)

o = folio (0, 0) =) ci(t,0) fiis (1), ¥(1,0) €10, TIx 2. (18)

i=1

To see this, we first note that for any given (¢, o), there is an open neighborhood
U of (t,0) in [0, T] x X such that local existence of such continuous functions
cf] (t, 0) is guaranteed over U. All such open neighborhoods U form an open cover of
[0, T]x X. Since [0, T] x X is compact, there is a finite subcover {Uj}j.vzl. Let {hj}j.V:1
be a partition of unity [31] subordinate to {U} ;VZI. We then define ¢; := Zjv: 1hj cf] 7

Comparing (16) with (18), we see that if there exist an order k > 0 and a set of
control inputs u; p, fori =1, ..., m and for p a monomial with 1 < deg(p) < k + 1,
such that the following holds:

k
cit,o)=Y > uip)pe), V(t,0) [0, TIx T and Vi=1,...,m,
1=0 peP(+1)
(19)
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then the trajectory of profiles xy [0, T'] generated by system (16), with x5 (0) = xx(0),
will be exactly X5 [0, T]. Said in another way, if (19) holds, then one can steer the
kth-order Lie extended system (16) to follow the trajectory xx[0, T].

But, in general, equality (19) cannot be satisfied by a finite sum. Nevertheless, we
show below that the two sides of the expression can be made arbitrarily close to each
other provided that k is sufficiently large, i.e.,

k
Yo D uipplo) —cilt,0)| <, (20)

1=0 peP(I+1)

for all (r,0) € [0,T] x ¥ and for alli = 1, ..., m. This essentially follows from
the Stone-Weierstrass theorem. We provide details below. Note that if (20) holds for
any given § > 0, then one can apply Gronwall type inequalities [16] to show that the
distance ||x4 (f) — X (¢) || or, in general, dy; (x5 (¢), X (£)) can be made uniformly and
arbitrarily small for all (r,0) € [0, T] x X.

We now establish (20) for any given § > 0. By the assumption of Theorem 1, the
set {ps}!_, is a separating set and contains an everywhere nonzero function. Without
loss of generality, we let p; be such a function, i.e., p1(0) # 0 forall ¢ € X. It
follows from the Stone-Weierstrass theorem that the subalgebra generated by the set
{os};_; is dense in CO(2). In particular, we have the following fact: For any given
8’ > 0, there exist an integer k > 0 and a set of smooth functions u;.’p, 1[0, T] — R,

fori =1,...,m and for p’ a monomial with 0 < deg(p’) < k, such that

k
> u},pf(t)p’(o)—pfl(o)cl-(t,cr) <4, 21)

1=0 p'eP(l)

for all (t,0) € [0,T] x ¥ and foralli = 1, ..., m. To see this, we first note that
for any given ¢t € [0, T], there is an open neighborhood 7 of ¢ such that the local
existence of such functions u; , + I — R is guaranteed by the Stone-Weierstrass
theorem. Then, by applying smooth partition of unity for the closed interval [0, T],
we obtain desired functions u: o defined globally over the entire [0, T'].

Lety := max{|pf] (0)| | 0 € ¥} >0. Note that y exists because p; is everywhere
nonzero and ¥ is compact. Now, given an arbitrary § > 0, we define 8’ := §/y and
let inequality (21) be satisfied. By the definition of y, we have that

k
DD Uy (o) —cilt,0)| < y8 =3,

1=0 p'eP(l)
forall (1,0) € [0, T] x ¥ and forall i = 1, ..., m. Note that each p;p’ in the above
expression is a monomial and 1 < deg(p;p’) < k + 1. Next, forany i = 1,...,m
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and any monomial p with 1 < deg(p) < k + 1, we let the corresponding control input
u; p(t) be defined such that for any ¢ € [0, T'],

o Uiy @ ifp=pip with 0 < deg(p') < £,
uz,p(t) 1o

otherwise.

With the above-defined control inputs u; y(¢), we conclude that (20) is satisfied. O

3.4 Proof of ensemble observability

We will now establish the second item of Theorem 1. Let a profile x5 (0) be chosen
such that it is output equivalent to xx (0). The majority of effort will be devoted to
proving the following fact: If {¢/ }lj:1 is weakly codistinguished to { f;}" ,, then there
is an open neighborhood U of x5 (0) in C® (X, M) such that if Xy (0) intersects U, then
Xy (0) = xx(0). The proof relies on the use of a special class of control inputs, namely
piecewise constant control inputs and the structure of codistinguished functions.

3.4.1 On the use of piecewise constant control inputs

We first introduce a few key notations that will be used in the proof. For an arbitrary
differential equation x (1) = f(x(¢)), we denote by ¢!/ x(0) the solution of the equation
at time ¢ with initial condition x(0). We will use such a notation to denote a solution
X5 (1), for any o € X, of system (9). Next, we recall that u(¢) is the collection of the
control inputs u; (¢), for 1 <i <mand1 <s < r, in system (9). We introduce a
notation for a piecewise constant control input u(¢) over [0, T'] as follows:

M[Oa T] = (ilvslsvlatl)"'(ilﬂsks Uk»tk)v (22)
where 0 < 71 < --- <t = T is an increasing sequence of switching times, v,,’s are
real numbers, and (i, sp)’s are pairs of indices chosen outof {1, ..., m} x{1,...,r}.

The piecewise constant control input u[0, T'] is defined such that if ¢ € [7,-1, 1)),
then

o[ i) = Gpsp)s
uis(t) = {0, otherwise.

Note, in particular, that at any time ¢ € [0, T'], there is at most one nonzero scalar
control input u; ¢(¢) in u(z).

We will now apply piecewise constant control input (22) to excite system (9). For
convenience, we define

T i=1tp—tp-1, Vp=1...,k,

with 7y := 0. We further define a set of vector fields { f p}l;zl as follows:

fp = Upps,,fip+f0’ VPZI,---,k,
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where we have omitted all the arguments in the expression. Since xx (0) ~ x5 (0), we
have thatforall j =1,...,1,

/quf (i ez, ) da=/2¢j (et e11%,.0)) do

Moreover, the above equality holds for any 7, and vj,, with p =1, ..., k.
We next take the partial derivative 3 /ar, --d7, on both sides of the above expression
and evaluate the derivatives at 11 = - - - = 7 = 0. By computation, we obtain that

[ (i 57 oot = [ (- i) Go 0

We further take the partial derivative 3k/av1-~-avk and evaluate at vy = --- = v = 0.
By computation, we obtain that

/E (fw#”) (x4 (0))p(o)do = /E (fwd’)(%s (0))p(o)do, (23)
where w := iy -+ - i is a word and p := py, - - - o5, is @ monomial.

3.4.2 On the use of codistinguished functions

Note that {¢-j }lj:1 is (weakly) codistinguished to { f; ;”zl. By the second item of Def-
inition 3, we have that for any j/ = 1, ..., [, there exist a word w over the alphabet
{1,...,m} of length k, a function ¢j, and a nonzero A such that qu)j = A(bj/.
Since (23) holds for all words w of length & for k arbitrary, we obtain that

/2 ¢/ (x, (0))p(e)do = /E &/ (&, (0)p(e)do, 24)

forall j =1, ..., and for all monomials p € P.
We now let L2(X) be the Hilbert space of all square-integrable functions on X,
where the inner product is defined as follows:

(a1, q2)12 3=/ qi(0)q(0)do, ¥qi,qa € LX(Z).
5

Note that X is compact. By the assumption of Theorem 1, the set of parameterization
functions {ps};_, separates points and contains an everywhere nonzero function, so
the subalgebra generated by the set is dense in L?(X). Thus, if there is a function
q € L?(Z) such that (q, p);2 = 0 for all monomials p € P, then q is zero almost
everywhere (it differs from the identically zero function over a set of measure zero).
In the case here, we define for each j = 1, ..., [ the following function:

q’ (0) == ¢/ (x5 (0)) — ¢/ (%, (0)).
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Then, one can rewrite (24) as follows:
(@, p)2=0, Vpe®P and Vj=1,...,1.

Because x, (0), X, (0) are analytic in & and each ¢/ (x) is analytic in x, we have that
each g/ (o) is analytic in o. Furthermore, since X is equipped with a strictly positive
Borel measure, we have that each g/ is identically zero, i.e.,

¢’ (x5(0)) = ¢/ (3,(0)), Yo €% and Vj=1,...,1. (25)

Since {¢/ }ijl is (weakly) codistinguished to { f;}"_;, by the first item of Defini-

tion 3, the set of one-forms {d¢? }lj:1 spans the cotangent space T, M forall x € M.
It follows that for any x € M, there is an open ball B¢ (y)(x) centered at x with radius
€(x) > 0 such that if X € Be(y)(x) and ¢/ (x) = ¢/ (x) forall j = 1,...,1, then
x = x. Furthermore, since each ¢-/ is analytic, for any fixed x € M, the radius €(x)
of the open ball can be chosen such that it is locally continuous around x. Since the
initial profile xy (0) is analytic in o, the above arguments have the following impli-
cation: For each o0 € X, there is an open neighborhood V,; of o in X and a positive
number €, such that if ¢’ € V, and X,/(0) belongs to the open ball B, (x,/(0)) with
¢! (x51(0)) = ¢/ (X5, (0)) forall j = 1,...,1, then X5/ (0) = x4 (0).

The collection of the above open sets {V, },<x is an open cover of X. Since X is
compact, there exists a finite subcover { Vs, }lN: | of X. We then let

e:=min{e,; |i=1,...,N}>0.

We show below that if there is a certain o € X such that dys (x5 (0), X5 (0)) < €, then
Xy (0) = x5 (0). This, in particular, implies weak ensemble observability of system (9).

To establish the fact, we first note that by the construction of €, x5 (0) = x4 (0).
Now, let ¢’ be any other point of X. We need to show that x,(0) = x,/(0). Because X
is path-connected, there is a continuous path p : [0, 1] — X with p(0) = ¢ and
p(1) = o’. Again, by the definition of ¢, we have that for any A € [0, 1], there are only
two cases: Either x 1) (0) = x,)(0) or dys (xp(1), Xpn)) = €. On the other hand, the
profile xx (0) is continuous in o and p(A) is continuous in A, 0 X 5(1)(0) is continuous
in A as well. But then, since X ,(0)(0) = x(0)(0), it follows that x,)(0) = x,(.) (0)
for all A € [0, 1]. In particular, x,(0) = x,/(0).

We now show that if, further, M is compact, then |O (x5 (0))| < x¢4. Recall that
¢ = (p',...,¢") and [x]p is the pre-image of ¢ (x). Because any two different
profiles in O (xx (0)) are completely disjoint, it suffices to show that |[x, (0)]4| < x¢
for some (and, hence, any) o € X. But, this follows from the definition of x4 and
Lemma 3.

Finally, note that if {¢/ }lj:1 is codistinguished to {f;}/_, (and, hence, the third
item of Definition 3 is satisfied), then by (25), x5(0) = x,(0) forall o € X, i.e.,
O(xx(0)) = {xx(0)}. Thus, system (9) is ensemble observable. This completes the
proof. O
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3.5 Pre-distinguished ensemble system

We consider in the subsection a scenario where the set of control vector fields
{fi(x0)}iL, (resp. the set of one-forms {do’ (x)}l_l) in system (9) does not neces-
sarily span the tangent space T M (resp. the cotangent space T} M). Nevertheless, the
two sets { f;}/*; and (¢ }lj:1 together can “generate” (weakly) jointly distinguished
vector fields and functions. We make the statement precise below.

To proceed, we first introduce a few definitions and notations. Let F := {f;}/*
and L be the collection of Lie products generated by F (the f;’s are treated as “free”
generators) We say that L is projectively finite if there is a finite set of vector fields

={ f, }l 1 over M such that if one evaluates the Lie products in Lp,then Ly = F.

Next let ‘W be the collection of all words over the alphabet {1, ..., m}. Recall that
for a given word w = iy - - - iy and an analytic function ¢ on M, we use fy,¢ to denote
fir - fud. If w = &, then fyw¢ = ¢. Given a set function ¢ := {<¢>/'}lj:1 on M and
the set of vector fields F, we define

Fay® = {fu¢’ |weWandj=1,...,1}.

Similarly, we say that Fay® is projectively finite if there is a finite subset o =
vy }’j: , of C*(M) such that Fyy® = ®. Note, in particular, that F and ® are, up to

scaling, subsets of F and ®, respectively. We now have the following definition:

Definition 8 A set of vector fields F := { f;}7_ | over M is pre-distinguished if there
exists a distinguished set F of vector fields such that £z = F. Similarly, a set of
functions ® := {¢/ }lj: | on M is (weakly) pre-codistinguished to F if there exists a

finite set @ of functions, (weakly) codistinguished to F, such that Fqy® = .

Note that given a pair of jointly distinguished sets F and &, one can look for (proper)
subsets F/ € F and ®' C ® so that Ly = F and F'qy® = @, i.e., F/ and @' are
Jjointly pre-distinguished. In particular, we say that (F’, ®') is minimal if removal of
any element out of F’ or @' will violate the condition in the above definition. We
do not intend to characterize here minimal pairs for a given jointly distinguished pair
(F, ®). But instead, we provide below an example for illustration.

Example 3 We consider again the vector fields F := {Ly, }?:1 and the functions
® = {p;j = r(gX,;g X)) ;_, introduced in Example 1. We have shown that F
and & are jointly distinguished on SO(3). Now, we define foreachi = 1, 2, 3, a subset
F; == F — {Ly,} and for each j = 1, 2, 3, a subset @/ = {qﬁij}?:l. Recall that we
have the following relationships:

[Lx;, Lx;] =det(e;, ej, ex)Lx, and Lx,¢"7 = — det(e;, ej, e’ k.

It follows that Lr, = F foralli = 1,2, 3, and Fiwdﬂ =dforall <i,j <3.
Moreover, every such pair (F;, ®/) is minimal. O

With the above definition, we state the following fact which generalizes Theorem 1:
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Theorem 2 Consider ensemble system (9). Suppose that {p }i_, is a separating set

and contains an everywhere nonzero function; then, the following hold:

(1) If the set of control vector fields { f;}"_, is pre-distinguished, then system (9) is
approximately ensemble path-controllable under Cl-inputs.

(2) If the set of observation functions {¢’ }lj:1 is (weakly) pre-codistinguished to
{fi}i",, then system (9) is (weakly) ensemble observable. If, further, M is compact,
then for any initial profile xx (0), the set O (xx(0)) is finite and | O (x5 (0))| < x¢.

We establish Theorem 2 in the following subsection. Similar to Definition 7, we
have the following definition:

Definition 9 An ensemble system (9) is a pre-distinguished if (1) the set {,os2 1
separates points and contains an everywhere nonzero function, and (2) the set of
control vector fields { f;}?2 | and the set of observation functions oy }l _; are (weakly)
jointly pre-distinguished.

It follows from Theorem 2 that if a system is pre-distinguished, then it is approxi-
mately ensemble path-controllable and (weakly) ensemble observable. We next have
the following remark on the existence of a desired set of parameterization functions
that satisfies the assumption of Theorem 2 (compared to Remark 2):

Remark 4 We first note that if { ,03};:1 is a separating set, then, for any positive inte-
ger k, {,of}gzl is also a separating set. Conversely, if {o};_, is a separating set and
each py is nonnegative (i.e., ps(0) > O forall o € X), then {,osz}g=1 will be a separat-
ing set. Such a set {p,};_; exists for any analytic, compact manifold X. To see this,
we again embed ¥ into a Euclidean space RY. Since ¥ is compact, one can translate
the coordinates, if necessary, such that ¥ is embedded in the positive orthant of RY .
Then, by restricting the coordinate functions of R" to X, we obtain a separating set
{pi(o) := a,-}lN: | comprised of all positive functions. O

3.6 Analysis and proof of Theorem 2
3.6.1 Indicator sequences

Let F = {f, | be such that F=Lp. Decompose L := Ug>0LF (k) where Lr (k)
is comprised of Lle products of depth k. In contrast to (15), we do not necessarily have
that £(k) = F forall k > 0. It is possible that each L (k) is, up to scaling, a proper
subset of F (see Example 4). To tackle the issue, we first introduce the following
definitions:

Definition 10 Let £y be projectively finite and F = {fi}f’:l be such that F = L.
Foreachi =1, ..., m, define a sequence of natural numbers N; as follows: If k € N;,
then there exist a Lle producté € L (k) and areal number A such that by evaluating &,
we have f; = A£. We call every such sequence N; an indicator sequence for f;.
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Similarly, we have the following counterpart of the above definition:

Definition 11 Let Fqy® be projectively finite and ® = {¢/ }5.:1 be such that & =

Fy®.Foreach j =1, ..., [, define a sequence of natural numbers N/ as follows: If
k € N/, then there exist a word w of length k over the alphabet {1, ..., m}, a function
¢’ € @, and a real number A such that ¢/ = A ¢’ . We call every such sequence
N/ an indicator sequence for ¢/.

Note that if F and ® are (weakly) jointly distinguished, then N; = N J = N for all
i=1,...,m(=m)andforall j =1,...,I(=1]).

Example 4 Consider the subsets Fj = F — {Lx,} and ol = {¢>“}?:1 introduced in
Example 3. We have that Lr, = F and F W,CIDl = &. By computation (with details
omitted), the indicator sequences N; for Ly, are given by N; = {2k 4 1}x>0 and
Ny = N3 = {2k};=0. The indicator sequences N/ for ¢/ are given by N'! = {2k};>¢
and N2 = N3 = {2k + 1} foralli = 1,2, 3. o

A sequence {ny}72, is said to be an arithmetic sequence if there is a § such that
ng+1 — ng = 8 for all k > 0. We now establish the following fact:

Proposition 1 Every indicator sequence N; for f; (or N/ for ¢4 ) contains an infinite
arithmetic sequence as a subsequence.

Proof We establish the proposition for N; and N/ subsequently.

Proof for N'. We fix an i = 1,...,m and prove that N; contains an arithmetic
sequence. Because F is pre-distinguished, there exists a Lie product §; € L, with
dep(£1) > 1, and a real number A such that A& = f;. Denote by fi, € F the first
element that shows upin & (e.g., &1 = [ fi,, [fl'i , fii’]])‘ Applying the same argument,
but with f; replaced by fi;» we obtain that A&, = f;, for some & € Lr with
dep(&z) > 1 and some 1, € R.

Next, we let £1 <&, be a Lie product in L ¢ defined by replacing the first element f;,
in &1 with the Lie product &,. For example, if & = [f;,, [fii’ f,»i/]], then &£ < & =
[, [ f"i’ f,-i/]]. It should be clear that

AMA2E <& = f;, with dep(§1 < &) = dep(&1) + dep(&2).

By repeating the above procedure, we obtain (1) a sequence of Lie products {&x}r>1,
(2) a sequence of vector fields {f; }k>1 with f;, € F, and (3) a sequence of real
numbers {Ai}i>1 such that the first element in & is f;, and A & = f;,_,. It then
follows that

k
aré) < - <& = f; where o ::nkl, Vk > 1.
=1

Note that & < - - - <1 & is well defined because the operator “<1” is associative.
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Since each f;, belongs to the finite set F, there is a repetition in the sequence.
Without loss of generality, we assume that fj, = f;, for some k' > k > 1. We then
define a Lie product £ as follows:

k/
E:=&q1 < <& and §:=dep)) = Y dep(&).
I=k+1

Note that the first element in & is f;, and aw/w & = f;, . In fact, the statement can be
strengthened: For any given N > 0, we define

gN;=§<,...<]§

where the number of copies of & in the expressionis N.If N = 0, then welet£0 := f; -
It should be clear that for any N > 0, the first element in & N s fi, and, moreover,
ay/aVEN = f; . We further define a Lie product &) as follows:

k
=& <.~ <& and 8 :=dep(§o) = Y  dep(&).
=1

It then follows that for any N > 0.
(«/af ") 80 < EY = fi,

which implies that N; contains {§o + NJ}y>0 as a subsequence.

Proof for N/, The arguments will be similar to the ones used above. We fix a
j=1,..., I, and prove that N/ contains an arithmetic sequence. Since & is pre-
codistinguished to F, there exist a word wj of positive length, a function ¢j 1 out of @,
and a real number w1 such that fwldﬂl = ¢/. Applying the same argument, but
with ¢/ replaced by ¢/!, we obtain that 11, fW2¢j2 = ¢! for some word w of positive
length, some function ¢‘/’2 out of ®, and some real number p>. Note, in particular, that

M1M2fwlfwz¢j2 = (5]

By repeating the procedure, we obtain (1) a sequence of functions {#7¢}r>1 where
each ¢’k belongs to @, (2) a sequence of words {wk}k'zl of positive lengths, and (3) a
sequence of real numbers {1k }x>1 such that p fi, /% = ¢/%-1. It then follows that

k

ﬂka| "‘fwk¢jk Z(Z)l where ﬂk = l_[l’bl’ Yk 2 1.

=1

Since each ¢’k belongs to the finite set ®, there is a repetition in the sequence, say
¢/ = ¢J¥ for some k' > k > 1.1t then implies that By/p fwp/* = ¢J* where
W = Wiy - Wp 1s obtained by concatenation. Denote by § the length w. For a
nonnegative integer N, we let w" be a word obtained by concatenating N copies of w.
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If N = 0, then wy = @. We further let wg := wy - - - wy and 8y be the length of wy.
It then follows that for any N > 0,

(BY1BY") o fund™ = 7,

which implies that N/ contains {8¢ + N8} N>0 as a subsequence. O

3.6.2 Proof of Theorem 2

The arguments we will use for proving the theorem will be similar to those for Theo-
rem 1. We elaborate below only on the difference.

We first establish item 1 of Theorem 2. By repeatedly applying Lie extensions of
system (9), we obtain the following formal expression:

i (1) = folto (). 0)+ ) Y D up()p(0)E(x, (1), Vo €.

(>0 EeLF () peP(+1)

One obtains a kth-order Lie extended system by truncating the infinite summation
over [ and keeping only the terms with / < k. Because F = {f;}i", is pre-
distinguished, we let /' = {f;}/", be such that F = L. Then, by the definition
of indicator sequence N; for f;, the above equation can be simplified as follows:

fo (1) = folo (1), 0) + DY > uipp(0) filxs (1), Yo € 3.

i=1leN; peP(+1)

To establish ensemble controllability of the above system (or more precisely, a trun-
cated version after a certain order), it suffices to show that forany i = 1, ..., m, the
R-span of monomials in Lijen, P(I + 1) is dense in cO(2). We prove this fact below.

We fix ani = 1, ..., m. By Proposition 1, the indicator sequence N; contains an
infinite arithmetic sequence, which we denote by {ni}i>0 with § := ng41 —ng > 0
for all kK > 0. We next define functions on X as follows:

Ds :=,of, Vs=1,...,r.

By the assumption of Theorem 2, the set { ,osz};:1 is a separating set and contains an
everywhere nonzero function, say p. It follows that {0;};_, is also a separating set
with | an everywhere nonzero function. Thus, the subalgebra generated by {p,};_,
is dense in C°(X). Denote the subalgebra by S. Since p1 is everywhere nonzero, the
following set:

,O;IO_HS — {p1110+1p Ipe S‘}
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is dense in C?(X) as well. On the other hand, the R-span of Lijcn, P(I 4 1) contains

p;“’H:S as a subset; indeed, if p is a monomial that can be expressed as

.

FUT ake

p=p"" [ Ak
s=1

with ks > 0, then p € P(ny + 1) where k := Z§=1 ks. We have thus shown that the
R-span of Lije, P(I + 1) is dense in CO(Z).

We now establish item 2 of Theorem 2. Let x5 (0) and xx (0) two initial profiles
that are output equivalent. The same arguments in Sect. 3.4 can be used here to obtain
the following fact: Let k > 0 be an arbitrary integer. Let w be any word of length k
and p be any monomial of degree k. Then, forany j =1, ..., [, we have

/Z (fut?) (x (0))p(0)do = /E (fud)) (o (0))p(0)do. 26)

Because ¢ = {d)j}lj_.:l is (weakly) pre—codistinguished to F, we leF d = {q_ﬁj}l;.:1 be
such that Fyy® = ®.Foreach j = 1, ..., [, we define a function g/ on ¥ as follows:

a’ (0) 1= ¢/ (x5 (0)) — ¢/ (¥4 (0)).
By the definition of indicator sequence N/ for ¢/, we can simplify (26) as follows:

(@,p)2 =0, VpeUuP.

Note that the above expression holds forall j =1, ..., 1. It now suffices to show that
the R-span of L, P(1) is dense in LZ(E). This, again, follows from Proposition 1;
indeed, since N/ contains an infinite arithmetic sequence, it follows by the same
arguments (for N;) that the R-span of L.y, P(l) is dense in C(T). Because T is
compact, CO(E) is dense in LZ(Z). This completes the proof. O

4 Existence of distinguished ensemble systems

We have shown in the previous section that (weakly) jointly distinguished vector
fields { f;}72, and functions oy }l.:1 are key ingredients for an ensemble system to
be approximately ensemble path-controllable and (weakly) ensemble observable. We
address in the section the issue about the existence of these finely structured vector
fields and functions for a given manifold M. Among other things, we provide an

affirmative answer for the case where M is a connected, semi-simple Lie group:

Theorem 3 For any connected semi-simple Lie group G, there exist weakly joinily
distinguished vector fields { f;}/_, and functions {¢/ }l/.: L on G. Moreover, if G has a

trivial center; then { f; }"

i, and {(j)j}[j:1 are jointly distinguished.
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4.1 Distinguished sets of semi-simple real Lie algebras

Let G be a semi-simple Lie group and g be its Lie algebra. We address in the subsection
the existence of distinguished vector fields over G. These vector fields will be certain
left- (or right-) invariant vector fields. We can thus address the existence issue on the
Lie algebra level. To proceed, we first have the following definition [6]:

Definition 12 Let g be a semi-simple real Lie algebra. A spanning set {X;}?" | of g is
distinguished if for any X; and X ;, there exist an X and a real number A such that

[Xi, X;] = AXy. 27

Conversely, for any X, there exist X;, X ;, and a nonzero A such that (27) holds.

Note that the cardinality of a distinguished set {X;}" | is, in general, greater than
the dimension of g, i.e., the spanning set { X;}/". | may contain a basis of g as its proper
subset. We have established in [6] the following result:

Proposition 2 Every semi-simple real Lie algebra admits a distinguished set.

The proposition then implies that every semi-simple Lie group admits a set of
distinguished left- (or right-) invariant vector fields. Since the proposition will be of
great use in the paper, we outline below a constructive approach for generating a
desired distinguished set. A complete proof can be found in [6]. The proof leverages
the structure theory of semi-simple real Lie algebras. A reader not interested in the
proof can skip the remainder of the subsection.

Sketch of proof Recall that ad(X)(-) := [X, -] is the adjoint representation. Denote
by B(X,Y) := tr(ady ady) the Killing form. Let b be a Cartan subalgebra of g, and
g€ (resp. hC) be the complexification of g (resp. ). We let A be the set of roots. For
eacha € A, weleth, € h(c be such that «(H) = B(hy, H) forall H € hc. Denote
by {(a, B) := B(hgy, hg), which is an inner product defined over the R-span of A. We
denote by || := +/{a, ) the length of .. Let Hy, := 2ho/|a|?. For aroota € A, let g
be the corresponding root space (as a one-dimensional subspace of g€ over C). O

Suppose, for the moment, that one aims to obtain a distinguished set for the semi-
simple complex Lie algebra g©; then, with slight modification, such a set can be
obtained via the Chevalley basis [21, Chapter VII], which we recall below:

Lemma 6 There are X € gg,for o € A, such that the following hold:

(1) Forany o € A, we have [Xy, X_o] = Hy.
(2) For any two non-proportional roots a, 3, we let B 4+ na, with —q < n < p, be the
«-string that contains B. Then,

_ JcapXatp, ifa+peA,
[Xa, Xp] = {O otherwise,

where cq g € Z with cg’ﬂ = (g + 1)
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We also note that for any o, 8 € A, [Hy, Xg] = 2(@.f)/|la?X g and, moreover,
2(a.B)/|a)? € Z. It thus follows from Lemma 6 that

A:={Hy, Xo, X_o | € A}

is a distinguished set of g©. The above arguments have the following implications:

(1) A semi-simple complex Lie algebra can also be viewed as a Lie algebra over R.
We call any such real Lie algebra complex [22, Chapter VI]. In particular, if the
real Lie algebra g is complex, then the R-span of A UiA, with A defined above,
is g. Moreover, since the coefficients 2(e.)/|«|* and ¢4, g are all integers (and hence
real), the set A U iA is a distinguished set of g.

(2) If the Lie algebra g is obtained as the R-span of A (i.e., g is a split real form of
g%), then Aisa distinguished set of g.

Thus, the technical difficulty for establishing Proposition 2 lies in the case where g is
neither complex nor a split real form of g©. We have dealt with such a case in [6]. We
reproduce below a key result established in that paper.

First, recall that a Cartan involution 6 : g — g1is a Lie algebra automorphism, with
§? = id. Moreover, the symmetric bilinear form By, defined as

By(X,Y):=—-B(X,0Y),

is positive definite on g. One can extend 6 to g€ by 6(X +iY) = 60X +i0Y.

Next, for a subset § C g, we let Lg be the collection of Lie products generated
by S. Similarly, we say that Ly is projectively finite if there exists a finite subset S
of g such that Lg = S. Further, we say that the set S is pre-distinguished if S is a
distinguished set of g (compared with Definition 8). We now have the following fact:

Proposition 3 Ler g be a simple real Lie algebra, which is neither complex nor a split
real form of <. Then, there exist a Cartan involution 6 and elements X, € gg, for
o € A, such that the items of Lemma 6 are satisfied and the following set belongs to g:

Si={Yyi=Xo —0X_o, Zg:=i(Xq +60X_o)|acA}.

Furthermore, the following hold:

(1) If the underlying root system of g is not G, then the set S is pre-distinguished.

(2) If the underlying root system of g is G, then g is the compact real form of g°.
Decompose A = Aghort U Ajong Where Aghort (resp. Along) is comprised of short
(resp. long) roots. Then, the following set is pre-distinguished:

U 5200 U {[Ye Y1, W Z5. (Za Vg, [Zan Zg1}
yeA long Z;fae#AiS}}?rl

We refer the reader to [6] for a complete proof. It follows from Proposition 3
that every semi-simple real Lie algebra admits a distinguished set. This establishes
Proposition 2.
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4.2 Matrix coefficients as codistinguished functions

Let {X;}/_, be a distinguished set of g. We address in the subsection the existence
of (weakly) codistinguished functions on G to the set of left- (resp., right-) invariant
vector fields {Ly,}7 | (resp. {Rx;}" ;). Because of the symmetry, the focus will be
mostly on the functions codistinguished to the left-invariant vector fields. We provide
a remark at the end of the subsection to address the existence of codistinguished
functions to the right-invariant vector fields.

To proceed, we first recall that the so-called right-regular representation of G on
C“(G), denoted by r : G x C?(G) — C“(G), is defined by

(x,9) € G x CY(G) = (r(x)9)(g) == ¢(gx).

Correspondingly, the induced Lie algebra representation r, is the Lie derivative along a
left-invariant vector field, i.e., 7, (X)¢ = Lx¢. Note, in particular, that if & = {¢/ }IJ.: h
is codistinguished to {Ly,}7 |, then r,|r, is a finite-dimensional representation of g
on Lg; indeed, we have that

re(Xre(XiNg! — re(Xi)re (X))’
= Lx,Lx, ¢’ — Lx,Lx;¢’ = Lix; x,1¢’ € Lo.

re([Xi, Xi D¢’

Thus, in order to find a set of codistinguished functions to {Lx;}/",, our strategy is
comprised of two steps as outlined below:

(1) Construct a finite-dimensional subspace L of C*(G) such that it is closed under r
so that r,|r, will be a Lie algebra representation of g on L;

(2) Find a finite subset & = {¢/ }lj:1 out of the space IL such that it is codistinguished
to a certain set of left-invariant vector fields {Lx, }/ ;.

We now address, one by one, the above two steps.

Our approach for the first step about constructing a finite-dimensional subspace L of
C“(G) is to use matrix coefficients associated with a Lie group representation. Specif-
ically, we consider an arbitrary analytic representation 7 of G on a finite-dimensional
inner-product space (V, (-, -)). Let {v; }f: | be any spanning subset of V. We next define
a set of matrix coefficients as follows:

7 (g) == {vi, w(g)vj) € C”(G), 1<i,j=p. (28)
Then, we let L, be a finite-dimensional subspace of C*(G) spanned by 7%/ :
p ..
]Ln = Z Cijﬂ’lj | Cij € R
i,j=1

The following fact is certainly known in the literature. But, for completeness of pre-
sentation, we provide a proof after the statement:
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Lemma 7 The vector space Ly is closed underr(x) forall x € G, i.e., forany ¢ € L,
r(x)¢ € Ly. Thus, r|L, (resp. r«|L, ) is a representation of G (resp. g) on L.

Proof The lemma follows directly from computation. For any x € G and any g € G,

r(x) 7' (g) = 7' (gx) = (v, T(gx)v;) = (vi, T(g)w(x)v;).

Since {v1, ..., vp} spans V, there exist real coefficients ¢;;’s such that
p p
p
T = Y el Tvve = Y e ().
k=1 1,k=1

It then follows that

P

rorg) = Y (enr ) 74 (@),
1,k=1
which implies that r(x)r["j is a linear combination of 7 fork = 1, ..., p. O

We now address the second step of our strategy about finding a finite subset {¢/ }lj: 1
out of IL; so that it is codistinguished to a given set of left-invariant vector fields
{Lx;}{",. To proceed, we first have the following definition as a dual to Definition 12:

Definition 13 Let 7 be a finite-dimensional representation of G on V, and 7, be the
corresponding Lie algebra representation. A spanning set {v J'}f:l of V is codistin-
guished to a subset {X;}?" | of g if it satisfies the following properties:

(1) The set of one-forms {dnéj}fzjzl spans 7,5G ~ g*.
(2) For any X; and v}, there exist a vx and a real number A such that

JT*(Xi)vj =)\.Uk; (29)

conversely, for any vy, Fl_lere exist_ X i» Vj, and a nonzero X such that (29) holds.
(3) Forany g, g’ € G,if n¥(g) =7 (g) forall 1 <i,j < p,theng =g’

If only (1) and (2) hold, then {v; };’zl is weakly codistinguished to {X;}" .
With the above definition, we now have the following fact:

Lemma 8 If{v j};):1 is codistinguished to {X;}" |, then the set of matrix coefficients
(mt }szl is codistinguished to the set of left-invariant vector fields {Lx,}/" ;.

Proof We show below that if {v j}f;’:1 is codistinguished to {X;}/" |, then the three
items of Definition 3 are satisfied.
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(1) For yhe first item of Definition 3, we show that for any g € G, the one-forms
{drg} ;_, span T, G. With slight abuse of notation, we write

dnéj(x) = dn;,j(gX) = (v;, ﬂ(g)ﬂ*(x)vﬂ’ VX €g.

In this way, each one-forms dngf can be viewed as an element in g*. But then, the

two subspaces of g*: span{dr.’ 1 j—p and span{dné,j 1 j=1 are isomorphic:
a4 Q) &
cij{vi, T (Hvj) =—— Cij(vi, (g« ()vj).
ij=1 T o

The first item of Definition 3 then follows from the first item of Definition 13.
(2) For the seco_nd item of Definition 3, it suffices to show that if 7, (X;)v; = Aw,
then Ly, w9 = A% forany ¢ =1, ..., p. This holds because

(Lx,7%)(g) = (vg, T()me(Xi)v)) = A{vg, w(Q)ve) = A (g).

(3) The third item of Definition 3 directly follows from the third item of Definition 13.
O

We have so far provided an approach for generating a set of matrix coefficients
that is (weakly) codistinguished to a given set of left-invariant vector fields. The same
approach can be slightly modified to generate a set of functions codistinguished to a
set of right-invariant vector fields. We provide details in the following remark:

Remark 5 We first recall that the left-regular representation of G is given by

(x,$) € G x C°(G) = ((X)P)(g) :==p(x"g),

The corresponding Lie algebra representation is given by /. (X)¢ = —Rx¢. We again
let = be a representation of G on a finite-dimensional inner-product space (V, (-, -)),
and {v; }i”:1 be a spanning set of V. We next define functions on G as follows:

7 (g) = (v (g™ ;). VI<i.j<p. (30)

Let L; be the R-span of these 7%/. The same arguments in the proof of Lemma 7
can be used here to show that LL; is closed under /(x) for all x € G. Furthermore,
if the set {vj}f:1 is chosen to be codistinguished to {X;}/ |, then similar arguments
in the proof of Lemma 8 can be used to show that the set of functions {77/ }fi =1 is
codistinguished to the set of right-invariant vector fields {Rx,}" ;. O

In summary, we have shown in the subsection that a finite-dimensional represen-
tation 7w of G on an inner-product space V can be used to generate a set of matrix
coefficients codistinguished to a given set of left- (or right-) invariant vector fields
provided that the assumption of Lemma 8 is satisfied.
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4.3 On the adjoint representation

We follow the discussions in the previous subsection, and consider here the adjoint
representation of G on g, i.e., ¥ = Ad and V = g. We show that in this special
case, there indeed exists a set of matrix coefficients (weakly) codistinguished to a
distinguished set of left- (or right-) invariant vector fields.

To proceed, we first recall that B(X, Y) = tr(ady ady) is the Killing form, 6 is a
Cartan involution of g, and Bg (X, Y) = —B(X, 6Y) is an inner product on g. We also
recall that by Proposition 2, there exists a distinguished set {X;}7_; out of g. We fix
such a set in the sequel. Note, in particular, that by Definition 12, the distinguished
set {X;}/", spans g. Now, we follow the two-step strategy proposed in the previous
section and define a set of matrix coefficients {¢"/ }:'7,1.,': | as follows:

¢" (g) := AdY(g) = By(Ad()X;, X;), 1<i,j<m. 31)

This is nothing but specializing (28) to the case of adjoint representation. To further
illustrate (31), we take advantage of the following fact [22, Prop. 6.28]:

Lemma9 Every semi-simple real Lie algebra g is isomorphic to a Lie algebra of
real matrices that is closed under transpose, with the Cartan involution 6 carried to
negative transpose, i.e., 0X = —X " forall X € g.

We note that for a given semi-simple Lie algebra g of real matrices, the Killing
form B(X, Y) is linearly proportional to tr(XY), i.e., B(X,Y) = ctr(XY) for a real
positive constant c. Now, suppose that G is isomorphic to a matrix Lie group; then, it
follows from Lemma 9 that one can rewrite (31) as follows:

P (g) =ctr(gX;g7 ' X). (32)

In particular, it generalizes the functions {¢%/ }; <i,j<3 on SO(3) introduced in Exam-
ple 1 to functions on an arbitrary semi-simple matrix Lie group. However, we shall
note that not every semi-simple Lie group is isomorphic to a matrix Lie group. Nev-
ertheless, expression (31) is always valid.

Recall that a center Z(G) of a group G is defined such that if z € G, then z
commutes with every group element g of G, i.e.,

Z(G):={ze G |zg =gz, Vge G}l

Let¢ := (..., ¢, ...) be the collective of ¢/. For any group element g € G, we let
[gly be the pre-image of ¢ (g). We now have the following result:
Theorem 4 Let {X;}!" | be a distinguished set of g. Then, the set of matrix coefficients
{¢ij }?fj:l defined in (31) is weakly codistinguished to {L, }zm=1' Moreover,

[glp = {8212 € Z(G)}, VgeG. (33)
In particular, {¢ij};’fj=1 is codistinguished to {Lx,}!" | if and only if Z(G) is trivial.
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Theorem 3 then follows from Proposition 2 and Theorem 4. We establish Theorem 4
in the next subsection.

Remark 6 Note that if one aims to construct a set of functions codistinguished to
the right-invariant vector fields { R}/ ;; then, by Remark 5, one can simply define
functions as follows:

¢ (g) == Bo(Ad(g™ )X, X;), V1<i,j<m. (34)

If one replaces in the statement Ly, with Ry, and correspondingly, ¢/ with ¢/, then
Theorem 4 will still hold.

Since g is semi-simple, the center Z(G) is discrete. If, further, G is compact, then
Z(G) is finite. The centers of a few commonly seen matrix Lie groups are given below:

(1) If G = SU(n) is the special unitary group, then Z(G) = {z1 | 7" =1,z € C}.
(2) If G = SL(n, R) is the special linear group or if G = SO(n) is the special
orthogonal group, then

{1} ifnisodd,
{£1} if nis even.

Z(G) = {

(3) Similarly, if G = SO (p, ¢) is the identity component of indefinite orthogonal
group O(p, q) (e.g., the Lorentz group O(1, 3)), then

{1} if p + ¢ is odd,

26) = { {£1} if p + g is even.

@) If G = Sp(2n, R) is the symplectic group, then Z(G) = {£1,}.

4.4 Analysis and proof of Theorem 4
We establish in subsection Theorem 4. By Lemma 8, it suffices to show that the subset
{X;}L, of gis codistinguished to itself with respect to the adjoint representation. This

fact will be established after a sequence of lemmas. For convenience, we reproduce
below the set of functions {¢"/}" =t

¢" () == AdY(g) = By(Ad(g)X;, X;), 1<i,j<m.

We show below that the set {¢"/ }f” i=1 satisfies the three items of Definition 13
under the assumption of Theorem 4. The arguments we will use below generalize the
ones used in Example 1. For the first item of Definition 13, we have the following fact:

Lemma 10 The set of one-forms {d¢éj " =1 Spans the cotangent space T,'G ~ g*.
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Proof First, note that for any X € g, we have
ded (X) = Bo(IX. X1, X;) = —B((X, X1, 6X,).

Because the Killing form is adjoint-invariant, i.e., B([X, Y], Z) = B(X, [Y, Z]) for
any X, Y, Z € g, it follows that

dp (X) = —B(IX, X,1,0X;) = —B(X, [X;,0X;]) = By(X, [6X, X;]),

where the last equality holds because 6 is a Lie algebra automorphism with 62 = id
and, hence, 0[X;,0X;] = [0X;, X;].

For convenience, let ¥; := 60X forall j = 1,...,m. Since 6 is a Lie algebra
automorphism and {X;}7 | spans g, the set {Y }T=1 spans g as well. Next, note that g

is semi-simple and, hence, [g, g] = g. Thus, {)A(,-j = Y], Xl-]}l’.”’/.:1 is a spanning set

of g. It now remains to show that the set of one-forms { By (-, )A(,'j)}f”j:l spans g*. But,
this follows from the fact that By is positive definite on g; indeed, any nondegenerate
bilinear form induces a linear isomorphism between g and g*. Since the set {X;; };”jzl

spans g, the set of one-forms { By (-, )A(ij)}ff'jzl spans g*. O
For the second item of Definition 13, we have the following fact:
Lemma 11 If[X;, X1 = A Xy, then Ly, ¢/ = a¢'* forall i’ =1,...,m.

Proof The lemma directly follows from computation:

(Lx,¢'7)(g) = Bo(Ad(9)[Xi, X1, X;r) = ABy(Ad(g) Xz, Xi1) = 7' ¥ (g),
which holds for any g € G. O

Combining Lemmas 10 and 11, we have that the set of functions {¢'/ };’f =1 is weakly
codistinguished to the set of left-invariant vector fields {L, }?"_,. Finally, for (33), we
have the following fact:

Lemma 12 If ¢'/(g) = ¢/ (g") forall 1 < i,j < m, then g~'g' € Z(G) and vice
versa.

Proof We fixa j =1, ..., m and have the following:
¢ (g) — 9" (') = Bo(Ad(g)X; — Ad(g)X;, Xi) =0, Vi=1,...,m.

Since By is positive definite and {X;}_, spans g, Ad(g)X; = Ad(g’)X ;. This holds
for all j = 1,...,m. Using again the fact that {Xj}?:l spans g, we obtain that

Ad(g~'g)X = X forall X € g. Thus, g~ 'g’ belongs to the centralizer of the identity
component of G. Since G is connected, this holds if and only if g™'¢’ € Z(G). O
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4.5 On homogeneous spaces

Leta group G act on a manifold M. We say that the group action is transitive if for any
X,y € M, there exists a group element g € G such that gx = y. Correspondingly, the
manifold M is said to be a homogeneous space of G. Note that any homogeneous space
can be identified with the space G/H of left cosets g H for H a closed Lie subgroup
of G. More specifically, we pick an arbitrary point x € M, and let H be the subgroup
of G which leaves x fixed (i.e., H is the stabilizer of x). Then, M is diffeomorphic
to G/H, and we write M ~ G /H. The group action can thus be viewed as a map by
sending a pair (g, g’'H) to gg’ H. We also note that the homogeneous space M can be
equipped with a unique analytic structure (see [18, Thm. 4.2]).

We address in the subsection the existence of distinguished vector fields and
codistinguished functions on homogeneous spaces of a semi-simple Lie group. We
provide at the end of the subsection a simple example in which the unit sphere
S§2 ~ SO(3)/SO(2) is considered.

4.5.1 On distinguished vector fields

There is a canonical way of translating a distinguished set {X;}!" , of the Lie algebra g
to a distinguished set of vector fields over a homogeneous space of G. Precisely, we
defineamapt : g — X(M) as follows: Letexp : g — G be the exponential map. For
a given X € g, we define a vector field t(X) € X(M) such that for any ¢ € C®(M),
the following hold:

¢ (exp(rX)x) — ¢p(x)
; ,

((X)$)(x) = lim Vx € M. 35)

Let X; and X ; be any two elements in g. It is known [18, Chapter 2.3]) that

[t(Xi), T(X;)] = —t([X;, X1, (36)
which then leads to the following result:
Proposition 4 Let G be a semi-simple Lie group with g the Lie algebra, and M be a
homogeneous space of G. If {X;}/, is a distinguished set of g, then {t(X;)}/", is a
distinguished set of vector fields over M.
Proof 1t suffices to show that {7(X;)(x)}/", spans the tangent space T, M for all
x € M. Let H be the stabilizer of x, and f be the corresponding Lie algebra of H.

Since {X;}7" | spans g, there must exist a subset of {X;}7" |, say {Xi}f”:/l, such that if
we let m := span{X; }f”zll , then g = m @ h. Moreover, the following map:

’

m
(ai,...,aw) eR" > exp Za,-Xi xXeM

i=1
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is locally a diffeomorphism around 0 R™ to an open neighborhood of x € M. This,
in particular, implies that {7 (X;)(x)}", is a basis of the tangent space T, M. m]

4.5.2 On codistinguished functions

We now discuss how to translate a set of codistinguished functions defined on a Lie
group G to a set of codistinguished functions on its homogeneous space M ~ G/H.
We consider below for the case where the closed subgroup H is compact.

We say that a function ¢ € C®(G) is H-invariant if for any g € G and h € H,
we have ¢ (gh) = ¢(g). In particular, if ¢ is H-invariant, then one can simply define
a function ¥ on M by ¥ (gH) := ¢(g). This is well defined because if gH = g'H,
then g~'g’ belongs to H and, hence, ¢ (g) = ¢(gg~'g’) = ¢(g’). Thus, without any
ambiguity, we can treat an H-invariant ¢ as a function defined on M as well.

If a function ¢ is not H-invariant, then one can construct an H -invariant function by
averaging ¢ over the subgroup H. Since H is compact, we equip H with the normalized
Haar measure [22, Ch. VIII], i.e., f H 1ydh = 1. We then define a function on G (and
on M) by averaging the given function ¢ over H as follows:

b(g) = /H b (gh)dh. (37)
It should be clear that q_ﬁ is H-invariant; indeed, for any h’ € H, we have
Bigh') = fH o (gh'h)dh = /H B(ghyd(H'~1h) = /H b(ghydh = d(9).

Note that if ¢ itself is H-invariant, then ¢ = ¢. We now have the following fact:

Lemma 13 Let {¢p/ }lj: | be a set of functions on G codistinguished to a set of right-
invariant vector fields {Rx, }i |. IfRX,¢j = ApK, then t(X))¢) = rgk.

Proof The lemma directly follows from computation:

(c(X)B)) (g H) = /H (Rx,¢/)(gh)dh = /H 6 (ghydh = 1§ (g H),

which holds forall gH e M ~ G/H. O

Thus, if the set of one-forms {dql;,{}lj:l spans T, M, then, by Lemma 13, {¢_>J'}lj:l is
(weakly) codistinguished to {7 (X;)}7_ . We provide below an example for illustration.

4.5.3 Example on 52 ~ SO(3)/ SO(2)

Let SO(3) act S2 by sending (g, x) € SO(3) x S2 to gx € S2. Let Hbea subgroup
of G defined as follows:

1 0 0
H=1h®):=10 cos(@) sin@) | |0 €[0,27); ~SO(2).
0 —sin(0) cos(0)
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It follows that H is the stabilizer of the vector ¢; € S2. Let {X; }3 | and (¢}

i,j= 1
given in Example 1, i.e.,
X = eje,;'— — eke;!—, where det(e;, e, er) =1,
¢ (g) = r(gX;e" XD, 1<i,j<3.

Because the set {X ,~}i3=] is distinguished in so(3), by Proposition 4, it induces a
distinguished set of vector fields {7 (X ,-)}?:1 over $2 as follows:

0 —X3 X2
tXD@) = x3 |, (X)) =| 0 |, t(X3)x)=|—-x1
—X2 X1 0

These vector fields satisfy the following relationship:
[t(Xi), (X ;)] = det(ei, e, ex) T (Xp).

We next compute the averaged H-invariant functions {¢%/ }3 Pi=l- The normalized
Haar measure on H, in this case, is simply given by dh = d9/2n It follows that

2
Y (gH) = %/0 tr(gh(@)X ;h©) " g" X;")do.

To evaluate the above integral, we first have the following computational result:

1 [ T X, ifj =1,
E/o h(©)Xjh(0) o = {O otherwise.
Thus, the nonzero ¢'/’s are given by
¢ (gH) == ¢ (gH) =tr(gX1g' X)), Vi=1,23. (38)

Each left coset g H corresponds to the point x = ge; € S2. Note that ge is simply
the first column of g. We now compute each function ¢'(x) and express the results
using only the coordinates x; of x. First, by computation, we obtain

. 0 31
gX1g =|—-cz1 0 cun |,
—c21 —c11 0

where each c¢;; is the ijth entry of the cofactor matrix [c;;] of g € SO(3). Since g is
a special orthogonal matrix, g = [¢;;]. In particular, (c11, c21, ¢31) is the first column
of g, i.e., (c11, €21, €31) = ge1 = (x1, X2, x3) and, hence,

0 x3 x
gXlgTz —x3 0 x
—xp —x1 O
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Thus, the functions qgi in (38), for i = 1,2, 3, are nothing but twice the coordinate
functions, i.e.,

P (x) = 2x;.

It should be clear that {¢/ }§=1 satisfiesitems 1 and 3 of Definition 3. Foritem 2, we have
that 7(X;)¢/ = det(e;, e;, ex)p*. Thus, {¢3«i}§:1 is codistinguished to {T(X;))}3_;.

5 Conclusions

We introduced in the paper a novel class of ensemble systems, which we call distin-
guished ensemble systems. Every such system is comprised of two key components: A
set of distinguished vector fields and a set of (weakly) codistinguished functions. We
established in Sect. 3 that a distinguished ensemble system is approximately ensem-
ble path controllability and (weakly) ensemble observable. We further extended in
Sect. 3.5 the result to a pre-distinguished ensemble system.

We proposed and addressed in Sect. 4 the problem about existence of distinguished
vector fields and codistinguished functions on a given manifold M. We provided an
affirmative answer for the case where M is a connected, semi-simple Lie group G.
Specifically, we showed that every such Lie group G admits a set of distinguished
left- (or right-) invariant vector fields, together with a set of matrix coefficients that is
(weakly) codistinguished to the set of vector fields. Finally, we discussed in Sect. 4.5
how to translate distinguished vector fields and codistinguished functions from the Lie
group G to its homogeneous spaces, yet the problem has not been solved completely
and will be addressed in our future work.
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