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Abstract In analogy to the Kucera—Youla parametrization, we construct and para-
metrize all stabilizing controllers of a stabilizable linear periodic discrete-time
input/output system, the plant. We establish a necessary and sufficient algebraic con-
dition for the existence of controllers among these for which the output of the plant
tracks a given reference signal in spite of disturbance signals on the input and the output
of the plant. With a minor additional assumption, the tracking stabilizing controllers
are robust. As in the linear time-invariant (LTI) case, the reference and disturbance
signals are assumed to be generated by an autonomous system. Our results are the
analogs for periodic behaviors of the corresponding LTI results of Vidyasagar. A com-
pletely different approach to stabilization and control of discrete periodic systems was
developed by Bittanti and Colaneri. We derive a categorical duality between periodic
behaviors over the time-axis of natural numbers and finitely generated modules over
a suitable noncommutative ring of difference operators and use this for the proof of
the main stabilization and control results. Morita’s theory of equivalences between
module categories is employed as an essential algebraic tool. All results of the paper
are constructive.
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1 Introduction

In analogy to the Kucera—Youla parametrization, we construct and parametrize all
stabilizing controllers of a stabilizable linear N-periodic (N > 0) discrete-time
input/output (IO0) system, the plant (Theorem 5.3). We establish a necessary and suf-
ficient algebraic condition for the existence of controllers among these for which the
output of the plant tracks a given reference signal in spite of disturbance signals on
the input and the output of the plant (Theorems 6.1, 6.2). With a minor additional
assumption the tracking stabilizing controllers are robust (Theorem 6.4). As in the
linear time-invariant (LTI) case the reference and disturbance signals are assumed
to be generated by an autonomous system. Our results are the analogs for periodic
behaviors of the corresponding LTI results of Vidyasagar [16, §§5.1, 5.2, 5.7, 7.5].
They solve open problems that were raised in [1, §7].

Incontrastto[1,5,11] and in accordance with [2,9,16] (in the LTI case), we consider
N-periodic systems on the time-axis N > ¢ of natural numbers and not on Z. A
periodic system is a linear time-varying (LTV) system whose coefficient functions
a are N-periodic, i.e., satisfy a(t + N) = a(t) for t € N. If F denotes any field
or, in Sects. 5 and 6, the field R or C of real or complex numbers, the coefficient
functions form the commutative algebra FZ/ZN of functions from Z/ZN to F where
we pose a(t) := a(t + ZN) for t € N. The monoid N acts on a € FZ/ZN yia algebra
isomorphisms by (j o a)(t + ZN) := a(j + t + ZN). This action gives rise to the
noncommutative skew-polynomial algebra of difference operators, cf. [5, (25)],

A :=F%2N[g; 0] = EB;-’(;OIFZ/Zqu withg’a = (joa)g’, j €N, a e FZ/ZN,
1
The most general and standard signal space for one-dimensional discrete systems
theory is the space

Wi=FY:={w=(w))en:N—F, t > w)} )

of sequences or functions from N to F. The components of the error signals in the stabi-
lization theory (F = R, C) are, however, much more special and indeed exponentially
stable and, in particular, belong to the Banach spaces

> = [w e FY; sup lw(®)| < oo] and €7 :=1weFY; D |w®)” < oo
reN reN
3)

for p € N, p > 0. The proper and stable transfer matrix of the constructed closed loop
behavior acts via convolution on vectors with entries in F™. This transfer operator is
(P, eP)-stable for p = 0, 1, ..., 00, i.e., maps vectors with components in £” onto
vectors with the same properties. This is well known from the LTI case.

The standard action

0:AXx W — Wwith (gow)(t) :=w( + 1), (aow)) =al®)w®), &)
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fora € FZ/ZN y e W, t € N makes W an injective A-left module, but not a cogene-
rator, cf. Theorem 3.4 and Remark 3.5. As usual this action is extended to one of the
matrices

d

R = Zquj e ATk Rj € (IFZ/ZN)er onw = (wi,...,wp) € WK
j=0
d
= W (Row)() = > Rj(Dw(t + j), Bi= {w e Wk Row= o} 5
j=0

The equation R o w = 0 is a linear system of difference equations with N-periodic
coefficients. Its solution space B is the associated periodic or A FNN-behavior and the
principal object of study in this paper.

The center of A is the commutative polynomial algebra Z := F[A], A = ¢V,
that acts on the signal space W = FNN via left shift, i.e.,

(Aow)(7):=w(t+N), me W=F", 1 e NN ={0,N,2N,...}, (6

and makes it an injective cogenerator with its ensuing categorical duality between LTI
7z W-behaviors and finitely generated (f.g.) Z-modules, cf. [5, (20)—(22)]. By means
of the isomorphism

_ N
w=FNx~wN = (FNN) , W W= (wp, ... wy_1) with

w(j+1):=w;(r), 0<j<N-1, t eNN, @)

we derive a categorical equivalence between periodic behaviors, i.e., A W-behaviors,
and ZW-behaviors (Theorem 3.4), which is our formulation of the correspondence of
periodic behaviors and their lifted LTI form, cf. [5, Thm. 4.6]. It enables the transfer
of Vidyasagar’s LTI stabilization and control theory [16] to periodic behaviors and
the application of [3]. The algebra A is canonically a subalgebra of the matrix algebra
B := ZV*N_ Since AW is not a cogenerator, periodic behaviors are not dual to
f.g. A-left modules, but to f.g. B-left modules (Theorem 3.14). This is shown by
means of the isomorphism (7) and by Morita’s theory of equivalent module categories
that also implies the precise structure of these modules. F.g. A-modules have a more
complicated structure and were studied in [9], but are not employed for the study of
periodic behaviors in this paper.

The main results of this paper described above are contained in Sects. 5 and 6.
Section 3 describes the module-behavior duality for periodic behaviors on the time-
axis N. For the time-axis Z, the theory is simpler and was treated with similar methods
in [5] where we also explained the relation with previous work [1,2,11]. In Sect.
4, we apply Morita theory to derive essential notions for and properties of periodic
behaviors and their dual f.g. B-left modules, for instance autonomy, controllability, the
existence and characterization of input/output (IO) structures and left and right coprime
factorizations. We show that in the Morita framework a periodic behavior and its lifted
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LTI behavior coincide via the isomorphism (7). This simplifies the considerations of
Sects. 5 and 6 considerably. In Sect. 5, we also discuss the characteristic variety or
set of poles of an autonomous behavior and define and characterize the stability of
autonomous and of input/output systems.

By means of the algorithms from [3] all results of this paper are constructive, but
have not yet been implemented in the periodic case.

History A completely different approach to stabilization and control of discrete
periodic systems given by state space equations is exposed by Bittanti and Colaneri
[2, pp. 353—-404], see also [8, 17] (continuous time). Commutative and noncommutative
rings of (partial) differential operators and their modules have been an important tool in
Algebraic Analysis since the seminal work of Ehrenpreis, Malgrange and Palamodov
for constant coefficients in the 1960s and later, for varying coefficients, in the work of
Kashiwara and many other researchers. In systems theory, already Kalman employed
polynomial modules, but from a different point of view, and Ylinen [18] already
used skew-polynomial rings of differential operators. In connection with Rosenbrock’s
polynomial and Willems’ behavioral approach, modules were introduced by Fliess and
the second author in 1990, also for multidimensional behaviors, and were also used
in [9]. The module theoretic reformulation of the fractional representation approach
(cf. the bibliographies of [14,16] for important contributors to the latter field) and its
application to stabilization problems is due to Quadrat, cf. [14], and was also applied
in [3]. In this approach, a commutative domain S of stable operators, often a Banach
algebra, with its quotient field K is given. A system is described by a transfer matrix
H e K"**, hence hidden modes are removed and autonomous systems as in Sect. 6
cannot be used. A similar framework is used in [6]. Our ring B of difference operators
is neither commutative nor a domain, but the Morita theory enables the reduction of
the problems to the commutative operator domains F[s] and S, as used in [3,16].

2 Terminology and notations

We have to use various notions from algebra. We refer to the books [12,13,15] for
the basic algebraic language concerning rings, modules and categories. For the conve-
nience of the reader, we give here a list of notations with short explanations, essentially
in the order in which they appear in the paper:

1. Abbreviations f.d.=finite-dimensional, f.g. =finitely generated, IO = input/output,
LTI =linear time-invariant, LTV =linear time-varying, resp.=respectively, w.l.0.g.
= without loss of generality, w.r.t. = with respect to.

2. X"*k .= the abelian group of r x k-matrices with entries in the abelian group X,

XXk .= rows, X¥ := X**1 .= columns.

. F=afield, F =R, Cin Sects. 5 and 6.

4. FL/ZN( < FN): the commutative coefficient ring of periodic functions
identification

a: N — [ of period N with a(t):=a(), t:=t+7ZN € Z)ZN, t € N
5. 6= eig, () = 8;3, i, j € Z/ZN': the standard [F-basis of FZ/ZN consisting
of idempotents.

[98]
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10.
11.
12.
13.
14.

15.
16.
17.

18.
19.
20.
21.
22.

23.
24.
25.
26.
27.

28.

A := FZ/ZN[4: o]: the noncommutative F-algebra of skew-polynomials in the
indeterminate g with coefficients in FZ/ZN

. Z = center(A) := {z € A; Ya € A: az = za} = F[A]: the center of A and

polynomial algebra in the indeterminate A := ¢V with coefficients in F.

. W = FN := the space of signal functions (sequences) w : N — F and A-left

module with the shift action (¢ o w)(¢) := w(t + 1) and (a o w)(¢) := a(t)w(t)
for a € FZ/ZN

. W o= FW = the space of signals (sequences) w : NN — F and Z-module

with the action (A o W)(jN) = W(jN + N) = w((j + DN), W = WV,
AMod := the class or category of A-left modules.

Homa (M, N): the Z-module of A-linear maps between A-left modules M, N.
Z :A Mod —7 Mod, M — egM: the exact left adjoint to A.

Az Mod — 5 Mod, P > PV : the exact right adjoint to Z.

B =27VN*N D A: Z -algebra of N x N-matrices.

identification
Sz := Z\{0}: multiplicative monoid of nonzero polynomials in Z = F[A].

K :=Zgs, = F(A): quotient ring of Z w.r.t. Sz, quotient field of Z.

Q:=Bg, = K" *N: quotient ring of B with denominators in Sz and matrix ring
over the field K.

F(A)pr C F(A): ring of proper rational functions in A.

In the following: F = R, C.

D C {x € C; |A| < 1}: nonempty (open) subset of the open unit disc.

Sp C Sgz: saturated monoid of (ID)-stable polynomials, i.e., with roots in D.

Zp = Zgy,: quotient ring of (ID)-stable rational functions with denominators in
Sp.

Bp = BSD’,\MD := Mg, : quotient ring and module.

Wp, resp. Wpp: injective cogenerator quotient signal modules over By, resp. Zp.
S :=Zp NF(A)p: ring of proper and (ID)-stable rational functions.

C := SV*N: matrix ring over S.

B € WP*™: input/output g W-behavior, B: its autonomous part, By < WHngm:
its quotient.

B C W autonomous ZVT/-behaVior, char(g): its characteristic variety or set of
characteristic values or poles.

3 Module-behavior duality for periodic behaviors on N

We treat discrete periodic behaviors on the time-axis N in analogy to the case of
the lattice 7 [5, §4]. The main goal is the proof of Theorem 3.14 that describes the
equivalence between periodic behaviors and their lifted LTI forms and the duality of
these to their associated modules constructively. Morita equivalence plays a decisive

part. ~
Consider the cyclic group Z/ZN, N > 0, with the elementsi :=i +ZN, i € Z,

a field IF, the time-axis N and the signal space W := FN. The algebra FZ/ZN with
the componentwise multiplication is identified with the subalgebra of N-periodic
functions on N, i.e.,
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FL/ZN _ {a eFV: Vi eN: a(t) = a(t + N)} a®) = a). (8)

It has the F-basis €7, i € ZJZN, of complete orthogonal idempotents defined by
€;(t) = &; 7. As in [5] the monoid N acts on Z/ZN,, resp. on FZ/ZN byioj =i+,
resp. by (i o a)(f) = a(i +7) and then

FZ/ZN - 69lEZ/ZN]FIE - 691 01F€7 Jjo &= —j* ©

Asin[5,(23)-(25), (69)—(74)], we get the (noncommutative) skew-polynomial algebra
(cf. (1))

. ZJZNy . i ;
A =TFg: 0] = Grezszn, jenFea’, a' e =& 761
Z := center(A) = F[A], A :=¢q",

A=) leq’ A =) Zeiq) A = D)) Zer ¢,

A = 69].:0 Ze5q , €gA€ey = Zeg (10)
€

vi=|- - e (EgA)N, €6A=Z1XNV.
egqV !

The algebra A acts on the signal space W = FN by means of (4) and makes
it an A-left module. A matrix R € A’*K gives rise to the equation module
U := A" R € A%k the system factor module M := A'*¥/U and the behavior
B = {w e Wk Row = 0}. The following simple, but important F-linear isomor-
phism

Homa (M, W) =~ B, @ w=wp,...,we) ",
Malgrange 1962

W=F" oE+U)=tw=> &ow; £=(.....&) e A>¥ 1)
j=1

holds and shows that the ubiquitous Hom-spaces (see Theorem 3.4 below)
Homy (M, W) = Homgz(ezM, W), W =FV, (12)

and the results about them have a direct systems theoretic significance. For f.g. A-
left modules M with a given representation M = A'*¥/U as in (11) the Malgrange
isomorphism is canonical (functorial) and hence we identify 5 = Homa (M, W).
Since €; is idempotent Ae; is a projective direct summand of A, but in contrast
to the case of the time-axis Z [5], the Ae; are not isomorphic to Aeg and the latter
is not a progenerator, i.e., a f.g. projective generator of \Mod. The module €5A is
a (Z, A)-bimodule and free of dimension N as Z-module with the Z-basis v. We
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identify ZN = €A byz = (z0,...,2v—1) = zv.If P is any Z-module, then
ident. ident.

Homy, (5A, P) is a left A-module with the action
(ap)(egh) = ¢(egba), a,b € A, ¢ € Homg, (eﬁA, P) . (13)
The map
Homyz (A, P) = PV = PV g g(v) =1y = (o, ... yv-1) |
vi = ¢(eog”), (14)

is a Z-isomorphism. We identify Homg, (egA, P) = PN, ¢ = @(v). We turn PN into
an A-left module by transport of structure along the isomorphism of (14), hence
ay = ag(v) := p(va)
&y =0.....0,7;,0,....0)", j=0,....N—1 (15)
gy =01 ....yv-1, Aoy, A=¢" eZ

Corollary 3.1 Consider the signal modules AFYN and 7FNN. There is the Z-
isomorphism

N wo
F = Homy (A F') = (F') ", ws @ = (- |, win
WN-—]
wi(t) =wi@+r7), 0<i<N-1, t € NN. (16)

This isomorphism is even A-linear where (IFNN)N = Homz(ezA, FNNY has the A-
structure from (15).

We define the two functors

Z : aAMod — zMod, M +— Z(M) := ezgM, and
A:zMod — sMod, P — A(P) := Homz(ezA, P) = PN, 17
The functors are exact since Aeg, resp. A are A-projective, resp. Z-free.

Corollary 3.2 ([9, Thm. 5]) The module A€ is f.g., projective as direct summand of
A, but not free.

Proof Assume
Acy = AV = Zes = A = (A) " = 1 = dimg (&)™) =mN.

(18)
This is a contradiction. O
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Lemma 3.3 For M € AMod and P € zMod there is the functorial isomorphism
Homy (eaM, P) = Homy (M, PN), ¢ — @, where
() = (pleg). .. . <z><e5qN—1x))T L 9legn) =P@o.  (19)
The isomorphism means that Z (A) is left (right) adjoint to A (Z) [15, §1V.9]

Proof The isomorphism follows from ¢ (e5g/ x) = @ (g7 x)o = (q/ P (x)), = P(x);.
m}

We recall that an A-module o W is called injective if the contravariant functor
Homp (—, W) : sAMod — zMod, M +— Homa (M, W), (20)
preserves the exactness of sequences or, equivalently, maps monomorphisms to epi-

morphisms. If o W is injective, it is also a cogenerator if and only if Homa (M, W) =0
implies M = 0.

Theorem 3.4 The isomorphisms (16) and (19) imply the functorial isomorphism

B:= Homyg (65M, IFNN) = B := Homa (M, FN), @ < @, where
D(x)(j+1)= @(E@C[jx)(l'), xeM, j=0,...,N—1, t e NN. (21)

Since Z : M > €5M is exact and since 2FNN s the standard LTI injective cogener-
ator, the signal module AFY is injective too and

€gM =0 <= Homu(M,F") = 0. (22)

Hence, any (periodic) AFN-behavior B is canonically an LTI 2FNN _behavior B.

Since M +— ezM and M — Homyp (M, ]FN) are exact, the full subcategory
¢ = {C € AMod; ¢5C =0 or Homa (€, F") =0 23)

is a Serre subcategory, i.e., closed under isomorphisms, submodules, factor modules,
extensions and direct sums.

Remark 3.5 The category € contains nonzero modules, and hence AFN is nota cogen-
erator.

The largest submodule of M in € is called its (€)-radical and denoted by

Ra(M) = {x € M; e5Ax = O}. 24)
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The representation €A = 69;\';0] Zeﬁqj and a simple computation imply

Ra(A) = {a € A; egAa =O}
={aeA; Vj:O,...,N—l:eaqja:O}:O. 25)

As usual, the adjointness implies the functorial morphisms [15, Prop. 9.3]

¢ ZA— idymod, 7 :id Mea = AZ
lp eaPN — P, (0. e yN-D T =(30,0,..., 0" = yo (26)

ny: M — eaMN, X (e6q0x, . ..,eﬁqN_lx)T.

The morphism ¢ is obviously an isomorphism. Like all adjointness morphisms, these
satisfy the relations

A .
ATA AZA TS A AP nap = idap 27

z ¢ .
Z _'7) ZAZ —Z> Z, ;Z(M)Z(UM) = le(M)-
Corollary 3.6 For every P, the map n4p) : A(P) — AZA(P) is an isomorphism.
Proof This follows from A({p)n4(py = id 4(p) and the isomorphy of ¢p. O

An A-module M is called closed if 1y is an isomorphism. Let (A,ea)Mod denote
the full subcategory of sMod of all closed A-modules. The adjointness of (19) and
Corollary 3.6 imply

Corollary 3.7 (cf.[15, Prop. X1.8.7]) The adjoint functors Z and A imply the inverse
categorical equivalences

Z: (pepMod —> zMod, M > ZM = M, o8)
A : zMod = A.Mod, P> AP = PV,

Since Z and A : zZMod — aAMod are exact, the subcategory (A.epMod of closed

modules is closed under isomorphisms, kernels, cokernels and extensions and, in
particular, abelian.

In slightly superficial terms, a categorical equivalence between categories is a one—
one correspondence between the classes of objects with natural (functorial) properties.

Corollary 3.8 Forall M € AMod and C € (a,¢;Mod, the isomorphism
Hompa (AZM, C) = Homp (M, C), @ +— Py, (29)

holds. This means that the exact functor M — AZM = egM Nis left adjoint to the
inclusion (A,%)Mod C AMod.
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Proof This follows from the commutative diagram

M M AzZM = MV
I o VAZp == (nEIAZ<p) -~ (30)
ne =

C — AZC

Theorem 3.9 According to Corollary 3.1, ngn is an isomorphism. Hence, AFN s
closed and indeed an injective cogenerator in the category (a,e;Mod of closed A-
modules. For all M € aMod, the map

Homa (AZM, FY) = Homa (M, FY), @ > &ny, 31

is an isomorphism according to (29). Thus, every AFN-behavior is described by a
unique closed module. The functor

(Ayéa)Modfg — [AFN—behaviors] . M > Homa (M, FY), (32)

thus establishes a categorical duality between the category of f.g. closed A-left modules
and that of (periodic) AFN-behaviors.

Lemma 3.10 For all M, the kernel and cokernel of nys belong to &, more precisely
ker(ny) = Ra(M), ezker(ny) = 0 and e5cok(ny) = 0. (33)

Proof (i) We apply the exact functor Z : M — e5M to the exact sequence

0— ker(nM) o M pzm S8 cok(ny) - 0 =
hence the sequence

Z
0— Zker() =3 2M 2™ Z2A2M = Zcok(Zny) — 0 (34)

is also exact. But { z (31 Z(nm) = id z(ar) by (27) and ¢ is an isomorphism, hence
also Znpy = gg(lM) is anisomorphism. This implies Z ker(ny) = egker(ny) =0
and likewise Z cok(ny) = egcok(ny) = 0.
(ii) The equation ejker(ny) = O implies ker(ny) < Ra(M). Conversely,
ey Ra(M) = 0 implies the commutative exact diagram

0— RaM)) —=> M X M/RaM) —0

{ MRa(m) I nm I Mm/Ra(M)
AZi
0 0 “ZEV Az ES AzM/Ra(M)) — 0

= nuRa(M)) = 0 = Ra(M) < ker(num). (35)
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The closed modules can also be described by Morita equivalence, cf. [15, §IV.10,
§X1.8]. The (Z,A)-bimodule €5A has the Z-basis v := (e, ..., egq" ). If R is
any ring R°P denotes the opposite ring of R, i.e., R = R°P as abelian group and
r1 -op 2 = r2r1. Then

Homz(€5A, egA)P =B :=Z" N o > b, a(v) = bv, (36)
is an algebra isomorphism and induces the category equivalence

MOdHomZ(eﬁA,eaA) =Z=gMod, M — M, bx = xa, a(v) =bv, x € M, 37

between Homz (A, €5A)-right and B-left modules. Since €5A is a free generator of
zMod, the Morita theorem [12, §18] yields the category equivalence

A
zMod = ModHomy (c;A,€5A) (;27) gMod,

(38)
P  Homz(egA, P) za)) PN = pNx1,
The structure of PV as B-left module is given by the matrix multiplication
(b.y) > by, beB=Z"N y=(yo,....yv-1)" € PV (39)
The structure of €5A as A-right module induces the algebra homomorphisms
A — Homgz(egA, egA)”? = ZV*N (40)
ar— (eab — eﬁba) — p(a) where
01 0-.---0
; 00 1---0
va = p(a)v, p(e) =diag(0,...,0,1,0,...,0), p(@)=| -~ -~
00 0.1
gV 0 0 0
Corollary 3.11 ([9, Prop. 1])
1 ifi=k, j=k+1Lk+I<N-1
pleggij=1q"  ifi=k j=k+l—n k+I=N (41)
0 otherwise
With the standard basis Ey;, 0 <k,l <N —1, onNXN, this signifies
Ei k41 ifk+1<N-—-1
plegg) =1 v . : 42)
9" Exk+i-n  ifk+1>=N
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Example 3.12 Let N = 2. Then
10 01
ple0:q’) = Eoo = (00), pleoq") = Eo1 = (0 0),
0 00 1 P > (10
plerg’) = Er1 o= (1 O)’ plerg ) =q Eoo=¢ (OO (43)

Corollary 3.13 Consider the maps

A AZA = (AN ~ B =ZNxN

€gq"a . (44)
a = nm@=1\- =va=p@)Vvi pa)

eﬁqN_la

Since ker(na) = Ra(A) = 0, the maps na and thus also p are injective, and hence
A is a subalgebra of B via the explicitly given p from Corollary 3.11. This corollary
also implies that na and p are not surjective and that hence A is not a closed A-left
module.

Via p every B-module is also an A-left module. If P is any Z-module then the
A-structure of PV induced from p is that of (15). Since A : P — PV is a category
equivalence from zMod both onto (A,ea)Mod and onto gMod we conclude

Theorem 3.14 (i) The exact functors Z and A induce the category equivalence
Z : (ApMod = gpMod = zMod : A, M > egM, PN < P (45)

In particular, every closed A-module M is a B-module where the A- and the
B-structures of M are related by p.

(i)

op op
(BModfg) = (ZModfg) =~ { AFN-behaviors} =~ {ZIFNN -behaviors}

M< P < BsB

P =eM, M =PV,

B = Homa (M, FY) = Homg (M, FY) = B = Homg (P, F'WV).
(46)

So the algebraic counter-part of the category of periodic behaviors, i.e., of AFN-
behaviors, is the category of f.g. left B-modules and not that of f.g. A-modules.

According to Theorem 3.14, the study of AFN -behaviors requires that of f.g. B-
modules whereas f.g. A-modules are not needed. Properties of the latter are more
complicated and were discussed in [9].
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4 System theory via Morita equivalence

In this section, we apply Theorem 3.14 and indeed discuss a slightly more general
situation. Let Z be a commutative principal ideal domain and Z'*¥ its standard pro-

generator with the standard basis v € (Zl xN )N. We use the antiisomorphism (36)
B := 2"V = Homgz(Z"N, Z"*N)P b < a, a(v) = by (47)
and the Morita equivalence
A:zMod =Z=gMod : Z, P — PN, M <~ M, €5 :=diag(1,0,...,0). (48)

In particular, a B-left module is B-f.g. if and only if it is Z-f.g. R
We also assume an injective cogenerator signal module zW and gW := W that by
equivalence is an injective cogenerator signal left B-module.

Remark 4.1 The main, but not the only (see below) example for the preceding data is
that from Theorem 3.14, i.e., Z = F[A] and B = ZNV >N We identify

7N — €A = EB?/;Olleﬁqj, V= (eﬁqo, e eﬁqN_l)T,

Cm&ﬁp( ) CB, a=p(a),

010--0
; 0 0 1 0
€ = p(€) = diag(0,...,0,1,0,...,0), g=p@ =] -+ -
00 0.1
gV 0 0 0
(49)

In this case, the basis vectors and the rows and columns of matrices in Z¥*V are
numbered from 0 to N — 1 and we keep this numbering also in the more general
situation of this section. The signal modules are

W=FWandw=r" — (IE‘NN)N 5w,

ident.

w= (wo,...,wn—1), wi+71)=wi(r), i=0,...,N—1, T € NN. (50)

The Morita functor A : P — PV maps

N
ZlXN to (ZIXN) — ZNXN ZB, (51)

ident.

where the left B-structure of the left side is that from (39) and of B the canonical one.
The Morita equivalence A preserves projectivity. In particular, for a f.g. Z-module P
and M = PV one gets the equivalences

P is Z-torsionfree, i.e., Z-free <= M is Z-free <= M is B-projective . (52)
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If (52) is satisfied, the corresponding behavior Homg(M, W) = Homgz(P, W) is
called controllable. Further, the module Z¥ = AZ is the unique indecomposable
projective left B-module, but not free. Every f.g. submodule of Z'*N* is free of
dimension < Nk and, therefore, every submodule of BL*K ig projective and the direct
sum of at most Nk summands Z", but not free in general.

Lemma 4.2 (i) A fg. projective B-module M is free if and only if N* divides
dimz(M).

(i) If B™>* = U, @ U», then Uy is free if and only if Us is free and then k =
dimg(Uy) + dimp (U>).

Proof Since ;B = Z'*N and dimz(Z'*N) = N, a f.g. projective B-module M is
free if and only if N divides dimz (egM) or N 2 divides dimz(M) = N dimg, (egM).
(i) Due to dimz(B) = N2 (ii) follows directly from (i). m]

The functor A maps a free Z-module of dimension divisible by N onto a free
B-module, especially

N Ixk
A ZVNE = (g XNy Ixk g Ix(Nxk) ((leN)lxk) _ (ZNXN) x . (53)

Notice that the identification Z'*Nk = (Z!*N)!1xk requires to divide the numbers
1, ..., Nk into k blocks of length N. Such a division is either adapted to the context
or chosen arbitrarily. For two such modules, there is the isomorphism

HOmZ ((ZIXN)IXV, (ZIXN)IXk) ":\4 Ber, (p — OR < R, (p(n) — T’}R —- g’
where R = (R(i, j))i,j € B™*, R(, j) €B,
n=mA0),....,n0), ni) e Z>N, & = (&),..., k), £(j) e ZN

E=gm =R, £(j) =D nMRG, )). (54)

i=1

This isomorphism preserves products, i.e., transforms the product of composable maps
into the matrix product. The isomorphism

Homg (B, By =Bk ¢ =oR < R, ®(Y) = YR =: X,
Y=0),....,Yr), X=XA),...,Xk), X =YR,

X(j) =D YORG, )), (55)

i=1

is the natural one. The equivalence functor .4 maps the Z-linear map oR onto the
B-linear map oR, more precisely

A(oR VAR LN (Z1><N)l><k) _ (oR VARG LN (leN)lxk)N

=oR : B — BI*k, (56)
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In the sequel we, therefore, identify

Bk — HomB(ler lek) — Homy, ((leN)lxr (leN)lxk)

in particular B<* = ZVONK 5 G (B) = Gl (Z)

- [R e ZVFNK. det(R) e U(Z)} (57)
A(ZIXNFR) — (ZIXNFR)N — BerR - Ble

dimz(B"*"R) = N dimz(Z'*V"R) = N rankz(R).

Here, U(Z) is the group of units or invertible elements of Z.

Remark 4.3 The preceding identification (57) implies in particular that the Smith form
of matrices in ZV"*N¥ can be applied to R € B"*¥ and that R is equivalent to a block

g 8), where D is a diagonal matrix of Z-rank / = rankz(R). If | = mN +

n, m,n € N, n < N, one can assume, moreover, that D = diag(dy, ..., dn, dn+1)
where the d,, are diagonal in B = Z¥* and of full Z-rank N or regular (nonzero-
divisors) in B for . < m. The row module B'*"R c B> is always projective, but
B-free only if the Z-rank / = m N + n is divisible by N or n = 0 and hence d;,+1 = 0.
Then R is row-equivalent to a matrix R’ € B"** whose rows are a B-basis of the row
module B'*"R = B/ X" R’

matrix (

Forb € B=2ZV*N and w = (wo, ..., wy_1)| € W = WV, the action of b on
w from (39) is defined by

v=0

N—1
bhow =(Z b,wowv) ) (58)
0<pu<N-1

More generally, we get

wk = (VT/N)k =WNEs = (wl,...,wk)T,
wj=Wjo,...,wjn_1) €W=WV (59)

The matrix R € B"*¥ from (54) induces the Z-linear system map

k
oR:WE=W" 5w =WV, w Row, (Row); = > RG.j)ow,
j=1
k N-—1

(Row)iy = D, D R v owy. (60)

j=1v=0
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The associated behavior is

B:{weszﬁ\/Nk;Row:O} =
Malgrange

HomB(lek/B‘”R,W) ~ HomZ(ZIXNk/Z]XN’R,W). 61)

Morita

The behavior B is thus a gW- and a ZW-behavior. Interpreted as the latter it is an
LTI behavior and the standard LTI systems theory for the injective cogenerator signal
module z W, for instance for [ A]]FN N can be applied to it. The system factor modules
of the behavior B appear in the exact sequences

Blxr oR glxk M S0
(leN)]xr O_R) (leN)]xk ﬂ) 66M -0 (62)

where M := BVK /B R = (esM)N, egM = 2N 2N R

and where can denotes the canonical map onto the factor module.

It is obvious that the preceding considerations can be applied to all matrices R €
B’ %k and, therefore, to all B W-behaviors and especially to all periodic AIFN -behaviors,
but not to all ZW-behaViors because the number of rows and columns of R as a matrix
with entries in Z were assumed to be multiples of N.

The quotient field

K:=1Zs, = {s_la; s€Sg ac Z} , Sz = Z\{0} C Z (63)

plays an important part in the LTI theory and thus here too. For Z = F[A] it is the
field F(A) of rational functions. It gives rise to the quotient ring

Q=Bs, =K®zB={s"'b; s €5z, b e B} =K"*N (64)

that is a simple Artinian K-algebra. By the standard LTI theory, the z W-behavior
B from (61) is autonomous if and only if e5M is a torsion module or, equivalently,
egMs, = 0. The g W-behavior B is called autonomous if and only it is such as LTI
behavior, cf. [5, §4.3]. According to (62), this means that M is a Z-torsion module or
Ms, = 0. For Z = F[A] autonomy is also equivalent to the F-finite dimensionality
of M and egM. For the signal module pFY it also means that the trajectories in B are
determined by initial conditions in the following sense: there is a number d € N such
that the initial projection

B— MY wis (w(),..., wd—1)", (65)
is injective.
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Input/output (10) structures of the g W-behavior B are defined in the following fashion:
letd;, j=1,...,k, be the standard basis of B>k and

wi= +B"R,..., 8 +BR) e MF (66)
the canonical set of B-generators of M. An 1O-structure of M is given by a subfamily
u= (u,...,u,) € M™ of w such that the u; are B-linearly independent and

M /B""™u is a Z-torsion module. After the usual permutation of the w; we assume
that

WZ(z)eMﬁm, Y=01 ..y ptm=k (67)

Correspondingly, the matrices R and B are decomposed as

R = (D;,—N;) e BT and B = [(i) e WPt Djoy =N, ou] .
(68)
The IO-property of (3’1) can be alternatively characterized as follows.

Lemma 4.4 For (2’1) € MP*™ as above and M° := B'*P /B’ Dy, the following

properties are equivalent:

(i) The decomposition w = (i) is an 10-decomposition.

(i1) The sequence

0 plxm COBDim M0 S0 )
n e na, (€, 1) (1y1) > £ + B Dy

is exact and M° is a Z-torsion module.
(iii) The projection B — W™, w = z > u, is surjective and the g W-behavior

B :={y € WP; Doy =0} is autonomous.

(iv) The induced map lem = Bé;m — Ms,, & > %, is a Q-isomorphism.

(v) The submodule BY*" (D;, —Nj) is free of dimension p and D; has a left inverse
in QP*",

(vi) rankz(D;) = rankz(R) = pN, ie., (D;, —N;) € B*p+tm — gNrxN(p+m)
defines an 10-decomposition of the 2 W-behavior B.
Since B'" R = B (D;, —Nj) is free of dimension p, we may always assume
r = pw.lo.g. Inthis case, D; € Gl,(Q) = Gly,(K) and the matrix

G = D;'N; e QP = KNP (70)
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is the transfer matrix of the 10-behavior B. It is characterized by the equation
Q1><rR — QlXP(idp, —G).

Proof (i) <= (ii): the exactness of (69) without the 0 on the left is standard and
the remaining properties in (ii) are precisely the conditions of (i).
(i) <= (iii): by duality since g W is an injective cogenerator.
(iii) <= (iv): this follows from the exactness of M +— Mg, and the fact that M 0
is Z-torsion if and only if Mg 0 =o.
(iv) = (v): (a) The 1s0morphlsrn from (iv) implies

lem ~ MSZ ~ Q ®B M= Qle/QerR
— dimz(B"*" R) = dimg (Q"*" R) = dimg (Q"*¥) — dimg (Q"*™)
= (k —m)N? = pN? = B'¥'R free , dimg(B'*"R) = p.

(b) The torsion property of M implies

0= Mg, =Qap M’ =Q*"/Q" D

This is equivalent to the existence of a left inverse of D; in Q7"
(V) = (iv): as in (iv)=> (v) we conclude that M is Z-torsion. This implies that

Ql><m > MSZ E Qle/QerR (71)
is surjective. Dimension count furnishes
dimg (lek/lerR) = dimg (lek) — dimg (lerR)
— N2k — N2p = N2m = dimg (QIX”’) .
The dimension equality over the field K implies that the surjection (71) is
bijective. R
(iv) <= (vi): by standard LTI theory the 10-property of the zW-behavior B is
equivalent to the isomorphy
(0(0, idym))ing : KN = KUNE/KPN (D, — ).
By Morita equivalence this isomorphism is equivalent to the isomorphism from

(iv).

O

Corollary and Definition 4.5 Assume w.l.o.g. that r = p in Lemma 4.4. Then the
standard sequence

0 — BIx» 2LLTND glxpm) Ay g (72)

is exact and the following properties are equivalent:
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(i) (D;, —Nj) has a right inverse.
(1) M is Z-free and then indeed B-free of dimension m.

The representation G = D, N, is then called a left coprime factorization of G.

Proof By Morita equivalence, Z-freeness and B-projectivity of M coincide. Equa-
tion (72) implies that (i) is equivalent to the existence of a direct decomposition
B! x(p+m) = B1XP » M or the projectivity of M. Lemma 4.2 implies that M is B-free
with dimg(M) = m. O

Recall that the behavior B = Homg (M, W) = Homp (M, W) is controllable as
LTI, resp. as periodic behavior if and only if M is Z-free, resp. B-projective.

Remark 4.6 Lemma 4.4 shows that an [0-decomposition of the g W-behavior is also
one of the ZW-behavior B, but there are many more I0-decompositions of B as ZW-
behavior than as p W-behavior. Whereas an arbitrary LTI behavior admits at least one
10-decomposition, this is not true for periodic behaviors since already the necessary
condition that the projective module B'*" R be free need not be satisfied. But even if
B'*"R is free of dimension p and r = p w.l.o.g. there need not be a decomposition
R = (D;, —N;) € BP*(P*™ (after a suitable column permutation) with D; € Gl »(Q),
for instance in

_ _ 12 00 (1200 Ix2 _ rp2x4
N =2 and R_((OO)’(IS))_(OOIS)GB =7Z°""".

So the IO-decomposition of a periodic behavior is an essential additional structure.
In[1, Def. 53], the authors define an IO-decomposition of B as one of the LTI behaviors,
but for the time-axis Z instead of N here. For the further considerations in the present
paper this notion is too weak.

Lemma 4.7 Assume that R = (D), —N?) € BP*+™ with DY € Gl,(Q) and
free M = BlX(P+m)/B1XP(D?, —NIO). In other words, R = (D?, —Nlo) is an 10-
decomposition and G = (Dlo)f1 N, 10 is a left coprime factorization. Then there are
matrices D?, Nro, R?, Slo, R?, S? € B**® of suitable sizes with the following proper-
ties:

(1) The following two sequences are exact,

Ny

° 0
r Ixm

0 A0
2OLTD, gixtpam) 1T glxn g

0— B
SO

¢
° _RO O(RO,SO)
0« BYP L glxrm 1 pgham ., (73)

in particular DG = N and GD = N?.
(ii) BIX”(D?, —NIO) = ker ( o (1?1 ) : BIx(ptm) QIX’"). This shows that the

m
left coprime factorization G = (Dlo)lelO is unique up to row equivalence of

(DY, =N).

@ Springer



18 Page 20 of 34 Math. Control Signals Syst. (2016) 28:18

(iii) The following matrix equations hold:

0 0y (SP ~ 0 ooy (N . 0
D, =N))(7 o) =idp, (RY. D) (5o ) =idw. DY € Glu(@Q)
r r
DY —N? O NO id, 0 .
1 l r r — p _
(B ) (Cem) = (7 a.) = aren
DO _NO -1 SO NO
1 [ _ r r
(R? s?) —(_Rng)- 7

Then G = NQ(D?)_1 is called a right coprime factorization of G that is also

NO
unique up to column equivalence of ( D’O )
r

(iv) All other quadruples S;, R;, R, S, € B**® with the properties from (i) and (iii)
(without the index 0) are obtained with arbitrary X € B™*P by

0 0
(5)=(%) () =t o

This is a variant of the famous Kucera—Youla parametrization.

(v) Generically (in the Zariski topology of B"*P = ZN"*NP) or for almost all X
the additional inclusions S; € Gl,,(Q) and S, € G1,(Q) hold. This means that
(Ry, 8p) is also an 10-decomposition.

Proof Since M is free of dimension m Eq. (72) and replacement of M by B! furnish

the first exact sequence in (73). The remaining assertions are elementary algebra [16,

Ch. 4], [3, Lemmas 2.3, 3.10]. The proof of D? € Gl,,(Q) follows fromid,, = RINS +
0

S;D° = (R,G + §;) DC. The first exact sequence in (73) and (gro) = (g )D,O
r m

imply (ii). O

Lemma 4.8 An arbitrary matrix G € QP>*™ admits a left coprime factorization G =
(Dlo)’lNl0 as in Corollary 4.5 that, in turn, gives rise to all data of Lemma 4.7, in
particular to the right coprime factorization G = NrO(DQ)’l.

Proof Ttem (ii) of Lemma 4.7 suggests to define

U :=ker( (G ):le(’”'m)—)QlX”’)
id,,

— M = B1><(p+m)/U — B1><(p+m)(_G )ngxm'

ident. 1dpm
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All f.g. B-submodules of the K-space Q!*” are Z-torsion free and B-projective.
Hence, M is B-projective and

MSZ — le(p+m) (((;j ) — lem

idy,

— dimz (M) = dimk (Ms,) = dimg (lem) = N2m.

We infer that M is B-free of dimension m and induces a direct decomposition
B! x(P+m) = 7 x M. This and Lemma 4.2, in turn, imply that U is B-free of dimension
p and thus of the form

U =B>P(DY, —N?) with dimg(U) = p,
DYG = N and (D), —N/) = D)(id,, —G)
— Np = rankz(D, —N) = rankz(D}).

With Lemma 4.4(vi), we conclude that (D?, —N. 10 ) is an IO-decomposition and with
Corollary 4.5(ii), that G = (D?)_lNl0 is the left coprime factorization, unique up to
row equivalence. O

5 Stabilizing controllers

In this section, we construct and parametrize all stabilizing controllers of an 10-
F[AJN*N FN-behavior by reduction to the LTI case.

The assumptions and notations of Sect. 4 remain in force with the specialization to
the data from Sect. 3. In addition, we assume the base field F := R, C of real or complex
numbers, the polynomial algebra Z = [F[A] and the subalgebra F(A),; C K =TF(A)
of proper rational functions [16, Ch. 2]. The relevant signal spaces are pya] W :=F\N
and gW = WV = FN, cf. Theorem 3.14, with the action (A o @)(z) = W(z + N) for
e Wandt € NN.

For stabilization, we choose a nonempty subset D of the open unit disc
{r € C; |A| < 1} and, for F = R in addition, that D is stable under conjugation
and contains at least one real number, cf. [3, p. 970, (5)]. The saturated sub-
monoid Sp of all D-stable or just stable polynomials consists of the polynomials
in Z = F[A] whose roots lie in D. The quotient rings Zp := F[A]s, C F(A), resp.
S := Sp = Zp (F(A)p [16, p. 14] are the rings of stable, resp. of stable and
proper rational functions. All these rings are principal ideal domains. If A — « € Sp
then Zp is the quotient ring of Sp with powers of (A — a)~! as denominators, i.e.,
7p = S(A_a)_l [3, (5)]. Algorithms for S use the fact that this ring is Euclidean [16,
§2.1] or are reduced to standard polynomial algorithms over F[(A — o)~ 113, §71.

A Z-module P gives rise to its Zp-quotient module

Pp = Ps) == {silx; xeP, se S]D)}. (76)
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In particular, the module W]D; is an injective cogenerator over Zp [3, §2]. This was
an essential tool in [3] for the construction of compensators and will below be used
for periodic systems. All commutative rings above give rise to their N x N-matrix
extensions
Z =TF[A] CZp=1Zs, c K=F(A)
N N

B =2Z"*N c By :=Bg, = Z)*N c Q = KV*V
and F[(A—a)'1CcS=SpCZp C:=S"*NcBp=2]" (77)

to which the theory of Sect. 4 is applicable. Notice that only constant polynomials in
Z = F[A] are proper and contained in Sp. By Morita equivalence, the signal module
Wp = Wg, = ]F% is an injective cogenerator over Bpy.

We assume an IO-behavior with the following data:

(D1, =Ny € BPX(Hm) = ZNPVwsm e Gl,p(Q) = Gly, (K),
U= BIXP(DI, _Nl) C le(p+m) — leN(p+m)’ M = le(p+m)/U
M° :=BP/BPD;, G = D;'N, € QP = KNPx¥Nm,

B = [(i) e wrtm = wN@+m. p oy =N, ou] >~ Homg(M, W)
(78)

B .— [y e WP =WV, Doy = o] = Homg (M°, W)

Bp = [(byt) e W = WPt Doy = N, oul =~ Homg,, (Mp, Wp)

B .= {y eWl =W Djoy= 0} > Homp,, (MY, Wp)

where by (61) B can be interpreted as a (periodic) g W-behavior or as an LTI ZW-
behavior. In its latter form, it admits the standard LTI stabilization theory [3,4,7,16].
It turns out that all LTI results for B can be translated to results concerning the periodic
behavior. We are going to do this below. By definition, the IO-behavior is (ID)-stable
if its autonomous part B0 := {y e WP = Wwhr, Djoy= 0} has this property.

Stability is characterized in the following lemma and requires the characteristic
variety and polynomial-exponential signals that we recall for the base field C and the
signal module ¢ A](CN N Tts torsion module admits the primary or modal decomposi-
tion

Clt/NIAN)eny  if A #0

NNy _ NN NN —

(FIM)AENIZE i £ 0

C ) = @2 Cen . ens(r) 1 =
(9 r=0Cei k> en k(T) 5o/ 320

e k—I ifk>1

79
0 ifk <. (7%)

(A—xﬂoqk=I
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Here, CNY) < CNV consists of the sequences w = (w(t)),eNy With finite support
{t e NN; w(z) # 0}. The quotients T/N come, of course, from the fact that NN
contains multiples of N only and C[t/N] consists of polynomial functions of 7/N. If

PR 4 —~ ~ —~
B= [1’176 (CNN) : Roa=0], R € C[AT**Y, rank(R) = ¢,  (80)

is any autonomous behavior, its characteristic variety or set of poles is the finite set

char(B) := {i € C; rankc(R(%)) < rank(R) = ¢}
= {A e C; gﬂ CNN()\.)Z * O} = {k e C; gﬂ (Ceek,o * O} and then

B= D cchar(B) (g ﬂ cWV ()»)l) (modal decomposition). (81)

Hence, all trajectories w of B are exponentially and asymptotically stable or satisfy
lim;_, o w(t) = 0 if and only if char(B) is contained in the open unit disc. Slightly
different statements hold for F = R. The preceding considerations are applicable to
B° from (78).

Lemma 5.1 ([3, Thm. 3.2]) For the 10-behavior from (78) the following properties
are equivalent:

() B is (D)-stable, i.e., by definition, BS = 0 or MI(D)J =0.
(ii) The characteristic variety of BY is contained in D), i.e.,

char(B°) = {A € C; rankc(D;(A)) < rankz(D;) = Np} Cc D.  (82)

(iii)y Dy € Gl,(Bp) = Gly,(Zp).

(iv) (@) G = Dy 'N; e B ™" = 23PN,
(b) My is Zp-free.
According to Corollary 4.5, condition (b) implies that My is Bp-free of dimension
m, (D;, —Nj) has a right inverse in B]gﬂ_m)x‘" = Zg(p+m)pr and that G =
D; YN is the left coprime factorization of G over By.

Since D is assumed to be a subset of the open unit disc all trajectories of the (D)-stable
behavior B® are asymprotically stable and this is the decisive consequence of stability.

Notice that Lemma 5.1 uses the fact that g, Wy is an injective cogenerator.

A D-stabilizing output feedback controller C’ of B is a behavior that is interconnected
to B in the usual way such that the interconnected behavior D’ is a D-stable 10-
behavior, i.e., satisfies Dﬁg = 0; cf. Algorithm 5.2 for the details. This latter condition
involves the localized signal space Wp only and, therefore, it suffices to consider
Bp Wn-behaviors only. We do this in the sequel. Conversely, every such behavior is the
localization of a g W-behavior. Following Vidyasagar [16], we construct only D’ with
proper transfer matrix and call the controllers C’ properly D-stabilizing. This requires
to use the rings S and C = SV*V and their modules instead of Zp and Br.
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The LTI behavior B is D-stabilizable, i.e., admits a D-stabilizing compensator, if
and only if it satisfies condition (iv),(b), of Lemma 5.1. This means that G = Dl_l Ny
is the left coprime factorization over Bpy.

Algorithm 5.2 We assume that the given g W-10-behavior B is D-stabilizable or, in
other words, that G = D, N, is the left coprime factorization over Bp. According to
[16, Ch. 5, Thm. 5.2.1], [4], [3, Thm. 3.12] all properly D-stabilizing controllers Cp
of Bp and their interconnected behaviors Dy are obtained with the following steps:
we apply Lemmas 4.7 and 4.8 to the rings S € K = quot(S) and C = SV*N¥ c Q =
KV*N and the transfer matrix G = D, lNl and construct the matrices

DY NP, DO N0, 50 RY, 50 RO e C*® = gNexNe (83)

such that (i), (ii), (iii) of Lemma 4.7 hold. In particular, G = (DY) !N = N?(D?)~!
are the left, resp. right coprime factorizations over S and over C. All other quadruples
Si, Ry, Sy, R, with the same properties are obtained by the choice of an arbitrary matrix
X e CmxP = SNmxNp gpd

0 NO
(er ) = (i’RO) - (Dg) X, (R, S) = (R, ) + X (DY, —N). (84

They satisfy

DO _NO DO _NO\ ! s, N?
l l — l l — r
( & 5 ) € Gl (C) = Gly(pim)(S), ( g s ) =k o)

(85)
For almost all X the matrices S; and S, satisfy dets(S;) # 0 and dets(S,) # O or,
equivalently, §; € Gl,,(Q) = Gly,(K) and S, € Gl1,(Q) = Gly,(K). The left
coprime factorization G = (Dlo)’lNlO over S and C is also such over Zp D S and
Bp D C. According to Lemma 4.7, it is unique up to row equivalence and, therefore,

G =Dy 'Ni = (D))'Nf, By (D1, =Np) =By " (D}, —=N}) =

Bp = [(Y1> S W6+’n; Djoy =N, ou1]
uj

_ Y1 ptm, 0 _ a70
_’(MI)GWD ,D[oyl_Nlom]. (86)

The controller Cp of By as g, Wp-behavior is given by the equations

Cp = [(;i) € W]I1;+m; Riour+ S0y 20] . (87)
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Fig. 1 The interconnected uy uy + yo

behavior Dy (D') R Bn(B) o

Y2 Y1 + u2 U

It §; € Gl,,(Q), the controller is also an IO-behavior with input u5 and output y,. The
output feedback gy, Wp-behavior Dy is defined by (see Fig. 1)

uz Y1 p+m
U= = e W
( ) g (yz) D
(ptm)+(p+m)_ [ V1 2
Wp ; € Bp, eC
(u1+y2) D (u2+y1) D]

o[ ere = 3, )
[( ) e Wi, [D, oy =N o i +y2) }
-1(2)

Rio(wa+y)+S0y2=0

i{’ c W([?+m)+(11+m)7 Doy=N ou]

0
N ) € Glysm(C), N = ( 3? ]\(])l ) c Cptmx(p+m).
—

(88)

The numbering u = (Zz) of the components of u is chosen such that both u
1

and y belong to WH§+"1. Equation 85 implies that Dy is a g, Wp 10-behavior with

input # and output y and is D-stable, cf. Lemmas 4.4 and 5.1. Its transfer matrix in
C(p+m)x(p+m) ig

0 0
H = (Hyl"uz Hyl'ul) = D_lN = ( Sr Nr ) ( 0 Nl )
Hy, .y Hy, u, —R, D? —R; 0

—NPR; SN}
= 0 e (89)
85 \—=D;R; —RN;

The unique controllable pW-compensator C’ of B with localization Cp = Cp, is
obtained as follows: define the f.g. projective modules

Vi=BL (R, 5) € By Py = B (Y c glX

_ BlX(p+n1)/V/ g BIID)X(I"H’V!)/V’ V]I/)) — V,
— dimgz (V') = dimg, (V{) = dimgz, (V) = N dimp, (V) = N*m. (90)

Moreover, since B]Bx(p +m) /V is Z-free so is its Z-submodule B *(?+) / V" and thus

the latter is B-projective. Again by Lemma 4.2, we infer that V', resp. B!*(P+m) /y/
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are B-free of dimensions m, resp. p. In particular, V = B> (R, S)), where (R}, S}) €
B"*(P*+™) has B-linearly independent rows. Define

¢ =vt.= [(?};) € WPt Rlous+ 8] oy ZO]-
Vi) =By (R, S) = V = By (R, §))
— = (V/L)D —vi=cp. 1)

Therefore, Cp is the localization of C'. Since B!*(P+™) / V' is B-free, the compensator
C' is controllable. The algorithmic computation of V/ and C’ is explained in [3, §7].
The behavior C’ is the unique controllable one with Cf; = Cp. There are less useful
noncontrollable behaviors C” with Cpj = Cp.

The interconnection of the given behavior B with C’ is given by

D = [(Z) c W(p+m)+(17+m); D'oy=N'o u] where

D; —N,
D = ( le Sz’l) e BPHmXwtm (Gl (Q) (92)
0 N
N = ( ) e B(p+m)x(p+m)
~R 0

Since By is the localization of B and Cpy that of C’ we infer (cf. [3, Cor. 3.8])

]3]%)><(["'I‘m)(l)/7 _N/) — B]%)X([H-m)(D’ _N)

— D)y =Dp, D'p=D) =0, H=D'"'N' =D 'N.
(93)

Summing up we obtain

Theorem 5.3 Let B be a D-stabilizable periodic 10-behavior, i.e., (D;, —N;) has
a right inverse in Bg +mxp . The behaviors C',D’, constructed above, are gW-
behaviors, i.e., periodic behaviors. The feedback interconnection D' is a D-stable
10-behavior with proper transfer matrix H € CPHmx(p+m) ¢ = §N*N  fom (89).
Thus, the compensator C' is properly D-stabilizing and, moreover; controllable and all
such compensators are obtained in the described fashion. For almost all X € C™*P
from (84), the matrices S; and S| belong to Gl,,(Q) and both Cp and C' are 10-
behaviors with input uy and output y.

Remark 5.4 (Properness of the controller) Consider the data of Algorithm 5.2 and
Theorem 5.3. By construction, the interconnected IO-behaviors D’ and Dy have
a proper transfer matrix H whereas properness of the plant transfer matrix G =
D, 1N1 = (D?)_IN IO is not assumed. Recall that almost all constructed controllers
are [O-behaviors and thus have a transfer matrix G¢, in detail
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Fig.2 The tracking behavior 7’ u w1 + Yo

Y1+ uz  u2

Y2 y1tux—r 1T

C' = [(;j) e wptm. Sl/oy2 = —Rl/ouz],

Cﬁ) =Cp = [(z;) S W£+m; Sioy, =—R; Ouz]

S, € B ((Glu(Q). S € C™" [ Glu(Q). R} € B™*P, R e C"*,
Ge=—(S)""Rj = —8'R; € Q<P = F(A)Nm*Np, (94)

Properness of G, i.e., G¢ € F(A)ngNp, is necessary and sufficient that C’ can

be implemented with elementary building blocks. In [3, Thm. 3.27], it was shown
that almost all controllers from Theorem 5.3 are IO-behaviors with a proper transfer
matrix G¢. Moreover, if the transfer matrix G of the plant is strictly proper then all
controllers C’ from Theorem 5.3 are IO-behaviors with proper transfer matrix, cf. [16,
Cor. 5.2.20]. Symmetrically, if the controller is an IO-behavior with strictly proper
transfer matrix then the plant transfer matrix G is proper.

6 Tracking and disturbance rejection

We assume a D-stabilizable plant as in Theorem 5.3 and consider the properly D-
stabilizing controllers C’ and Cpy = Cp of this theorem. The input signals u1, resp. us
of D’ are interpreted as disturbances of the input, resp. of the output of /3. In addition,
we assume a reference signal r € W7. We assume that a nonzero ¥ € F[A] is given
such that

Yor=0, you =0, youpy =0, 95)

i.e., that the signals uy, u, r are generated by an autonomous system. We consider
the interconnected tracking system (see Fig. 2)

y
T = u | e wetm+prm+r. )1 where

r
() Dyoyy = Njo(ui+y2), Sfoys+ Rjo(us+y —r)=0
1//ou1:O,wou2=O,lﬂOV=0. (96)

So the input signal of the controller is the error signal e := y; + up — r that is the
difference between the disturbed output y; + u; of the plant and the reference signal
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r. The aim is to construct controllers with ID-stable e for all u1, us, r satisfying (95).
The error behavior is the behavior of all error signals, i.e.,

y
E=im|T - WP, lu|—e=y +u—r
r
y
= y1+u2—}"€Wp; u ET/ . (97)
r

The controller C’ is said to track the reference signal r and to reject disturbances u
and u» that satisfy (95) if 6']]/) = 0. If this is the case, all error signals are asymptotically
stable, cf. (79)—(81) and Lemma 5.1.

Theorem 6.1 (i) The D-stabilizing controller C' from Theorem 5.3 tracks the refer-
ence signal r and rejects the disturbances uy and uy satisfying (95) if and only
if

Z:=y'S, e B (98)

(i1) There is such a controller if and only if the inhomogeneous linear matrix equation
SO=N'X+vyZz (99)
ro r

has a solution X € C"*P = SNMXNp 4pnd 7 € BﬁX(Per)_
The computation of the solution (X, Z) is described in [3, §7].

Proof (i) Since the functor (—)p is exact and hence

y
&p ==1im Tﬁ—)Wﬂg, ulr—e=y 4+u—r
r

the condition £p) = 0 holds if and only if the following implication holds:

u |l e Wﬂ()p+m)+(p+m)+p

-
Dioyy=Nio(ui+y), Sjoya+Ro(ua+y—r)=0=e=0
You; =0, your=0, yor=0

(100)

Since

By (D1, —Np) = By P (DY, —=N{), BU(R], S}) = B (R, S (101)
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the implication (100) is equivalent to the implication

y

u | e wprmrpEmEp MY =",
D
. y2 ui

DYooy =No(ui+y), Ssoyy+Rour+y —r)=0=¢=0
Your =0, your=0, yor=0
(102)

or, in shorter notation with (88), to

Do n =No e ory=Ho w2
y2 ui ui
WO(M)ZO
r

—NPR; SN/
—D°R; —R,N}

—e=0. (103)

With H = ( ) we get the equivalent implication

Ve (Z) ZO:ezyl+u2_r:(idP_NrORl)O(M2—V)+Seroou1
(105) Sy D} o (uz —r) + SN ouy = (S, D)., S;N/, =S, D})) o (f) =0.
(104)

Here,we used (85), i.e.,

S, NP\ (DY N} id, 0 , o 0
= d,—N’'R; = S,Dj. 105
(—RrD?)(Rz s 0 id, ) = TN RI= S DE 09

We finally derive the equivalent implication

uz uz uz
V{u | e W™ P iyol uy | =0 = (S, D, S,N), =S, D))o| uy | =0.
r r r
(106)
Since gy, Wpp is an injective cogenerator this is equivalent to
(S, DY, S,NP, =S, DY) € BL* P FP)y,
— YIS (DY, —NP) e BEX P
= Z:=y 'S, =y 'S(D). —N)) (SrR ) e B (107)
— Ry
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(ii) Recall from (84) that

0 NO
()-Co)-(Dr o

Inserting this into (98) furnishes the inhomogeneous Eq. (99)
SO=NOX +y2z.

So (99) follows from the properties of the controller C'. If, conversely, (99) has a
solution (X, Z) one uses Algorithm 5.2 to define the controller Cp and then C’ with
this X. Then (99) implies (98) and, therefore, the controller C’ tracks r and rejects u
and u». O

A more general tracking interconnection 7" than in (96) assumes an additional
D-stable 10-behavior B, with proper (and D-stable) transfer matrix 7; € C™*? (cf.
Lemma 5.1) that transforms the reference signal  of dimension p into its output r, of
dimension m:

By = [(:2) e Wntp, Dlzor2=leor],
(D}, —N?) € B0 D2 € Gl,(Q), Ti := (D})"'N? e CP™™.  (109)

Notice that B, can be implemented since 7; is proper. From Lemma 5.1 we know
that D12 € Gl,,(Bp) and that T; = (Dl2)_1N 12 is a left coprime factorization over Bypy.
For a given controller C’, according to Theorem 5.3, the generalized interconnected
tracking behavior 7" is defined by the equations

Dioyy=Nio(ui+y2), Soys+Rj oy +uz) =ra, D} ora=Nfor
Vor=0, you =0, your =0. (110)

The error signal is e := y1 +up — r again. By definition, the matrices (R, Sl/, T;) form
an (R, S, T)-controller if all error signals e of 7" are D-stable, i.e., if the (autonomous)
error behavior £ of all error signals is D-stable or satisfies &p = 0.

Theorem 6.2 Consider the D-stable 10-behavior By with proper transfer matrix Ty
Sfrom (109) and a stabilizing controller C' according to Theorem 5.3 with its associated
data. The matrices (R], Sl’, T;) form an (R, S, T)-controller if and only if

vS v T N (T - R) e BT (111)
Proof For signals with components in Wp, Eq. (110) is equivalent to

DY oyi =No(ui+y2), Sioyr+Rio(yi +u) =r2, D ory =N/ or,
Yor=0, Yyou =0, you=0, y,u,r,rp € Wp. (112)
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Due to

0 _ A0\ ! 0
(Dl Nl ) — (_SI"e Il\)l?)) € G1p+m(c), Dl2 c Glm(B]D)), Tl c CWIXp’
r =r

R S
—NPR S,N,O) 113

rm=Tor id,=S.D"+ N°R;, H =
2 19 p r; A —D?Rl—RrNZO

Eq. (112) is equivalent to

=Hou+ AL or, Yor=0, You =0, your=0 (114)
y— _RrDQ ’T] ) — Y 1 =Y, 2 =

that implies

yi=—N°Riouy+ SN ous + NTjy or,
e=yi+uy—r=(S5D), SN, NTj —id,) o (ug,ur,r)", (115
N°T; —id, = N°(T; — R)) — 5, D).

By definition, the matrices (R}, S}, T;) define an (R, S, T')-controller if and only if Eq.
(112) implies e = 0. By means of (115) this is equivalent to the implication

Yoy uy, )T =0=>(5,D). ;N NT; —id)) o (uz,ur.r)" =0. (116)

By the same argument as in the proof of Theorem 6.1, Eqs. (116) and (112) are
equivalent and this completes the proof. O

Remark 6.3 In Theorem 6.1, assume that S, = ¢S/, S, € BH';X" . Then condition
(98) is trivially satisfied and, moreover,

id, = DJS, + N'R, = (y D))S] + N/R,. (117)

This implies that (v DY —N 10) is right invertible over Bpy. Notice that in (98) and (99)
¥ can be multiplied with a unit in Zp = S5_,)-1 and hence we may assume that
Y eSs.

In the sequel, we assume that ¢ € S and that (WDO, —N, IO) has a right inverse
/
(S’ 0) even in CPHM*P je,
_Rr

idy = (WD))S +NPR) = D)W S)+NR) = DS +N['RY. S} = yS]. (118)
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0
Thus, ( ‘E’RO is aright inverse of (D?, _NIO) in C(PT™)*P and this can be completed
r

with the matrices from (83), (84), (85) satisfying

SN2 ()= (M) X, (RS = (R S+ X (DY, —ND), X € Crr
—R, —R; DY
(119)
and
—1
DY —N/ DY —N) S, N?
Gl C) =Gl S), = B

(Rl Sl € p+m( ) N(p+m)( ) Rl Sl —R, D?

SO =S (120)

For the robustness assertion of the next Theorem 6.4, we employ the data and results of
[16, §2.2] and assume that the stability region D is open. Then ||d|| := max cc\p |d(2)]
is anorm on S and induces maximum norms on S¥*¢ and Gl (S). The product of matri-
ces is continuous and Gl,(S) is an open topological subgroup of S*¢. A stabilizing
tracking controller with matrices (R;, S;) from Theorem 6.1 is called robust if it is a
controller with the same properties for all nearby plants in the just defined norm.

Theorem 6.4 Assume w.l.o.g. that Y € S and that (y DY, —Nlo) has a right inverse
in Cprmxp — §N(p+m)xNp

(i) Consider the matrices from (118) and complete them to those of (83). Choose
a matrix X € C™*P and define the matrices from (119). Then the controller
defined by the matrices (R;, S;, Ry, Sy) from (119) satisfies the necessary and
sufficient condition for tracking and disturbance rejection from Theorem 6.1, i.e.,
vls, e BH’;XP, if and only ifNﬁ)X € BﬁXpw,for instance if X € C"*P.

(i1) Each controller from (i) is robust.

Proof (i) Since S = ¢S, € CP*Py C BL* "y the assertion follows from S, =
SO — NOXx.

(i) Consider a controller according to (i) and especially the matrices

DY —N/ S, N? _(id, 0 .
(R[ Sy —R, D9 - 0 id, )’ SrEB]D) v, Y €8. (121)

Now consider a plant (50, —]VZO) sufficiently near to (DY, —NIO). Then
= (DY NO Sr 0 0 Sy .
U:= (D, —Ny) near (D}, —N,) =id,
_Rr —Rr

R,

= U € Gly,(S) = Gl,(C), (i~ ) = (_R )U1 e ClPrmxp,

E < pxp
r'R' ), Sy EB]D) /8

r

= id, = (DY, —N}) (
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(R, Sp) (irﬁ ) = (R;, S)) (irR )U_l =0.

L) e Clrtmxm guch that

Moreover,

Then there is a unique column (

DO —NO S, N, id, O ~ _
/ l r, — P _ 1 pPXp
(Rl S;)( RD)_(Oidm)’S’_S’U EBD v, ¥ €S

(122)

S

According to Theorem 6.1, the last equation says that the controller with the
equation R; o up + S; o y» = 0 is a properly D-stabilizing controller of the plant
with the equation DO oy1 =N, N? o u; and that this controller tracks signals r and
rejects signals u and up satlsfylng (95). So the controller (R;, S;) stabilizes a
whole family of plants (Dl , —Nl ) around the plant (DY, —Nl ) and this is the
defining property of robustness. O

Lemma 6.5 For the left and right coprime factorizations G = (DIO)’INZ0 =
NP(D?)_1 over C = SN*N and yr €S, the following properties are equivalent:

1. (Yid,, NY) is right invertible.
2. (Yidy, N?) is right invertible. .
3. (¢ DY, —Nlo) is right invertible.

Proof We assume w.l.o.g. that ¥ is not a unit. This implies p < m.

3. = 1.: obvious.

1. = 3.: consider all primes o of S and their residue fields k(¢') := S/So > f :=
f +8So, f € S.Recall that a matrix R € SV7*¢ is right invertible if and only if
rankyq) (R)=N p for all primes o of S. If 1. is satisfied we conclude

Vprimeso € S: Np = rankk(a)(D_?, —N_lo) = rankk(g)(wid/\/p, N_lo)

= 3 (‘;) € k(@)NPHmxNe . p0a L NOB = idy,

ify =0: rankk(g)(le , —NO) —rankk(g)(lﬁlde,N )= Np
ity #0: yDY((Y)~ lA)—i—Nl =idy, = ranky() (¥ DY, N,O) Np

= Vprimes o € S : rankg) (¥ D?, —Nlo) = Np = 3.

1. <= 2:N lO and Nr0 are equivalent. The equivalence of 1. and 2. is then shown as
that of 1. and 3. O

According to [16, Thm. 2 on p. 296], the condition 2. of Lemma 6.5 characterizes
the existence of robust compensators in the LTI case and condition 3. is precisely the
assumption of Theorem 6.4.
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Corollary 6.6 Assume a controller according to Theorem 6.4 (i), and additionally
the D-stable periodic 10-behavior By from (109) with the proper transfer matrix

T;

e C™<P Ify— N (T1—R)) € BSXP, the matrices (R}, S|, Ty) formarobust (R, S, T)-

controller, cf. [4, (6.38)].
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