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Abstract This paper deals with a non-standard infinite dimensional linear quadratic
control problem arising in the physics of non-stationary states (see, for example,
Bertini et al. J Statist Phys 116:831-841, 2004): finding the minimum energy to drive
a fixed stationary state x = 0 into an arbitrary non-stationary state x. The Riccati
equation (RE) associated with this problem is not standard since the sign of the linear
part is opposite to the usual one, thus preventing the use of the known theory. Here we
consider the finite horizon case when the leading semigroup is exponentially stable.
We prove that the linear selfadjoint operator P (¢), associated with the value function,
solves the above-mentioned RE (Theorem 4.12). Uniqueness does not hold in general,
but we are able to prove a partial uniqueness result in the class of invertible operators
(Theorem 4.13). In the special case where the involved operators commute, a more
detailed analysis of the set of solutions is given (Theorems 4.14, 4.15 and 4.16).
Examples of applications are given.
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1 Introduction

This paper is devoted to the study of a family of non-standard linear quadratic finite
horizon minimum energy problems in Hilbert spaces: finding the minimum energy
to drive a dynamical system from a fixed equilibrium state O (at time ¢ = fg) into an
arbitrary non-equilibrium state x (at time ¢t = #1). These problems arise (in particular
when fp — —oo and #; = 0) in the control representation of the rate function for a
class of large deviation problems (see, for example, [12] and the references quoted
therein; see also [18, Chapter 8] for an introduction to the subject); it is motivated by
applications in the physics of non-equilibrium states, and in this context, it has been
studied in various papers, see, for example, [3-7].

In such papers the state equation is possibly nonlinear and the energy function can
be state dependent. One of the main goals, formulated, for example, in [6] in the infinite
horizon case, is then to show that the value function is the unique (or maximal/minimal)
solution of the associated Hamilton—Jacobi—Bellman (HJB) equation. Our goal is
exactly this one. Due to the difficulty of the problem we restrict ourselves to study
the linear quadratic case: hence solving the HIB equation reduces to solve a Riccati
equation (RE). In this paper, as a first step, we consider the finite horizon problem
which we describe in the next subsection together with our main results.

1.1 Description of the problem and of the main results

To better clarify our results we state, roughly and informally, the mathematical problem
(see Sect. 2.2 for a precise description). The state space X and the control space U are
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both real separable Hilbert spaces. We take the linear controlled system in X
y'(s) = Ay(s) + Bu(s), s €[0,1], 0
y(0) =0,

where A : D(A) C X — X generates an exponentially stable strongly continuous
semigroup and B : U — X is a linear bounded operator (see Assumption 2.1 below).
Given a point x € X we consider the set U[o (0, x) of all control strategies u(-)
that drive the system from the equilibrium state O (at time s = 0) into an arbitrary
non-equilibrium state x (at time s = 7). It is well known (see Sect. 2.2, Theorem
2.7-(i)) that the set Ujo,,1(0, x) is non-empty if and only if x € R(Q,’*) where Q is
the so-called controllability operator (see Definition 2.3).

We want to minimize the “energy-like” cost functional

1 t
Jon@) = 5 / lu(s) 117, ds. 2
0
The value function V (¢, x) is defined as

V(t,x) = inf Jio,.(m), (3)

MGU[O.,] (0,x)

and it is finite only when x € R(Q,1 / 2). As the problem is linear quadratic, V is
a quadratic form in the variable x, i.e., V (¢, x) = (R(¢)x, x)x for some symmetric
operator-valued function R(-). Hence, we can consider the associated Riccati equation
(RE) in X (with unknown R(-)) which is, formally,

d
E(R(l)x, y)x = —(Ax, R()y)x — (R()x, Ay)x — (B*R()x, B'R()y)u (4)

for every x, y € D(A) N D(R(t)), with the initial condition R(0) = +oc. Note that
for each + > 0 the operator R(¢) is unbounded (because V (¢, -) is defined only in
R(Q,1 / 2)). A way to overcome this problem, which we use in this paper, is to rewrite
the problem in a space where the solution of the Riccati equation is a bounded operator.
We are able to do that when a null controllability assumption hold (see Assumption
2.4). Indeed in such case (see Proposition C.2-(ii)) the spaces R (Qt1 / 2) are constant
in time for sufficiently large ¢, hence they are all equal to a given Hilbert space that
we call H (see Sect. 4.1). Then, we rewrite (4) in H so that its unknown (that we call
P (-)) becomes a bounded operator, see Sect. 4.3 for explanations.

Note that the sign of the linear part of (4) (the first two terms of the right-hand
side) is opposite to the usual one (see, for example, for minimum energy problem in
Hilbert spaces, [12,15,16,19,24,29]). This does not allow us to approach (4) using
the standard method (described, for example, in [2, pp. 390-394 and 479-486], see
also [24, p. 1018]), which consists in solving the RE using a fixed point theorem and
a suitable a priori estimate. For forward RE like ours this is possible when the sign of
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the linear part is positive (in order to get a suitable semigroup generation property')
and the quadratic term is negative (in order to get the a priori estimate).

On the other hand the opposite sign of the linear part comes from the nature of
the motivating problem: to look at the minimum energy path from equilibrium to
non-equilibrium states (see [6]), which is the opposite direction of the standard one
considered, for example, in [8,9,24,28], (see also the books [2,10,11]). This means
that the value function depends on the final point, while in the above-quoted problems
it depends on the initial one (see also Remark 4.1 on this). Therefore, we are driven
to use a different approach that exploits the structure of the problem; we partially
borrow some ideas from [24] and from? [21] and [25]. The main idea comes from the
fact that the candidate solution of the RE associated with the value function V is the
pseudoinverse of the unique solution of a Lyapunov linear equation, which is easier
and is studied in Sect. 3 providing an existence and uniqueness result in Proposition
3.3.

We list now our main results. We show, under the above-mentioned null control-
lability Assumption 2.4, that the value function solves the associated RE (Theorem
4.12) and that a partial uniqueness holds (Theorem 4.13). In the special case when A
is selfadjoint and A and B B* commute we are able to prove that the spaces R(Qt]/ 2)
all coincide for every ¢ > O (Proposition C.2-(iii)), hence we do not need Assumption
2.4 and, moreover, we can go deeper, finding more insights on the structure of the
family of solutions (Theorems 4.14, 4.15 and 4.16).

1.2 Plan of the paper

Section 2 is devoted to the presentation of our finite horizon minimum energy problem:
after the description of our assumptions (Sect. 2.1) we provide the general formulation
of the problem in Sect. 2.2.

Section 3 is devoted to the study of the associated Lyapunov equation, a key tool
for the analysis of our RE. The main result of this section (Proposition 3.3) is more
general than what we found in the literature and is then completely proved.

Section 4 is devoted to the analysis of the RE and to the presentation of the main
results. It is divided in 5 subsections.

e In the first (Sect. 4.1), we study the properties of the space H which seems the
good one where to study the RE.

Sect. 4.2 concerns the study of the regularity properties of V.

In Sect. 4.3 we prove that V solves the RE (Theorem 4.12).

In Sect. 4.4 we present our partial uniqueness result (Theorem 4.13).

In Sect. 4.5 we refine our results in the special case of selfadjoint commuting
operators.

Finally, Sect. 5 contains two significant examples. At the end there is an Appendix
divided into 4 parts. In the first three we collect some preliminary results on pseudoin-

I More precisely in such case the linear part generates a semigroup (namely P +> e’ Apet A*) which is not
a group: such semigroup property is then lost when the sign changes.

2 We thank prof. R. Vinter for providing us these references.
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verses (A), commuting operators (B), and controllability operators (C). In the last one
(D) we collect the proofs of several lemmas and propositions.

2 Minimum energy problems
2.1 Assumptions

Let —oo < s <t < 400. Consider the abstract linear equation

{y’(r) = Ay(r) + Bu(r), re€ls.1] )

y(s) =z €X,

under the following assumption.

Assumption 2.1 (i) X, the state space, and U, the control space, are real separable
Hilbert spaces;
(i) A: D(A) € X — X is the generator of an exponentially stable Cy-semigroup
in X:i.e., there exist M > 0 and w > 0 such that

el oy < Me™™ Vit > 0. (6)

(iii) B € L(U, X), where L(U, X) is the space of bounded linear operators from U
to X;
(iv) u € L%(s, 1; U).
We recall the following well-known result (see, for example, [23, p. 106, Corollary
2.2 and Definition 2.3]).

Proposition 2.2 For —oo < s <t < 400, z € X and u € L?(s,t; U), the mild
solution of (5), defined by

.
y(ris, z,u) = e(r_s)Az—I-/ "4 Bu(o)do, r e s, 1], (7
s

isin C([s, t], X).

In the sequel we will always assume that Assumption 2.1 holds, without mentioning
it. Moreover, to prove most of the results of the paper we will also need the assumption
below. We state it now, and we will say explicitly when we will use it. Before all we
need to define the so-called controllability operator.

Definition 2.3 For ¢ > 0 set

t
Oz = / ¢ABB* N zdr,  zeX, (8)
0
and, for t = +o0,
+o00 .
Oooz = lim 0O,z :/ e ABB* A zdr, zeX. 9)
t— 400 0

Note that QO is well defined by Assumption 2.1-(ii).
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Assumption 2.4 There exists Ty > 0 such that>

RE™) < R(0}7). (10)

Itis well known (see, for example, [14, Appendix D]) that this assumption is equivalent
to assume null controllability at time T for the system (5): this means that for each
z € X there exists a control u € L2(O, To; U) such that the solution of (5) with
[s, t] = [0, Tp] vanishes at time Tj.

Remark 2.5 e We have supposed in Assumption 2.1 that the semigroup {e’4},>0 is
exponentially stable, also in view of a future study of the infinite horizon case.
Anyway, we believe that some of the main results of this paper should hold even
in the absence of exponential stability. This will be the objective of future work.

e When Assumption 2.4 holds we know (see Proposition C.2(ii)) that the spaces
R(Q,l/ 2) are all equal for r > Tp; this is a key tool for our analysis. In the case
when A is selfadjoint and commutes with BB* (see Sect. 4.5) the framework is
simpler; in particular, we can prove that the spaces R(Qt1 / 2) are all equal for¢ > 0
(Proposition C.2(iii)) without using the null controllability Assumption 2.4. This
allows us to prove Theorems 4.14, 4.15 and 4.16, without using such assumption.

2.2 General formulation

Given a time interval [s, 1] C R, an initial state z € X and a control u € L2(s, t; U)
we consider the state equation (5) and its mild solution y(-; s, x, u), given by (7). We
define the class of controls u(-) bringing the state y(-) from a fixed z € X at time s to
a given target x € X at time ¢:

Uy (z, 1) & {u e L3, t:U) : y(tss, 2, u) :x}. (11)

We recall our cost functional, namely the energy:

1 t
Jisn(u) = 5/ ()17 dr. (12)

The minimum energy problem at (s, #; z, x) is the problem of minimizing the func-
tional Js /(u) over all u € U5 11(z, x). The value function of this control problem
(the minimum energy) is

Vis. 2,0 % inf o U ). (13)

uels,n(z,x)

with the agreement that the infimum over the empty set is +00. The following easy
proposition, straightforward consequence of (7), allows to reduce the number of vari-
ables.

3 From now on we will denote by R(F) the image of the operator F.
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Proposition 2.6 We have, for all —oo < s <t < 400,

u(-) € Ups)(z,x) <= u(- +1) € Uy—r,0)(0, x — e?=94z)

14
< u(-+s) € Z/{[(),t_s](o, X — e(Z_S)AZ). (14)
and then
Vils,t:2,x) = Vi(s —1,0:0,x —e"™4) = V(0,1 — 5,0, x — e"™947).
O
From now on we will set, for simplicity of notation,
V(t,x) :=Vi(0,t;0,x) = inf Jio.gu) YVt e€]0,+oo[, VxeX. (15)
MEZ/{[()J](O,X)

Now we look at the set where V is finite: this is the reachable set in the interval [0, 7],
starting from 0, defined as

Rip. = {x € X : Uio.(0, x) # B} . (16)

Defining the operator
1
L L*0,6;U) > X, L= / "4 Bu(r)dr,
0

it is clear that
Rit = L (L0, 1:0)) ; (17

hence, the set where V is finite is just R (L;).

We now recall a fundamental and well-known result, which establishes the relation-
ship between the family of operators {Q;, t € [0, +o00]} and our minimum energy
problem (see, for example, [29, Theorem 2.3, p. 210]).

Theorem 2.7 Let x € X andt > 0.

(1) The set Ujo,,1(0, x) is non-empty if and only if x € R(Q,l/z). In particular, we
have

£ (L2, 50)) =Ry g = R} Vi =0, (18)

@) Ifx € R(Q,l/z), there is exactly one minimizing strategy il; x for the functional
Jio.:1 over Ujo,1(0, x), and, moreover,

N | )
V(. x) = TonGins) = 5110, Pxl3, (19)

where, fort > 0, Q,_l/2 : R(Qtl/z) — [ker Q,l/z]L is the pseudoinverse ontl/z.
(iii) Ifx € R(Q,), then V(t,x) = $(Q; 'x, x)x, where O;' : R(Q,) — [ker Q,]*

is the pseudoinverse of Q;.
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Since V is quadratic, the HIB equation associated with our problem becomes a dif-
ferential Riccati equation, namely (4). Our main aim is then to prove that the linear
symmetric operator R associated with V is a solution of such Riccati equation and
prove a kind of uniqueness result. We will do this in Sect. 4.

Remark 2.8 1t is possible to extend the above minimum energy problem to the case
when s = —oo or when t = 4o00. The energy functional becomes then an integral
over a half-line. In the first case we have to take the initial datum z = 0 and, properly
defining the mild solutions in the left half-line (requiring that (7) is satisfied for all
r > s = —00), we have to define the set of control strategies as follows:

Ui—o0.1(0, x) & {u € L3 (=00, 1:U) : y(t; —00, 0, u) = x}.

In the second case the problem is trivial. Indeed formally one should define
def 2 .
Ups, +o0) (2, x) = {u € L7°(s, +oo; U) : t_lgTooy(t; s, 2, u) = x} .

However, it is easy to show that, due to the exponential stability of {¢’4}, for every
u e Lz(s, +00; U) we have lim;—, 40 y(; 5, 2, u) = 0, so that the class U, 4001 (2, X)
is empty unless x = 0; in this case the optimal control strategy is clearly u = 0.

In a subsequent paper we will study the infinite horizon problem when the starting
time is —oo and the arrival time is O: the value function of this problem is formally
Vi(—00, 0; 0, x) = V (400, x). Some results about it will be also given in the present
paper. For simplicity we will use the notation

Voo (x) 1= V1(—00, 0; 0, x).
In Proposition 4.8 we will prove that

Voo(x) = lim V(z,x) = inf V(z, x).
t—>+00 >0

3 The Lyapunov equation
We want now to show that the function ¢t — Q;, from [0, +00) to L(X), solves a
suitable Lyapunov equation. To this purpose we prove first the following lemma.
Lemma 3.1 (i) If x € D(A¥), then for every t € [0, 400] we have x € D(AQ;)
and
AQ;x = ¢'*BB*¢'A" x — BB*x
—Q:A*x  Vx € D(A*), Vte|0,+oo[, (20)
AQoox = —BB*x — QxoA*x  Vx € D(AY). 21
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(ii) For everyt € [0, +00] we have D(A*) € D((AQ;)*) C D(AQy), they all are
dense in X, and

(AQ)x = e “BB*e' " x — (AQ))*x
—BB*x Vx e D((AQ)*), Vi el[0,4oo[. (22)
(AQoo)x = —(AQco)*x — BB*x Vx € D((AQw0)"). (23)

(iii) Foreveryt €10, +00], if x € Q;(D((AQ;)*)), then Ax € [ker Q;]+.
(iv) Foreveryt €10, +00], Q,(D(A*)) is dense in [ker Q;]*.

Proof (i) Letx € D(A*). Since A generates an exponentially stable semigroup, it is
also invertible. Then, we can write, integrating by parts:

t
Q,x:/ SABB N xdr
0

« 7t d .
=A"! [erABB*erA x]o - A_I/ e ABB* ™ A*x dr
0
— A [efABB*efA*x — BB*x — QtA*x] ,
and (i) follows.

(i1) The first inclusion follows from the definition of the adjoint’s domain. Indeed if
y € D(A™), then

Jc > O such that | (Ax, y)x | <cllxllx Vx € D(A).
In such formula, choosing any z € X and setting x = Q,;z we get

[{AQiz, y)x | = cllQizllx = cllQ:lllizllx Vz € D(AQ:).

This implies y € D((AQ;)*). Concerning the second inclusion, if x €
D((AQy)*) we can write for each y € D(A*), by (20), for some ¢; > 0,

I(x, O A*y)x|
l(x, —AQ,y + e *BB*e'*"y — BB*y)x]|
(—(AQ)*x + " BB*e'" x — BB*x, y)x| < c/llyllx ,

[(Qix, A%y)x|

so that Q;x € D(A),i.e.,x € D(AQ;), and (22) holds. This proves the claim
for t € [0, +oo[. For the case t = 400 we argue in a similar way: let x €
D((AQx)*); then for each y € D(A*), by (21) we have, for some ¢ > 0,

[(x, Qoo A y)x|
= [{x, —AQcy — BB™y)x]
(—=(AQo0)*x — BB*x, y)x| < coollyllx ,

[(Qoox, A"y)x|
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so that Qxox € D(A),i.e., x € D(AQ), and (23) holds.

(iii) By assumption we have x = Q,z with z € D((AQ;)*). Let w € ker Q,. By
the proof of point (ii) of Proposition C.1 we get B*¢*A"w = 0 for all s € [0, 7].
Moreover, w belongs obviously to D(AQ,) (with AQ,w = A0 = 0). Hence,
we have by (22), when t < 400

(Ax, w)x = (AQyz, w)x = (B*e'" z, B*e!A w)x
—(B*z, B*w)x — (z, AQ;w)x = 0.

As a consequence, Ax € [ker QOO]L. Similarly, if # = 400, we have for every
w € ker Q, by (23),

(Ax,w)x = (AQccz, w)x = —(B"z, B*w)x — (2, AQocw)x =0,

and the claim follows.

(iv) We just consider the case + = 4-00, since the case 0 < t < +o0o is quite
similar. Fix x € [ker Qso]®. As [ker Oso]lt = R(Qoo) there is a sequence of
elements x, € R(Qx) such that x, — x. Hence, there exists {z,} C X such
that Qsozn — x in X. Since D(A*) is dense in X, for each n € NT we can
find y, € D(A*) such that ||y, — z,llx < 1/n, so that Qsoy, — x in X,
too. For the last statement, observe first that, since D(A*) € D((AQso)*), then
Ooo(D(A*)) C Qoo(D((AQs)™)), so the latter is dense in [ker Qo ]t, too.

O
Definition 3.2 A map Q(-) : [0,4+00) — L(X) is a solution of the differential

Lyapunov equation

0(0) =0, @4

{ Q'(t) =AQ(t)+ Q)A* + BB*, t >0,
if:
e for each r > 0 the operator Q(¢) is positive and selfadjoint and Q(0) = O;
e foreachr > 0and x € D(A*) we have Q;x € D(A);
e foreach x € D(A*) the map t — Q(¢)x is differentiable and

%me =AQnx + QnA*x + BB*x Vit > 0.
Similarly an operator Q € L£(X) is a solution of the algebraic Lyapunov equation
AQ+ QA*+ BB* =0 (25)
if:

e ( is positive and selfadjoint;
o foreach x € D(A*) we have Qx € D(A);
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e foreach x € D(A*)
AQx + QA*x + BB*x = 0.

Proposition 3.3 The operator Q; defined by (8) is a solution of the differential
Lyapunov equation (24). Similarly the operator Qo solves the algebraic Lyapunov
equation (25).

Moreover, for all t > 0, let Q(t) be positive and selfadjoint, and such that it solves
the Lyapunov equation (24) in weak sense, i.e., Q(0) =0, the map t — (Q(t)x, y)x
is differentiable for every x, y € D(A*) and

d
3 (Q0xy)x = (Q(0)x, A*y)y + (A%, Q(O)y)y + (B*x, B*y),  Vi>0.

Then, Q(t) = Q; forallt > 0.
Similarly let Q be positive and selfadjoint, and such that it solves the Lyapunov
equation (25) in weak sense, i.e., for all x, y € D(A™)

(Ox. A%Y), + (A", Oy) + (B, B'y), =0,

Then, Q = Q.

Proof We give the proof for the reader’s convenience since we did not find it in the
literature. Indeed, in [11, Theorem 5.1.3], in [2, part II, Chapter 1, Theorem 2.4] and
in [14, Appendix D] only the algebraic Riccati equation is considered, and it is shown
that it has a positive operator-valued solution if and only if the semigroup generated
by A is exponentially stable.

Consider first the differential Lyapunov equation (24). By the definition of Q; we
obviously have

d *
d—fQ,x:etABB*etA x VxeX.

Then, the existence result follows from Lemma 3.1-(i).

Concerning uniqueness, we observe that, if Q(¢) and Q,(¢) are two functions with
values in the space of bounded, selfadjoint, positive operators, and they both solve (24)
in weak sense, then the difference Q(¢) := Q1(¢) — Q2(¢) satisfies the homogeneous
equation

d
3 (QWx, vy ={0x, ATy)y +(A"x, Q()y)y Vi >0,

with Q(0) = 0. Now take any x € D(A*) and ¢ty > 0 and observe that, by simple
computations,

%<Q(t)e(’°*’wx, e x)x =0,
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so that it must be
(Q(to)x, x)x = (0(0)e" x, e x) y = 0.

Since Q(fp) is selfadjoint, we can use polarization to get Q(#y) = 0 for every 1y > 0
and so the claim.

Now we look at the algebraic Lyapunov equation (25). From (21) it follows that Q
solves (25). To show uniqueness, similarly for the case of the differential Lyapunov
equation, we observe that, if Q| and Q» are two bounded, selfadjoint, positive operators
which solve (25) in weak sense, then the difference Q := Q; — Q» satisfies the
homogeneous equation

(0x, A%y)y +({A"x, Qy)y = 0.
Hence, for any x € D(A*) as before we deduce

d * *
E(Qe’A x, e x)x =0,

so that it must be, since A is of negative type,

tA*

(0x,x)x = lim (Qe' x, e x)x = 0.
t—+00

As above, since Q is selfadjoint, we use polarization getting Q = O and so Q1 = Q».
O

Remark 3.4 1f A is selfadjoint and commutes with BB™* (see Sect. 5.2 for a typical
example of this case), then, by Proposition C.1-(v), it also commutes with Q;, t €
[0, +00]. Moreover, by the Lyapunov equation (24) we have, for all x € D(A),

d
EQ,x =2AQ,x + BB*x
and, by (25), we have, for all x € D(A),

2AQ00x = —BB*x.

Indeed, this last equality holds for all x € X, as it follows from (59). Finally, from the
last one we easily get, for all y € R(Qoo) € D(A), taking x = Q7y,

2Ay = —BB*Qly.
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4 The Riccati equation

From Theorem 2.7 above we know that the value function V (, -) is finite only in the set
R(Qll/z) andis givenby V (¢, x) = %H Qz_l/lelgf. Moreover, for points x € R(Q;) we
can write V (¢, x) = %(Q;lx, x)x.So V is a quadratic form on X, defined, however,
only for x € R (Q,l / 2); thus, we expect that the associated operator Q; ! solves* our

Riccati equation (4), which we rewrite here for the reader’s convenience:

%(R(t)x, y)x = —(Ax, RO)y)x—(R()x, Ay)x—(B*R()x, B*R()y)u ., t >0,

(26)
for every x, y € D(A) N D(R(t)), with the initial condition R(0") = +4oo. This is
indeed the case when the null controllability Assumption 2.4 holds, as we will prove
later (see Theorem 4.12 below). Note that the initial condition has to be interpreted in
the following sense: for every positive sequence t, — 0% we have

lim (R(t,)x,x)y = +00, Vx € (| D(R(tn)). x #0. Q7

n—-+00
neN

Note, moreover, that we cannot expect uniqueness of the RE without any initial con-
dition as, obviously, R = 0 is a solution.

Equation (26) is difficult for several reasons: the infinite initial condition (arising
also in [24]), the negative sign of the linear part (which does not arise in [24]) and
the unboundedness of the expected solution (which is also not present in [24]). In
particular, the difference due to the negative sign is substantial: even in the simplest
diagonal case (see Sect. 5.2) there is no semigroup associated with the linear part of
(26) on the whole space X, so that the equation cannot be rewritten in mild form as
usual (see, for example, [29, Theorem 4.1, p. 234]).

Note that, if we change the sign of the linear part, then we are exactly in the case
treated by [24], and the solution, when the null controllability Assumption 2.4 holds,
just coincides with the operator-valued function on X given, formally, by ¢'4" Q . lerd,

Note, moreover, that, in the case when A is selfadjoint and commutes with B B*, the
null controllability Assumption 2.4 is not needed to get the main results (Theorems
4.14, 4.15 and 4.16) since, in this case, thanks to Proposition C.2-(iii), the spaces
R(Qt1 / 2) are all equal for every 1 > 0. This fact (which is false in the general case
without the null controllability Assumption 2.4, see Example C.5) is enough to prove
Theorems 4.14, 4.15 and 4.16.

Remark 4.1 We observe that performing a time inversion in the state equation, or in
the RE, does not change the difficulty of the problem, which lies in the fact that the
equation is forward and the linear part is negative. Of course this is not true if A
generates not just a Cp-semigroup but a Co-group (this includes the case of bounded
A). We do not want to assume this, since our examples, in particular the diagonal one

4 See Definition 4.10 for the formal definition of solution.
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(which arises in our motivating application to physics, see [6] and Sect. 5.2), do not
possess such property. m|

4.1 The space H and its properties

In order to study equation (26) it will be useful to rewrite it in a different form and in a
different space, which we call H: under the null controllability assumption (Assump-
tion 2.4) it is, for + > Ty, the reachable set of the control system (5), hence the set
where the value function V of (15) is well defined. Then, we define

H = RQU. (28)

Of course it holds

H € R(QY?) = [ker Q31 = [ker Ooo]™.

The inclusion is in general proper. Define in H the inner product

oy = (0%, 05 %y)x  Vx.y € H. (29)

We provide now some useful results on the space H which will form the ground for
our main results. We divide them into six Lemmas, whose proofs are collected in
Appendix D. The first three (which do not need the null controllability Assumption
2.4) concern the structure of the space H and the behavior in H of the operators Q;.

Lemma 4.2 (i) The space H introduced in (28), endowed with the inner product
(29), is a Hilbert space continuously embedded into X.

(ii) The space R(Q ) is dense in H.

(iii) The operator Q' "~ is an isometric isomorphism from H to [ker Qléz]l, and in
particular

10 xlx = Ixllg  Vx € H. (30)

(iv) We have
1/2 1/2
102 2oy = 1085 any-

(v) For every F € L(X) such that R(F) € H we have Q;OI/ZF € L(X), so that
F e L(X, H).

Lemma 4.3 For 0 < t < +4o0 let Q; be the operator defined by (8). Then, ift €
[Ty, +00] the space Q;(D(A*)) is dense in H. In particular, D(A) N H is dense in
H.

Lemma 4.4 For0 <t < 400 let Q; be the operator defined by (8). Then,

) (2, 0; w)x = (0] 2, w)x forall z,w & R(Q);
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(i) (QoL’x, Y = (x, QL*y)u forall x, y € H;

(ii1) (Qoox, y)i = (x, Qooy)n forallx,y € H.

Suppose now that Assumption 2.4 holds. The next two lemmas deal with the operators
,1/2 ;}/2 nd Q, 172 1/2 . By Proposition C.2-(ii) and using the definition of H,

we have

H=RWQL)=R0Q Vi=T,

so that Ql/ 2 ;}/ 2 is well defined from H into H.
Lemma 4.5 Under Assumption 2.4, forﬁxedt > Ty the operator Q,1 /2 ngl/z H—
H is an isomorphism, with inverse Q Q[ 172 . Similarly for fixed t > Ty the operator

—1/2 1/2 2
[ / / : H — H is an isomorphism, with inverse Qoo/ ,/ .

Similarly, we have:

Lemma 4.6 Under Assumption 2.4, for fixed t > Ty the operator Q,_1 /2 (1)42 X -

X is an isomorphism on the closed subspace [ker Qoo]t = R(Ql/2 [ker Ql/2 ,

with

—1/2 1 1/2 A1/2

2
[Qcc / 10, "0 x = P[keer]Lx Vx € X.

The last lemma, which does not need the null controllability Assumption 2.4, describes
the adjoint in H of an operator L € L([ker Quo]") N L(H).
Lemma 4.7 Let L € L([ker Qoo]™) N L(H). Then,

(Lx, y)m = (x, Qo L* Q) y)n  Vx € H, Vy e R(Qw0),

where L* € L([ker QOO]J‘) is the adjoint of the operator L in [ker QOO]J‘.

To avoid confusion, for any L € £(H) we will denote by L* the adjoint of L in H,
ie., L* = 0 L* 0. Moreover, for a subspace V of H we will write V*# for the
topological dual of V when H is identified with its dual.

We remark that, under Assumption2.4,if y € R(Q) = QI/Z(H) we have Qi
H and, by Lemma 4.5, Q. ‘I/ZQ;J/Zy € H. Thus, 0s0; * 0 “/2 €
Ql/ 2(H ) = R(Qwo)- Consequently, under Assumption 2.4 we may write, by Lemma
4.7,

1020721y = 0ol0X? 07 P10y
= 00,7017y Vy e R(Qw). 31)

4.2 Properties of the value function

We now state the main properties of the value function V (¢, x) defined by (15). The
proofs are in Appendix D.
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Proposition 4.8 The value function V given by (15) has the following properties:

1/2

(i) For every to > 0 and x € R(Q,

Jto, +oo . i
(ii) For every t > 0 the function V (t, -) is quadratic with respect to x € R(Q,/ ),
i.e., there exists a linear positive selfadjoint operator

), the function V (-, x) is decreasing in

Py(t): R(OY*) C H > [R(QVH1™ > H

such that

1/2

Vt,x)= %(Pv(t)x,x) vVt >0, Vx e R(Q,/7); (32

(R(Q}H)1H R(Q}"%)

moreover, we have

1/2

Py(t) = [0 Q;

1/2 1/2

oo v >o. (33)

(iii) Assume now that Assumption 2.4 holds. Then,
(a) the operator Py (t) belongs to L(H) and

1
Vt,x)= E(Pv(t)x,x)y vVt > Ty, Vx e H; (34)

in particular,
Py()x = Qo Q;'x  Vx € R(Q). V=T (35)
In addition

1Pyl < IPyOllcan < 1Py Tl < +oo Ve =12 T,
(36)
(b) The map (t, x) — V(t, x) from [Ty, +oo[ X H to R is continuous, uniformly
on [Ty, +oo[ x By (0, R) for every R > 0; moreover, the map t — Py (t) from
[Ty, +ool to L(H) is continuous.
(c) Finally, we have

. 1
Jdim V(x)=Zlxly  VaeH. (37)

Remark 4.9 Equations (33) and (35) show that the operator Q. Qt_l, defined on
R(Qy), has in fact an extension to all of H, given by [ c]x/>2 ;1/2]*H Qééz ,_1/2, ie.,

P(1). O
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4.3 The value function solves the Riccati equation

We want now to show that the operator Py (¢), given by (33) or (35), satisfies fort > T
the Riccati equation (26). To do this we first rewrite it in the space H. The unknown is
now, for all € [0, T'], an operator P(t) € L(H) which is, formally, Q~ R(f) where
R is the unknown of (26), while the equation is

d
(P()x,y)n = —(Ax, Qo P()y)x — (O P(1)x, Ay)x

dr
—(B* 0 P(t)x, B* O P(1)y)u. (38)

Note that the term in the left-hand side is written using the inner product of the space
H, while the first two in the right-hand side are written with the inner product in X:
they could be written in H, too, but at the price of requiring more regularity on the
points x, y (since Ax, Ay in this case should belong to H).

Definition 4.10 Let 0 < 1y < +o00.

(i) An operator-valued function P : [fg, +0o[ — L4 (H) is a solution of the Riccati
equation (38) if it is strongly continuous and for every ¢ > fq thereisaset Dp(t) C
H, dense in H, such that for every x, y € Dp(t) there exists ((%P(t)x, y)H, all
terms of (38) make sense and the equation holds.

(i1) A function R, defined on [f(, +oo[ with values in the set of closed, densely
defined, unbounded, positive operators in X, is a solution of the Riccati equation
(26) if for every t > fy there is a set Dg(t) C X, dense in [ker Qno]*, such that
for every x, y € Dg(t) there exists (%R(Z)x, ¥)x- all terms of (26) make sense
and the equation holds.

Remark 4.11 (i) In the above definition the domain D p (¢) varies with time, since its
natural choice (see the next theorem) is D(A) N R(Q;) which may change with
time; similarly for the domain Dy (¢). Moreover, Dg(¢) is assumed to be dense in
[ker Qo] and not in X, since its natural choice (see the next theorem) is R(Q;)
which is indeed dense in [Kker Qoo]L and not in X, in general.

(i1) Note that we wrote equation (38) without the initial condition: the reason is that we
are interested to study all solutions of such equation, also in view of the study of the
infinite horizon case, where the initial condition disappears. Clearly, looking at our
original minimum energy problem (see Theorem 2.7-(iii)), the natural condition
for (38) (respectively (26)) is P(0") = +oo (respectively R(0T) = +00); this
condition, more precisely, reads as follows: for every positive sequence f,, — 07,

3 lim (P(t,)x,x)g =+00 VxeH, x#0,
n——+00

(while the one for R(¢) is given in (27)). O

We present now our existence result.
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Theorem 4.12 Suppose that Assumptions 2.1 and 2.4 hold. Then, the operator Py (t)
given by (33) is a solution of (38) on [Ty, +o0[, with the set Dp,, (t) given by D(A) N
R(Qy) forallt > T.

Moreover, the operator Ry (t) = Qt_l is a solution of (26) on [Ty, +00[, with the set
Dg, (t) given by D(A) N R(Q;) forallt > Ty.

Proof Fixt > Tyandx € R(Q;);then, Py (1)x € R(Q«) since, using (35), Py (t)x =
007 Iy forall x € R(Qy). Moreover, from the definition of Q; and Assumption
2.4 it follows that [ker Q,]l is constant in ¢ for t > Ty, so that Q;l Q, reduces to the
identity on [ker Q,]L for s and ¢ larger than Ty. Hence, for & # O sufficiently small
we can write for x, y € R(Q;)

<Pv(t +h) — Pv(t)

Py(t+h) — 000 Qrsn O >
I Y
H

h

<Pv(t+h) [l — Qin 07 1] y>
H

Pv(l+h) th+h] QI_IX,)’>
H
Q;}/z Qt+h] 0'x, l/sz(t+h)y>
X

Now we easily deduce, since ngl/ 2elA ¢ L(X) by Assumption 2.4,

3 _ 1 t+h _ ) .
c>o1/2[Qz th+h] 07y = _Z/ 02 A BB 0 I x ds
13

— —0"%"BB*"" 07 'x inXash— 0%,

so that, since ¢ ngl /2 Py (t)y is continuous by Proposition 4.8 (iii)(b), we readily
obtain

lim

—1/2 —1/2
lim = (0% BB 07 v, 0 Py (1) x

<Pv(t+h)—Pv(t) >
X,y
h H

= —(Py()e' BB*e" 0 x, y)

This shows that

d
A PV Ox, y)n

= —("BB* ' Q7 \x, Py()y)y  Vx,y € R(Q,), Vit € [Ty, 4ool.
(39)
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Finally, using Proposition 3.3, forall x, y € R(Q;) N D(A) we can compute for every
t € [Tp, ool :

d
—(Py()x, y)g = —(0 e BB Q; 'k, 03P Py (1)y)x

dr

—(0 2 BB ™ 07 %, 0 ”2[QOOQ;‘]y>X
<[AQ,+<AQI> + BB*10;'x, 07 'y)x
—(Ax, 07 'y)x — (07 'x, Ay)x—(B 07 'x, B*O; 'y
—(
—

Ax, QL Py(D)y)x — (O Py (1)x, Ay)x
B*Q ) Py(t)x, B*Q Py()y)u .

This completes the proof of the first statement. The proof of the second one is com-
pletely similar and we omit it. O

4.4 A partial uniqueness result

We are not able to prove a satisfactory uniqueness result; here is our statement which
establishes uniqueness in a restricted class of solutions.

Theorem 4.13 Suppose that Assumptions 2.1 and 2.4 hold. Let Py (t) be defined by
(33). Let S(t) be an operator defined in [Ty, +00[, with the following properties:

() S(t) € L(H), St) = S@®)*, 3St)™' € L(H) and the maps t — S(t),
t — S(t)~! are strongly continuous;
(i) S()7'(Qoo(D(A®)) € D((AQo0)¥) for every t € [Tp, +o00l ;
(iii) for every x € S(t)_l(Qoo(D(A*))) and t > Ty the map

h %(S(z +m)SH " = Dx

is bounded in a neighborhood of 0;
(iv) forevery x,y € S(t)""(R(Qs0)) N D(A) the following equation holds:
d -1 -1
E<S(t)x, Ve =—(Ax, Qo S()y)x — (Q S()x, Ay)x
—(B* Q! S()x, B* Q) S(y)u
(V) there exists ty > Ty such that S(tg) = Py (tp).
Then, S(t) = Py (¢) in [Ty, +00[ .
Proof For fixed t > Ty, the above equation holds in particular for every x,y €

S(t)_l(Qoo(D(A*))). Set now § = S(t)x, n = S(t)y: then we have &, €
Qo0 (D(A*)) and, replacing x and y into (iv) above, we get
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dr
= —(AS()7'E, 0t x — (0E, AS() ™) x — (B*O)E, B O n)u -

d -1 -1
[—(S(T)S(t) £,8(n) n)y}

=t

Now we want to compute, whenever possible, ;—[ NN 5 - We have

-1 _ -1 -
<S([—|—h) - S(t) s’ 77> :—<S(t+h)_1 [W} S([)_lg’n>
" H

_ Sit+h)—S8(@)
[
_<[S(t+h)—5(t)

} SO 'e St +hn — S(r)‘]n>

H

p ] NORT S(r)“n>

H

The second term clearly converges to

d -1 -1
[d—(S(T)S(t) §,5@) U)H:| ;
T

=t

whereas the first term goes to 0: indeed its first factor is bounded by assumption (iii),
while the second one goes to 0 in view of the strong continuity of assumption (i).
Hence, we have, by (iv),

d _ _ _ _ _
(soem) = s s 0 nx + (e ASO )
+(B* QL& B* O n)u -
Now set u| = QO_OIE, v = ngln: by definition of pseudoinverses, we have u1, v| €
[ker QOO]J- and, since £, € Qx(D(A™)) there exist ug, vgp € ker Qoo such that

u = uj+ug, v = v] +vg belong to D(A*) and, of course, Qo = & and Qsov = 1.
The above equation then becomes

d _ _ _
5 (SO Qoott, Qocv)rr = (AS) ™ Qoott, v1)x + (1, AS() ™ Qo) x
+(B*uy, B*v)y .
Observe now that, by Proposition C.1-(ii), we have B*uy = B*vy = 0. In addition,
using assumption (ii) and the fact that H C [ker Qoo)]l, we get S(t)_lQoou =

SH7'E € S T(Qo(D(A%)) S D((AQwx)*) so that, by Lemma 3.1-(iii),
AS(t) "' Quou € [ker Qo). Hence, we may write, for all u, v € D(A*),

d
5<S(r>—1 Ocolt, Qo) it = (AS(1) ' Qoot, v)x + (4, AS(t) ™' Quov)x
+(B*u, B*v)U ,
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ie.,
%(S(r)—lgoou, V) x = (S() 7 Qoott, A*0)x + (A%u, S() ' Ooov) x
+(B*u, B*v)y, Yu,v € D(A%).

This proves that S (1)1 Qoo solves the Lyapunov differential equation (24) in weak
sense. Note that S(7)~! O~ € L(X), since, using also Lemma 4.2-(iv),

_ 1/2 — 1/2 —
1S Qooxllx = 10551 Qooxllr < 125 12 1S ™ 2| Qoox 1 1

1/2 _
< 10 1% o IS e Ix 1 x

and it is selfadjoint, too, in view of

(S Qoox, ¥)x = (S Qooxy Qood) it = (Qoox, S) ' Qooy) 1
= (x, S() ' Qeoy)x ¥x,y € X.

Now we recall that by (35) it follows that Py (1)~ 'x = O nglx for every x €
R(Q); then from the assumption S(7y) = Py (f9) we deduce

St0) ' Qooz = Py (1) ' Quooz = 01z Vz € X.

Hence, the operators S(r)~! Qo and Q; solve the Lyapunov equation and coincide
for t = tg; thus, they must coincide in [T, +00[:

SO0 =0 Vt=Th.
Thus, for x € R(Qs0), i.e., x = Qooz With z € [ker Qno ], we may write
SO v =85O 0z = 0z = 000 x = Pv() 'x.

By density, we get S 1x = Py ()" x for every x € H,and finally S(t)z = Py (t)z
forevery z € H. O

4.5 The selfadjoint commuting case
We consider now the case where A is selfadjoint and commutes with BB*. As a

consequence, A commutes with O, and is selfadjoint in H, too. More specifically,
from Proposition C.1-(v) we know that BB* ngl = —2A; hence, in (38) the term

(B 0! Pwx. B3 Pyy) = —(BB O3 Px. 0 Py)

can be simply rewritten as 2(AP(t)x, Q;olP(t)y>X; if in addition AP(t)x € H,
it just becomes (AP (t)x, P(t)y)y . Similarly, if Ax, Ay € H, in (38) the terms
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(Ax, 02} P(1)y), and (QZ!P(r)x, Ay), can be rewritten as (Ax, P(1)y)y and
(P(t)x, Ay)y . Hence, in this case, we can rewrite (38) as

d
3, (POx. ¥ g = —(Ax, PO)y)y — (P(O)x, Ay} + 2{AP(0)x, P()y)py . (40)

which makes sense for x, y € Dp(r), where
Dp(t):={ze€ D(A): Az€ H, P(t)z € D(A), AP(t)z € H}.

We give now three results about the solutions to this equation. Such result are proved
without using the null controllability Assumption 2.4, mainly thanks to the fact, proved

in Proposition C.2-(iii) that, in this case, we always have R(Q;) = R(Q) and

R(Q)%) = R(QY?) forevery t > 0.

The first result (Theorem 4.14) is an existence result. The subsequent ones (Theo-
rems 4.15 and 4.16) are uniqueness-type results.

Theorem 4.14 Assume that A is selfadjoint in X and commutes with BB*; let K €
L(H) be selfadjoint in H, nonnegative, such that AK A~' € L(H). Let, moreover,
Ty > Ty be such that (I — e'AKe'A) is invertible for each t > Ti. Then, (I —
A K e solves (40) in 1T, +00[.

A

Proof It is clear that T} exists, since e’/ is of negative type. Consider the set

D={ze D(AYNH : Az € H};

it is dense in H, since it contains Qo (D(A)) = Qoo (D(A*)), which is dense in H
by Lemma 4.3: indeed, if x € Qo (D(A)), then x = Qooz With z € D(A), so that
Ax = AQooz = QuoAz € H. Then, setting P(t) = (I — ¢!AKe'4)™!, we can write
forx,ye Dandt > T;

j—t@(mx,ym = %((1 — e K 'x y)

= —( — etAKetA)fl(—AetAKetA
_etAKAetA)(I _ etAKetA)—lx’ Y

— (I — etAKetA)—l(_AetAKetA
+A—eAKe A+ A—24) I — K 'x, v

= —( — etAKetA)_l(—A(etAKelA -1
—(" Ke"t — A —24) (I — " Ke')x, y)y

= —(I =" K™ Ax, y) g — (AU — " Ke'™) ', yhu
+QRAI — K x, (I — 4 Ke') ly)y

= —(Ax, P()y)n — (P(1)x, Ay)y + QAP (1)x, P(1)y)n.
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This shows that P solves (40) with Ep(t) = D for every t > Tj. Note that

P(t) = —tTAL=TOAYL = TiAg TiA — 1Py~

The second statement is a uniqueness result.

Theorem 4.15 Assume that A is selfadjoint in X and commutes with B B*. Let, more-
over, § . [T*,4oo[— L(H) be a strongly continuous, selfadjoint, nonnegative
operator, such that:
(i) S(t) is invertible fort > T* and S(T*) = §*;
(ii) S(t) solves (40) in 1T*, +o0[.

Then, S(t) = (I —e""TOALC=TIAY = foreveryt > T*, where L = I —(S*)~L.

Proof Setagain D = {z € D(A) N H : Az € H} and define
Ui :=S®~", t>T1*

Obviously, U(T*) = (§*)~!. Moreover, for every + > T* and x,y in the set
S(t)(Ds(t)), which is dense in H, we have by (ii)

d
—(U@®)x, y)u

d
— | - (S@)E, 77>H:|
dr [df E=U@)x, n=U(t)y

= (A&, SOmu +(S®E, Anyn — 2(AS(DE, SO H
= (AU)x, y)g + (x, AU y)n — 2(Ax, y)n
= (U®x, Ay)n + (Ax, Ut)y)n — 2(Ax, y)u -

This is a linear equation, governed by the semigroup P — e’ Pe’4: by the variation

of constants formula we have for each x, y € S O (Ds(1))

*

t
U(t)x = e(t—T*)AU(T*)e(t—T*)Ax _ 2/ P=9A A=A 4o

t
= TTOAN — [)et=THAy 4 f iew—s)Ax ds
T+ AS

= UTTIA — L) =Ty — 20Ty o x = (] — ¢U"TOALI=TDAY
By density this shows that
SO =U@) =1—7TIALLTTA,

which is our claim. O

In the next result we look at non-invertible solutions obtained through projections.
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Theorem 4.16 Assume that A is selfadjoint in X and commutes with BB*; let S :
[T*, +o00[ — L(H) be a strongly continuous, selfadjoint, nonnegative operator, which
solves (40) in 1T*, +o0[ . Let, moreover, P € L(H) be an orthogonal projection, such
that AP = PA and S(t)P(D(A) N H) C D(A) foreveryt > T*.

Then, PS(t) P solves (40) in 1T*, +o0[ if and only if S(t) P(D(A)N H) C R(P) for
everyt > T*.

Proof We start by observing that the existence of a projection P in H such that
AP = PA implies that A maps D(A) N H into H: indeed if z € D(A) N H we have
Az = APz + A(I — P)z = PAz + (I — P)Az and both terms of the last member
belong to H.
Suppose that

AP = PA, S()P(D(A)) € D(A) N R(P). (41)

As S(t) solves (40), we have for x, y € Ds(t)

d
5(50)& Y = —(Ax, S(O)y)u — (SO)x, Ay)n +2(AS(t)x, S()y)u ., (42)
where, as we know,
Ds(t):={ze D(A)NH : Az € H, S(t)z € D(A), AS(t)z € H}.
Now, if z € D (i.e.,, z € D(A) N H and Az € H), then by (41), Pz € D(A) with
APz = PAz € H, and in addition S(t)Pz € R(P) N D(A), so that AS(t) Pz =
APS(t)Pz = PAS(t)Pz € H. Thus, Pz € Dg(t) foreacht > T* and z € D.
Hence, setting
Dpsp(t)=D ¥Vt >T*,
and replacing in (42) x, y by Px, Py, we have forevery x, y € Epsp(t) andt > T*
d
E<S(Z)Px, Py)n = —(APx, S®)Py)n — (S(t)Px, APy)u
+2(AS(t)Px, S(t)Py)y ,
ie.,
d
E(PS(I)Px,y)H = —(Ax, PS(O)Py)u — (PS@)Px, Ay)n
+2(AS(t)Px, S(t)Py)y .

Now we remark tEat S(t)Px = PS(t)Px and S(¢) Py = PS(t) Py; hence, we obtain,
forevery x,y € Dpgp(t) andt > T*,

d
3 \PSOPx, yln = —(Ax, PS@)Py)n — (PS()Px, Ay)n
+2(APS(t)Px, PS(t)Py)H .
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This shows that PS(¢) P solves (40) in |T*, +oo[ .

Suppose conversely that P € L(H) is an orthogonal projection, such that
AP = PA, S¢)P(D(A) N H) € D(A) for every t > T* and PS(t) P solves
(40) in ]T*, 4o00[. Assume by contradiction that for some t > T* there exists
veStH)P(D(A)NH)\ R(P): we can write v = S(¢) Pz with z € D(A) N H. Then,
w = (I —P)S(t) Pz belongs to D(A)NR(P)*,w # 0and Aw = (I — P)AS(t)Pz €
R(P)*. As Dpgp (1) is dense in H, there exists {z,} C Dpsp(¢) such that z, — z in
H; then w, = (I — P)S(t)Pz,, — w in H and consequently w, # 0 for sufficiently
large n.

Now by assumption we have for every x, y € D psp(t)

d
EU’S(I)P)C, VH + (Ax, S@O)y)n + (PS@)Px, Ay)n
—2(APS(t)Px, PS(t)Py)y =0,
whereas for every x, y € Dg(1) it holds
d
d—t(S(t)x, VH + (Ax, S@)y)u + (S()x, Ay)n
—2(APS(t)Px, PS(t)Py)g = 0.
We may choose x = y = z, in the first equation and x = y = Pz, in the second
one: indeed, as z, € Dpsp(t), we have Pz, € D(A) N H and APz, = PAz, € H,;

hence, S(t) Pz, € D(A) and consequently, as remarked at the beginning of the proof,
AS(t)Pz, € H: this shows that Pz, € Dg(t). Thus, we get

d
E(Ps(t)PZ"’ ZnVH + (Azy, PS@A)Pzy)u + (PS(t)Pzn, AZn)H
—2(APS(t)Pzy, PS(t)Pzp)y =0

and

d
& (SOPzw, P2} 4 (AP, SOPz) 1+ (SW) P, APz} i
—2(AS(t)P%z4, S(1) P2, = 0.

The second equation can be rewritten as

d
d—t(PS(t)PZn, Zn)H + (AZn, PS()Pzp) 1 + (PS(t) Pzn, AZn) 1

—2(AS(t)Pzn, S(t)Pzy)n = 0.
Subtracting the second equation from the first one, we get

(AS(t)Pz,, S(t)Pzy)y — (APS(t)Pz,, PS(t)Pzy)u = 0.
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On the other hand

0= (AS(t)Pzp, S()Pzp) g — (APS(t)Pzy, PS(t)Pzn)h
= (AU = P)S(t)Pzn, S()Pzn) 1 + (APSt) Pzp, (I — P)S()Pzn)m
= (AU = P)S()Pzn, (I — P)S()Pzn)p + (PAS(O)Pzn, (I — P)S(t)Pzp)H
= (Awn, wp)n + 0 = (Awy, wn)p.

Now we recall that A is of negative type and selfadjoint in H: thus, since w,, # 0,
(Awy, wy) i = —((=Awy, wa) i = =I(=A) w1 <0

this is a contradiction. O

5 Examples
5.1 Delay state equation
Consider the following linear controlled delay equation

{x’(t) =aogx(t) +a1x(t —d) + bou(t), te[0,T] (43)
x(0) = x0, x(s) =xi1(s), s € [—d,0[,

where the initial datum (xo, x7) is in R x L2(—d, 0; R), the control u belongs to
L2(0, T; R), and the coefficients ag, ai, by are real numbers with a; % 0 and by # 0
to avoid degeneracy. We call x (- ; (xq, x1), #) the unique solution which always exists
(see, for example, [2, Chapter 4]). Using a standard approach (see, for example, again
[2, Chapter 4]), we reformulate equation (43) as an abstract differential equation in
the Hilbert space H = R x Lz(—d ,0; R). To this end we introduce the operator
A :D(A) C H — 'H as follows:

{D(A) ={(xo,x1) eH: yi1 € W1/~2([—d,O],R>, x1(0) = xo} (44)
A(xo, x1) = (aoxo + a1x1(—d), x}).
We denote by e’ the Co-semigroup generated by A: for x = (xo, x1) € H,
e (xo, x1) = (¥(t; (x0, x1), 0, X(¢ + -5 (x0, x1), 0)) € H. (45)
The control operator B is bounded and defined as
B:R — H, Bu = (bou,0), ueR. (46)

In this setup, equation (43) is equivalent (in the sense that the first component of y is
the solution of (43)) to the equation in H:

Y'(t) = Ay(t) + Bu(1), y(0) = (xo,x1) € M.
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For this system the null controllability Assumption 2.4 holds for any Ty > r, see, for
example, [13, Theorem 10.2.3] or [22]. Hence, Theorems 4.12 and 4.13 hold in this
case.

Now we compute the adjoints and the controllability operator. We denote by A*
the adjoint operator of A:

{D(A*) = {(x0.x1) € H: y1 € W'3([—d, 0L, R), x1(—d) = aixo} 47

A*(x0, x1) = (aoxo + x1(0), —x)).

Similarly, denoting by e’ A" = (¢'4)* the Co-semigroup generated by A*, we have for
(x0,x1) € H

e (x0, x1) = (x(t: (0. 1), 0), x(t + : (30, y1). 0)) € H (48)

where
yo=x0, and yi(r)=a; 'x1(—d —r), rel—d,O0l (49)

The adjoint of the control operator is
B* i H — R, B*(xg, x1) = boxg, V(x0,x1) € H. (50)
It follows that
BB*e'™ (xo, x1) = b (x(1; (30, 1), 0), 0)
where (yo, y1) is as in (49). Hence, by linearity of (43) we can write
¢ BB (x0, x1) = bx (15 (yo, y1), 0) (8(1), gt + )

where again (yo, y1) isasin (49) and g(¢) = x(¢; (1, 0), 0) (which is a given piecewise
polynomial function that may be computed recursively). We can then finally write, for
(x0, x1) € H,

¢ t
0, (x0, x1) = b} </ x(s3 (vo, y1)s O)g(S)dS,/ x(s3 (yo, y1), 0)g(s + ~)ds> eH
0 0 51
where (yo, y1) is asin (49). It is not obvious to compute R(Q;) and R(Q:/Z). However,
we can at least say that R(Q;) € D(A): indeed the boundary condition xy = x1(0)
is obviously satisfied for all elements of R(Q;) by continuity of translations in L?;
on the other hand the second element of Q;(xg, x1) belongs to wl2([—=d, 0], R) by
direct verification simply using the continuity of x(s; (yo, ¥1), 0).
Hence, the sets Dp(#) and Dg(¢) in Theorem 4.12 are equal to R(Q;) in this case.
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5.2 Diagonal cases

Let {e,, }nen be a complete orthonormal system in the Hilbert space X, and let {1, },,eN
be a strictly increasing sequence of strictly positive numbers such that 1, — +o00 as
n — +o00. We define on the space X the semigroup

S(y=Y e (x,en)xen, 120,
neN

It is easily verified that S is an analytic semigroup of negative type —w, where w =
min,ey A, = A9 > 0, with norm [|S(1)[|z(x) = e~“". Its generator is the self-adjoint,
dissipative, densely defined operator A : D(A) C X — X, given by

{ D(A) = {x € X : 3,y 22(x, €)% < +00]) )

Ax = — ZneN An{x, en)x en

(see [29, pp. 178 and 198]). Note that 0 € p(A) and that A"l is selfadjoint and
compact.
As A is dissipative, the fractional powers (—A)® of —A are well defined (see [2,
Proposition 6.1, p. 113]).
Concerning the operator B, we assume that B : U — X is such that BB* is diagonal
in X:

BB*e, = bye, Vn eN,
with b, > Ofor all n € N. By Assumption 2.1 B is bounded; hence, the sequence {b,}

must be bounded, too. However, here we generalize a bit the setting, allowing B B* to
be unbounded. Since S(r) = ¢'4 commutes with B B* we have, see (59),

t
) 1
O;x = f e»ABB*x ds = EA*I(ez’A — I)BB*x, Vi>0,
0
1 -1 *
Ooox = _EA BB™x;
in particular, for ¢ > 0,

1 _ 1
Qe = m(l —e 2)L"t)bnen’ Oocen = mbnen Vn e N. (53)

Thus, if BB* is possibly unbounded, we need to assume

b
sup — < 400 (54)

neN *n
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in order that Q;, Qo € L(X) for all ¢+ > 0. The null controllability holds for a given
t > 0 1if and only if there exists ¢, > 0 such that

ISMxI% < c(Qix,x)x  Vx € X.
This is equivalent to

2ot

e <y

b
)’j (1—e 2"  VneN.

n

Hence, Assumption 2.4 holds for every Ty > 0 if and only if b, > O for every n € N
and

2hn + Yt >0
sup ———m—0—m < o0 > U.
neg bn(eZA"t - 1)

Now, we look at R(Q o) and R( chx/)z) (observe that, by Proposition C.2-(iii), these are

equal to R(Q;) and R(Q/?) forall > 0). By (53) it is clear that R(Qo0) € R(BB*)
and R(QY?) c R(BB™).

e If b, # 0 only for a finite number of n € N then, clearly, R(Qx) = R(Qéé2 =
R(BB*) € D(A). In this case the RE is substantially finite dimensional: the
function r — Q;l is a solution on Dp(t) = Dg(t) = R(BB¥) and, by Theorem
4.16, P Q,_1 P is a solution for every projection generated by some elements of
the basis {e,}.

e If b, # 0 for every n € Ny, where N is an infinite subset of N, then, clearly,

R(Qx) = {ZeR(BB*)l {%(z,en)x} 662}.
nEN|

n

In this case the RE is infinite dimensional. Again the function t — Qfl is a
solution on Dp(t) = Dgr(t) = D(A) N R(Q) and, by Theorem 4.16, PQt_lP
is a solution for every projection generated by some elements of the basis {e,}.

We now look closely at the second case above, when N; = N. First, if BB* is
bounded, i.e.,b = {by}nen € £, wehave R(Qos) € D(A) and, similarly R(Q5L%) €
D(A'/2). On the other hand, if, for some § > 0, we have b, > § for all n € N, then
R(Qs0) 2 D(A) and R(Q5.)) 2 D(A'/?),

Thus, if both BB* and (BB*)~! are bounded we have R(Qs) = D(A) and
R(Q&) = D(AV?).

Finally, if b, = A}, for every n € N, with o € R, then R(Qx) = D(A'"%) and
R(QY) = D(A'Z).

Now we consider a special case which fits into the application studied, for example,
in [6] in the case of the Landau-Ginzburg model. We take X = H~'(0, w; R) and
A the Laplacian in X with Dirichlet boundary conditions. We also take U = X and
B = I. Using what said just above we see that R(Q~) = D(A) = HO1 (0, r; R) and

H = R(QY%) = D(A'?) = L2(0, 7; R).

@ Springer



19 Page 30 of 47 Math. Control Signals Syst. (2017) 29:19

Appendix
A: Pseudoinverses

We recall here two well-known results of functional analysis that will be very useful
in the sequel.

Given a linear operator F : X — Y, where X and Y are Hilbert spaces, we define,
as in [29, p. 209] (see also [14, p. 429]), the pseudoinverse F~1 of F as the linear
operator

F':DFYHcy— X,

with domain D(F~1) = R(F), where F_ly is the element of F~! ({y}) with minimal
norm. Note that R(F~!) = (ker F)L.
We have the following result, taken from [14, Proposition B.1, p.429].

Proposition A.1 Let E, Ey, E> be three Hilbert spaces, let Ay : E{ — E, Ay : Ey —
E be linear operators, let AT : E — Ey and A% : E — Ej be their adjoints and

finally let A]_1 : D(Al_l) CE — E, A2_1 : D(Az_l) C Ey — E be the respective
pseudoinverses. Then, we have:

(1) R(A1) C R(A») if and only if there exists a constant k > 0 such that
IATxllg, < kllASxllE, Vx € E.
(i) If
IATxlE, = IA3x]lE, Vx € E,
then R(A1)=R(A>), R(AT") = R(A;") and

IAT xllg, = 1Ay 2], Vx € R(AD).

B: Some properties of commuting operators

Given a real separable Hilbert space X, let A : D(A) € X — X be a generator of
a strongly continuous semigroup e’4 and, for any A € p(A), denote by R(x, A) the
resolvent operator (A — A)_l.

Definition B.1 Consider an operator K € L£(X). We say that K commutes with A if,
for all x € D(A) we have Kx € D(A) and AKx = K Ax. In particular, this means
that K maps D(A) into itself.)

5 In this context the operator AK may be defined on a set Y strictly larger than D(A) and in this case, in
addition, the operator K A can be extended to all of Y. An obvious example of this situation occurs when
K is aresolvent of A.
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The following result is known, but for the reader’s convenience, we provide the
complete proof as we could not find it in the literature.

Lemma B.2 Let X be a Hilbert space, K € L(X), and A : D(A) C X — X be
the generator of a strongly continuous semigroup e'. The following statements are
equivalent:

(1) There exists Ly € p(A) such that R(Ly, A)K = K R( g, A).
(i1) Forevery A € p(A) it holds R(A, A)K = KR(X, A).

(iii) K commutes with A.

(iv) K* commutes with A*.

(v) Forallt > 0 we have eAK = Ke'4.

Proof (i) <= (ii). We only prove (i) = (ii), as the other direction is obvious.
Let L € p(A). Then,

KRO., A) — R(h, A)K = K[R(A, A) — R(A, A)] + [KR(wo, A)
—R(x, A)K]+ [R(r, A) — R(A, A)IK,

and so, using the so-called resolvent identity, and the fact that K commutes with
R(Ag, A),

KR(A, A) — R(A, A)K = K(Ap — A)R(A, A)R(Ao, A)
—(Ao — AR, A)R(Np, A)K
= (Ao — AR, A)[KR(X, A) — R(A, A)K].

Then, it follows that
[/ — (ko — AR, AIKR(, A) — R(2, A)K] = 0.
Since I — (Ao — A)R(Ag, A) = (A — A)R(Xo, A) we can apply R(A, A) to both

sides of the above equality which, thanks to the injectivity of R(X, A), is equivalent
to

R(ho, A)[KR(A, A) — R(L, A)K] = 0;

this, using the injectivity of R(1g, A), gives the claim.

(ii) = (iii). For sufficiently large n € N, consider A, := nAR(n, A) =
—n + n*R(n, A), the Yosida approximants of A. By (iii) we immediately have
KA,x = A,Kx forall x € X. Let now x € D(A). By the properties of Yosida
approximants [23] we have A,x — Ax and x,, := nR(n, A)Kx — Kx as
n — 4o0o. Now Ax, = A,Kx = KA,x - KAx asn — —+o0. Since A is
closed, we have Kx € D(A) and AKx = K Ax, which is the claim.

(ill)) = (ii). Let A € p(A). We have, for x € X,

O.— AR, AYK — KR(A, A)]x = Kx — AKR(A, A)x + AKR(\, A)x
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and, since A commutes with K,
=Kx — KAR(A, A)x + KAR(A, A)x = K[I — AR(%, A) + AR(X, A)]x = 0.
By the injectivity of A — A this implies that R(A, A)Kx — KR(», A)x = 0.
(iii) <= (iv). We only prove (iii) = (iv), as the other direction follows simply by
taking the adjoints and using the relations A** = A and K** = K. Letx € D(A)
and y € D(A*). Then,
(KAx,y) = <Ax, K*y)
and also, since K commutes with A,
(KAx,y) = (AKx,y) = (Kx, A*y) = (x, K*A*y).
From the two above it follows that
|{Ax, K*y)| = | (x, K*A*y)| < Clx|
for some C > 0. This means that K*y € D(A*) and that
A*K*y = (KA)"y = (AK)*y = K" A"y

which is the claim.
(ii)) = (v). We know that, for all x € X, A,Kx = KA,x and ¢4x =

PAP
Z;i% d Iﬁ” x; hence, we get
+o0 p +o0 p +o0 p
tPA tPA tPA
Ke'“nx = K E 'nxz E K 'nxz E '”K =M Kx
p=0 p: p=0 p: p=0 p:

We now let n — +o00 and use the fact that, by the properties of Yosida approxi-
mants [23], e’47x — e/4x forall x € X, as n — +o0. This implies the claim.
(v) = (ii). We know [23] that, for all sufficiently large 1 € p(A) and for all
x e X,

+00

RO, A)x = / e Me'Ax dr.
0

Then,

+00 +00
KR\, A)x = K/ e MetAx dt = / Ke M xdt
0 0

400
=/ e MAKxdt = R(L, A)K x
0
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and the claim follows.

We will need also the following result on pseudoinverses.

Lemma B.3 Let E be a Hilbert space and let Ay, Ay € L(E) be such that AjAy; =
Ay A1, As is selfadjoint and R(A1) € R(A»). Then, denoting by A;l the pseudoin-
verse of A>, the two operators
AAS R(A) - E  and A;'A\:E— E
coincide on R(A»>); hence, in particular, A A2_1 can be extended to all of E.
Proof Take z € R(A3) and set
V= A1A2_lz, U= Az_lAlz.
Applying A we get
Av = ApA 1A = A\ MaAS s = Az, A= ApAY Az = Agz
where in the first equality we have used the commuting assumption. This means that
Ar(u —v) = 0,1ie.,u —v € ker Ay. Now by the definition of pseudoinverse we

have u € (ker A»)+, while v € R(A;) € R(A) C (ker Ay)~, since Aj is selfadjoint.
Hence, it must be # — v = 0 and the result follows. O

C: Controllability operators and minimum energy

Following [29, p. 209], we collect some basic properties of the controllability operators
Q; defined in (8):

Proposition C.1 Letr Q; be defined by (8).

(1) The operator Q; is linear, bounded, selfadjoint and nonnegative.
(i) For0 <s <t < 400 it holds

ker Q; C ker Qg C ker B* = ker BB* (55)

and each inclusion becomes an equality when B B* and A commute.
(iii) For0 <s <t < +o0,

[ker Q;]" D [ker Q] D [ker B*]* = [ker BB*]*, (56)

so that

R(Q:) 2 R(Qy) 2 R(B) = R(BB™), (57

and each inclusion becomes an equality when BB* and A commute.
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@iv) For0 <t <t < +00 we have
Qr = 0 + e Qe (58)

(V) Finally, if A is selfadjoint, and A and B B* commute, we have for all x € X
1 -1 2tA * 1 -1 *
Qux = 54 (e — 1) BB*x, t>0: Qoex = —3A~'BB"x. (59)

This, in particular, implies that for every t € [0, 400] the operator Q; commutes
with A and that

24y =-BB*Q'y ¥y € R(Qx) S D(A). (60)

Proof The statement (i) is immediate by definition of Q;.
We prove now (ii). Indeed, for every ¢ € [0, +o0], since Q; is selfadjoint we have

t
Oix =0 (Q/x,x)x =0 <:>[ |B*e™A x||%/dr =0

0 *
< |B*¢ Y x|y =0 forae.r €0, 1].

The above immediately gives ker Q; C ker Qs when s < t. Moreover, since r —
| B¥e" A" x ||y is continuous, this function is identically 0, so the lastimplies || B*x ||y =
0. Finally, since B B* is selfadjoint then BB*x = 0 is equivalent to B*x = 0.

If A and BB* commute then, by Lemma B.2 also A* and BB* commute and so
also ¢'4” and BB*. It follows that, if BB*x = 0 then, for all # > 0,

t t
(Oix,x)x = / <BB*e’A*x, e’A*x> dr = / <e’A*BB*x, e’A*x> dr =0,
0 X 0 X

which gives the claim.
Concerning (iii), (56), as well as (57), easily follow from (55).
The statement (iv) follows by writing

T t T
Ox = / SABB* N dr = / SABB N dr +/ S ABB* A dr
0 0 t

and then changing variable in the second integral.
The statement (v) follows since in this case, by Lemma B.2, e A commutes with
BB*. Hence,

t t
Ox =/ e ABB* e A xdr =/ e ABB*xdr
0 0

and (59) follows by standard integration of semigroups. Concerning the commutativity
of O, and A we first observe that, by (59) we have R(Q;) € D(A) for r €]0, +00].
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Moreover, still by (59), we have, by direct computations
240,x =20,Ax = (¥ —)BB*x, 2AQcox =20s0Ax = —BB*x

for all x € D(A). Finally, for any given y € R(Qs) We set x = Q;oly €
[ker QOO]J- C X and we write, using the last formula

240005y = —BB* 0y,
which, by the properties of the pseudoinverses, gives (60). O

Finally, we provide the following partly well-known result, concerning the images
of the controllability operators.

Proposition C.2 Assume that Assumption 2.1 holds.

() If0 <1 <7 < +00 then R(Q}”*) € R(Q:"*) € R(QL).
(ii) 1f, in addition, the system (5) is null controllable at time Ty, i.e., Assumption 2.4
holds, then R(Q}'*) = R(Q?) for all t € [Ty, +ool.

(iii) If A is selfadjoint and commutes with B B* then, without assuming null control-

lability, for all t €10, +oo[, the equalities R(Q;) = R(Qso) and R(Q}/%) =
R(QY?Y hold.

Proof Theresults (i) and (ii) concerning the images of the operators Qt1 / 2, t € [0, +00]
are well known: see, for example, for point (i) the proof of Theorem 2.2 in Part IV,
Chapter 2 of [29]; for point (ii) the proof of Theorem 2.2 in [12].

We now prove (iii). For all 0 < t < 7 < 400 we have, using (58), the selfadjoint-
ness of A and the commutativity,

Qr = Qi+ Qry = Q1 + Qv (61)
hence, if T = 400 we get, forallx € H and ¢ > 0,
0:x = Qoox — Qoo™ x = Qoo(x — e*%x). (62)

Thus, we immediately get R(Q;) € R(Qco) forall # > 0. On the other hand we have,
forx €e Handr > 0,

Ooox = 01x — ¥4 Quox,
which implies, forall x € H and ¢ > 0,

1Qcoxllx < 1Qixllx + Me > | Quox|lx -

Let 7} > 0 be such that Me—2®T1 = |, Then, for all r > Tj the above implies

[QcXllx < ————110:xlx -
e 2wt

1-M
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Using Proposition A.1-(i) this implies that R(Q;) = R(Qx) forallt > T1.If T} =0
the claim is proved. If 77 > 0 take + < T7. We have, taking T = 2¢ in (61),

02x = Oux + 0,6¥4x = 0,(x + ¢¥4x), x e H. (63)
This implies that R(Q2;) € R(Q,). Iterating this argument we see that it must be

R(Qy;) € R(Qy) for all k € N. Taking k such that 2%¢ > T1 we then get R(Qo0) =
R(Q,;,) S R(Q;). This proves the claim.

Concerning the last statement we observe that, by (62) and since ¢/4 commutes
with Qééz, too, we may write
/2 2 _ _ _[,2tA
1Q00"x 1% = (Qoox, x)x = (Qrx, x)x — (€77 QooX, X
= (Qux, x)x — <6’A 0clx, e Qé&c)x
1/2 1/2 1/2 — 1/2
=10/ %1% + e 0slx I < 10/ x1% + Me 1 0 x 3.

Hence, taking 7> such that Me=“"2 = 1 (i.e., T» = 2T}), fort > T we get
12 12
10x1% < l—IIQ Pxlk

which gives R(Q%) € R(Q}'%), and hence R(Q:))) = R(Q}'?), for t > Tp. If
T» = 0 the claim follows. Otherwise, using (63), we have

1/2

103751} = (Qu. )y = (@, x)x + (4 Q. x)

= (@i, )y + (¢4 0} x. e 0/ )

1/2 1/2 1/2 _ 1/2
= 110,x1% + € 0} *x 1% < 110, *x 1% + Me™'1| 0} *x|I%.

1/2 1/2

Hence, arguing as above we get R(Q~ ) fort > 0. O

= R(Q,

We have the following result about the optimal pairs when x € R(Q;).

Proposition C.3 Let x € R(Q;). Let (J;.x, Uy x) be the optimal pair in [—t, 0]. Then,
we have
l;x(r) = B*e™ Q7 'x Vr e [—1,0], (64)

with Q; ! defined as in Theorem 2.7 (iii). Moreover, the corresponding optimal state
y satisfies
Sra(r) = Qrare ™™ Ok, 1 € [—1,0]; (65)

hence, the optimal pair satisfies the feedback formula
i1 (1) = B*Qiy, Jrx (). 7 €]=1,0l, (66)
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and, formally, y; x is a solution of the backward closed-loop equation (BCLE)

Y(r) = (A+BB*QL)y(r), rel-10] (67)
with final condition y(0) = x.
Proof Formula (64) follows from [29, Theorem 2.3-(iii), page 210].

Formula (65) follows by inserting (64) into the state equation:

r r
Vrx(r) =/ e‘r*”ABﬁz,x(s)ds:f e"IABB e ™A 0 x ds

—t —t

r
— (/ e(r—s)ABB*e(r—s)A dS> e—rA Qt_lx — Qt+re_rA Qt_lx;

—t
moreover, formula (66) follows by simply observing that y; «(r) € R(Q;+,) for every
r € [—t, 0], and using (64)—(65).
Inserting (66) into the state equation (5) we see that, formally, J; y is a solution of
the BCLE (67). O

Remark C.4 1t is not hard to show that the above result holds true also in the case
when t = 4-00. So we have for the optimal pair the representations

loox(r) = B*e ™ 07 )x  rel—o0,0], (68)
Foox(r) = Qooe A 07l x,  rel—o00,0]; (69)

and the feedback formula
loox(r) = B*Q Yoo x(r), 1 €]—00,0l (70)
Thus, formally, Yo  is a solution of the backward closed-loop equation (BCLE)
V()= (A+BB QY.  rel—00,0] (71)

with final condition y(0) = x. Using the Lyapunov equation (25) proved in Proposition
3.3, the above (71) can be simplified as

V() = =0 A 0 y(r),  rel—o0,0l (72)

Hence, if A* commutes with Q (e.g., when A is selfadjoint, and A and BB* com-
mute), then the BCLE (71) becomes

Y (r)=—A*y@r), re]l—o0,0].
which is well posed and is solved by the optimal trajectory. The same argument can

be used in the finite horizon case of Proposition C.3 to rewrite (67), but due to the
presence of Q) in the Lyapunov equation (24), the result is not so useful. O

@ Springer



19 Page 38 of 47 Math. Control Signals Syst. (2017) 29:19

We now give a counterexample® in the case where the null controllability Assumption
2.4 does not hold.

Example C.5 Let us consider the Hilbert spaces X = L%(0,1) and U = R. The
operator

{D(A) ={f e H'(0,1): £(0) =0)
Af =—f

is the infinitesimal generator in L2(0, 1) of the Cy-semigroup (see, for example, [17,
Chapter I, Section 4.c], or [1]):

f(s—1t) if s>t

e f)(s) ::{O its <1, s€]0,1[, >0,

or, in other words,
@) = FC=Dxn0).
Next, let B : R — L?(0, 1) be defined by
B(a) :=a xj0,1/41(")-
Consider the state equation

{ y'(s) = Ay(s) + Bu(s)
y(0) =0.

For any fixed r €]0, 1], we have f € Qtl/z(Lz(O, 1)) if and only if there exists

u e L2(0, t) such that
13
f= / "4 Bu(r)dr.
0

By the definition of B and the explicit form of e’4 we easily get

t

t
fe= /0 u) xo,1/41¢ —t +r)xp—r,n(-)dr = /0 u(r) Xie—ranG—r+1/41() dr.

Now fix 1 = 1/4: then if £ € Q/3(L?(0, 1)) it holds

1/4
f(s) =/0 u(r) xpja—r,1/2—r1(s) dr,

6 We are indebted to Giorgio Fabbri for this example.
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so that necessarily f(s) = O for all s €]1/2, 1]. On the other hand, take t = 1
andu = 1 € L*(0,1); then if f = fol e'"=""ABu(r)dr we have in particular f €
01*(L2(0, 1)) and

1 1
1
f(s)= / X(1—r 1A /4—r))(s) dr = / X(1=s5,17(5/4—s)](r) dr = s A 1 Vs € [0, 1].
0 0
This shows that f cannot belong to Q}ﬁ(LZ(O, 1), ie.,

02 (L 0. 1) € 01/3(L*(0. 1)),

and in particular, the system cannot be null controllable at any 7' € ]0, 1/4]. O

D: Proofs

Proof of Lemma 4.2 We start proving (i). Let {x,,} be a Cauchy sequence in H: then
for each n we have x,, = Q})ézz,,, where z,, € [ker Qééz]L is uniquely determined,
and by (29) {0=/?
some z € [ker Q ]J- As Q5 € L(X), {x,} is a Cauchy sequence in X, too, and it
converges to some x € X. It follows that Qéézz = x,sothatx € H and x;, — x in
H . This shows that H is complete To prove that H is continuously embedded into X,
take x € H: then x = QOO y for a unique y = QoO 2y € [ker Ql/z]J—. Thus,

xn} = {zn} is a Cauchy sequence in X, so that it converges to
1/2

12 12 12 —12
Ixlx = QY ylx < 110 lzaollyllx = 10 ||£(X)||Qoo/ xlx
= ”Qoo lzoollxlla -

Concerning (ii), let x € H. Then, there exists a unique z € [ker Ql/ 2] = R(Ql/ 2

such that x = Qoozz. So there exists a sequence {z,} C R (Qoéz) such that z;, — zin

X asn — +oo. Setting x,, = QééZZ,, we have as n — o0

1/2
ln = Xl = 1065 @n — Dl = llza — zllx = 0.

and the claim follows.
The statement (iii) follows from (29) by just taking x = y.
To prove the statement (iv) we observe first that, for all x € H with x = Q(])ézz,

zeX,

1/2 1/2
10 xllm  llxllx 105" zllx
lx[l & lzllx  lzllx
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which implies | QX[ () < 11085 I £cx)- On the other hand, if z, € X is such that

1/2
11058 2ullx 12 1
> 100 ey — =
T lzallx n
then, setting x,, = chx/g zn € H, we have
12, 1/2
12 _ 10 sl _ 10 2l 12 1
12 lzeu e el [ PR
10 Il 2 Izallx n

which gives the claim.
Finally, (v) follows by observing that ngl/ 2 F is a well-defined closed linear oper-
ator from X to X and applying the closed graph theorem. O

Proof of Lemma 4.3 We just consider the case t = 400, since the case Tp <t < +00
is quite similar. Fix x € H. Then, there is a unique z € [ker Ooolt such that chx/jzz =

x. As [ker Ou]* = R(Ow) = R(QY?). there exists {z,} C X such that 072z, —> z
in X. Since D(A*) is dense in X, for each n € Nt we can find y, € D(A*) such that
lyn — znllx < 1/n, so that Qéézyn — zin X, too. Hence,

1/2 —1/2
1Qeoyn — xlla = 10X yn — 02 *xllx = 10X yu — 2llx = O,

i.e., x belongs to the closure of O~ (D(A*)) in H. The density of D(A) N H follows
since, by Lemma 3.1-(i), we have Qoo (D(A*)) C D(A)N H. O

Proof of Lemma 4.4 We recall that for 0 < ¢ < +00 we have

1/2

o

1/2 A1/2

1/2 1/2 —
0;'P2=2z vze R, 0770/ x = Py, x Vx e X. (73)

By (73), using also the fact that Ql/ s selfadjoint in X, we get (i):

/2 12

(z, 07 Pwyx = (0,70, %2, 07 Pw)x
= (0,2, 0,70, Pw)x = (0}

2, wyx  Vz,we R(QV?).

About (ii), we have by (73), (29) and (i):

(7%, yyu = ”2, V20 = (x, 02 x = (0%, y)x

1/2 1/2 51/2
= (0o0x, Pler oot Mx = (0 *x, 020208 y)x
1/2
= (. 0L VxyeH.
Finally, (iii) follows immediately by applying (ii) twice. O
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Proof of Lemma 4.5 For fixed t > Ty, let x € H be such that Q1/2Q 12y =0 then,
by (73),

-1/2 1/2 ~—1/2 ~1/2
0%"%x = 0,20, 0%x) = Pyer 9,10 0 2x =0,

which implies Qo 2y € Ker 0: = ker Q. On the other hand, by definition we
also have QO =% € [ker Quolt, so that QO <?x = 0 and consequently x =
1/2(Q 1/2 12 ,—1/2 .

x) = 0. This proves that Q, ~ ' 1s one-to-one. Moreover, for each
y € H the equatlon Ql/2 ool/zx = y is equivalent to P, g, 11 Q;ol/zx = Qt_l/zy,

but since Q 2y € [ker Qoolt = [ker O;]F, we deduce ngl/zx = Qt_l/zy and
hence x = 1/2 0, 1/2 . This shows that Q,l/2 ;ol/z is surjective.
We now clalm that Ql/ 2 1/ 2 has closed graph in H x H. Indeed, let {x,} be a

sequence in H such that (xn, Q 1/2xn) — (x,y) in H x H. This means, by
definition,
Q;}/zx,, — 0% inx, (74)
and
520,205 xy — 0%y inx: (75)

if we apply Ql1 o (74) we obtain

Q Q 12, Q1/2 12 0 X,

whereas if we apply chx/f to (75) we get
Q}/2Qool/2x — y inX,
so that y = Ql/ 2Q '2x and our claim is proved By Lemma 4.2 it follows that
,1/2 001/2 € L(H). Finally, the inverse Q1 0, 12

argument, or by the open mapping theorem.
The proof of the second statement is quite analogous. O

is also in L(H) by the same

Proof of Lemma 4. 6 It is clear that Q, v 2Q1/ 2 maps X into X and vanishes on

ker Qo = ker Q<>o Moreover, if y € [ker Qso]t then x = Qn =72 1/2y is in
[ker Qoo and satisfies 0, 12 Q})ézx = y, so that Q, 1/2Q1/2 is one-to-one from

[ker QOO]J- onto itself.

Now we prove that Q, 12 1/2 has closed graph. Let (x;,, _1/2 1/zxn) — (x,y)
in X x X:then x, — x in X and Qil/2 lézxn — yin X, so thaty € [ker Qo] t. It

follows that

1/2 1/2
o</> n_)Q/

and also

Lon = 0,107 2 0’ x) - 0.y,
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so that Ql/zx = Ql/zy, but since y € [ker Qso]t, we deduce y = Qt_l/2 éézx.

Thus, Q, 1/2Ql/2 € L(X) and the result follows. O
Proof of Lemma 4.7 Indeed, by (29) and Lemma 4.4 (ii)-(iii),

(Lx, y)g = (0= "*Lx, 0 *y)x = (Lx, 0 y)x
= (x, L* Ol y)x = (087x, Q2L 0 vy = (x, Qoo L* 0 y) i -

]

Proof of Proposition 4.8 (i) Fix x € H and t,t > 0 with t < ¢. For any u €
Ujo,z1(x), define

[0 if s €[0,t—1]
u(s) = u(s —t+r1t) if s elt —r,1].

We have i1 € Ujo,;1(x), since obviously

t t
/ e"ABii(s)ds = / e"IABu(s —t 4+ 1) ds
0 t—t

T
:/ eT"4By(o)do = x,
0

and, moreover,

t t T
fonﬁ(s)u%]ds:f ||u(s—r+r>||%]ds=/0 lu(e)1? do.
1—T

Now, for a fixed ¢ > 0 we may select u € Ujp, ](x) such that

V(t,x) < 3 lu(o)lly; do < V(T,x) + ¢,

0
so that for the corresponding iz we get
Lo | 2
Vi, x) = s | lu)lgds=5 [ llulo)lydo <V(r,x)+e

2 Jo 2 Jo

and finally V (¢, x) < V (1, x).

(ii) Formula (19) shows that V is quadratic with respectto x. Moreover, (19), rewritten
in H, becomes

1

Vit =3 V2o Px, 00 )y
1 12 =12
=51 o oo X2 X) Rl ypH RG0!

xVt >0, ¥Yx e R0,

and the claim is proved.

@ Springer



Math. Control Signals Syst. (2017) 29:19 Page 43 of 47 19

(iii) (a) Under Assumption 2.4 formula (34) immediately follows from the fact that

R(Qtl/z) = H for every t > Tj. To prove (35) we take x € R(Q;). Then, by

19,

I _ip 1 _1ip —12 r
Vix) =210 /x||§=5<Q, Px, 0, /X)X=§(Q, Iy, x)x

where in the last step we used Lemma 4.4 (i). Now passing to the inner product
in H and using Lemma 4.4 (ii) we get

1 1
Vi, x) = §<[Q%2Q:‘1x, 0N x)y = 510000 "1 )

which is the claim. Finally, the estimate (36) is an immediate consequence of the
monotonicity of V (-, x).

(>iii) (b) First we show that if ¢ € [Tp, +0o0[, then for each ¢ > 0 and R > 0 there is
6 > 0 such that

V(t,x) < V(t,x)+e Vx e H, |x|lg <R, Vte[lpv(t-9),t[. (76)

To this purpose, fix 7 € [Tp, t[ and x € By (0, R), take u € Ujp ;) (x) such that

1 [! 5 e
3 ; lu(s)llyds < V(t, x) + 3
and define
uls)=u(s+1t—r1), s €10, ]
Since
T T
/ eTIABL(s)ds = f eTIABu(s +1 —1)ds
0 0

t 1—T
= / "4 Bu(o)do = x — / "4 Bu (o) do,
t—t 0

we have i € Ujp 1] (x - fé_f e~ ABy (o) da). Hence,

-7 1 T 1 t
1% r,x—/ "4 Bu(o)do | < -f |7 (s)]|3 ds = _/ llu(0)||3do
0 2 Jo 2Ji—

I ) e
—/ lu(o)lydo < V(E, x)+ <.
2 Jo 2

A

IA
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On the other hand, by (34) we have, forx,y € H
Vi, x—y) = V(,x = %(Pv(f)(x — )X =i - %<Pv<r>x,x>ﬁ
= —%(Pv(f)y,x —Y)H — %(Pv(f)x, VIH;
then, by (36), for every ¢ > 0 and R > 0 there is n > 0 such that

&
Iyle <n = |V, x—y)=V(t,x)| < 3
VYt > Ty, Vx e By(0,R).

Hence, we get
-1 e
V(t,x) <V (t,x —/ eU—")ABu(a)da) +3< V(t,x)+e
0
provided we are able to find § > O such that

<n Yrellyv(t—2é),t.
H

-7
/ "4 Bu(0) do
0

In order to check (77), we fix z € R(Qoo) With ||z]|lg < 1. We can write, by

Assumption 2.4, Proposition A.1 and Lemma 4.5,

-7 1—T
’</ e(t_“)ABu(o) do, z> = ‘</ e(t_")ABu(o) do, Q;olz>
0 H 0

t—t
— ’</ e(t*(T*T())ABu(O,) dO', eT()A* QOO]Z>
0

X

X

T
< f T TVAB () Iy do - [leTA 0 zlx
0

-7
o — 1/2 H—
< [ B do - 10} 052l
0

-7
_ —o— —1/2
scf eI (o) ||y do -+ [0zl
0

-
<cvt—te llull2o v lzlla-
( )

Hence, using the density of R(Qso) in H (see Lemma 4.2),

</_t e 4 Bu(s)ds, z>
_ H

< cm ||’4||L2(—t,0;U)’

sup
lzllz <1
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(iii)

so that
-7
H/ e A Bu(s)ds
—t

Thus, to achieve (77) it suffices to take § > 0 such that c+/8 lull 2 0:0) <1
Hence, we have proved (76), too.

Now fix ¢ > 0, R > 0 and take § such that (76) holds. For (¢, x), (t, x') €
[Ty, +00] x By (0, R) with |t — 7| < § we have

<cvi—tlullzr0v)

H

V(t,x) = V(t,x)| < |V(t,x) = V(t,x)| + |V(z,x) — V(z,x)|

1 1
<e+ §|<PV(T)X7X>H - E(PV(T)X/JC/)H|

1 1
<e+ §|<PV(T)(X —x"), x)ul + §|<PV(T)X/7X —x')Hl

<e+ 1Pv(DolicnRIx — X' Na,

and the first part of the claim easily follows. To prove the continuity of the map
t — Py (t) we observe that, for ¢, T € [Ty, +0o0]

| Py () — Pv(Dllcy = sup (Pyv(t) — Py(T)x, x) g

lxll=1

=2 sup |V(t,x)—V(r,x)|;

lxl=1

so the claim follows by (76).

(c) The limit in (37) clearly exists and is finite by monotonicity and positivity of
V. To find this limit we consider first the case when x € R(Q«). Then, we have,
by (35),

2V(t,x) — xl13 = (Pv()x — x, X)ir = (QoeQ; ' x — X, X) g1
= ((Qoo — 0O %, )i = (Qs — 0N Q7 %, O x)x .

Since, for suitable ¢ > 0,

<ce |zlx VzeX,

+o00 ) .
[ SABB e 7 ds
t X

(Qoo — On)zllx = ‘

we obtain
2 —2wt -1 -1
2V(t,x) = lIxllyg <ce " 10; xlx10x xlx.

But

172 1/2

_ _ —1/2 ~— —1/2
107 'xlx = 10270 \xllw = 10X 07 % 0; /

1/2

2o Px
1/2 A—1/2 —1/2 ~1/2 —1/2

<1020 1o P 0L el 0% P xl .

1/2
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so that by Lemma 4.5 we get
1. _ _1 2 R
. im V(,x)=-lxlly Vx € R(Qx).

By selfadjointness of Py (¢) and polarization, we also have
lim (Py(t)x,y)g = (x,y)m Vx,y € R(Qo0).

t—+00

Since, by (36), Py(t) — I is uniformly bounded, by density (Lemma 4.2) we
deduce that

t_l)i:_nOO<PV(t)-xv )’>H = <x1 )’)H V-x € R(QOO)’ V)’ € H’
and using again that Py () is selfadjoint we get
t—leOOOC’ PV(I)WH = (-x’ )’)H V-x € R(QOO)! Vy € H

With the same argument we then obtain

lim (x, Py(®)y)y = (x,y)n VYx,y € H,
—>+400
and the result follows. O
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