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Abstract

While the original classical parameter adaptive controllers do not handle noise or
unmodelled dynamics well, redesigned versions have been proven to have some tol-
erance; however, exponential stabilization and a bounded gain on the noise are rarely
proven. Here we consider a classical pole placement adaptive controller using the
original projection algorithm rather than the commonly modified version; we impose
the assumption that the plant parameters lie in a convex, compact set, although some
progress has been made at weakening the convexity requirement. We demonstrate
that the closed-loop system exhibits a very desirable property: there are linear-like
convolution bounds on the closed-loop behaviour, which confers exponential stability
and a bounded noise gain, and which can be leveraged to prove tolerance to unmod-
elled dynamics and plant parameter variation. We emphasize that there is no persistent
excitation requirement of any sort; the improved performance arises from the vigilant
nature of the parameter estimator.

Keywords Adaptive control - Projection algorithm - Exponential stability - Bounded
gain

1 Introduction

Adaptive control is an approach used to deal with systems with uncertain or time-
varying parameters. The classical adaptive controller consists of a linear time-invariant
(LTT) compensator together with a tuning mechanism to adjust the compensator param-
eters to match the plant. The first general proofs that adaptive controllers could work
came around 1980, e.g. see [1-5]. However, such controllers were typically not robust
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to unmodelled dynamics, did not tolerate time variations well, and did not handle
noise or disturbances well, e.g. see [6]. During the following two decades, a great
deal of effort was made to address these shortcomings. The most common approach
was to make small controller design changes, such as the use of signal normalization,
deadzones, and o -modification, to ameliorate these issues, e.g. see [7—11]. Quite sur-
prisingly, it turns out that simply using projection (onto a convex set of admissible
parameters) has proved quite powerful, and the resulting controllers typically pro-
vide a bounded-noise bounded-state property, as well as tolerance of some degree of
unmodelled dynamics and/or time variations, e.g. see [12—17]. Of course, it is clearly
desirable that the closed-loop system exhibits LTI-like system properties, such as a
bounded gain on the noise' and exponential stability. As far as the author is aware, in
the classical approach to adaptive control a bounded gain on the noise is proven only
in [12,13]; however, a crisp exponential bound on the effect of the initial condition
is not provided, and a minimum phase assumption is imposed. While it is possible to
prove a form of exponential stability if the reference input is sufficiently persistently
exciting, e.g. see [18], this places a stringent requirement on an exogenous input.

There are several non-classical approaches to adaptive control which provide LTI-
like system properties. First of all, in [19,20] a logic-based switching approach is
used to sequence through a predefined list of candidate controllers; while exponential
stability is proven, the transient behaviour can be quite poor and a bounded gain on
the noise is not proven. A more sophisticated logic-based approach, labelled supervi-
sory control, was proposed by Morse; here a supervisor switches in an efficient way
between candidate controllers—see [21-25]. In certain circumstances a bounded gain
on the noise can be proven—see [26,27], and the Concluding Remarks section of
[22]. A related approach, called localization-based switching adaptive control, uses a
falsification approach to prove exponential stability as well as a degree of tolerance
of disturbances, e.g. see [28].

Another non-classical approach, proposed by the first author, is based on periodic
probing, estimation, and control: rather than estimate the plant or controller parameters,
the goal is to estimate what the control signal would be if the plant parameters and
plant state were known and the ‘optimal controller’ were applied. Exponential stability
and a bounded gain on the noise are achieved, as well as near optimal performance,
e.g. see [29-31]; a degree of unmodelled dynamics and time variations can be allowed.
Roughly speaking, the idea is to estimate the ‘optimal control signal’ at every step; this
differs from the classical approach to adaptive control wherein the goal is to (at best)
obtain an asymptotic estimate of the ‘optimal control signal’. In order to carry out this
estimation, a sampled data approximation of a differentiator is used, with optimality
being achieved as the sampling period tends to zero. The drawback is that while a
bounded gain on the noise is always achieved, it tends to increase dramatically the
closer that one gets to optimality. Because of the nature of the approach, it only works
in the continuous-time domain.

In this paper we consider the discrete-time setting and we propose an alternative
approach to obtaining LTI-like system properties. We return to a common approach in

1 Since the closed-loop system is nonlinear, a bounded-noise bounded-state property does not automatically
imply a bounded gain on the noise.
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classical adaptive control—the use of the projection algorithm to carry out parameter
estimation together with the certainty equivalence principle. In the literature it is the
norm to use a modified version of the ideal projection algorithm in order to avoid divi-
sion by zero;? in this paper we prove that an unexpected consequence of this minor
adjustment is that some inherent properties of the scheme have been destroyed. Here
we use the original version of the projection algorithm coupled with a pole placement
certainty equivalence-based controller. In the general case we impose compactness and
convexity assumptions on the set of admissible parameters; however, some progress
has been made at weakening the convexity requirement. We obtain linear-like convo-
lution bounds on the closed-loop behaviour, which immediately confers exponential
stability and a bounded gain on the noise; such convolution bounds are, as far as the
authors are aware, a first in adaptive control, and it allows us to use a modular
approach to analyse robustness and tolerance to time-varying parameters, which
is a highly desirable feature. Indeed, this allows us to utilize all of the intuition that
we have developed for LTI systems in the adaptive setting, something which has not
been present using other techniques. To this end, the results will be presented in a very
pedagogically desirable fashion: we first deal with the ideal plant (with disturbances);
we then leverage that result to prove that a large degree of time variations is tolerated,;
we then demonstrate that the approach tolerates a degree of unmodelled dynamics, in
a way familiar to those versed in the analysis of LTI systems.

In a recent short paper we consider the first-order case [32]. Here we consider the
general case, which requires much more sophisticated analysis and proofs. Further-
more, in comparison to [32], here we (i) present a more general estimation algorithm,
which alleviates the classical concern about dividing by zero, (ii) prove that the con-
troller achieves the objective in the presence of a more general class of time variations,
and (iii) prove robustness to unmodelled dynamics. An early version of this paper has
appeared in a conference [33].

Before proceeding, we present some mathematical preliminaries. Let Z denote the
set of integers, Z™ the set of non-negative integers, N the set of natural numbers, R the
set of real numbers, and R the set of non-negative real numbers. We let DO denote the
open unit disc of the complex plane. We use the Euclidean 2-norm for vectors and the
corresponding induced norm for matrices, and denote the norm of a vector or matrix
by | - ||. We let /o (R") denote the set of R"-valued bounded sequences; we define the
norm of u € I (R") by |lulleo := supycz lu(k)||. Occasionally, we will deal with a
map F : loo(R") — I (R"); the gain is given by sup,, o ”lF“lZO and denoted by || F||.

o]

With T € Z, the truncation operator Py : [ (R") — [ (R") is defined by

_x@w) t<T
(Pra)() = {0 N

We say that the map F : [o(R") — [o(R") is causal if Py FPr = PrF for every
T e€Z.

2 An exception is the work of Ydstie [12,13], who considers the ideal Projection Algorithm as a special
case; however, a crisp bound on the effect of the initial condition is not proven and a minimum phase
assumption is imposed.
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If S C R? is a convex and compact set, we define ||S|| := max,cs ||x]|| and the
function 75 : R? — S denotes the projection onto S; it is well known that g is well
defined.

2 The setup

In this paper we start with an nth-order linear time-invariant discrete-time plant given
by

n—1 n—1

YA+ == aipyt —i)+ Y bipult —i)+d()
i=0 i=0
]
—[y@ -yt —n+ D) u@ - u —n+1] _b‘l’ +d (@),
=907
——
=:0*
@ (to) = ¢o, > to, (D

with y(#) € R being the measured output, u(¢#) € R the control input, ¢ (¢) a vector
of input—output data, and d(¢) € R the disturbance (or noise) input. We assume that
6* is unknown but belongs to a known set S C R?". Associated with this plant model
are the polynomials

1

A Y =14az '+ 4az™ B@ Hi=biz '+ 4bz"

B(z™hH

and the transfer function —=—%.
A(z™Y)

Remark 1 1t is straightforward to verify that if the system has a disturbance at both the
input and output, then it can be converted to a system of the above form.

We impose an assumption on the set of admissible plant parameters.

Assumption 1: S is convex and compact, and for each 8* € S, the corresponding
pair of polynomials A(z~!) and B(z~") are coprime.

The convexity part of the above assumption is common in a branch of the adaptive
control literature—it is used to facilitate constrained parameter estimation, e.g. see
[34], and it is a key assumption in arguably the simplest technique to ensuring that the
associated pole placement adaptive controller has tolerance to a degree of unmodelled
dynamics and to noise, e.g. see [12—17,35]. That being said, in Sect. 8§ we will show
that it is possible to weaken this to assuming that 6* € S} US; with each S; convex and
compact, and for each 0* € S; U S5, the corresponding pair of polynomials A(z~!)
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and B(z~") are coprime; however, we will require that all closed-loop poles be placed
at zero, and a more complicated controller will be required. The boundedness part
of the assumption is less common, but it is quite reasonable in practical situations;
it is used here to ensure that we can prove uniform bounds and decay rates on the
closed-loop behaviour.

The main goal here is to prove a form of stability, with a secondary goal that of
asymptotic tracking of an exogenous reference signal y*(¢); since the plant may be
non-minimum phase, there are limits on how well the plant can be made to track y*(¢).
To proceed, we use a parameter estimator together with an adaptive pole placement
control law. At this point, we discuss the most critical aspect—the parameter estimator.

2.1 Parameter estimation
We can write the plant as
yit+1) =) 0" +d().
Given an estimate 6 () of 6* at time 7, we define the prediction error by
e(t+1) =yt +1) -0 00);

this is a measure of the error in 6 (t). The common way to obtain a new estimate is
from the solution of the optimization problem

argming {6 — (1) : y(t +1) = ¢()' 6},
yielding the ideal (projection) algorithm

(1) ifp(1) =0

2 @) .
o) + ST e(t +1) otherwise.

0t +1) = 2

Of course, if ¢ (¢) is close to zero, numerical problems can occur, so it is the norm in
the literature (e.g. [3,34]) to replace this by the following classical algorithm: with
0 <a <2and g > 0, define’

ag (1)

o D=6 Rk A
t+1) (t)+ﬁ+¢(t)T¢(t)

et +1). 3)

This latter algorithm is widely used and plays a role in many discrete-time adaptive
control algorithms; however, when this algorithm is used, all of the results are asymp-
totic, and exponential stability and a bounded gain on the noise are never proven. It
is not hard to guess why—a careful look at the estimator shows that the gain on the
update law is small if ¢ () is small. A more mathematically detailed argument is given
in the following example.

3 It is common to make this more general by letting « be time-varying.
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Remark 2 Consider the simple first-order plant

yt+1)=—ayy(t)+biu) +d)
with a; € [—2, —1] and b; € [1, 2]. We use the estimator (3) with « € (0, 2) and
B > 0, and, as in [12—17], we use projection to keep the parameters estimates inside

S so as to guarantee a bounded-input bounded-state property. Further suppose that
y* = d = 0, and that a classical pole placement adaptive controller places the closed-

loop pole at zero: u(t) = ;El—giy(t) =: f(t)y(t). Suppose that
1

; —a(0
yO0)=yo=¢e¢€(0,1), 6(0)= [ l;lll((()))} _ [;] 0% — [ﬂ

so that £(0) = —0.5 and —a; + by f(0) = 1.5, i.e. the system is initially unstable.
An easy calculation verifies that f(t) e [—2,—0.5] and —a; + blf(t) € [0, 1.5] for
t > 0, which leads to a crude bound on the closed-loop behaviour: |y(¢)| < (1.5)'e
fort > 0. With N(g) := int[m In(1)], it follows that

ly()] < e'?, 1[0, N

A careful examination of the parameter estimator shows that

16(t) — 6ol < 20(2>”2%, t € [0, N(e)].

From the form of f (1), it is easy to prove that if % is small enough,* then we have
| —a+ blf(t)| > 1.25 for t € [0, N(¢e)], in which case

> (1.25)V@);

Y(NE) = 125V@e = ‘Y(N@))‘ _ ‘y(N(e))
- € y(©

)

since N (e¢) — ooase — 0, we see that exponential stability is not achieved. A similar
kind of analysis can be used to prove that a bounded gain on the noise is not achieved
either.

Now we return to the problem at hand—analysing the ideal algorithm (2). We will
be using the ideal algorithm with projection to ensure that the estimate remains in S
for all time. With an initial condition of 0(#g) = 6y € S, fort > 1y we set

(1) ifp(r) =0

6 +1) =1~ .
¢+ 1D :9(1)—}— ¢(t¢))§l(;(t) e(t +1) otherwise,

“

4 Here B > 0is fixed, so this is equivalent to ¢ being small enough.
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which we then project onto S:
0@t +1) :=m50( + 1)). 5)
Because of the closed and convex property of S, the projection function is well defined;

furthermore, it has the nice property that, for every # € R?" and every #* € S, we
have

l7s (@) — 0% < 116 — 67|,

i.e. projecting 6 onto S never makes it further away from the quantity 6*.

2.2 Revised parameter estimation

Some readers may be concerned that the original problem of dividing by a number
close to zero, which motivates the use of classical algorithm, remains. Of course, this is
balanced against the soon-to-be-proved benefit of using (4)—(5). We propose a middle
ground as follows. A straightforward analysis of e(¢ + 1) reveals that

et +1) == 01) — "1 +d),
which means that
le(r + DI < 2SI x ol + |d(1)].
Therefore, if
le(z + DI > 2[S] x g1,
then the update to 0 (t) will be greater than 2||S||, which means that there is little

information content in e(t + 1)—it is dominated by the disturbance. With this as
motivation, and with § € (0, oo], let us replace (4) with

) 0] :
B+ 1) = 9A(t) + 30760 e(t+1) iffet+ D] < CISI+dlo@®) ©)
6(t) otherwise;

in the case of § = oo, we will adopt the understanding that co x 0 = 0, in which case
the above formula collapses into the original one (4). In the case that § < oo, we can
be assured that the update term is bounded above by 2||S|| + &, which should alleviate
concerns about having infinite gain. We would now like to rewrite the update to make
it more concise. To this end, we now define p;s : R x R — {0, 1} by

Py (D), et + 1)) 1= {(1) e+ Dl = @IS+l
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yielding a more concise way to write the estimation algorithm update:

o . ¢ ()
9(f+1)=9(f)+/06(¢(f),€(f+1))m6(1+1); (7
once again, we project this onto S:
0t +1) :=m50( + 1)). 8)

Remark 3 1If the disturbance d (7) = 0, then the estimation algorithm (7)—(8) has a nice
scaling property. In this case, if ¢ (¢) # O then ps(¢(¢), e(t + 1)) = 1, so (7) becomes

. _an L Q@O s
9([+1)—9(l)+m[9 — 0]

so if ¢ (¢) is replaced by y ¢ (¢) with y # 0, then é(t + 1) (and é(t + 1)) remains the
same. Hence, scaling the pair (y(¢), u(¢)) makes no difference to the estimator, which
is clearly a desirable feature; notice that the classical algorithm (3) does not enjoy that
property. This is the first clue that this algorithm may provide closed-loop properties
not provided by the classical algorithm (3).

2.3 Properties of the estimation algorithm

Analysing the closed-loop system behaviour will require a careful examination of the
estimation algorithm. We define the parameter estimation error by

6(t) :=0(r) — 0%,
and the corresponding Lyapunov function associated with 6(¢), namely V(¢) :=

] (t)TO~ (t). In the following result we list a property of V(¢); it is a generalization
of what is well known for the classical algorithm (3).

Proposition 1 Foreveryty € Z, ¢o € R*, 6y € S,0* € S, d € I, and$ € (0, 00],
when the estimator (7) and (8) is applied to the plant (1), the following holds:

R ~ 1
106+ 1D=0(0)] = ps(@ (@), et + LD o ) ©)
0]
Vo< Vi r Y @0 et 4 -t U G UOR
= P 2 leHIE et T
Proof See Appendix. O
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2.4 The control law

The elements of 6(¢) are partitioned in a natural way as

A N R A A T
0) = [=a1(®) -+ =an(@®) b (1) -+~ by(1) ]
Associated with 6 (7) are the polynomials

A,z Y =1+a0z7 "+ +a,0)z7",
B(t,z™ Y :=b1()z 4+ bz

While we can use an (n — 1)th-order proper controller to carry out pole placement, it
will be convenient to use an nth-order strictly proper controller, such asin [15,16,36—
38]. In particular, we first choose a 2nth-order monic polynomial

( l)_1+a* —l+.._+a§knz—2n

so that z A*(z~1) has all of its zeros in D°. Next, we choose two polynomial

L.z HY=1+0L@0z" + - 410"
and P(r,z ) =p1()z 4+ pu)z™"

which satisfy the equation
A,z DL,z Y+ B,z HP(r, 27 = A* ), (10

given the assumption that the A(t z‘l) and B(t 771 are coprime, it is well known
that there exist unique L(t,z~") and P(t z~!) which satisfy this equation. Indeed, it
is easy to prove that the coefficients of L(t, z7 D) and P(t, 771 are analytic functions
of 6(t) € S.

In our setup we have an exogenous signal y*(t). At time ¢ we choose u(t) so that

u(t) = —li(t — Du(t — 1) — - — I, (t — Du(t —n)
—p1(t =Dy =1 —y*(t = 1]
— o= Pt = Dyt —n) — y*(t —n)]. (11)

So the overall controller consists of the estimator (7)—(8) together with (1 .S

It turns out that we can write down a state-space model of our closed-loop system
with ¢ (1) € R?" as the state. Proceeding as in Kreisselmeier [37], only two elements
of ¢ have a complicated description:

5 We also implicitly use a pole placement procedure to obtain the controller parameters from the plant
parameter estimates; this entails solving a linear equation.
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L+ =y + D =ct+ D+ o),

Gr1(+1D) =u+ 1) ==Y {lOut+ 1=+ pye+1-0 =y @ +1-1}

i=1

= [0 - () =pr(@) - =pa®) ]SO + Y pi@)y* @ +1 =),

i=1

With e; € R?" the ith normal vector, if we now define

[ —a1(1) —ax(t) -~ —an(t) bi(1) - by(t) ]
1 o --- 0 0 0
At = ) ) 1 P 0 - 0 ’
—p1(t) —pa(t) -+ —pu(t) =11(t) =Da(t) -+ =T (1)
0 B 1 0O --- 0
L0 0 1 0 |
n
Bii=e1. Byi=en1. r(t) =y pin)y*(t+1—1i), (12)
i=1
then the following key equation holds:
¢(t+1) = AW)p(1) + Bre(t + 1) + Bor(1); (13)

notice that the characteristic equation of A(r) always equals z2" A*(z~!). Before pro-
ceeding, define

a:=max{||[A@)| : 0 € S}.

Remark 4 While the proposed adaptive controller (7)—(8) together with (11) is non-
linear, when it is applied to the plant the closed-loop system enjoys the homogeneity
property. More precisely, fix the initial parameter estimate 6y and starting time 7o € Z;
suppose that an initial condition, reference signal, and disturbance signal combination
(¢o, r, d) yields a system response of ¢, and with ¥ € R suppose that an initial con-
dition, reference signal, and disturbance signal combination of (y¢g, yr, yd) yields
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a system response of ¢? . Using induction it is easy to prove that®
Pr (1) =yp @), t = 1.

Hence, with minimal effort we see that the closed-loop behaviour enjoys one of the
two required properties of a linear system, namely that of homogeneity. While it does
not enjoy the other property needed for linearity, we will soon see that we are still able
to prove linear-like convolution bounds on the closed-loop behaviour.

3 Preliminary analysis

The closed-loop system given in (13) arises in classical adaptive control approaches in
slightly modified fashion, so we will borrow some tools from there. More specifically,
the following result was proven by Kreisselmeier [37], in the context of proving that
a slowly time-varying adaptive control system is stable (in a weak sense); we are
providing a special case of his technical lemma to minimize complexity.”

Proposition 2 [37] Consider the discrete-time system
x(t+ 1) = [Apom (1) + A@)]x (1)

with ® (¢, T) denoting the corresponding state transition matrix. Suppose that there
exist constants o € (0,1), y1 > 1, a; > 0, and B; > 0 so that

(i) forall t = to, we have || Apom (1)'|| < y10", i = 0;
(ii) forallt > t we have

t—1
D N Auom G + 1) = Apom @Dl < @0 + a1t =)' + aa(t — 1)

i=t

—1 .
and Y32 1A < Bo+ Bi(t — D' + ot — 1);
(iii) there exists a u € (o, 1) and N € N satisfying oy + % < N#Vl(ﬁ — o).
141
Then there exists a constant v, so that the transition matrix satisfies

T

D, DI < you' ", 1> 1.

6 In addition, if we define () and 7 (1) in the natural way, then it is easy to prove that for y # 0 we
have

Y@y =0@), t > 1.

7 Furthermore, in [37] it is assumed that «; and B; are strictly greater than zero, but it is trivial to extend
this to allow for zero as well.
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Remark 5 We apply the above proposition in the following way. Suppose that o €
O, 1D,y > 1 al > 0, Bi > 0 are such conditions (i) and (ii) hold. If u € (o, 1), then
it follows that — o > 0 for large enough N € N, so condition (iii) will hold as

well as long as az and B> are small enough.

In applying Proposition 2, the matrix A(t) will play the role of A,om(f). A key
requirement is that Condition (i) holds: the following provides relevant bounds. Before
proceeding, let

A = max{|A| : A is a root of z2" A*(z™1)}.

Lemma 1 For every § € (0,00] and o € (A, 1) there exists a constant y > 1 so
that for every ty € Z, 0y € S, 0* € S, and y*, d_e loo, When the controller (7), (8)
and (11) is applied to the plant (1), the matrix A(t) satisfies, for every t > ty:

IAD! < yo*, k=0,

and for every t > k > to:

t—1

IAG +1) = A(DI < V[Z ps(P(j), e(j + 1))

r—1
j=k J=k

e(j + 1)

V20 _ 1)l/2
Tepz TR

Proof See Appendix. O

4 The main result

Theorem 1 For every § € (0,00] and A € (A, 1) there exists a ¢ > 0 so that for
everyty € Z, 6p € S, 0% € S, ¢po € R*, and y*,d € Lo, when the adaptive
controller (7), (8) and (11) is applied to the plant (1), the following bound holds:

k—1
I < X " lgoll + Y A (r(DI+ 1dGDD, k=10 (14)

J=to

Remark 6 We see from (12) that r(¢) is a weighted sum of {y*(¢), ..., y*(t — n + 1)}.
Hence, there exists a constant ¢ so that the bound (14) can be rewritten as

k—1 k—1
Il < ex*ligoll + Y @RI+ Y A () k= 1,
j=to—n+1 Jj=to
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Remark 7 Theorem 1 implies that the system has a bounded gain (from d and r to y)
in every p—norm. More specifically, for p = oo we see immediately from (14) that

c

o1 < cligoll +

sup [|r(D)| + |d()D], k = 1.
L= A cefro.k]

Furthermore, for 1 < p < oo it follows from Young’s Inequality applied to (14) that

k 1/p
C
- e
D lel = T Il
J=M
. k /p k 1/p
ek IDML L I D LT k> 1.
J=to J=to

Remark 8 Most pole placement adaptive controllers are proven to yield a weak form of
stability, such as boundedness (in the presence of a nonzero disturbance) or asymptotic
stability (in the case of a zero disturbance), which means that details surrounding initial
conditions can be ignored. Here the goal is to prove a stronger, linear-like, convolution
bound, so it requires a more detailed and nuanced analysis. A key tool is Proposition 2,
which was introduced by Kreisselmeier [37] to analyse slowly time-varying adaptive
pole placement problems. It has been used in a number of places in the adaptive control
literature, including the work of [15,16,35], all of whom utilize the classical projection
algorithm (3). However, as pointed out in Remark 2, an adaptive controller based on
the classical projection algorithm (3) does not, in general, provide exponential stability
or a bounded gain on the noise, regardless of how small the parameter g > 0 is;
indeed, what is proven in [15,16] is that for every set of initial conditions and every
pair of exogenous disturbance and reference signal inputs, the state ¢ (¢) is bounded,
i.e. the system enjoys the bounded-input bounded-state property. What is surprising
and unexpected is that for 8 = 0, the closed-loop system enjoys much nicer properties,
and clearly this does not follow in any obvious way by taking the limit as § — 0 of
what is proven in the classical setup of [15,16].

Remark 9 The approach taken in our proof is motivated by our earlier work on the
first-order one-step-ahead adaptive controller [32]; here we use Kreisselmeier’s result
on time-varying systems given in Proposition 2 in place of a lemma used in [32]
for time-varying first-order systems. While the layout of our proof has a superficial
similarity to that to [15,16], in that we both partition the timescale in terms of the size
of state (in the case of [15,16]) or the size of the disturbance scaled by the state (here),
on closer inspection it is clear that they differ significantly.

Remark 10 With G(r,z7") = 7, 8:()z ™" := B(t,z7")P(r,z~") it is possible to

use arguments like those in [34] to prove, when the disturbance d is identically zero,
a weak tracking result of the form

@ Springer



19 Page 14 of 51 Mathematics of Control, Signals, and Systems (2018) 30:19

lm[iyyu—o—ikmwa—w}—o

Since the main goal of the paper is on stability issues, we omit the proof. However,
we do discuss step tracking in a later section.

Proof Fix 8§ € (0,00l and A € (A, 1). Lettg € Z, 6y € S, 0* € S, ¢9 € R*", and
v*,d € |l be arbitrary. Define r via (12). Now choose A1 € (4, A).

We have to be careful in how to apply Proposition 2 to (13)—we need the A(¢)
term to be something which we can bound using Proposition 1. So define

e(t+1)
lle (1)11?

A1) := ps(@p (1), e(r + 1)) Bip(n)"; 15)

it is easy to check that

A@)p(t) = ps(d(t), e(t + 1)) Bre(t + 1)
and that

le(t + 1)|
AW = : ’
IAMI = ps(@ (1), et + 1)) ————== o @)l

which is a term which plays a key role in Proposition 1. We can now rewrite (13) as

P+ 1) =[A@) + AWD)]P(1) + Bi [1 — ps(¢p (1), et + 1)]e(r + 1) +Bor (1).

=m(t)

(16)
If ps (@ (1), e(t + 1)) = 1 then n(t) = 0, but if ps(¢ (1), e(t + 1)) = O then
le(t + DI = CISI + &g @II;
but we also know that
e(t+1)=—0p@) +d(1) = let+ D] <2|S| x lp®)] + d®)]; (17)
combining these equations we have
ClIST+aleOI <2181 x l¢@ I + 1d @),

which implies that ||¢(¢)] < §|d(z)|; it is easy to check that this holds even when
6 = oo. Using (17) we conclude that

218
|mm§<J§LH)merzm. (18)
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_ We now analyse (16). We let ®(z, 7) denote the transition matrix associated with
A(t) + A(t); this matrix clearly implicitly depends on 6, 6*, d and r. From Lemma 1
there exists a constant y; so that

IA@D ) < yir, =0, t =1, (19)
and for every t > k > 1y, we have

t—1
D IAG+ 1D = AG)|
j=k
1/2
le(j + DI
()12

t—1

<n | D ps@(). e+ 1)

j=k

(t — k)2, (20)

Using the definition of A given in (15) and the Cauchy—Schwarz inequality, we also
have

t—1
> oIAaml
j=k

t—1

< | Y ps@(). e+ 1)

j=k

172

. 1 2
UA VP 2 s k=0 @D

I (HII>

At this point we consider two cases: the easier case in which there is no noise, and the
harder case in which there is noise.
Casel:d(t) =0,1 > 1.

Using the bound on 7(¢) given in (18), in this case (16) becomes

ot +1) =[A@) + AD)]p () + Bar (1), t > 1. (22)

The bound on V (¢) given by Proposition 1 simplifies to

[e(j + DI?

- , t>1tg+ 1.
I ()%

1 t—1
V() < Vo) =5 Y (@) e+ 1)

J=to
Since V(-) > 0 and V (fp) = ||6p — 6*||*> < 4||S||%, this means that
t—1

> 5@ (). e+ 1)

J=to

le(j + DT?

S = 2V < 8IS |1
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Hence, from (20) and (21) we conclude that

t—1

STIAG+ 1D = Al < 8 PnlISIE — k)2,
j=k

t—1

SIAGI =82Sl =)' 1 >k = 1.
j=k

Now we apply Proposition 2: we set
aw=po=m=p =0 o =82y|S|. p1=87ISI. p=>r

Following Remark 3 it is now trivial to choose N € N so that ﬁ — A1 > 0, namely
14!

. In(y1)
N = int [m} +1, (23)

which means that

o=t 2o L (2,
2ty Ny yll/N 1] -

From Proposition 2 we see that there exists a constant y, so that the state transition
matrix ® (¢, ) corresponding to A(r) + A(t) satisfies

@@, ) <A ™7, >1>1.

If we now apply this to (22), we end up with the desired bound:

k—1
g < y22 Pl p o) | + D v (D, k= 1o

J=to

Case 2: d(t) # 0 for some t > 1.

This case is much more involved since noise can radically affect parameter esti-
mation. Indeed, even if the parameter estimate is quite accurate at a point in time,
the introduction of a large noise signal (large relative to the size of ¢ (¢)) can create a
highly inaccurate parameter estimate. To proceed, we partition the timeline into two
parts: one in which the noise is small versus ¢ and one where it is not; the actual
choice of the line of division will become clear as the proof progresses. To this end,
with ¢ > 0 to be chosen shortly, partition {j € Z : j > #(} into two sets:

[d(jH1? }
<é&g,

Soood :=13J > 1o : j 0and ————
good {J>’° o0) #0and s P
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: : [d()]?
- > 0 - _ > L.
Sbad {J >10:¢(j)=0or DI = 8}
clearly{j € Z: j > 19} = SgoodUSbad. Observe that this partition clearly depends on
6o, 6*, o, d and r /y*. We will apply Proposition 2 to analyse the closed-loop system
behaviour on Sgp0d; on the other hand, we will easily obtain bounds on the system
behaviour on Spaq. Before doing so, we partition the time index {j € Z : j > tp} into
intervals which oscillate between Sgooq and Spaq. To this end, it is easy to see that we
can define a (possibly infinite) sequence of intervals of the form [k;, k;41) satisfying:

(i) ki =1y, and
(ii) [k;, k;y1) either belongs t0 Sgood OF Spad, and
(iii) if k;1+1 # oo and [k;, ki 1) belongs to Sgood (respectively, Spad), then the interval
[kiy1, ki+2) must belong to Spaq (respectively, Sgood)-

Now we turn to analysing the behaviour during each interval.
Sub-Case 2.1: [ki , k,’+1) lies in Sbad~

12
Let j € [k;, ki11) be arbitrary. In this case either ¢(j) = 0 or ”[28.;]”2 > ¢ holds.

In either case we have
. 1 o
lp (DIl = mld(J)l, J € lki, kiy1). (24)
From (13) and (17) we see that

oG+ DI = alle(DI + CISI x gD+ 1d DT+ (DD
1
< [+ @+ 2081 =z dWDI+1r(DIs J € ks kiv). (25)
—_—

=3

If we combine this with (24), we conclude that

1 . .
. “1d ()] J=ki
<o . , : 26
19l = {(1 TG~ DI+ G =Dl =kt ki, 0
Sub-Case 2.2: [ki , ki+1) lies in Sgood-
Let j € [k;, ki+1) be arbitrary. In this case ¢ (j) # 0 and
[d()P .
ey <6 J € ki kisn),
le (I v
which implies that
o d(j)? .
ps(@(j),e(j+1)) <e, jelkikit). 27

(I
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From Proposition 1 we have that

_ = —Le(j + 1)? +2d(j)> i
VB < VO + Y m@ (), ej + 2 E U e ok
= (I
using (27) and the fact that 0 < V (+) < 4||S|1?, we obtain
k—1 . 2 k—1 N2
. e(j+1) . 2d())
, + 1) ——F <2V(k)+2 , +1)———
j;kps(m) e+ D)oy <2V b ;pmm e+ D)

<8ISIP +4ek—k), ki <k <k <k
Hence, using this in (20) and (21) yields

k—1
STIAG + 1) — AP < niBISI* +4ek — D12k — '/
j=k

< Y82 Slk =02 + 2016 Pk — k), ki <k <k <kipa,

as well as

k-1
D IADN < BISIP +4ek — 01k — k)'/?
Jj=k
<828k —)'? + 262k — k)., ki <k <k=<kis1.

Now we will apply Proposition 2: we set

a=po=0, ar=ps8?S|I, B =85,
ar =2ye'?, pp=2¢"2, pu=n.

With N chosen as in Case 1 via (23), we have that § := % — A1 > 0; we need
1%

1

a2+& < _év
N Ny

82
8yZ(MN+D?2
that there exists a constant y4 so that the state transition matrix ® (¢, 7) corresponding
to A(t) + A(r) satisfies

which will certainly be the case if we set & := From Proposition 2 we see

(@, )| < yad ™", ki <T <t <kiyi.
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If we now apply this to (16) and use (18) to provide a bound on 7(#), we end up with

) < yar il (k)|
ISI .\ ey .
+(25 1) 2w T DI+ DD, ki <k ki (28)
J=ki

This completes Sub-Case 2.2.
Now we combine Sub-Case 2.1 and Sub-Case 2.2 into a general bound on ¢ (7).
Define

. V3 IS]] V3
Vs .=max{l, 1 +m,7/4,y4 <2T+2+m .

It remains to prove

Claim The following bound holds:

k—1
g < ys2 " ligoll + Y ysA ' (Ar(DI+ 1A, k=10, (29)

J=to

Proof of the Claim 1f [ki, ko) = [t9, k2) C Sgood, then (29) holds for k € [tg, k2] by
(28). If [0, k2) C Spad, then from (26) we obtain

o [leGn1 = ligol j=k =1t
"¢(1)"f{(1+ﬁ>|d(j—1)|+|r<j—1)| J=k+ 1.k

which means that (29) holds for k € [fy, k2] for this case as well.
We now use induction—suppose that (29) holds for k € [k, k;]; we need to prove
that it holds for k € (k;, kj+1] as well. If [k;, ki+1) C Spaq then from (26) we have

. V3 . . .
16 = (14 =5 ) 140G = DI+1rG = DI j = ki Lok,

which means that (29) holds fork € (k;, ki 1]. Onthe other hand, if [k;, ki 1) C Sgoods
then k; — 1 € Spaq; from (26) we have that

ol = (14275 ) 1dt = DI+ Ik = D,

Using (28) to analyse the behaviour on [k;, k;+1], we have

S k—1 '
lp (ol < yar* Skl + (2% + 1> ya Y NI (e G
J=ki
V3

k—k; RER
< vk R+

Nd(ki = DI+ |r(ki — DI+
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+v4 (2@ + 1) kf KA (DI 1d (D
8 i

S k—1 .
<[n (14 )+ eS| ¥ 0+

Jj=ki—1
k—1
<ys Y MU DIH Ir D, k=ki+ 1, kg,
J=to
as desired. O
This completes the proof. O

5 Tolerance to time variations

The linear-like bound proven in Theorem 1 can be leveraged to prove that the same
behaviour will result even in the presence of slow time variations with occasional
jumps. So suppose that the actual plant model is

y(t+1) =0T 0* 1) +d(1), ¢(to) = do, (30)

with 6*(r) € S forall r € R. We adopt a common model of acceptable time variations
used in adaptive control: with ¢ > 0 and ¢ > 0, we let s(S, cp, €) denote the subset
of I,o(R?") whose elements 6* satisfy 6*(¢) € S for every ¢ € Z as well as

nh—1

ZlIG*(I-i-l)—@*(t)ll <coter—1), h>n (€29)

=n

for every t; € Z. We will now show that, for every ¢y > 0, the approach tolerates
time-varying parameters in s(S, co, €) if € is small enough.

Theorem 2 Forevery$ € (0,00], A1 € (A, 1) and cog > 0, there exists ac; > 0 and
e > Osothatforeveryty € 2,0y € S, 0™ € s(S, co, €), ¢po € R, and y*,d € Lo,
when the adaptive controller (7), (8) and (11) is applied to the time-varying plant
(30), the following holds:

k—1
oI < erny ligoll + > erdt ™ T Ur DI+ 1d(DD. k= 1o

J=to

Proof Fix § € (0,00], A1 € (A, 1), 2 € (A,A1) and g > 0. Letrg € Z, 6 € S,
¢o € R¥, and y*, d € o be arbitrary. With m € N, we will consider ¢ (¢) on
intervals of the form [#g 4 im, to + (i + 1)m]; we will be analysing these intervals
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in groups of m (to be chosen shortly); we set ¢ = %, and let 6* € s(S, cg, €) be
arbitrary.
First of all, for i € Z™ we can rewrite the plant equation as

y(t +1) = p0) 0% (tg +im) +dt) + o) [0 (1) — 0% (10 + im)],
=:(t)

telty+im, to+ (i + Dym]. (32)

Theorem 1 applied to (32) says that there exists a constant ¢ > 0 so that
1—1
@Il < A" ig o +im)ll + Y AT Ar()I+ A + 17D,
Jj=to+im

telto+im, to+ (i + Dml.

The above is a difference inequality associated with a first-order system; using this
observation together with the fact that ¢ > 1, we see that if we define

Y+ D =2p@)+r@)]+1d@®)|+ |n@)|, telto+im,to+ (@ + 1)m—1],
with ¥ (fo + im) = ||¢p(to + im)]||, then
eI < cy(r), te€lto+im,to+ (@ + m].

Now we analyse this equation fori =0, 1, ...,m — 1.
Case 1: |n(1)| < 2%()\1 — Mo @) forall t € [to + im, ty + (i + 1)m].
In this case
Y +1) <Ay @) +r@)]+ d@)| + n)]
1
<A@ +r@)] +1d@)| + %(M — M)y (1)

A4+ A . .
< < 3 >1ﬁ(t)+|r(t)|+ ld(@®)], t € [to+im, to+ (i + Dm],

which means that

t—1

A4 A t—=1-j
) ( - ‘) Ur(Hl + 4G,

= 2
J=to+im

A A t—to—im
W(t)ls( +2 1) (G0 + im)| +

t=ty+im, .. to+ (i + 1)m.
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This, in turn, implies that

. A+ \” )
||¢(t0+(l+1)m)||50< 5 ) llé(to + im)|

to+(+1)m—1 to+(i+1)m—1—j
A+ A\ . .
Py c( . ) ()l + 1D,

Jj=to+im

(33)

Case 2: |n(1)| > %()\1 — M@ ()] for some t € [ty + im, tg + (i + 1)m].
Since 6*(t) € S fort > g, we see

(O] = 2SIl x @, t € [to+im, 1o+ (@ + Dm].

This means that
Y +1) <Ay @)+ r@)] + d@)| + n)]
SAY@) +rO +1d@O] +2|Slley (1)
S +2SD @) + rO] + 1d@)], t € [to +im, 1o+ (@ + Dm],
—————
=1
which means that

WOl < yi " (o + im)|

t—1
—j—1 . . . .
+ D W T DI+ 1D, t=to+im, .. to+ (i + Dm.
Jj=to+im

This, in turn, implies that

g (o + G + Dm)|| < eyl to + im) |
to+(i+1)m—1 _ _
A SN 075 L (AR IO

Jj=to+im

<cy"llgto + im)||

+(@i+1m—1
21 \""
e <)» + Al ) Z

Jj=to+im

<)L T A >to+(i+1)mj1

2 (rDI+1dHD. (34)

On the interval [fg, g + m?] there are m subintervals of length m; furthermore,
because of the choice of ¢ we have that

to+m271
DT 0FG+ 1D = 0* (DIl < co + em® < 2.

J=to
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A simple calculation reveals that there are at most Ny := f‘o‘ subintervals which

fall into the category of Case 2, with the remaining number falling into the category
of Case 1. Henceforth, we assume that m > Nj. If we use (33) and (34) to analyse
the behaviour of the closed-loop system on the interval [7g, fo + m?], we end up with
a crude bound of

m(m—Ny)
> ) ll¢ (o)l

m? to+m 21 to+m*—j—1
)L " 0 J
) ( ha ) (r(HI+1d (D).

2
J=to

lp (1o +m>)|| < ™y (

A+A (en’) <A+A1
(35)

At this point we would like to choose m so that

2
A A m —mN1 ) 2 mNy 2 m
Nim 1 m m. Nim 1
" <M & c < ;
i ( 2 ) - " A+ A T\ +A

2M1
A+A

notice that > 1, so if we take the log of both sides, we see that we need

m In + min + m in m- 1n ,
¢ ! " ! A+ A AM+A

which will clearly be the case for large enough m, so at this point we choose such an
m. It follows from (35) that there exists a constant y» so that

to+m 21
lp o +mAI < X ol +v2 3 AT () + 1D,

J=to

Indeed, the same bound holds regardless of the interval of analysis:

T+m2—1
I +mIl =2 le @l +y2 Y AT ()l + 1D, T2 10

j=t
Solving iteratively yields
I (to + im™)||

to+zmz 1
< lpl+y2 Y AT () +1d(HD, P2 0. (36)
J=to
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We now combine this bound with the bounds which hold on the good intervals (33)
and the bad intervals (34) and conclude that there exists a constant y3 so that

t—1
o @Il < vshi lleo)ll + v Y 477 Ar (DI + (D). 1= 1.

J=to

as desired. O

6 Tolerance to unmodelled dynamics

Due to the linear-like bounds proven in Theorems 1 and 2, we can use the Small Gain
Theorem to good effect to prove the tolerance of the closed-loop system to unmodelled
dynamics. However, since the controller, and therefore the closed-loop system, is
nonlinear, handling initial conditions is more subtle: in the linear time-invariant case
we can separate out the effect of initial conditions from that of the forcing functions
(r/y* and d), but in our situation they are intertwined. We proceed by looking at two
cases—with and without initial conditions. In all of the cases we consider the time-
varying plant (30) with da (¢) added to represent the effect of unmodelled dynamics:

Y +1) =0 0% (0) +d @) +da(t), $t0) = ¢o. (37)

To proceed, fix § € (0,00], A1 € (A, 1) and ¢9 > 0; from Theorem 2 there exists
acy > 0and ¢ > 0 so that for every ty € Z, ¢y € R?", O € S, y*,d € Lo,
and 6* € s(S, cp, €), when the adaptive controller (7), (8) and (11) is applied to the
time-varying plant (37), the following bound holds:

k—1
I < erif ™ lgoll + > er2 ™ Ar(DI+ 1)+ 1da(iD. k = 10. (38)

J=to
6.1 Zero initial conditions

In this case we assume that ¢(¢) = 0 for ¢t < ty; we derive a bound on the closed-

loop system behaviour in the presence of unmodelled dynamics. Suppose that the

unmodelled dynamics is of the form da (r) = (A¢)(¢) with A : I (R?") — o (R™)

a (possibly nonlinearltiTe—varying) causal map with a finite gain of ||A||. It is easy to
—A1

prove that if |A]| < o then

cl
lp(K)| < ———————C(sup [[r()|l +sup ()], k > 10,
I —=2A1 —ctllAll 11 =19

i.e. a form of closed-loop stability is attained. Following the approach of Remark 7,
we could also analyse the closed-loop system using /,,-norms with 1 < p < oo.
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6.2 Nonzero initial conditions

Now we consider the case of unmodelled LTI dynamics when the plant has nonzero
initial conditions, and we develop convolution-like bounds on the closed-loop system.
To this end suppose that the unmodelled dynamics are of the form

da(r) =) Ajp(t — ), (39)

j=0

with A € R!*2; the corresponding transfer function is A(z™!) := Z?io Ajz_j. It
is easy to see that this model subsumes the classical additive uncertainty, multiplicative
uncertainty, and uncertainty in a coprime factorization, which is common in the robust
control literature, e.g. see [39], with the only constraint being that the perturbations
correspond to strictly causal terms. In order to obtain linear-like bounds on the closed-
loop behaviour, we need to impose more constraints on A(z) than in the previous
subsection: after all, if A(z™!) = Apz7P, it is clear that ||A]l = [|A,]| for all p,
but the effect on the closed-loop system varies greatly—a large value of p allows the
behaviour in the far past to affect the present. To this end, with © > O and 8 € (0, 1),
we shall restrict A(z 1) to a set of the form

o
B(u.p) =1 Ajz/ :A;j e RV and Al < pp/, j =0
j=0

It is easy to see that every transfer function in B(u, B) is analyticin {z € C : |z| > B},
so it has no poles in that region.

Now we fix u > 0 and B € (0, 1) and let Aiz7hH belong to B(u, B); the goal is
to analyse the closed-loop behaviour of (37) for ¢ > £y when da is given by (39). We
first partition da (¢) into two parts—that which depends on ¢ (¢) for + > 7y and that
which depends on ¢ (¢) for ¢ < 1y:

00 t to—1 t
da) =) Ajpt—= Y A jd(D= Y A jd(D+ D A jd(i).

j=0 j=—00 j=—00 j=to

=:dy (1) =d{ (1)

It is clear that

t
EROIED a1
J=t
to—1 o)

ldxy O < > wB eI =up ™Y Bllgto— NI, =10

j=—00 J=1
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If¢(¢t)isboundedon {r € Z : t < 1y} then Zfozl B/ 1l¢ (to— j)|l is finite, in which case
we see that d, () goes to zero exponentially fast; henceforth, we make the reasonable

assumption that this is the case. It turns out that we can easily bound da (¢) with a
difference equation. To this end, consider

m(t+ 1) = pm(t) + Bllo @I, =1, (40)
with m(ty) = mg = 230:1 Bl ¢ (to — j)II; it is straightforward to prove that
lda )] < ldx )| + 1dy (O] < pm(@) + pld @O, 1> to. (41)

This model of unmodelled dynamics is similar to that used in the adaptive control
literature, e.g. see [10].

Theorem 3 For every 8 € (0,1) and A» € (max{Ay, B}, 1), there exist i > 0
and ¢ > 0 so that for every ty € Z, ¢y € R¥ myp eR, 6 €S, v d € ls,
0* € s(S, co, &) and 1 € (0, 1), when the adaptive controller (7), (8) and (11) is
applied to the time-varying plant (37) with d satisfying (40) and (41), the following
bound holds:

k—1
11 < 2257 Ulgoll + lmol) + 3 225~ /()] + Ir()HD. &k = 0.

J=to

Proof Fix 8 € (0, 1) and A € (max{A{, B}, 1). The first step is to convert difference
inequalities to difference equations. To this end, consider the difference equation

ot +1) = 1d@t) +cilr(®)| + c1ld(®)]
+erpi(t) + ciud(t), dlto) = cillgto)ll, (42)

together with the difference equation based on (40):
m(t +1) = () + (1), (i) = Imol. (43)
It is easy to use induction together with (38), (40), and (41) to prove that
lg1l < @, Im@®] <m@), =1 (44)

If we combine the difference equations (42) with (43), we end up with

e+ D] _[rm+cpean][o@ cl
|:rﬁ(t+ 1)} - [ B B } [nw)} + [ 0 } (dO +r(D), t=1. (45)
—_—

Act (i)
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Now we see that A () — |:);31 21| as u — 0, and this matrix has eigenvalues of
{XA1, B}. Now choose it > 0 so that all eigenvaluis arelless than ()‘72 + % max{A, B})
2

in magnitude for u € (0, ], and define ¢ := % — 5 max{A;, B}. Using the proof
technique of Desoer in [40], we can conclude that for & € (0, ft], we have

34284+ 2c1t
lAa (W < (i—2) M, k=0

=V

if we use this in (45) and then apply the bounds in (44), it follows that

k—1
— k—1—j . .
161l < cryans (ol + Imol) + > cryads ()l +Ir(HD. k& = 1o,
J=to
as desired. O

7 Step tracking

If the plant is non-minimum phase, it is not possible to track an arbitrary bounded
reference signal using a bounded control signal. However, as long as the plant does
not have a zero at z = 1, it is possible to modify the controller design procedure
to achieve asymptotic step tracking if there is no noise/disturbance. So at this point
assume that the corresponding plant polynomial B(z~') has no zero at z = 1 for any
plant model 6* € S. To proceed, we use the standard trick from the literature, e.g. see
[34]: we still estimate A(z~!) and B(z~!) as before, but we now design the control
law slightly differently. To this end, we first define

At,z7 Y =1 —z7HAw, 7Y,

and then let A*(z~!) be a 2(n + 1)th monic polynomial (rather than a 2nth one) of the
form

A Y =14aiz7 !+t ad, 0

so that 72D A*(z~1) has all of its zeros in D°. Next, we choose two polynomial

Ltz H=14+L0z "+ + )z !
and P(1,27 ") = p1()z " 4+ + pus1 (7"

which satisfy the equation
A,z HLa, Y+ Ba, 2 HPG 2 = AT (46)
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since A(r, z~') and f?(t, z D are coprime, there exist unique L(t,z" ") and Is(t, z7h
which satisfy this equation. We now define

L,z Yy =1+0L@z "+ 40z " =0 -z HLt, 27
at time ¢t we choose u(t) so that

u(t) = =t — Du(t — 1) — - — Lyya(t — Dult —n —2)
—pi1t — Dy —1) —y*(r = D]
— = Pt =Dyt —n —1) —y*(t —n — D).

We can use a modified version of the argument used in the proof of Theorem 1 to
conclude that a similar type of result holds here; we can also prove that asymptotic
step tracking will be attained if the noise is zero and the reference signal y* is constant.
The details are omitted.

8 Relaxing the convexity requirement

The convexity and coprimeness assumptions on the set of admissible plant parameters
play a crucial role in obtaining the nice closed-loop properties provided in Theorems 1—
3. Here we will show that it is possible to weaken the convexity requirement if the
goal is to place all closed-loop poles at zero, although it is at the expense of using
a more complicated controller. Our proposed approach is modelled on the first-order
one-step-ahead control setup (see [32,41]) which is deadbeat in nature; of course, here
the plant may not be first order, which increases the complexity. While we would like
to remove the convexity requirement completely, at present we are only able to weaken
it. So in this section we replace Assumption 1 with

Assumption 2: S C §; U S; with S; and S, convex and compact, and for each
0 € S1US,, the corresponding pair of polynomials A(z~") and B(z ") are coprime.

The idea is to use an estimator for each of S; and S», and at each point in time we
choose which one to use in the control law. Before proceeding, define

§ == max{[|S1], [S211}-

8.1 Parameter estimation

For each S; and éi (tp) € S;, we construct an estimator which generates an estimate
é,- (t) € S; ateach r > ty. Motivated by (4) and (5), the associated prediction error is
defined as .

et +1) =y +1) -0 6i@), (47)

@ Springer



Mathematics of Control, Signals, and Systems (2018) 30:19 Page290of51 19

and the parameter update law is given by

6:0) + gimeit + D) if ¢ #0

6it+1) = X0l 48
¢+ 9 (1) if p(r) =0, (48)
0;(t + 1) = 75, (B (t + 1)). (49)

(For ease of exposition, we do not use the more general version of the estimator
equation in (7) and (8).) Associated with this estimator is the parameter estimation
error 91- (1) == éi(t) — 6* as well as the corresponding Lyapunov function V;(t) :=
6i ()76, (1)

8.2 The switching control law

The elements of 6; () are partitioned as
0i(t) = [=ai1 (1) -+ —ain®) bia@ - bin@1';

associated with these estimates are the polynomials

-2

Atz Y =14a.07 a0z 2+ aa.0z ",
Bi(t, 27"y = bia()z ™ + bia(t)z % 4 by ()"

Next, we choose the following polynomials

Litt,z Y =14+ h10z  +hia0z 2+ + (027",
Ptz ) = piaz 4 piaz 24+ piat)z "

to place all closed-loop poles at zero, so we need
Atz DEi 2 + Btz DRz = 1.

Given the assumptlon that the A (1, z7 1 and B (t,z7') are coprime, we know that
there exist unique Li(t,z7 ") and P (t,z7h which satlsfy this equation; it is also easy
to prove that the coefficients of L (t,z71 and P (t,z7 1) are analytic functions of
6i(1) € Si.
We can now discuss the candidate control law to be used. Define the controller gain
by
Ki(0) = [=pin@) -+ = pin@®) —lin@) -+ —l,01

and a switching signal o : Z +— {1, 2} that decides which gain to use at any given
point in time. A natural choice for a control law is

u(t) = Koyt = Dot = 1)+ Y Poy.j(t = Dy*t = j);  (50)

j=1
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the above control law is similar to that given in (11) but with the controller gains
chosen between the two choices at each point in time.
The most obvious choice of o (¢) is to define it by

argmin{|e; (¢)], le2(2)|}.

While this works in every simulation that we have tried, the proof remains elusive.
Hence, we try another approach, which is based on our earlier work in the first-
order one-step-ahead setting [41], and exploits the deadbeat nature of the problem.
Using the natural notation of AU(I)(I) to represent the A(t) matrix of (12) as well as
F(t) = Z?:] Doy, j(®)y*(t — j + 1), the closed-loop behaviour is captured by

Pt +1) = Ay (NP (1) + Bieo ) (t + 1) + Bar (0). D
While A, () (¢) is a deadbeat matrix for every ¢, the product
Aoty (1) X Ag—1)(t =1) X -+ X Agy)(00), 1= 10

will not usually have all eigenvalues at zero. Hence, the method of analysis used in
[41] will not work for the proposed control law (50). A natural attempt to alleviate
the problem is to hold o (¢) constant in (50) for 2n steps at a time; the difficulty now
is that Ag(,) () is still changing since éi () still changes. A natural solution to this
problem is to update the estimators every 2n steps as well; the difficulty here is that
we end up with no information about e; (r 4 1) between the updates, so the closed-loop
system is not amenable to analysis. So our proposed solution procedure will need to
be different: we are going to change o (¢) every N > 2n steps; we keep the estimators
running, but adjust the control parameters every N > 2n steps as well. The effect of
this will become clear in the proof of the main result of this section. To this end, we
define a sequence of switching times as follows: we initialize # := #( and then define

fy ==ty + LN, £ € N.
So now define the associated controller parameters by

Ki(t) == [=pi1(fe) - — pinlte) —lia(Ge) - —ii,n(fz)]T, t €lfy,fgy1), L€ZT,
(52)
the switching signal by

o(t) =o(le), t€lip,fer1), L€ZT, (53)

and the suitably revised definition of r(-):

n
r(r) = Zﬁa(fg),j(f@)y*(t —j+ D, teligfey), e
=1
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We now define the control law as
u(t) = Kooyt —D'pt =D +r@t =1, t>1n. (54)

What remains to be defined is the choice of switching signal o (#;). To this end, we
define a performance signal J; : {fo, 71, ...} — R for estimator i, which produces a
measure of “accuracy” of estimation; for £ € Z™, we define

. 0 if¢(j) =0forall j € [fe, fe11),
Ji(te) == max lei G+ D] otherwise (55)
jetinivn, g0 191 '

Before proceeding, assume that 6* € S, so there exists one or more j € {1, 2} so that
0* € S;; throughout the remainder of this section, let i* denote the smallest such
j. With o (fo) = 0p, we use the following switching rule:

o (fgy1) = argmin J;(fy), LeZT; (56)
ie(1.2)

for the case when Ji(fy) = J>(f;), we (somewhat arbitrarily) select o (1) to be 1.
Before presenting the main result of this section, we first show that the logic in (56)
yields a desirable closed-loop property.

Lemma 2 Consider the plant (1) subject to Assumption 2 and suppose that the
controller consisting of the estimator (48) and (49), the control law (54), the per-
formance signal (55) and the switching rule (56) is applied. Then for every to € Z,
do € R o) € (1,2}, N>1,0*€S, éi(to) €S (i=1,2)and y*,d € loo, we
have that, for any £ > 0, either

(a) Jo(f[)(fe) < Ji*(fg), or
(b) Ty iy, Fes1) < Jix (Het1).

Proof Fix tg € Z, ¢o € R*, 09 € {1,2}, N > 1, 0* € S, 6: (tp) € Si (i = 1, 2), and
v*,d € £x; let £ > 0 be arbitrary. We know that 6* € S;+. Assume that (a) does not
hold, i.e. JU(;()(I}) > J;+(fy); then according to (56), this means that o (fp41) = i*,
i.e. (b) will hold. O

In the above we do not make any claim that 6* € S;(;) at any time; it only makes
a statement about the size of the prediction error. It turns out that this is enough to
ensure that closed-loop stability is attained. Next, we present the main result of this
section.
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8.3 Theresult

Theorem 4 Consider the plant (1) subject to Assumption 2 and suppose that the
controller consisting of the estimator (48), (49), the control law (54), the perfor-
mance signal (55) and the switching rule (56) is applied to the plant. For every
A € (0,1)and N > 2n, there exists a constant y > 0 such that for every ty € Z,
o € R? o € {1,2}, 6% € S, éi(to) €S (i=1,2), and y*,d € L, the follow-
ing bound holds:

t—1
lp @ <y =lgoll +y Y AT AN+ Ir(HD. £ =10, (5T)

J=to

Proof See Appendix. O

Remark 11 The approach taken in this proof differs a fair bit from that of Theorem 1
and does not make use of Kreisselmeier’s result given in Proposition 2. Indeed, we
spend the first half of the proof converting the closed-loop system into a first-order
difference inequality which describes the closed-loop system every 2N steps, and the
remainder of the proof consists of a modification of the arguments from our earlier
work on the first-order one-step-ahead controller [32] to fit this new setting.

Remark 12 1t turns out that the controller presented in this section enjoys the same
tolerance to slowly time-varying parameters and to unmodelled dynamics as the one
designed for the case of S convex. First of all, the proof for the case of unmodelled
dynamics is identical to that of Theorem 3. Second of all, the proof for the case of
time-varying parameters given in Theorem 2 just requires a small adjustment: simply
choose the free parameter m > Nj to be an integer multiple of N. Here we have made
use of one of the most desirable features of the approach, namely that of modularity.

Remark 13 1t is natural to ask if the proposed approach would work if S C Ulp: 1 Si
with each §; compact and convex sets and for which the corresponding pair of poly-
nomials A(z~!) and B(z™") are coprime. (After all, if S is simply compact we can use
the Heine—Borel Theorem to prove the existence of such S;’s.) While the proposed
controller (48), (49), (54), (55) and (56) is well defined in this case, we have been
unable to prove that it will work; a potential problem is that the switching algorithm
could oscillate between two bad choices and never (or rarely) choose the correct one.
We are presently working on a more complicated switching algorithm which does not
have that problem.

9 Some simulation examples
Here we start with an example which satisfies Assumption 1; in Sect. 9.1 we focus on

stability and in Sect. 9.2 we expand this to step tracking. We then move to an example
which satisfies Assumption 2 and illustrate the switching controller of Sect. 8.
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Fig. 1 A comparison of the ideal algorithm (solid) and the classical algorithm (dashed) with a nonzero
initial condition and no noise (top plot) and a zero initial condition and noise (bottom plot)

9.1 Stability

Here we provide an example to illustrate the benefit of the proposed adaptive controller.
To this end, consider the second-order plant

yt+1) =—ai(®)y@) —ax@)y — 1) + bi(Du(r) + ba(t)ut — 1) +d (1)

with a1 (t) € [0,2], ax(t) € [1,3], b1(r) € [0, 1], and by(¢) € [—5, —2]. If the
parameters were fixed, then every admissible model is unstable and non-minimum
phase, which makes this a challenging plant to control; indeed, it has two complex
unstable poles together with a zero that can lie anywhere in [2, 00). Last of all, for
simplicity set § = oo.

In this subsection we consider the problem of stability only—we set y* = 0. First,
we compare the ideal algorithm (4)—(5) (with projection onto S) with the classical one
(3) (suitably modified to have projection onto §); in both cases we couple the estimator
with the adaptive pole placement controller (11) where we place all closed-loop poles
at zero. In the case of the classical estimator (3), we arbitrarily set « = g = 1.
Suppose that the plant parameters are constant: (ay, az, b1, by) = (2,3, 1, —2), but
the initial estimate is set to the midpoint of the interval. In the first simulation we set
y(0) = y(—1) = 0.01 and u(—1) = 0 and set the noise d(t) to zero—see the top plot
of Fig. 1. In the second simulation we set y(0) = y(—1) = u(—1) = 0 and the noise
to d(t) = 0.01 * sin(57)—see the bottom plot of Fig. 1. In both cases the controller
based on the ideal algorithm (4)—(5) is clearly superior to the one based on the classical
algorithm (3).

Now we compare the two adaptive controllers when applied to a time-varying
version of the plant with unmodelled dynamics, a zero initial condition, and a nonzero
noise. More specifically, we set

ai(t) =14 sin(.001¢), ax(t) =2 + cos(.001¢), bi(¢r) = 0.5 4 0.5sin(.005¢),
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Fig.2 The system behaviour with time-varying parameters and unmodelled dynamics; the parameters are
dashed and the estimates are solid. The ideal algorithm is used in the left-most plots, while the classical
algorithm is used in the right-most plots

by(t) = —3.5+ 1.55in(.005¢), d(t) = 0.01sin(5¢).
For the unmodelled part of the plant, we use a term of the form discussed in Sect. 6.2:

m(t + 1) = 0.75m(t) + 0.751¢ ()|, m(0) = 0,
s = 10 t=0,1,..,4999
AN =0 0.025m(r) +0.025)¢ (1) ¢t > 5000.

We plot the result in Fig. 2. We see that the controller based on the ideal algorithm
is clearly superior to the one based on the classical algorithm, in the sense that the
average size of the output y(#) is smaller (by a factor of about three), and the parameter
estimates are more accurate; the latter property stems from the fact that the classical
estimator tends to have a low gain when the signals are small, unlike the ideal estimator.

9.2 Step tracking

The plant in the previous subsection has a large amount of uncertainty, as well as a
wide range of unstable poles and non-minimum phase zeros, which means that there
are limits on the quality of the transient behaviour even if the parameters were fixed
and known. Hence, to illustrate the tracking ability we look at a subclass of systems:
one with a; and by as before, namely a;(t) € [0, 2] and b;(¢) € [0, 1], but now
with a = 1 and b, = —3.5. With fixed parameters the corresponding system is still
unstable and non-minimum phase.
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Fig.3 The pole placement tracking controller with time-varying parameters and small noise; the parameters
are dashed and the estimates are solid

We simulate the closed-loop pole placement step tracking controller of Sect. 7 with
a zero initial condition, initial parameter estimates at the midpoints of the admissible
intervals, and with time-varying parameters:

a1 (t) = 1+ sin(.002¢), by (t) = 0.5 + 0.5 cos(.005¢),

with a nonzero disturbance:

() = 0.01sin(5¢) ¢t =0,1,...,2499
~ 1 0.05sin(5¢) ¢ = 2500, ..., 4999,

and a square wave reference signal of y*(f) = sgn[sin(0.01¢)]. We plot the result in
Fig. 3; we see that the parameter estimates crudely follows the system parameters,
with less accuracy than in the previous subsection, partly due to the fact that the
constant setpoint dominates the estimation process and leads to higher inaccuracy. As
a result, y(¢) does a good job of following y* on average, but with the occasional
flurry of activity when the parameter estimates are highly inaccurate. When the noise
is increased fivefold at k& = 2500, the behaviour degrades only slightly.

9.3 Removing convexity assumption

Next we illustrate the case when the set of admissible plant parameters satisfies
Assumption 2 but not Assumption 1; we will consider a second-order plant with
0* belonging to S C S; U Sz, with 1 equal to the set S of the previous example and
&> equal to Sy but with a sign added on the b; parameters:

ai
S = {[Zﬁ} eR*:a, €10,2],a2 €[1,3], b1 €0, 1], b3 € [-5, —2]},
by

ay
S = {[Zf} eR*:a,€10,2],a2 €[1,3],b; € [—1,0], b5 € [2,5]};
by

@ Springer



19 Page360f51 Mathematics of Control, Signals, and Systems (2018) 30:19

notice that convex hull of §; U &; includes the case of having by = b, = 0, which
means that the corresponding system is not stabilizable. We will apply the proposed
controller of Sect. 8 to the time-varying plant with a zero initial condition and reference
signal, and a nonzero noise. Specifically, we set aj (¢) and a,(¢) as in Sect. 9.1:

ai(t) =14 5sin(.001¢), ax(t) = 2 + cos(.001¢),
but now we set by (¢) and by (¢) to be

bt = —0.5 — 0.5in(.005¢) 1500 < ¢ < 8000
771 0.5 4 0.55in(.005¢)  otherwise,

bo(t) = 3.5 — 1.5sin(.005¢) 1500 < r < 8000
2% =1 =3.5 4 1.55in(.005¢) otherwise.

We apply the proposed switching controller consisting of the estimator (48), (49), the
control law (54), the performance signal (55) and the switching rule (56); we choose
N = 2n = 4. Here we also set y* = 0, y(0) = y(—1) = u(—1) = 0 and the noise to
d(t) = 0.01 sin(5¢). Initial parameter estimates él- (0) are set to the midpoints of each
respective interval, and we set o9 = 2.

The result for this case is plotted in Fig. 4; we see that the controller does areasonable
job, even though the switching algorithm often chooses the wrong model. Larger
transients (than in the simulation of Sect. 9.1) occasionally ensue, but on average
the adaptive controller provides good performance. Furthermore, the estimator does a
fairly good job of tracking the time-varying parameter.

10 Summary and conclusions

Here we show that if the original, ideal, projection algorithm is used in the estimation
process (subject to the assumption that the plant parameters lie in a convex, compact
set), then the corresponding pole placement adaptive controller guarantees linear-like
convolution bounds on the closed-loop behaviour, which confers exponential stability
and a bounded noise gain (in every p-norm with 1 < p < o0), unlike almost all
other parameter adaptive controllers. This can be leveraged to prove tolerance to
unmodelled dynamics and plant parameter variation. We emphasize that there is no
persistent excitation requirement of any sort; the improved performance arises from
the vigilant nature of the ideal parameter estimation algorithm.

As far as the author is aware, the linear-like convolution bound proven here is
a first in parameter adaptive control. It allows a modular approach to be used in
analysing time-varying parameters and unmodelled dynamics. This approach avoids
all of the fixes invented in the 1980s, such as signal normalization and deadzones,
used to deal with the lack of robustness to unmodelled dynamics and time-varying
parameters.

In the present paper the standard assumption is that the set of plant parameters
lies in a compact and convex set. In Sect. 8 we relaxed the convexity requirement a
bit: there the goal is to place all poles at the origin, and the convexity requirement is
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Fig.4 The upper plot shows the system output. The next four plots show the parameter estimates ég Go) (D)

(dashed) and actual plant parameters (solid). The bottom plot shows the switching signal o (7y) (dashed)
and the correct index (solid)

weakened to requiring that the set of admissible parameters lie in the union of two
convex sets; two parameter estimators are used together with a switching algorithm
to choose which estimator to use at each point in time. We are working at removing
the convexity requirement altogether: the idea is to utilize the Heine—Borel theorem to
prove that the compact set of admissible parameters lies in a finite union of convex set
(for which the corresponding numerator and denominator polynomials are coprime),
use a parameter estimator for each, and then design a switching algorithm to switch
between them. While the (natural extension of) the switching algorithm for the case of
two convex sets does not appear to work in the general case, we are presently analysing
a more complicated algorithm.

We are presently working on extending the approach to the model reference adap-
tive control setting; the analysis is turning out to be more complicated than here, in
large part due to the facts that the controller is not strictly causal (as it is here) and that
a system delay (or the relative degree of the plant transfer function) creates additional
complexity. Extending the approach to the continuous-time setting may prove chal-
lenging, since a direct application would yield a non-Lipschitz continuous estimator,
which brings with it mathematical solvability issues.
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11 Appendix

Proof of Proposition 1: Since projection does not make the parameter estimate worse,
it follows from (7) that

(1)
TP (1)
le(t + 1)|

@)l

16(t +1) — 8@ < 16t +1) — (D) < lps(p(1), et + 1)) e(t+ Dl

= ps(@(1), et + 1))

’ jul

so the first inequality holds.
We now turn to energy analysis. We first define é(t) = é(t) — 6* and \7(t) =
é(T)Té(t). Next, we subtract 6* from each side of (7), yielding

. ) (1) 5
B +1) = 60) + pp(@(1), et + 1) s =40 0(0) + d (1)
e | - @)
=|1- et +1 6(t) + 1, et + 1 ().
PE(@(). et 1) T gy | PO T @, et H D) Zrir S )
— W1 (1) =:Wa(t)
Then

V(t+1) = [(I — Wi(@0)8(0) + Wa()d()]T x [(I — Wi(0))8(t) + Wa(t)d ()]
=01 — Wi — Wi (0)16(1)
+20()T [T — Wi () IWa(0)d (1) + Wa(t)T Wa(r)d (1)

Now let us analyse the three terms on the RHS: the fact that W (t)2 = Wi(¢) allows
us to simplify the first term; the fact that Wy (r) W2 () = W»(¢) means that the second

term is zero; Wa(1)T Wa(t) = ps(¢(t), e(t + 1))m, which simplifies the third
term. We end up with
. - 7 ~ d(t)?
Vie+1)=0@) [ —Wi(D)]o@) + ps(p(1), et + 1))m
6" p @)1 d(1)*

= V() — ps(¢(1), et + 1)) ST D) + p5(p (1), e(r + 1))

d(t)* —[d@) —e(t + DI
d(OTP(1)
—Je(t+ 1) +2d(1)?
o) (1)

TP (1)

= V() + ps(p(1), et + 1))

= V() + ps(@(1), e(t + 1))
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Since projection never makes the estimate worse, it follows that

—te(t+ 1> +2d(1)?

Vi+1) = V@) +ps(@@), et + 1) SOOI H(0)

m}

Proofof Lemma 1: Fix § € (0, co] and o € (A, 1). First of all, it is well known that the
characteristic polynomial of A1) is exactly 72" A* (7)) for everyt > fo. Furthermore,
it is well known that the coefficients of i,(t, z~1) and 13(t, z~1) are the solution
of a linear equation, and are analytic functions of 0 (t) € S. Hence, there exists a
constant y; so that, for every set of initial conditions, y* € I, and d € o, we have
SUP;>y, IA@DI < »1.

To prove the first bound, we now invoke the argument used in [40], who considered
a more general time-varying situation but with more restrictions on o. By making

a slight adjustment to the first part of the proof given there, we can prove that with
Y 1= a%, then for every ¢ > 7y we have ||/i(t)k|| < yzak, k > 0, as desired.

Now we turn to the second bound. From Proposition 1 and the Cauchy—Schwarz
inequality, we obtain

t—1 t—1

A A "
S6G+ 1 -6l = Y @i e + D)L
i=k =k g (DI
t—1 G+ 172 1/2
. . e(j "
’ D) 2.
= [ L@ eU+ DG | =k

j=k
Now notice that

JAGt+1) =A@ < 10¢+1) —0@)]

+ D i+ 1D =L+ 1pit + 1) = pi))).

i=1

The fact that the coefficients of i(t, z71) and ﬁ(t, z71) are analytic functions of
6(t) € S means that there exists a constant 33 > 1 so that

t—1 t—1

STIAG+D =AM <y Y 160G+ 1 =8l

j=k j=k
so we conclude that the second bound holds as well. [

In order to prove Theorem 4, we need some preliminary results. The first
step is to extend Proposition 1 to the case when 6* may not lie in S;.
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Proposition 3 For everytyg € Z, th > 11 > to, ¢o € R?, 0* € S, 6;(19) € S;, and
d € Lo, when the estimator (48) and (49) is applied to the plant (1),

Hh—1 .
~ ~ ; 1
by -dans Y I -1 (58)
j=ngpr0 PV

Proof Since projection does not make the parameter estimate worse, it follows from
(48) and (49) that when ¢ (¢) # 0,

165+ 1) = G0l < 16+ 1) — i) < ‘ "j(t”);’(f)”t D ” < 'e’”((;(f)ﬁ)' (59)
and when 6 (1) = 0,
16;(t + 1) — 6;(t)| = 0.
The result follows by iteration. O

The next result produces a crude bound on the closed-loop behaviour.

Proposition 4  Consider the plant (1) and suppose that the controller consisting
of the estimator (48), (49) and the control law (54) is applied.8 Then for every
p > 0, there exists a constant ¢ > 1 such that for every tg € Z, t > to, ¢ € RZ”,
0* €S, 6i(19) € Si (i =1,2) and y*,d € boy:

p—1
g + Pl < Elld @+ D _(d(t + I + It + j)). (60)

J=0

Proof Fix p > 0. Letty € Z,t > 19, o € R*, 0% € S, 0;(ty) € S; (i = 1,2) and
v*,d € £ be arbitrary. From (1) we see that

ly@+ DI = ISIH¢@I + 1d(@)].
From (54) and Assumption 2, we have that there exists a constant y so that
lu(t + D] = ylloOI + [r@®)].
From the definition of ||¢ (¢ + 1)||, we have that

o+ DI < @@l + [y + DI+ [u(r + D]

8 The choice of N and the value of the switching signal o (¢) play no role.
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Combining these three bounds, we end up with

oG+ DI = A+ IS+ ) lle@N + [r@)] + [d@)].
— ——

=:a
Solving iteratively, we have

p—1
o+ pll <a’lle@®l + Zflp*j*l(ld(l + DI+ r@+)HD
j=0
p—1
<a’l¢p®)| +a""" Z(Id(t + DI+ r@+ HD.
j=0

Put ¢ := a? to conclude the proof. O

We now state a technical result which we used in [32] to analyse the first-order
one-step-ahead adaptive control problem.

Lemma3 [32] (i) Withn € NU {co}, suppose that aj € R and ¢ > 0 satisfy

n
> ajz <c.
j=0

c+l
2

Then for every A € (0, 1), ifwe define y := ¢ (%) A%H, then the following holds:

I
a
1=0"!

(ii)) Withn < p < oo, suppose thataj € R and ¢y > 0 satisfy
jtn
Sal<e j=0,1,....p—n
I=j

Then for every A € (0, 1), if c1, A and n satisfy

<yrM  j=0,1,....n.

%ﬁmm+m%+Mmm—mm>
n >
- In(2)

cp+l 5 ﬂ+1
and yy :=c; > ($)** ", then

I,
a
=0

<yr  j=01,...,p.

Proofof'l;heorem4: Fix A € (O,1)and N > 2n. Lettg € Z, ¢ € R gy € {1, 2},
0% € S,0;(th) € S; (i = 1,2),and y*, d € € be arbitrary; as usual, we let i* denote
the smallest j e {1, 2} which satisfies 6* € S;.
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As mentioned at the beginning of Sect. 8, the proposed controller is based on
the first-order one-step-ahead control setup [41], although it is more complicated.
The proof also uses similar ideas as those used in [41], but as our system is more
complicated, it should not be surprising that the proof is significantly different and
much more complicated. Hence, before proceeding we provide a proof outline: using
the definition of 7, given in Sect. 8.2:

1. first, we define a state-space equation describing ¢ (#) which holds on intervals of
the form [#¢, fo11);

2. second, we analyse this equation, getting a bound on ||¢ (fp41)|| in terms of || (7) ||
and the exogenous inputs;

3. we apply Lemma 2 and Proposition 4 to obtain a bound on ||¢ (f¢42)| in terms of
| (fo)|; i.e. we analyse two intervals at a time;

4. fourth, we then analyse the associated difference inequality (relating [|@ (f42)] in
terms of || (#¢)||) in a way similar (though not identical) to that used in [41].

Step 1: Obtain a state-space model describing ¢ (¢) for t € [fy, fo41).

By definition of the prediction error (47) and by the property of the switching signal
(53) being constant on [f¢, 7y+1), we have

Yt +1) =0 Opiy(1) + €yt + 1)
= 0,4, + epi,)t + D)+ ¢ 0,5, (E0) — d (1) 6, ()
A . o N T
= 01 WO + [0, (1) = O3y 0] 6O
te, it +1), 1 €lie, rq1). (61)

From the control law (54) and the control gains (52), we have

u(t +1) = Koy () ¢ (1) + (1)
=K,y @) o) +r@0), 1 elip o). (62)

We now derive a state-space equation for ¢ (¢) in much the same way as (13) was
derived; we first define

Ay ()
(=G0 (jy,1() —de(j)2() *+ —Aa(yn() ba(jy1 () by ]
1 0o .. 0 0 )
B 1 0 0 ) ‘
—Po (1) —Po()2U) -+ =Po(jyn() —lo(jy 1) —lo(),2() -+ =lo(jyn () |
0 0 1 0 0
i 0 0 1 0 ]
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then, in light of (61) and (62), the following holds:
¢+ 1) = A, E)d (1)
+Bi ([ 00 i) (1) — g(;l)(té):l ¢(1) + e, + 1)) + Bor (1),

t € lf, ter1), L € T, (63)

notice the additional term [ 00 i) (@) — )(fg)] on the right-hand side which (13)

U (tz
does not have.

Step 2: Obtain a bound on ||¢ (fy11)|| in terms of ||¢ (7).

In (63) we have AJ(;{)(&) € R¥"™2" to be a constant matrix with all eigenvalues
equal to zero; since N > 2n, clearly

[Ag ) @] = [Aa(z})(ff)]lv =0

So, solving (63) for ¢ (fo41) yields

¢ (fes1)
fgp1—1 ; 1
= Z [ g(;l)(fé)] e (Bl<[ o’([l)(.]) o'([z)(l[)] o)) +e()'(f£)(j + 1))
Jj=te
+Bzr(j)>. (64)

It follows from the compactness of S and the S;’s that H [AU(;[)(&)]'/

j =
0,1..., N — 1, is bounded above by a constant which we label c¢1. Using this fact
together with Proposition 3 which provides a bound on the difference between param-
eter estimates at two different points in time, we obtain

fo1 =
16 Ger)ll < ey (Hegw)o) B0 EO | 101 + leg iy G+ DI+ 17 (D)
j= t(
S et
< Y. ({ 3 W I+ leg g, G+ DI+ 1r(DI | -
J=te a=te,¢(q)#0

By definition of the prediction error, if ¢ (j) = 0 then
lei(j + DI = 1d (),
and if ¢ (j) # 0, then

. les(G+ DI
i D= —"—— .
lei (j + DI 6] e
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Incorporating this into the above inequality yields

) fei 1 I legn @+ DI
lpGerDll < e Y. ({ 3 W l6HI+ 1d()] -+ 1r()]

Jj=te q=l¢.¢(q)#0
1¢£+1—1 ?Z-H—l |e (;)(4+1)|
<c Y > "@W gD+ 1dG) + 1r ()
Jj=te q=te.¢(q)#0
fer1—1 le (g + 1) frp1—1 fer1—1
=c Yoo LWE N gDl er Y (I IrG)D
. ¢ @) — —~
q=t¢,¢(q)#0 J=te J=te

o leg iy G + DI !
< c1(fg41 — o) max e eI
’ Lem,ml),q»(;)#o 16D E

fer1—1
+er Y (d(DI+ Ir(HD. (65)

Jj=te

Since fg.H — fy = N, it follows from Proposition 4 that there exists a constant ¢ so
that the following holds:

fgp1—1 foy1—2
>l < callg@ll +c2 D ()] + Ir()D: (66)
Jj=te J=ty

so, substituting (66) into (65) and using the definition of the performance signal
Jo (i, () given in (55) it follows that there exists a constant c3 so that

fgp1-2
¢ (GerDll < 1N T, | 2llp @l + 2 Z AdDI+1r(HD
J=te
for1—1
+er Y (DI +Ir(HD
J=te
frp1—1
< &35,y @G @I 4¢3 (14 Ty, (Fe) Z Ad(DI+1r(HD.
Jj=te

(67)

Step 3: Apply Lemma 2 and Proposition 4 to obtain a bound on ¢ (7,42)|| in terms of
ll$ o).

From Lemma 2 either

Joiiy ) < Jis (o) (68)
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or
ooy Ge1) < Jix (Fes1)- (69)

If (68) is true, then we can substitute this into (67) to obtain a bound on ||¢ (fe41)|| in

terms of J;«(f¢) and then apply Proposition 4 to get a bound on ||¢ (f¢12)]| in terms of
l¢ (f¢+1) | and the exogenous inputs; it follows that there exists a constant ¢4 so that

¢ (Fes2) 1l < c3cadix (o)l (Eo) |

fgp1—1 frpa—1
teses (14 Ji=G0) 32 DI+ IrGHD +es 3 (D] + Ir (). (70)
Jj=te J=tes1

On the other hand, if (69) is true, we can use (67) to get a bound on ||¢ (f¢42)] in
terms of J;«(f¢41), and then apply Proposition 4 to get a bound on ||¢ (f¢1)|| in terms
of || (f)|); it follows that there exists a constant cs so that

fer1—1
¢ (Ges) | < esesJixGerDlp Gl + esesdis (o) Y (A + 1r())
Jj=te
fpa—1
+ o3 (L4 Jis () D (DI + r(G)HD.
J=tes

(71)

If we define a(f) := max{J;«(fy), Ji= (fe+1)}, then there exists a constant cg so that
(70) and (71) can be combined to yield

frpo—1
g Ger2)ll < coa(@)llp )| + co (1 4 alie)) Z IdDI+1r(h,  €eZ.
Jj=te
(72)
Step 4: Analyse the first-order difference inequality (72).
First, we change notation in (72) to facilitate analysis:
Bjt2—1
lp(t2j2)Il < coer(ia )l (t2))l+ce (1 + al(fz))) Z ld@I+Ir(@h, jeZ*.
q=h1j
(73)

Next, we will analyse (73) to obtain a bound on the closed-loop behaviour; we
consider two cases—one with noise and one without.

Case 1: d(t) = 0 for all > 1.
From Proposition 1 and the definition of «(-), we have
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j—1 to+jN—1 )
.5 lei«(p + 1)
G D Ik
q=0 p=10.¢(p)#0
< 2[V(ty) — V(to + jN)] < 2V (to) < 8[S;I*
<8 =:¢7, j>1. (74)

If we use this bound in the second occurrence of «(f» j)in (73), we obtain

fjro—1
¢ (F2j+2) 1| < coa(t2j) P (D)1l + co(1 + /c7) Z 7 ()l jezZt. (75
—_—

=:icg q=hj
— ——
=7 ()

Since A € (0, 1) and ¢ > 1, then it follows that A; := )‘j—ﬁN € (0, 1). By Lemma 3(i)
c7+1 1
if we define cg := ¢, * (%) " and use the fact that « (% i) = 0, we see that

-1 . P
[1, 20 =coii jezt, (76)
which, in turn, implies that
-1 . N
[T, _lesa @l = cd?™, jez*. (77)

Solving (75) iteratively and using this bound, we obtain

. ! j—1—
1@l = i pGo)l + Y eoes (V) T, jezt. a8)
q=0

Using Proposition 4 to obtain a bound on ¢ (#) between 7,; and 7,12, we conclude
that there exists a constant cjg so that

t—1
IOl < 1o llg o)l + D croA ™ r(dl. £ = 1. (79)

J=to

Case 2: d(t) # 0 for some ¢ > fg.

We now analyse the case when there is noise entering the system. Here the analysis
will use a similar (but notidentical) approach to that of Case 2 in the proof of Theorem 1.
Motivated by Case 1, in the following we will be applying Lemma 3(ii) with a larger
bound than in (74); define ¢1; := 8(1 + N)s2. We also define 1| = % and v :=

W ey @40 @)= (1))

1
IN®)
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We now partition the timeline into two parts: one in which the noise is small versus
¢ and one where it is not. With v defined above, we define

. . N2 -2
Sgood = {] >1:¢(j) # 0and ld(j)] 5

le(HIZ = v |~

. o ld(j)I? é}
Sbad = {J Z1t0:¢() =00r 355 = 5

clearly {j € Z :

J = 10} = Sgood U Spad- We can clearly define a (possibly infinite)
sequence of intervals of the form [k;, k;41) which satisfy:
(1) ko = 1y serves as the initial instant of the first interval;

(ii) [k, ki+1) either belongs to Sgood OF Spad; and

(iii) if k;11 # oo and [k;, k1) belongs to Sgood then [k 41, k742) belongs to Spag and
vice versa.

Now we analyse the behaviour during each interval.
Sub-Case 2.1: [k, k;41) lies in Spaq.
Let j € [k, k;+1) be arbitrary. In this case
()P _ &

>

s” ol =0
leHIE= v [EIopll

in either case

Bf—

() < = 1d(j)l.

o]

=:C12

Also, applying Proposition 4 for one step, there exists constant c13 so that

eI < ci3(d(j — DI+ 1r(j — DD.
Then for j € [k, kj+1), we have
eI < {qzld(j)l J=k

. . R 80
c3(dG— DI+ 1rG =D j=k+ Lk 2. kg, OO
Sub-Case 2.2: [k;, k;11) lies in Sgood.

Let j € [k;, kj4+1) be arbitrary. First, suppose that k;+1 — k; < 4N. From Proposi-
tion 4 it can be easily proven that there exists a constant c14 so that

t—1

e < clad Mgkl + c1a D A7) + 1r (D,

t € ki, kip].
J=ki
(81)
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Now suppose thatk; | —k; > 4N. This means, in particular, that there exist j; < j»
so that

ki <ty <t < ki1
To proceed, observe that ||¢ (j)] # 0 and

dii 2 <2
% <>, el . 82)

With 0 < j; < ja, it follows from Proposition 1 and the definition of «(-) that

-1 f0+2j2N~1 p
“ leix(p + 1)|
Y alig)? < > lnqﬁ )12
4= p=t0+ 21N () 70 p
fajy—1 5
. ld(p)|
<2V(hj,) +4 N £ (83)
! 2 l$(p)I12

p=t2j,.¢(p)#0
using the bound given in (82) which holds on [k;, k;41), this becomes

-1

> i)

q=J
5 . .

<882 +8N(jo— j1)—, forall ji, jo € ZT stk < trj, < trjy < kiy1.(84)
v

If jo — j1 < vthen

j2—1 2
N S
Z a(frg)? < 85 +8Nv— = (8 + 8N)3*> = cy1; (85)
N v
q=J1

4eq
so by Lemma 3(i), with A; defined above, if we define ¢15 := ¢, 2 (%) & , then

cpptl

J2—1 A i .. A ~
l_[ [esa(trg)] < 6‘15)»2N<]2 ]1), for all ji, j» € 7" st ki <tj, <t < k1.
q=J1 ’

(86)
If j» — j1 > v, then by Lemma 3(ii) and our choice of v we have that

Jj2—1 ~ L L ~ n
1_[ esa(tag)] < C15)\2N(j2 ]1), for all ji, jo € Zt stk < bj < tj < ki,
q=J1

(87)
as well.
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Now we can proceed to solve (73). The first step is to use (85) to bound the second
occurrence of a(f2;) in (73), yielding

frjy2—1
¢ (2j+2) || < coa(izj)llp(F2))Il + c6(1 + /c11) Z (Ir@!+1d@D. (83)
~—————

=:Cl6 q=n;

=w(J)
If we solve this iteratively and use the bounds in (86) and (87), we see that

21

o P ~ 2=1=q _
19 G2l = 1P g i)+ Y esers (32¥) 7 bia),
q=j1
for all ji, j» € ZV stk < tA2j1 < tA2j2 < kiyp. (89)

We can now use Proposition 4:

e to provide a bound on ||¢ (7) | between consecutive tAzj ’S;

e to provide a bound on ||¢ (¢)|| on the beginning part of the interval [k;, k;41) (until
we get to the first admissible 7> i)

e to provide a bound on ||¢(¢)]| on the last part of the interval [k;, k; 1) (after the
last admissible 7, i)

We conclude that there exist a constant ¢17 > ¢4 so that

-1
@Il < ! Mg kpll +c17 Y A AdDI+ Ir(DD. ¢ € T, Kigal.
J=ki
(90)
Now we combine Sub-Case 2.1 and Sub-Case 2.2 into a general bound on ¢. The
following analysis is almost identical to the one at the end of the proof of Theorem 1.
Define Cl8 : = max{cn, C13, C13C]7}.

Claim The following bound holds:

-1
Il < s lg o)l + D cist ™ UdDI+ Ir(HD, ¢ =10. O1)

J=to

Proof of the Claim 1f [ko, k1) = [t0, k1) C Sgood, then (91) is true for ¢ € [ko, k1] by
(90). If [ko, k1) C Sbad, then from (80) we obtain

ll¢ (ko) Il = ligoll J=ko=1o

e (DI < {C]3(|d(]_ 1)|—|—|r(]— I31)) Jj =ko+1,ko+2,...,k,

which means that (91) holds on [k, k] for this case as well.
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We now use induction: suppose that (91) is true for ¢ € [ko, k;]; we need to prove

itholds for ¢ € (k;, kj+1] as well. If k € [k;, kj+1) C Spad, then from (80) we see that

eI < ci3(d(G = DI+ 1rG=DD. j=k+ 1.k +2,.... ki1,

which means (91) holds on (k;, k;11]. On the other hand, if [k;, k;11) C Sgood, then
k; — 1 € Spaq; from (80) we have that

lp (k)| < c13(ld (ki — D] + [r (ki — D).

Using (90) to analyse the behaviour on [k, k;+1], we have

k—1
(Il < cr1sh* M ez (dthy — DI+l — DD+ Y cird T (d (I +Ir (D,

J=ki

k—1 .
<cg Yy, MTNADI+IFDD, k€ Tk kil 92)
Jj=ki—1
which implies that (91) holds. O
This concludes the proof. O
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