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Abstract  This paper proposes a new tool for quantized nonlinear control design of
dynamic systems transformable into the dynamically perturbed strict-feedback form.
To address the technical challenges arising from measurement and actuator quantiza-
tion, a new approach based on set-valued maps is developed to transform the closed-
loop quantized system into a large-scale system composed of input-to-state stable
(ISS) subsystems. For each ISS subsystem, the inputs consist of quantization errors
and interacting states, and moreover, the ISS gains can be assigned arbitrarily. Then, the
recently developed cyclic-small-gain theorem is employed to guarantee input-to-state
stability with respect to quantization errors and to construct an ISS-Lyapunov func-
tion for the closed-loop quantized system. Interestingly, it is shown that, under some
realistic assumptions, any n-dimensional dynamically perturbed strict-feedback non-
linear system can be globally practically stabilized by a quantized control law using
2n three-level dynamic quantizers.

This research was supported in part under the Australian Research Councils Discovery funding scheme
(project number: FF0455875), in part by a seed grant from NYU and POLY, and by NSF grant
DMS-0906659.

T. Liu (X)) - Z.-P. Jiang

Department of Electrical and Computer Engineering,

Polytechnic Institute of New York University, Brooklyn, NY 11201, USA
e-mail: tliu@poly.edu

Z.-P. Jiang

e-mail: zjiang@poly.edu

D. J. Hill

School of Electrical and Information Engineering,

The University of Sydney, Sydney, NSW 2006, Australia
e-mail: djhill@sydney.edu.au

@ Springer



76 T. Liu et al.

Keywords Quantized control - Input-to-state stability (ISS) - Small-gain theorem -
Nonlinear systems - Dynamic quantization

1 Introduction

The quantized stabilization problem is motivated by the practical requirement that the
signals of the control devices, including controller, actuators and sensors, are quan-
tized before transmission through digital communication channels to other devices
in the closed-loop control system. Here, a quantizer can be mathematically modeled
as a discontinuous function from a continuous region to a discrete set of numbers.
A practical quantizer has a finite number of quantization levels, and the quantized
signal is saturated if the original signal is outside the range of the quantizer. This moti-
vates the dynamic quantization [1], by which the quantization levels are appropriately
scaled in the process of quantized control to achieve global stabilization with finite-
level quantizers. In this paper, we propose a new design tool for quantized feedback
stabilization of dynamically perturbed strict-feedback systems, an important class of
nonlinear systems widely studied in the nonlinear control literature.

Quantization errors cause major problems for quantized stabilization; see, for in-
stance, [1-5] for linear systems and [6—12] for nonlinear systems. In particular, the
book [10] discussed the relation between space discretization and perturbation. The
recent papers [4,6,7,12] characterize the quantization error as a sector bounded per-
turbation. Reference [6] studied the conditions under which the quantization error
does not cancel the stabilizing effect of a dissipativity-based control law. Reference
[7] achieved semi-global quantized stabilization for nonlinear systems based on the
semi-global stabilization approach in [13]. In [14], the problem caused by the finite-
level quantizers was addressed for feedforward (upper-triangular) systems. Using the
idea of scaling quantization levels, the authors of [1,9,11,15] studied dynamically
quantized control with finite-level quantizers.

Quantized stabilization is closely related to robust stabilization by treating the state
quantization errors as measurement errors. Despite its importance and relevance to
many practical control problems, robust nonlinear stabilization with measurement
errors has not been paid enough attention. In [16], it was discovered that if a system
can be stabilized, then it can also be stabilized insensitively to small measurement
errors. The authors of [17] introduced a robust nonlinear control design approach
based on backstepping methodology (see e.g., [18]) and flattened Lyapunov functions
to deal with bounded measurement errors. But with the method in [17], the influence
of the measurement errors grows with the order of the system, which is daunting for
high-order systems and for its further application to quantized stabilization.

The concept of input-to-state stability (ISS) invented by Sontag (see [19] for an
excellent tutorial on ISS), appears to be fundamental to describe the robust stability of
closed-loop quantized systems with respect to quantization errors in several results;
see e.g., Liberzon and NeSi¢’s dynamically quantized control results [9,11,20,21].
With the ISS small-gain theorem in [22] as a tool, reference [23] established a unified
framework for control design of nonlinear systems with quantization and time sched-
uling via an emulation-like approach. Based on the small-gain theorem, the quantized
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controller should usually be designed to make the control error caused by quantiza-
tion error smaller than the range of the quantizer, to ascertain global stabilization with
finite-level quantization [11,23].

The objective of this paper is to propose a design tool for global stabilization of
strict-feedback nonlinear systems with both state quantization and actuator quantiza-
tion, by means of the recent developments in cyclic-small-gain theorems (see, e.g.,
[24,25]). Our recent contributions to quantized control [ 12,26] demonstrate the useful-
ness of the cyclic-small-gain theorem. For other related network small-gain theorems,
the reader should consult [22,27-32]. In our novel controller design procedure, we
will introduce a new set-valued map method to overcome the problems caused by the
nonlinearity and discontinuity of the quantizers as well as the presence of dynamic
uncertainty. Consequently, differential inclusions will be adopted to represent the
closed-loop quantized system, and the motion of the closed-loop quantized system
will be described with the extended Filippov solution introduced in [33,34]; see also
[35] for the concept of Filippov solution. The gain assignment technique originally
proposed in [22] will have to be further modified to adapt to the specifically designed
set-valued maps such that the closed-loop quantized system can be transformed into
a large-scale system composed of ISS subsystems. Moreover, the ISS gains of each
subsystem will be assigned appropriately to satisfy the cyclic-small-gain condition and
to guarantee the ISS of the closed-loop quantized system with respect to quantization
errors. An ISS-Lyapunov function will also be constructed to evaluate the influence of
the quantization error. Differently from the previously known results, the adjustment
of the quantization levels will result in jumps of the state of the closed-loop quantized
system. The dynamic quantization design method introduced in [11] will be modified
for global quantized stabilization based on the ISS analysis of a specific discrete-time
nonlinear system.

The rest of this paper is organized as follows. Section 2 presents some mathemati-
cal preliminaries. Section 3 describes the problem formulation and gives an expected
quantized controller structure. In Sect. 4, we recursively design set-valued maps for
the class of strict-feedback systems with quantized signals. Section 5 is devoted to the
synthesis of dynamic quantization. Section 6 presents a remark on measurement feed-
back control as a by-product of the main result. Section 7 presents some conclusions
and discusses some future directions. The proofs of some technical lemmas are in the
Appendix.

2 Mathematical preliminaries

To make the paper self-contained, recall that a function y : Ry — R, is positive
definite if y(s) > O forall s > O and y(0) = 0. y : Rt — Ry is a % function
(denoted by y € %) if it is continuous, strictly increasing and y (0) = 0; it is a %5
function (denoted by y € #5,) if it is a J# function and also satisfies y (s) — oo
as s — o00. A function 8 : Ry x Ry — Ry isa % (denoted by 8 € # %) if
B(-, t)is a # function for each fixed ¢ and B(s, t) is decreasing to zero as t — oo for
each s € R,. Id represents the identity function. For y, y» € JZ, inequality y; < y»
means y|(s) < y2(s) forall s > 0.
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The ISS cyclic-small-gain theorem proposed in [24,25,28] is a tool to analyze the
ISS property of large-scale nonlinear systems in the following form:

)'C,-:fi(x,u,-), i=1,...,N (1)

where x; € R%,x = [x]T, e x},]T, u; € R™ and f; : R"™™ — R withn =
) ;-V:l” ; is a locally Lipschitz map.

Although smooth ISS-Lyapunov functions have usually been used in the literature,
for large-scale system (1) with locally Lipschitz dynamics, the smoothness require-
ment on the ISS-Lyapunov function can be reduced to locally Lipschitz continuity
[34,31]. According to Rademacher’s theorem (see, e.g., [36, p. 216]), locally Lips-
chitz continuity implies continuous differentiability almost everywhere.

It is assumed that each x;-subsystem (i = 1, ..., N) in (1) admits a locally Lips-
chitz ISS-Lyapunov function V; : R" — R satisfying

1. There exist o;, &; € H#5 such that
a;(Ixi)) < Vitx) <@;(|xi]), Vx; € R"; (2)
2. There exist y;; € £ U {0} (j #i)and y; € 2 U {0} such that

Vi) = max  {yi (Vi (%)) v (uiD)}
J=1 N j#i
= VVi () fi 0 u) < —a; (Vi (7)) 3)

wherever VV; exists, where «; is continuous and positive definite.

The functions y;;, y/* are known as the ISS gains of the subsystems. The following
theorem presents a cyclic-small-gain condition to guarantee the ISS property of the
large-scale system (1) with state x and input u = [u?, e, uIT\,]T.

Theorem 1 [24] Consider the large-scale nonlinear system (1). Assume each x;-sub-
system admits an ISS-Lyapunov function V; satisfying (2) and (3). Then, the large-scale
nonlinear system (1) is ISS if forr =2,..., N,

Yiria © Vigiz © "+ 0 Vi,ip < 1Id 4)

where | < iy < N and iy # iy ifk Zk for1 <k <r.

By considering the subsystems (1) as vertices and the gains as the weights of
directed arcs (i.e., connections between subsystems), the interconnection structure of
the large-scale nonlinear system can be represented with a system digraph. Condition
(4) is called cyclic-small-gain condition and means that the composition of the ISS
gains along every simple cycle in the large-scale nonlinear system is less than the
identity function Id.

For the ISS gains y;;’s (1 < i < N, j # i) satisfying condition (4), according
to Lemma A.1 of [27], we can find %%, functions )?,-j’s (1 <i <N, j # i) which
are continuously differentiable on (0, co) and slightly larger than the corresponding
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¥ij’s such that condition (4) still holds by replacing the y;;’s with the y;;’s. Motivated
by the ISS-Lyapunov function construction in [27], a locally Lipschitz ISS-Lyapunov
function can be constructed for the large-scale system (1) as

V) = max {o;(Vi(x:))} )

where o;’s are specific compositions of the y(.)’s.
The influence of the external input # can be represented as

6 = max {oi 0" (i)}, ©)
Denote f(x,u) = [flT(x, U, ..., f;(x, uN)]T. With the Lyapunov-based ISS
cyclic-small-gain theorem presented in [25], we have

V(x) = 0w) = VV(x) fx,u) = —a(V(x)) (N

wherever VV exists, with o being a continuous and positive definite function.

The type of ISS-Lyapunov functions (5) was used by [31] for the construction of
an ISS-Lyapunov function for the matrix-small-gain theorem. Also notice that (5) was
utilized in [25] in the construction of ISS-Lyapunov function for the ISS cyclic-small-
gain theorem.

Recently, the authors of [33,34] extended the concepts of ISS and ISS-Lyapunov
function to discontinuous systems and also proposed an extended Filippov solution
for interconnected discontinuous systems described by differential inclusions. Based
on the concept of extended Filippov solution, a discontinuous version of the ISS
small-gain theorem was developed. Motivated by the results in [33,34], a discontin-
uous version of the cyclic-small-gain theorem can also be developed for large-scale
discontinuous systems:

JZiGF,-(x,u,-), i=1,...,N (8)

where F; : R"™i s R™ is a convex, compact and upper semi-continuous set-valued
map and the variables are defined in the same way as for (1).

References [33,34] considered the case of multiple Lyapunov functions to carry
out a general ISS theory for discontinuous nonlinear systems. Here we just consider a
simplified case where each x;-subsystem in (8) admits a common Lyapunov function
V; satisfying (2) and

Vitxi) = max  {y;;(Vi(x;), ¥/ (u;])}
J=1 LN j#
= max VVi(x)fi < —a;(Vi(xi) 9

Sfi€Fi(x,u;)

wherever VV; exists, which is a modification of (3).
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With the cyclic-small-gain condition (4) satisfied by the large-scale discontinuous
system, an ISS-Lyapunov function V can be constructed in a quite similar way as in
(5), and property (7) should be modified as

Vx)>0u)= max VVx)f < —a(V(x)) (10)
feF (x,u)
wherever VV exists, with F(x, u) = [FlT(x, ui), ..., Fﬁ(x, un)]T.

As we will show in this paper, the above discontinuous variant plays a central role
in the recursive quantized control design for dynamic networks or high-dimensional
nonlinear systems transformable into a dynamic network.

3 Problem formulation
3.1 System description

In this paper, we study quantized control of the following dynamically perturbed
strict-feedback nonlinear system:

z=g(z,x1) (11)
X =xip1+Ai(x,2), i=1,...,n (12)

def
Xn+1 = U (13)
where [x1,...,x,]T := x € R”" is the measurable state, z € R represents the
state of the inverse dynamics and is not measurable, # € R is the control input,
Xo=1[x1,...,x;]%, and A;’s (i = 1,...,n) are unknown locally Lipschitz continu-

ous functions. We study the general case in which both the measurement x and the
control input u are quantized.
Throughout the paper, the following assumptions are made on system (11)—(13).

Assumption 1 System (11)—(13) with u = 0 is forward complete and small-time
final-state norm-observable with x as the output, i.e., for u = 0,

Vtg > 0 J¢ € JH#, such that
IX ()| < @(lxllo,4,1), YX(0) € R"™ " (14)

where X = [z7, xT]7.

Remark 1 Reference [37] discussed the equivalent characterizations of initial-state
norm-observability, final-state norm-observability and 2. norm-observability for
forward complete (or unboundedness observable) nonlinear systems with external
inputs. In Assumption 1, we just use the concept of small-time final-state norm-observ-
ability for nonlinear systems with no external inputs.

Remark 2 Assumption 1 is needed for global quantized stabilization; see [21]. How-
ever, it is important to mention that Assumption 1 is not needed if a bound is known
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on the initial state of system (11)—(13). In this case, only semi-global quantized sta-
bilization can be achieved. Also, see [15,23].

Assumption 2 For each A; withi =1, ..., n, there exists a known Aa, € %5 such
that for all x;, z,

[A; (Xi, 2)| < Aa, (I(Xis 2)D.- (15)
Assumption 3 The z-subsystem (11) with x; as the input admits a locally Lipschitz
ISS-Lyapunov function Vj : R — R satisfying
1. There exist ), ot € %50 such that

ay(z]) < Vo(z) <@o(lz]), Vz e R™; (16)
2. Thereexista x;' € # and a continuous and positive definite g such that

Vo(@) = x:'(Ix1D) = VVo(2)g(z, x1) < —ao(Vo(2)) (17)

wherever V'V exists.

Remark 3 Under Assumption 3, system (11)-(13) represents an important class of
minimum-phase nonlinear systems, which have been studied extensively by many
authors in the context of (non-quantized) robust and adaptive nonlinear control. The
reader may consult [13,18,38,39] and references therein for the details.

3.2 Quantization

In this paper, a quantizer g (r, ) with original signal r € R and variable © > 0

is defined as g(r, u) = uq°(r/un), where ¢° : R — R is a piecewise constant

function for which there exists a constant M > 0 such that |¢g°(a) — M| < 1 if

a>M;|q°a) —a|l <1if|a| < M;|q°@a)+ M| <1lifa <—-M;q°0)=0.
Then, quantizer g (r, i) satisfies:

lg(rym) = Mp| < p, ifr>Mu; (18)
lg(r,mw) —rl < u, if [r] < Mu; (19)
lg(r, ) + Mp| < u, ifr<—Mp; (20)
g0, pn) =0. (1)

M is the quantization range of quantizer g (r, i) and u represents the quantization
error bound (i.e., the maximum of |g(r, ) — r| when |r| < M ). In dynamic quan-
tization design, u is known as the “zooming” variable. Given fixed M, the basic idea
of dynamic quantization is to dynamically update p (and thus M ) in discrete-time
to improve the control performance in the existence of the quantization error. Increas-
ing u, referred to as “zooming-out”, enlarges the quantization error bound u and
the quantization range M . Decreasing u, referred to as “zooming-in”, reduces the
quantization error bound p and the quantization range M 1.
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Remark 4 In several previously known quantized control results (see e.g., [15]), two
positive parameters, say M’, §', are used to formulate a quantizer ¢’ as: |¢'(r, ') —r| <
Sl if ] < MW \q'(r, i) > (M' — 8w if |r] > M’'j. Indeed, if we define
M= M'/§, u = 8u and a new quantizer g (r, ) = q’(r, u/8’), then we can see
properties (18)—(20) hold for the new quantizer g. Moreover, properties (18) and (20)
explicitly represent the saturation property of the quantizer. It will be demonstrated
that the explicit description of saturation in (18) and (20) is necessary in our recursive
control design later, in which we try to take the saturation property into account.

Remark 5 1t is shown in [40] that the simplest three-level quantizer satisfies the prop-
erties (18)—(20) with M = 3, and a larger number of levels means a larger M.

3.3 Quantized controller structure and control objective

In this paper, we introduce a new quantized control structure following an ISS small-
gain design approach. Based on the ISS small-gain design method proposed in [41],
we can recursively design a non-quantized controller for system (11)-(13) as

v =kKi(xi —vi—y), i=1,...,n—1 (22)
U = KXy — vp_1) (23)

where vop = 0 and &;’s are appropriately designed continuous functions for i =
1, ..., n. The maps defined in (22) are usually known as virtual control laws.

Our solution to the quantized control problem of system (11)—(13) is to add quan-
tizers before and after each (virtual) control law defined in (22) through a recursive
design approach.

Following this idea, the quantized controller would be in the following form:

v = qia(ki(gin(xi —vi—1, i) i), i=1,...,n—1 (24)
u= CInZ(Kn(in (Xn — Vn—1, Un1)), Un2) (25)
where vg = 0, the g;;’s are quantizers with zooming variables 1;;’s fori=1,...,n,
j=1,2,and the x;’s fori = 1, ..., n are nonlinear functions. The «; in (24)—(25) is

not necessarily the same as the &; in (22)—(23) because of the implementation of the
quantizers.

Remark 6 The new quantized controller structure (24)—(25) leads to no restrictive-
ness in practical applications. Indeed, the quantized control structure making use of
adjustable centers of the quantizers can also be found in the very recent work [42].

We make the following assumption on all the employed quantizers in (24)—(25).
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Assumption 4 Each quantizer ¢;; fori = 1,...,n, j = 1,2 with zooming variable
wij satisfies

|qij (r pij) — Mijpijl < pij, if r > Mijpuij; (26)
lgij (r, wij) —rl < wij, if |r| < Mijpij; 27
Iqij (rs ij) + Mijpijl < wij, ifr < —Mijuj; (28)
qij (0, nij) = 0. (29)

where M;; > 2 and M;» > 1.

In dynamic quantization, each zooming variable ;; > Ofori =1,...,n,j =1,2
is a piecewise constant signal and updated in discrete-time. Without loss of generality,
we assume that the piecewise constant zooming variables are right-continuous on the
time-line. Motivated by Liberzon [15], we will still design a dynamic quantization
composed of two stages, zooming-out stage and zooming-in stage. In this paper, we
consider the case where the update time sequences for all the zooming variables are
the same and denoted by {tg, t1, 2, ...}, in which ;| — #y = t; with constant 77 > 0
fork € Z.

The update dynamics of each p;; is expected to be in the following form:

wij (1) = Qij(wij (), k € Zy. (30)

In the zooming-out stage, Q;; = Q?j‘.“; in the zooming-in stage, Q;; = Q;‘/’

The objective of this paper is to design a quantized controller in the form of (24)—
(25) with dynamic quantization (30) to globally stabilize system (11)—(13) such that
all the signals including the state x in the closed-loop quantized system are bounded,
and moreover, to steer x| to an arbitrarily small neighborhood of the origin.

The configuration of the total quantized control system is shown in Fig. 1.

4 Recursive control design with set-valued maps—static quantization

A technical obstacle for quantized feedback control design is that the quantized control
system in question must be made robust with respect to the quantization errors. The
nonlinearity and dimensionality of system (11)—(13) and the saturation and disconti-
nuity of quantization cause the major difficulties.

The objective of this section is to develop a recursive design procedure for «; in
(24)—(25) by taking into account the effects of static quantization, such that the closed-
loop quantized system admits nested invariant sets for further dynamic quantization
designs. In Sect. 4.1, we introduce set-valued maps S; depending onk; (1 <i <n)to
arecursive design to deal with the quantization errors and the closed-loop system will
be transformed into a large-scale system composed of e;-subsystems represented by
differential inclusions. Section 4.2 presents a modified gain assignment technique to
render the e;-subsystems ISS with any specified ISS gains by appropriately choosing
the set-valued maps. In Sect. 4.3, we show that we can find quantized control laws
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controller | communication channels | plant
| |
! | 1= g(Z7X1 )
| |
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| | ’
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| (. .
| | .
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+ . -
| qnl <—L( ye— Xn :M+A,1(Xn,Z)
Ky | | f
L g2 |
| |
|

Fig. 1 The quantized control structure

in the form of (24)—(25) belonging to the chosen set-valued maps. The cyclic-small-
gain theorem is employed to guarantee the ISS property and the existence of nested
invariant sets for the closed-loop quantized system in Sect. 4.4.

In this section, we make the following assumption on the zooming variables.

Assumption 5 Fori =1,...,n, j = 1,2, the zooming variable 1;; is constant with
respect to time.

4.1 Main steps of the recursive design
4.1.1 Initial step: the e-subsystem

Let e; = x1. The e1-subsystem is in the following form:
é1 =x2+ A1(X1, 2). (31)
Define a set-valued map S; as

S1(x1, 1, p12) = {k1(x1 + b11) + b1z : 1b11| < max{ciiler], w11}, [b12] < w12}
(32)

where k1 is a continuously differentiable, odd, strictly decreasing and radially un-
bounded function and O < ¢j; < 1 is a constant, both of which will be determined
later. It should be noted that b;1, b1 defined in (32) are used as auxiliary variables to
define set-valued map Sj.
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Define

ey =d(xp, S1(x1, (11, 412)) (33)

where d represents the directed distance from a point to an interval and is defined as

& —max 2, if £ > max Q;
dé,Q) =& —minQ, if & <minQ; (34)
0, otherwise.

where £ € R and 2 C R is an interval.
We rewrite the ej-subsystem (31) as

ér=x2—ey+ A1(x1,2) + e (35)

where we have xo — ey € S| (X1, u11, m12) from (34).

Remark 7 Tt is necessary to give a more detailed description of the set-valued map
S1. Consider the first-order nonlinear system ¢; = x» + A((Xy, z). Note that e =
x1. With the gain assignment technique in [22,41,43], we can design a control law
x7 = k1(x1) to stabilize the e -system. In the existence of quantization errors, control
law x2 = x1(x1) should be modified as x» = g12(k1(q11(x1, 11)), m12). Clearly, the
set-valued map S takes into account the quantization errors of both quantizers g1 and
¢12. In the control design procedure below, we will recursively design new set-valued
maps and define new subsystems based on a similar idea.

Remark 8 In our recent paper [12], we employed set-valued maps to cover the sec-
tor-bounded uncertainties caused by logarithmic quantizers. In [12], the saturation
property of the quantizers was not taken into account and the quantization levels are
fixed. Moreover, in [12], the quantizers are directly connected to the state measure-
ments, which is different from the quantized control structure (24)—(25).

4.1.2 Recursive step: the e;-subsystems

Denote ;1 = [111, - - -, /,Lil]T and [tj2 = [p12, ...,uiz]T fori =1, ..., n.Foreach
i =2,...,n, define a set-valued map S; as

Si (X, i1, i2) = {ki(xi — gi—1 +bi1) +bin 1 gi—1 € Si—1(Xi—1, =115 H(i—1)2)s
[bi1] < max{c;iile;l, mit}, |biz| < pin} (36)

where k; is a continuously differentiable, odd, strictly decreasing and radially
unbounded function and 0 < ¢;; < 1 is a constant, both of which will be determined
later. The definition of S; guarantees its convexity, compactness and upper semi-
continuity of the set-valued map S;. Here, b;1, bj» are auxiliary variables used to
define the set-valued map S;.
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86 T. Liu et al.

Remark 9 1t can be observed that S;(xy, it11, ft12) defined in (32) is in the form of
(36) with So(xo, fto1, f02) := {0}.

Foreachi =2, ..., n,define ¢;4+1 as
eir1 = d(xit1, S (X, Li1, Li2)). 37

Lemma 1 shows that with the recursive construction of set-valued maps and new
state variables in (36) and (37), we can represent the e;-subsystems fori = 1,...,n
with differential inclusions.

Lemma 1 Consider the (x1, ..., xp)-system in (12)—(13). Under Assumptions 2 and
5, with the definitions in (32), (33), (36) and (37), each e;-subsystem for 1 <i <n
can be represented with the differential inclusion:

éi € Si(Xi, fLi1, fli2) + @ (ei1, Xis flii—1)1, Ai—1)2, 2) (38)

where ®F is a convex, compact and upper semi-continuous set-valued map, and
there exists a Aor € Koo such that for all (ejy1, X;, flii—1)1, Li—1)2,2), any ¢} €
DF(ejv1, Xis fh(i—1)1, [(i—1)2, 7) satisfies

7] < Aor((€it1s -1 AG-1)2, 2] (39)

where &; = [ey, ..., el

The proof of Lemma 1 is in Appendix A.

With Lemma 1, through the recursive design approach, we have transformed the
(x1, ..., x,)-system into the new (eq, ..., e,)-system with each e;-subsystem (i =
1,...,n) of form (38). The extended Filippov solution of each e;-subsystem can be
defined with differential inclusion (38) because both set-valued maps S; and <I>l’.‘ are
convex, compact and upper semi-continuous; see [33,34].

4.2 1SS of the subsystems

For each e;-subsystem with i = 1,...,n, we define the following ISS-Lyapunov
function candidate

Vilei) = av(leil) (40)

where ay (s) = %s2 for s € R.. For convenience of notations, define V,,41(e,+1) =
ay (len+11). We simply use V; instead of V;(e;) in the following discussions.
Denote ¢g = z. Then, we have

eo = g(eo, e1). (41
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Define yfol (s)=x:'o oz‘jl (s) for s € Ry. With Assumption 3 satisfied, we have
Vo = v (V1) = VVog(eo, e1) < —ao(Vo). (42)

Lemma 2 is a modification of the gain assignment technique employed in the pre-
vious ISS small-gain design results [22,41,43], and states that, for i = 1,...,n,
by appropriately designing «;, each e;-subsystem can be rendered to be ISS with V;
defined in (40) as ISS-Lyapunov function.

Lemma 2 Consider the e;-subsystem (i = 1,...,n) in the form of (38) with S;
defined in (32) and (36). Under Assumptions 2 and 5, for any specified constants
g > 0,4 > 0,0 < cii,cin < 1,y.F € Hog fork = 0,...,i —1,i + 1, and
)/elf“, ye’;kz € Hoo fork = 1,...,i — 1, one can find a continuously differentiable,

odd, strictly decreasing and radially unbounded k; for the set-valued map S; such that

the e;-subsystem is ISS with Vi(e;) = ay(lei|) = %el.z as an ISS-Lyapunov function
satisfying
Vs max | Yo Vv (Vo ve T Vi, ]
P kst | ve ! ), vE P (i), vé (i), ve P (i), g
max VVivri < = Vi(ei) (43)
Yi€Vi(eit1,%i, /i1, [Ai2,2)
where
" 1
yeit(s) =ay | —s (44)
Cil

1 1
yli2(s) = ay ( /?i_l (—S)) (45)
! I —ci Ci2

Wi (eig1, Xi, [t iz, 2) == Si(Xi, i, i2) + PF (eir1, Xi, fLii—1)1, L(i—1)2, 2)
(46)

with ki (s) = |k;(s)| for s € Ry.
The proof of Lemma 2 is in Appendix B.

Remark 10 The gain assignment lemmas in the earlier papers [22,41,43] deal with
nonlinear systems represented with differential equations but not differential inclu-
sions. Furthermore, in our control design for the e;-subsystem, we deal with the effects
of the set-valued map S;_1, the control error ¢;1|e;| and the quantization errors ;|
and w;>. Also, it is worth noting that (43) yields a common Lyapunov function for
each e;-subsystem, while the general result on ISS discontinuous systems in [33,34]
relies upon multiple Lyapunov functions.

4.3 Quantized controller

In the subsections above, we designed set-valued maps to derive a large-scale system
composed of ISS subsystems described by differential inclusions. In this subsection,
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we show that the quantized control law u in the form of (24)—(25) with the «;’s defined
above belongs to the set-valued map S, under realizable conditions. In this way, the
closed-loop quantized system with the designed quantized control law u can be rep-
resented with a large-scale system composed of ISS subsystems.

Recall «;(s) = |«;(s)| for s € R;. Lemma 3 provides conditions under which the
quantized control law u in the form of (24)—(25) belongs to the set-valued map S,,.

Lemma 3 Under Assumption 4, if

1 1
7 <c¢i1 < 05, M_lz < ¢ < 1 (47)

foralli =1,...,nandif

lei| < M1, (48)
ki (I = cileil) < Mippwiz (49)

foralli =1,...,n,thenv; fori =1,...,n — 1 and u defined in (24)—(25) satisfy

vi € Si(Xi, ir, fiz), i=1,...,n—1, (50
uec Sn(fn»llnl’lan)- (51)

The proof of Lemma 3 is given in Appendix C by fully using the properties of the
quantizers and the set-valued maps.

Remark 11 Conditions (48) and (49) imply that the signals |e;| and |k; ((1 — ¢;)|ei|)|
should be covered by the quantization ranges M;u;1 and M;>ui2, respectively, such
that the quantized control law u belongs to the set-valued map S,,. This is caused by
the saturation property of the quantizers.

4.4 Small-gain based synthesis and nested invariant sets of the closed-loop quantized
system

Recall ¢ = [eg vels...,enl. By considering the e;-subsystems as vertices and the
gain interconnections between them as directed arcs, the interconnection structure of
the (ep, e1, ..., e)-system can be represented with a digraph, as shown in Fig. 2.
The purpose of this subsection is to fine tune the ISS gains to yield ISS property of
the closed-loop quantized system with e as the state by using the cyclic-small-gain
theorem.

Fig. 2 The interconnection
digraph of the /_\
(e, €1s .- ep)-system
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Recall &; = [ey, ..., e;]T. For each (e, e;)-subsystem (i = 1,...,n), given the
(e, ei—1)-subsystem, by designing the set-valued map S; for the e;-subsystem, we can
assign the ISS gains from states e, . .., ¢;_; to state ¢;. According to the recursive
design, we assign the ISS gains yfik fork =0,...,i — 1 such that

el e e3 e eq
Yeg ©Vel ©Ves ©° "0V | OVe, < Id
€2 €3 €i €l Id
yel o VEQ o--+0 Ve,;] o ye,- <

(52)

Ve ove ' <1d
where Id represents the identity function. Applying this reasoning repeatedly, we can
guarantee (52) foralli = 1, ..., n. In this way, the e-system satisfies the cyclic-small-
gain condition.

In the digraph of the e-system shown in Fig. 2, the ej-subsystem is reachable from
the subsystems of e, e2, ..., ey, i.€., there are sequences of directed arcs from the
subsystems of e, €2, .. ., e, to the ej-subsystem.

Motivated by the ISS-Lyapunov function construction in [27], we construct an
ISS-Lyapunov function candidate for the e-system as

Vie)= max {oi(Vi(ei))} (53)

.....

)72.0 (s)} for s € Ry, where the )9((_')) ’s are o, functions continuously differentiable on
(0, 00) and slightly larger than the corresponding y((.'))’s, and still satisfy the cyclic-
small-gain condition.

The following lemma states that we can appropriately choose the «;’s for the set-
valued maps S;’s such that the cyclic-small-gain condition (52) is satisfied and the

closed-loop quantized system with state e admits specific ISS properties.

Lemma 4 Consider the e-system composed of the e;-subsystems in the form of (41)
and (38) satisfying (42) and (43). If the ISS gains defined in (42) and (43) satisfy
82) foralli = 1,...,nandifu € S,(x,, iln1, An2), then the ISS-Lyapunov function
candidate V defined in (53) for the e-system satisfies

V(e) > 0(fn1, fhn2, En) = max _ VV(e)y < —a(V(e)) (54)
yev(e,x,inl,dn2)

wherever V'V exists, where a is a continuous and positive definite function, and

Ofin1, fin2, &) = max [ai (kn}ax i{ye‘j"‘ (k1) V22 (u2), Ei})] (55)

(e, X, finl, fin2) :=[{g" (e0, €1}, Wi(e2, X1, fL11, f112) - - - » W (0, X, fint, fin2)]"
(56)

with &, = [e1, ..., en]L.

@ Springer



90 T. Liu et al.

Proof In the case of u € S, (X, fin1, in2), we have e,+1 = 0 and V,1(ep+1) = 0.
With the cyclic-small-gain condition (52) satisfied for all i = 1, ..., n, by directly
combining the methods in [33,34] and the cyclic-small-gain theorem in [25], as re-
viewed in Sect. 2, (54) can be proved. This ends the proof.

For specified o; fori = 1, ..., n, if we can design the ye‘f“’s k=1,...,i—1)
and the y4**’s (k = 1, ...,i — 1) small enough, we can achieve

O(lin1, fin2, En) = MAX {oi 0 vl (in), 07 0 Y1 (1i2), 0i (1) } (57

for all w1, iz, & >0fori =1,...,n.

As pointed out in [15], nested invariant sets with sizes determined by the zoom-
ing variables [i,1 and [i,> are vital for the implementation of dynamic quantization.
Lemma 5 summarizes this section by showing the existence of the nested invariant
sets for the closed-loop quantized system designed based on Lemmas 1—4.

Define

By, i) o; oay (M1 1), 58)
, = max __ ,
1(MUnls Kn2 L nloioay (17101.1’(1' I(MiZMiZ))
o gj oy CjTMil) ,
B (i1, in2) = max L . (59)
i=l1,..., n o;joay e K (EN!’Z))

Lemma 5 Consider the quantized control system consisting of the plant (11)—(13)
and the quantized control law (24)—(25). Under Assumptions 2, 3, 4 and 5, the closed-
loop quantized system can be transformed into a large-scale system composed of
ej-subsystems in the form of (41) and (38), and for specified constants c;i1, cip sat-
isfying (47) fori = 1, ..., n, specified ISS gains yeik/ (k # k') satisfying the cyclic-
small-gain condition (52) for all i = 1,...,n, specified ISS gains y;*', vi/** for
i=1,....,n,k=1,...,i—1satisfying (57) and specified arbitrarily small constants
g fori = 1,...,n, we can find continuously differentiable, odd, strictly decreas-
ing and radially unbounded functions k; fori = 1,...,n such that (43) holds for
i =1,...,n. Moreover, if

oj oay(Mj1ii1) = oj ooty (1 — C“'?,-l(MizlLiz))
=0j OaV(Mj1Mj1)=0j0av(1_ : Ej_l(sz/sz)) (60)
foralli,j=1,...,nandif
Bi(fin1, in2) = 6o (61)
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with 6y = max,=1,.. ,{0i(&;)}, then the ISS-Lyapunov function candidate V defined
in (53) satisfies

Bi(fin1, fin2) = V(e) = max{Bz(fin1, ftn2), B0} (62)
max VV(e)y < —a(V(e)) (63)

yeV(e,x, il An2)

where WV is defined in (56).

Proof Under Assumptions 2 and 5, with Lemma 1, we can transform the closed-loop
quantized system into a large-scale system with state e composed of e;-subsystems in
the form of (41) and (38).

Under Assumptions 2, 3, 4 and 5, by directly using Lemma 2, for any specified
constants c;1, ¢;2 satisfying (47) fori = 1, ..., n, any ISS gains )/ei"' (k # k') satisfy-
ing the cyclic-small-gain condition (52) for alli = 1, ..., n, any specified ISS gains
vyl fori =1,...,n,k=1,...,i — 1 satisfying (57) and specified arbitrarily
small constants ¢; fori = 1,...,n, we can find continuously differentiable, odd,
strictly decreasing and radially unbounded functions «; fori = 1, ..., n such that
(43) holds fori =1, ..., n.

The satisfaction of (47) by appropriately choosing the «; fori = 1, ..., n guar-
antees By (iin1, n2) > Ba(ftn1, fin2) for all positive zooming variables w;1, ii2. By
using (61), we have B1(fin1, in2) = max{Bz(itn1, n2), O0}. Recall the definitions
of V;i(e;) in (40) and V (e) in (53). The equalities in (60) and the left inequality in
(62) guarantee (48)—(49). Under Assumption 4, with (47) satisfied, using Lemma 3,
we have u € S, (X, nt, Un2).

Note that (57) is satisfied by appropriately choosing k; fori = 1, ..., n. In virtue of
(44), (45), (57) and (59), O (fin1, in2, En) = Max{Ba(in1, in2), bo}. With the cyclic-
small-gain condition (52) satisfied by appropriately choosing ; fori =1, ..., n and

u € S,(x,, fin1, fin2), Lemma 4 guarantees the implication in (62) and (63). This ends
the proof.

Remark 12 Based on Lemma 5, we can appropriately adjust the zooming variables
to make conditions (60) and (61) always satisfied such that the sets represented by
functions B; and B, are nested invariant sets. In the next section, we will use the
invariant sets to design dynamic quantization logic.

4.5 A guideline for quantized control law design

In this subsection, we provide a guideline to choosing the functions «; for the quantized
control law (24)—(25) such that the closed-loop quantized system satisfies property
(62)—(63). The guideline includes two major steps:

1. Choose the ISS parameters of the e;-subsystems.
(a) Choose constants c;i , Ci2 1O satisfy (47) fori =1, ..., n;
(b) Choose ISS gains y;i’ € Jx (j # i) and the corresponding functions

)?;j > y:l.j to satisfy the cyclic-small-gain condition (52) foralli =1, ..., n,
and calculate the o; fori =1, ..., n in (53);
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(c) Choose ISS gains y4 ',y fori = 1,...,n,k = 1,...,i — 1 such that

(57) holds for all w;1, iz, & >0fori =1,...,n;
(d) Choose specified ¢;,¢; > O0fori =1,...,n.
2. Choose the k; fori = 1, ..., n based on Lemma 2 with the ISS parameters chosen
in Step 1.

Remark 13 In Step 1, it is only required that Step (c) is after Step (b), because condi-
tion (60) in Step (c) depends on the o; calculated in Step (b). Under Assumptions 2-5,
if the ISS parameters and the «; are chosen according to the guideline and if conditions
(60) and (61) are satisfied, then from Lemma 5, the nested invariant sets exist.

5 Dynamic quantization

Because of the saturation property of the quantizers, the quantized control law designed
in Sect. 4 can only guarantee local stabilization; see (62)—(63). In this section, based
on the invariant sets given in Lemma 5, we design a dynamic quantization logic in the
form of (30), composed of zooming-in stage and zooming-out stage, to dynamically
adjust the zooming variables w;; (i = 1,...,n, j = 1,2) such that the closed-loop
quantized system is globally stabilized. Recall that in dynamic quantization, the zoom-
ing variables u;; (¢) are piecewise constant signals, and are adjusted on a discrete time
sequence {tg, 11, t2, . ..} where fy4+1 — tx = t4 with constant t; > 0.

To satisfy condition (60) in Lemma 5, we design dynamic quantization such that
forallt €e Ry

o;joay(M;iui1(t)) = ojoay (1 ’Zi_l(MiZMﬂ(t))) = 0() (64)

il

fori =1, ..., n. Equivalently, we have
| _
pi1(t) = mavl oo, 1 (O@1) = T1(0()), (65)
1
1 _ _ _
pin®) = 3 (1= ey 00 ©M) = To®©)  (66)
1
fori = 1,...,n. Note that Y;{ and Y, are invertible for i = 1, ..., n. Thus, the

dynamic quantization logic (30) can be designed by choosing an appropriate update
law for ®, which can largely reduce the design complexity for all the zooming vari-
ables u;j (i = 1,...,n,j = 1,2). The update law for ® is expected to be in the
following form:

Otxt1) = Q(OW)), k€ Zy (67)

where ;41 — ty = t4 with constant t; > 0. In the zooming-out stage, Q = Q°;
in the zooming-in stage, 0 = Q™. With Q°" and Q™ designed, we can design the
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dynamic quantization logic (30) for u;; by choosing

0N =";j0 Q™ o, O =T;00"0;". (68)

Using the definition of By in (58), we also have
O() = B1(in1 (1), fLn2(t)). (69)

Before designing dynamic quantization, the relation between zooming variables
a1, 2 and control error e should be clarified. Fori = 1, ..., n, using the defini-
tions of S; in (36), the strictly decreasing property of «; implies

max S; (X;, iLi1, 4i2) = ki (x; —max S; 1 (X1, (Li—1)1» Ki—1)2)

—max{ciile;|, wi1}) + wiz, (70)
and
min S; (X;, f4i1, Li2) = ki (5 —min S 1 (X1, fG—1)1, HGi—1)2)
+max{ciile;l, wi1}) — wi2- (71)
Recall e = [eg, el, ..., e,]T. Given the definitions of ¢; fori = 2,...,n in (37),
we can denote
e =e(X, tn1, Un2) (72)

with X = [T, xT]T € R*t"=. It can be observed that e is a continuous function of
X, fin1, fn2. Clearly, the piecewise constant adjustment of fi,1, L2 causes jumps of
e on the time-line. This makes a difference from the previously known results.

5.1 Zooming-out stage

The design of the zooming-out stage is motivated by [21]. The purpose of the zooming-
out stage in this subsection is to increase the zooming variables ;; such that at some
finite time #;+, the state of the closed-loop quantized system is in the larger invariant
set corresponding to By in (62). In this stage, the components «; fori = 1,...,n of
the controller are set to be zero. Thus, u = 0.

The small-time norm-observability assumed in Assumption 1 guarantees that for
tq > 0, there exists a ¢ € % such that

IX @+ 10)] < o(1x i +241) (73)

for any k € Z. . Considering the definitions of V and e in (53) and (72), for t; > O,
property (73) can be represented with the Lyapunov function V as

|V (e(X(t +14), 0, 0)| = olx |t 15+141) (74)
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for any k € Z,, where ¢ € .

With the forward completeness property assumed in Assumption 1, we design a
zooming-out logic Q" : R, — R toincrease © fast enough to dominate the growth
rate of ¢(]x|) such that at some finite time #;+ > 0 with k* € Z., it holds:

Mipin () = |xi(we)|, i=1,....n, (75)
Otr) = QU g —1a.441)- (76)
Remark 14 Due to the saturation of the quantizer, if the input signal of a quantizer is
outside the range of the quantizer, then we cannot estimate the bound of the signal. In
the zooming-out stage, the «;’s are set to be zero, and the input of the quantizer ¢, is

x;; see control law (24)—(25). Inequality (75) means that at some finite time #x, x; is
in the quantization range of ¢;1. Then, we can estimate the bound of |x; (fx+)|.

Using (74) and (76), we have
O (f+) = max{V (e(X (), 0, 0)), 6o} (77
From the definitions of max S;(X;, i1, iLi2), min S; (x;, fL;1, 4i2) and e;j4+, one
observes that increase of 1,1, i, leads to increase of max S; (X;, ft;1, iti2), decrease
of min S; (x;, 41, i£i2) and thus decrease or hold of |e; 1| fori = 1,...,n — 1. Thus,

with the zooming-out logic Q°", we achieve that, at time #;+ > 0 with k* € Z,, it
holds that

O (tx+) = max{V (e(X (1x), fn1 (1), fn2(tk+))), bo}- (78)

With Q°" designed, we can design the zooming-out logic Q;?j”t fori =1,...,n,
Jj =1, 2 according to (68).

Remark 15 As mentioned in Remark 2, if a bound of the initial state X (0) is known,
we can directly set ®(0) to satisfy (77) with #z= = 0. In this case, the zooming-out
stage is not necessary and Assumption 1 is not required.

5.2 Zooming-in stage

The zooming-out stage achieves (78) at time ;= with k* € Z_ . Suppose that at some
tr > 0 with k > k*,

O(tx) = max{V (e(X (1), fin1(tr), in2 (1)), Oo}. (79)

In this subsection, first we design a Q™ : R, — R for the zooming-in stage such
that

Otir1) = 0™(O 1)) = max{V (e(X (tx41), it (tk1), fin2(tis1)), b0} (80)

This objective will be achieved by Lemmas 6 and 7. Then we show the convergence
property of the update law (67) for ® in the zooming-in stage by Lemma 8.
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Remark 16 If (80) is achieved based on (79), we can recursively guarantee that the
state e of the closed-loop quantized system is always in the larger invariant set repre-
sented by B in spite of the update of ®; see (62) and (69).

The following lemma describes the decreasing property of V' during the time inter-
val [t, tx+1), based on which we will design the zooming-in update law Q™ for ®.

Lemma 6 Consider the closed-loop quantized systemwith V satisfying property (62)—
(63). If (79) holds at time t;, with k € Z., then there exists a continuous and positive
definite function p such that

(Id — p) € o, (81)
V(e(X (tks1)s n1 (), fn2 () < max{(Id — p)(O(#)), bo}. (82)

The proof of Lemma 6 is in Appendix D.

From the definition in (72), the piece-wise constant update of the zooming vari-
ables [i,1, (ly2 causes jumps of e and thus jumps of V. Based on (82), we design the
zooming-in logic Q™ to achieve (80) in spite of the jumps.

To clearly represent the relation between Lyapunov function V and X, ©, define

W, 5) = V(e Tui(s), Tua(s))) (83)
for & € R"™* and s € R, where

Y1 () = [011068), oo, Tt (91T, (84)
Yu1(s) = [Y120s), ..., Tua(s)1". (85)

Then, W (&, 5) is a continuous function of (&, s).
Consider (&, s) satisfying

0<s=<0O() (86)

W&, s) < O(n+). (87)

From the definitions of V and W in (53) and (83), we can find a compact set Q° C

R"*"z x R, such that all the (&, s) satisfying (86)—(87) belong to ©°. By using the

property of continuous functions, we can find a continuous and positive definite func-
tion p? < Id such that for all (¢, s) € Q¢ and all 4 > 0, it holds that

W&, s —p°(h) — W(E, s)| <h. (88)

We propose the following update law for ® in the zooming-in stage:

(89)

070 =6 - (2 IEOL 41,
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where E = (Id — p). In the following procedure, we employ Lemma 7 to guarantee
objective (80) and employ Lemma 8 to show the convergence property of ® with
update law defined in (89).

Lemma 7 shows that property (80) can be achieved with the zooming-in update law
(89) for ®, given (78) and (79) satisfied.

Lemma 7 Consider the closed-loop quantized system with V satisfying property (62)—
(63). Suppose that condition (78) holds at some finite time ty+ and condition (79) holds
at some time ty withk > k*. Then, property (80) is satisfied at time ty.+\ with the update
law O (ty41) = O™ (O (1)) with Q™ defined in (89).
Proof With 0 < p° < 1d, it can be guaranteed that

O (tk+1) < O(%) (90)

and

Otis1) = O1) — p° (9“'0 — max{E(© (1), 90})

2
. O (1) + max{E(O (%)), 6o} o1
2
for k > k*. Thus, 0 < O(ty) < O(fy+) for k > k*.
From Lemma 6, (82) holds. Using (78), (82) and (83), we have
W(X (trt1), O () < max{E(O (%)), b} < O (tx+) 92)

for k > k*. Hence, (X (tx+1), ©(tx)) € Q for k > k*. Given (X (tx41), © (1)) € Q°,
from (89) and (92), we obtain

W(X (t41), © (tk+1))
S WX kv, ©) + WX (tea1), OUkr1) — WX (tr1), O )]

< WX (t41), ©@) + W (X (tg1), Q™(O (1) — WX (tr41), O (1))
O (%) — max{E(O (%)), o}

< max{E(O (%)), 6o} + 5
_ O(%) + max{E(O (%)), 6o} ©93)
= 3 .
From (79), we have 6y < ©(#;), which implies
b < O (1) + max{E(O (%)), 90}. 94)

2

Properties (91), (93) and (94) together with the definition of W in (83) guarantee
(80). This ends the proof of Lemma 7.
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Lemma 8 shows the convergence property of the update law (67) for © with Q =
Q™" defined in (89). The proof of Lemma 8 can be found in [44, Section IV.C].

Lemma 8 Suppose that at some tyx > 0 with k* € Z4., ©(tx=) > 60o. Then with on
defined in (89), update law O (ty11) = Q™ (O (1)) achieves

lim ©(#) = 6. (95)
k— 00

Remark 17 The zooming-in update law for ® can be designed by finding the p with
Lemma 6 and p? by using the continuity of W. Lemmas 7 and 8 are used to prove the
effectiveness of the the zooming-in update law Q™ defined in (89). With Q™" designed,
we can design the zooming-in logic Q;E‘ fori =1,...,n,j=1,2according to (68).

5.3 Main result

The main result of quantized control is summarized in Theorem 2.

Theorem 2 For the system (11)—(13), under Assumptions 1-4, by choosing con-
stants ci1, cip satisfying (47) fori = 1,...,n, ISS gains y:kk/ (k # k') satisfying
the cyclic-small-gain condition (52) for all i = 1,...,n, ISS gains y.*', y&'** for
i=1,....,n,k=1,...,i — 1satisfying (57) and constants ¢; > Ofori =1,...,n,
we can design the functions «; fori = 1,...,n in (24)—(25) and the dynamic quan-
tization logic Q;j fori = 1,...,n, j = 1,2 in (30) such that the closed-loop solu-
tions z and x are globally bounded. Moreover, by choosing the constants ¢; > 0 for
i = 1,...,narbitrarily small, the output x1(t) can be steered to within an arbitrarily
small neighborhood of origin.

Proof With Assumption 1 satisfied, at some time #;+ > 0 with k* € Z., (78) can be
achieved by the zooming-out logic Q;’;“ designed in Sect. 5.1.

With Assumptions 2—4 satisfied, using Lemma 5, by appropriately designing the
functions «; fori = 1, ..., n such that the ISS parameters satisfy the conditions (47),
(52) and (57), the closed-loop quantized system has the nested invariant sets defined
in (63).

Using Lemmas 6 and 7, (80) can be guaranteed with the zooming-in logic designed
in Sect. 5.2, and it holds that V (e(X (), jtn1(tx), ftn2(tx))) < O(#) for k > k*.
Moreover, Lemma 8 implies that Timg— oo V(e(X (1), fin1(t6), n2(tx))) < 6p. Recall
the definition of V in (53). The closed-loop signal x; is driven to within the region
x| < a;l (o). Recall the definition of 6y in Lemma 5. By designinge; i = 1,...,n)
arbitrarily small, the state x| can be steered to within an arbitrarily small neighborhood
of the origin. This ends the proof.

Remark 18 The main result of the paper is still new when there is no inverse dynamics

(i.e., the z-subsystem) in system (11)—(13). In this case, the assumption on small-time
norm-observability in Assumption 1 is not needed.
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6 A remark on robust measurement feedback control

Consider system (11)—(13) under additive state measurement disturbances without
quantization. For i = 1, ..., n, denote x;" as the measurement of x; and w; as the
corresponding measurement disturbance, that is, xi’” = x; + w;. We show that the
above designed procedure can be adopted to solve the robust measurement feedback
control problem.

Assumption 6 Foreachi =1, ..., n, there exists a constant u;1 > 0 such that
lwill < wit. (96)

Under Assumptions 2, 3 and 6, robust control with disturbed measurements can
be addressed in a similar way to the quantized control case. In the constructive con-
trol design, let uj» = 0 fori = 1, ..., n. The measurement feedback control law is
designed recursively as

v; :Ki(x;" —vi_1) =ki(xj —vis14+wj), i=1,...,n 97
"= v, (98)

with vg = 0. It can be directly checked that

v1 €81(X1, 11, 12) == v €85 (X, i1, fi2) = - = Uy € Sy (X, flnt,s An2)-
99)

An ISS-Lyapunov function V (e) constructed as in (53) with 6 defined as in (57)
satisfies

V(e) = 0(ini, fn2s En) = max  VV(e)y < —a(V(e))  (100)
YeW(e,x, Anl,in2)

wherever V'V exists, where « is continuous and positive definite, and W is defined
in (56). Note that o = Id. We can then achieve 0(fin1, fin2, &1) = Ve, (11) =
ay(u11/cir) by designing o; (i = 2,...,n)and ¢; (i = 1,...,n) small enough in
the recursive design procedure. This together with (100) means that V (e) ultimately
converges to a region V(e) < ay(u11/c11). It can be derived that x| ultimately con-
verges to the region |x1| < w11/c11. With ¢q1 chosen close to one in the constructive
design procedure, the state x| ultimately converges to the region close to |x1| < u11.

Without a detailed proof, we present a theorem on the robust measurement feedback
control for system (11)—(13).

Theorem 3 Consider system (11)—(13). Under Assumptions 2, 3 and 6, the closed-
loop signals are bounded, and in particular, the state x| can be steered to within a

region arbitrarily close to |x1| < (11 with the measurement feedback control law in
(97)-(98).
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7 Summary and future work

This paper has developed a new tool for quantized nonlinear control design. The essen-
tial strategy is to introduce a change of coordinates so that the closed-loop quantized
system is a large-scale system of ISS subsystems described by differential inclusions.
The recently developed cyclic-small-gain theorem is employed to guarantee the sta-
bility property of the closed-loop quantized system and to construct an ISS-Lyapunov
function to evaluate the influence of quantization errors. One significance of this
result is that an n-dimensional strict-feedback nonlinear system with measurement
and actuator quantization can be globally stabilized by a quantized controller with 2n
three-level dynamic quantizers.

In spite of the obtained results, several related problems should be addressed in the
future research:

— Quantized control is closely related to other network control problems such as
sampled-data control, control with time-delays. How to deal with more complex
network behaviors in a systematic way, in particular those hybrid/switching sys-
tems satisfying only a weak semigroup property (see [45]), should be studied in
greater details.

— The cyclic-small-gain theorem was originally developed for large-scale systems.
It is thus very natural to ask whether decentralized quantized controllers can be
developed for a class of large-scale nonlinear systems.

— Controllers are expected to possess adaptive capabilities to cope with “large” sys-
tem uncertainties. A further extension of the presented methodology to quantized
adaptive control is of practical interest for engineering applications.

Appendix: Proofs of technical Lemmas

A Proof of Lemma 1
We simply use Sy instead of S (X, k1, ir2) fork =1,...,i — 1.
We only consider the case of ¢; > 0.
Consider the recursive definition of Sg’s in (36). Fork =1, ...,i — 1, the strictly

decreasing property of the ki ’s implies

max Sg = ki (X — max Sg—1 — max{ckilekl, mrt}) + ui2, (101)

min g = ki (xx — min Sg—1 + max{ceilexl, wrr}) — pro. (102)

From the iteration type definition of e¢;’s fork = 1,...,i — 1, ;1 is continuous
and differentiable almost everywhere with respect to Xx; _1, fL(i—2)1, [L(i—2)2-

Since ky’s are continuously differentiable for k = 1,...,i — 1, using (101), we

can see max S;_; is continuously differentiable almost everywhere with respect to
Xi—1s G—1)1> F(i—1)2-
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Considering the definition of ¢; in (37), when ¢; > 0, we can represent the
e;-subsystem with a differential equation

éi = Xip1 + Ai(Ei, z) — Vmax Si_1[Xi—1, 0G_1), 011" (103)

with 01y being the vector composed of i — 1 zero elements, wherever max S; 1
is continuously differentiable, or equivalently, V max S;_; exists. Because max S;_1
is continuously differentiable almost everywhere, V max S;_ is discontinuous and
thus the e;-subsystem is a discontinuous system. We represent the ¢;-subsystem with
a differential inclusion by embedding the discontinuous V max S;_ into a set-valued
map

dmaxSi-i =) () m{Vmax S,_l(,@g(;i_l)\//i)} (104)
e>0 2 (_7)=0

where %, (¢;—1) is an open ball of radius ¢ around ¢;_; := [)EiT_l, ﬁ(Ti_m, ,tl(Tl._l)z]T,

and A represents all sets of zero measure (i.e., ‘L’(.//Z ) = 0). Then, d max S;_1 is
convex, compact and upper semi-continuous (see [46, Chapter 1] for a tutorial and
[33,34] for recent results on such properties of discontinuous systems).

Then, in the case of ¢; > 0, the ¢;-subsystem can be represented with a differential
inclusion as

éi € {xip1 +Ai(E,2) — ¢ s € dmax Si_1[X 1, 0g—1y, 011"}
={xip1 + @i 1 i € Pi(xi, Li—1)15 Ai-1)2,2)} (105)

where

D; (Xi, fLii—1)1, LGi=1)2, 2)
={A;i(Fi,2) — @i @i € dmax S;_1[¥";, 0i—1), 0g—1)]"}. (106)

Because A; and fci are locally Lipschitz and 9 max S;_; is convex, compact and
upper semi-continuous, ®; is convex, compact and upper semi-continuous. Consider-
ing the definition of d max S;_1, one can find a continuous function §;_1 such that for
all X; 1, fl—11, f(i—1)2,any s;—| € d max S;_p satisfies [s; 1] < 5; 1 (X;—1, Li—1)1,
i(i—1)2). Thus, for all X; 1, -1, fi—12, 2, any ¢; € O (X, fLi—1)1, fi—1)2, 2)
satisfies

i < |A;(%iy 2|+ 5i—1(Fiz1, AG—1)1» i—12)|Xi—1]. (107)
From (12)—(13) and Assumption 2, A; (X;, z) is bounded by a JZ, function of (X;, z)

and );c,-_l is bounded by a %5, function of (X;, z). Thus, there exists a A%i € J such
that for any ¢; € ®; (x;, fii—1)1, [Li—1)2, 2), it holds that

lpi| < X%i(l(fz‘, HiG—1)1s Bi—1)25 2)])- (108)
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For the purpose of (39), foreach k = 1,...,i — 1, we find a Ay, € Ho such
that |xg11| < Ay, (J(@kr1, k1, k2)]). Fork = 1,...,i — 1, from the definitions of
Xg+1 in (37), we have min Sy < x34+1 — ex+1 < max Sy and thus

|xk+1] < max{| max Sg/|, | min Sg|} + |eg+1]- (109)

Foreachk =1,...,i — 1, define «(s) = ki (|s]) for s € R. Because «y is odd,
strictly decreasing and radially unbounded, /c,f € K. From (101), we have

[ max Sg| <« (|xk — max Sg_1 — max{ckilexl, mr1}l) + mr2
< k¢ (|xx — max Sg—1| + max{cilex|, pr1}) + pr2
< kg (Imax Sg_1| 4+ | min Sg_1| + |ex| + max{ck1lexl, ux1}) + 2.
(110)

In (110), we used the fact that min S;_1 < x; — ex < max S;_; and thus min S;_| —
max Si_1 + ex < x; —max Sg_1 < e, to arrive at |xy — max Sx_| < | max Sg_1| +
| min S;_1| + |ex|. Similarly, we obtain:

[ min S| < «f (| max Sg—1| + [ min Sg_1| + lex| + max{ckilex|, mr1}) + pi2.
(111)

For each x;4+1 (k = 1,...,i — 1), using (109), (110) and (111), one can find a
Axps1 € Koo such that |xpy1] < Ay (I(€k41, i1, fx2)]). This together with (108)
guarantees that there exists a Lo, € #oo such that for all (x;, ftg—1)1, fLi—1)2, 2), any
@i € Di(Xi, Li—1)1, R(i—1)2, Z) satisfies

il < X, (€€, z, Li—1)15 Hii—1)2)]) (112)

where &; := [eq, ..., ] .
Define

O (eit1, Xis li—1)1s (ii—1)2,2) = (@i +eip1 : di € Di(Xi, -1, Ai—1)2, 2)}-
(113)

From (37), xi+1 — ei+1 € Si(Xi, iti1, £i2). Then, equation (105) can be rewritten as
(38).

From (112), wecanfindaig: € Hoo suchthatforall (ej41, Xi, Ai—1)1, Ai—1)2 2),
any ¢ € ®F(ejr1, Xi, fli—1)1, i—1)2, 2) satisfies (39).

By also considering the cases of ¢; = 0 and ¢; < 0, Lemma 1 can be proved. This
ends the proof.
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B Proof of Lemma 2

Note that eg = z. With (39) satisfied, one can find )»2} € Fyfork=0,...,i+1and

Ag’;l,)»”kz € Hoo fork =1,...,i — 1 such that for any ¢ € @ (e; 11, X;, fAi—1)1»

HG=1)2, Z), it holds that

i+1

i—1
1971 = D225 (en + X (2 Gaan) + 248 () (114)
k=1 k=1

By convenience, let yéi = Id. Define

i+1
- -1
I (s) = )‘cb* oozO o (v ) oay(s) + qu)* ootv o (y¥)  oav(s)
k=1
i—1 .
Z)\““ YA oay(s) + ;Ag’? o (ye’i‘kz)_l oay(s)+ Els
(115)

fors € Ry. Then, IT; € .
From Lemma 1 in [41], forany O < ¢j1,c¢i2 < 1,&; > 0,onecanfindav; : Ry —
R positive, nondecreasing and continuously differentiable on (0, co) and satisfying

(I —ci2)(I = civi (A —ci1)s) s = I (s) (116)

for s > /2¢;. With the v; satisfying (116) define k;(r) = —v;(|r])r for r € R.
Noticing that lim,_, o+ d'gfr) =lim, (- d( ) ki is continuously differentiable, odd,

strictly decreasing and radially unbounded.

Recall Vi(er) = ay(lex]) = %e,% fork = 1,...,n. We use V instead of Vi(er)
fork =1, ..., n. Consider the case of
€0 €i+1
Ve (V0), Yer (Vi) ve T (Vig1), ]
" k=l [ VI (), v (i), v (i), vE (i), & 11

In this case, we have
L
nm@n—éwnz¢f (118)
for all ¢ € ®F(ejy1, Xi, fbi—1)1, i(i—1)2, 2)- And it also holds that

wit < citleils iz < cinici (L —ciDlei]) leils  leil > +/2¢;. (119)
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When ¢; # 0, with 0 < ¢;; < 1, for g;—1 € S;—1 and |b;1| < max{ciile;l|, ni1} =
citleil, we have

lxi — i1+ b1l = (I —cip)le| (120)
sgn(x; — gi—1 + bj1) = sgn(e;) (121)

and thus
vi(lx; — ci—1 +DbitDlxi — gic1 +bit]l = (I — ci)vi (1 — ciDleilei]. (122)

In the case of (117), for any ¢ € @ (ejr1, Xi, fh(i—1)1, ii—1)2,2), With g;—1 €
Si—1, |bi1| < max{c;ile;|, wi1} and |b;z| < pi2, using (118)—(122), we have

VVi (ki(xi — gi—1 + bi1) + bi2 + ¢;)
= ¢ (—vi(lxi — cic1 +bilD(xi — gi—1 + bi1) + biz + ¢7)

< —vi(|xi — Gi—1 + bi1DIxi — gi—1 + bitlleil + |biallei| + |¢7||eil
"
< —(1 —ep)(1 =i (1= ei)leiDlei* + T (le; ) lei| — 5’|e,-|2
.
< —5’|e,-|2 = —ay(le) (123)

which implies (43). This ends the proof.

C Proof of Lemma 3

For convenience of notations, define v,, = u. Following the discussions in Remark 9,
we have vy € So(Xo, iLo1, ft02). Suppose that v;—1 € S;—1(Xi—1, Li-1)1, H(i—1)2)-
We will find ¢;—1, b;1 and b;; satisfying ¢;—1 € S;—1(Xi—1, Li—D1, Ai-1)2) 1bi1] <
max{c;ile;|, ni1} and |bja| < w2, respectively, such that

Vi = ki (X; — Gi—1 +bi1) + b2 € Si (X, i1, 1i2). (124)

By applying this reasoning repeatedly, property (50) can be proved. We consider only
the case of e; > 0. The proof for the case of ¢; < 0 is similar. We study the following
cases (A) and (B).

(A) [Kki(gi1(xi — vi—1, win))| < Miapiz.

With Assumption 4 satisfied, one can find a |b;2| < pi2 such that
qi2 (i (i1 (xi — vi—1, 1i1)), wi2) = ki(gi1 (xi —vi—1, wi1)) + bia. (125)
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(Al) |xi — vi—1] = Mi1pii.
In this case, Assumption 4 implies that there exists a |b;1| < ;1 such that

gir(xi — vi—1, Ki1) = X;i — vi—1 + bi1 (126)
Choose ¢;—1 = v;—1. Then, ¢; 1 € §; 1 (X;—1, i—1)1, Ai—1)2) and

gi1(xi — vi—1, Ki1) = Xi — Gi—1 + bi1. (127)
(A2) |xi — vi—1] > Miipii.
In this case, Assumption 4 implies that there exists a |b;1| < w;1 such that

gi1(xi — vi—1, i) = sgn(x; — vi—)Miipi1 + bi (128)

We study the following two cases.

— ¢; > 0. Recall (37) and (48). In this case, we have x; > v;_| and
Xi —vi—1 > M > e = x; —max S; 1 (Xi—1, Li—11, Ki—1)2). (129)

One can find a ¢;—1 € [vj—1, max S;_1(Xj_1, /1(,'71)1, /1(1‘,1)2)] such that x; —
Gi—1 = M;1i1 and thus

qi1(Xi — vi—1, i1) = X — Gi—1 + bi1. (130)
— ¢; = 0.Inthis case, using (37), we have x; € S;_1(X;—1, [L(i—1)1, (i—1)2) and can
directly finda ;1 € S;—1(X;—1, fi(i—1)1, L(i—1)2), Which is closer to x; than v;_

such that x; — ¢;—1 = sgn(x; — v;—_1)M;1 ;1 and thus

gi1(xi — vi—1, ii1) = x; — Gi—1 + bi1. (131)

From (127) and (131), in the case of |k;(gi1(x;i — vi—1))| < Mj>u;2, we can find
Gi—1 € Si—1(Xi—1), |bi1] < w1 and |bjz| < iz such that

vi = qio(ki(gi1(x; —vi—1))) = ki (x; — Gi—1 + bi1) + bin. (132)
B) Iki(gi1(xi —vi—1, i)l > Mio ;2.

Before the discussions, we give the following lemma.

Lemma 9 Under the conditions of Lemma 3, if |ki(qi1(x;i — vi—1, ®i1))| > Miapi2,
then

sgn(x; — vi—1) = sgn(qi1(x; — vi—1, 1i1))- (133)
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The proof of Lemma 9 is in Appendix C.1
Note that «; is an odd and strictly decreasing function. We have

sgn(k; (i1 (xi — vi—1, i1))) = —sgn(gi1(x; — vi—1, Ki1)) = —sgn(x; — v;i—1).

(134)
Under Assumption 4, using Lemma 9 one can find a |b;2| < ;2 such that
qi2 (ki (gi1(Xi — vi—1, 1i1))s Li2)
= sgn(ki(gi1 (x; — vi—1, 1i1))) Mz w2 + biz
= —sgn(x; — vi—1)Mipz iz + bi2. (135)
(Bl)e; > 0.
In this case, using (37), we have x; > v;_1 and thus
ki (gi1(xi — vi—1, ni1)) <0, (136)
gi2(ki(gi1(xi — vi—1, ni1))) = —Miz iz + biz. (137)
With |k;(gi1 (x; — vi—1, ni1))| > M2, property (136) implies
ki (qin(xi — vi—1, mi1)) < —Miz2 ;2. (138)

Consider the following two cases.

— Xxj —Vj—1 < M;pu;1. In this case, under Assumption 4, one can find a |blf1 | < it
such that

ki (xj — vi1 + b)) = ki(gi1(xi — vi—1, ki1)) < —Mi2pin. (139)

— X1 —Vvj—1 > Mjipi1. In this case, under Assumption 4, one can find a |b§1| < Wil
such that

ii (Mj1pin + bjy) = ki(gi1(xi — vi—1, i1)) < —Miopin. (140)
Using the strictly decreasing property of «;, we have
Ki(xi —vi—1 + b)) < ki(Miipin + b)) < —Miapin. (141)
Thus, in both the cases above, one can find a |bl’. 11 = w1 such that
ki (xi — vie1 +bjy) < ki (Miypin + bjy) < =M. (142)
From (49), we have

ki (I = ciDleil) < Miapio. (143)
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From the definition of ¢;, using e¢; > 0, we have
ki (x; —max S;_1(X;—1, LG—1)1, Li-1)2) — Ci1€) > —Mja 2. (144)

From (142) and (144), using the continuity of k;, one can find a ¢;_1 € [v;—1, max
Si—1(Xi—1, fi—1)1, fi—1)2)] and a b;1 € [—c;1e;, b}, ] such that

ki (xi — Gi—1 + bi1) = —Miz2pin. (145)
Recall (137). We have
vi = qi2(ki(gi1(xi — vi—1, i1))) = &i(xi — Gi—1 + bi1) + bin. (146)
(B2) ¢; = 0.

In this case, x; € S;_1(Xi—1, [Li—1)1, i(i—1)2). FromLemma9, we have x; —v;_1 # 0.

Consider the following two cases.

— |x; —vi—1]| < M;ip1. In this case, define gi/_l = v;_1. With Assumption 4, one
can find a |b,| < p;1 such that

> Mi>i2, if x; <¢/_
Kl,(xi_s-l_/71+b;1):/ci(qil(xi—Ui—l, Mil)){< ]lV[ ’M ifxz ) gl/ 1
— M2 g2, i i—1

(147)

We used |« (gi1(x; — vi—1, ii1))| > Mi>pei2 and (134) for the last part of (147).
— |xj —vi—1| > M;ipi1. In this case, under Assumption 4, one can find a |blfl | < mit
such that

ki (sgn(x; — vim)Miipin + bjy)
> Mippia,  if xi < vy

— (g1 (i — Vi1 s 148
l(qll( i i—1 Mtl)){< —Mi2/¢l/i2, ifxi > v ( )

In the case of |x; — v;—1| > M1, one can find a 5‘:'/—1 € [xi, vi—1] satisfying
sgn(x; — ¢/_;) = sgn(x; — v;—1) and sgn(x; — v;_1)M;1 i1 = X; — /_,. In this
way, we achieve

> Mpppia,  ifx <gl_;

ki(xi — ¢/_; +bjy) [ (149)

: /
< =M, ifx;>g;_;.

Note that «; (x; — x; + 0) = «;(0) = 0. By using the continuity of «;, one can find a
Gi—1 € [xi, ¢/_y]and a b;1 € [0, b}, ] such that

sgn(x; — Gi—1) = sgn(x; — ¢/_;) = sgn(x; — vi—1) (150)
Kki(xi — Gi—1 + bi1) = —sgn(x; — vi—) M. (151)
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Clearly, gi—1 € Si—1(Xi—1, iiG—1)1, fi—12) and |b;1] < w;1. Recall (135). We

have

vi = qin(ki(gi1(x; — vi—1, i1))) = ki (X; — Gi—1 + bi1) + biz. (152)

Considering both cases (A) and (B), the proof of Lemma 3 is concluded.

C.1 Proof of Lemma 9

Consider the following two cases.

|x;i —vi—1| > Mj1i1.In this case, under Assumption 4, one can find a |b;1| < w1
such that

qi1(xi —vi—1, i1) = sgn(x; — vi—1) M1 i1 + bin (153)
Note that M;; > 2. Thus,
sgn(x; — vi—1) = sgn(qi1(x; — vi—1, Li1)). (154)

|x;i —vi—1| < M. In this case, under Assumption 4, one can find a |b;1| < w1
such that

qi1(Xi —vi_1, mi1) = x;j — vi—1 + b;1. (155)

Condition |«;(gi1(x; — vi—1, 1i1))| > Miapi2 implies g;1 (x; — vi—1, ni1) # 0.
If sgn(x; — vi—1) # sgn(gi1(x; — vi—1, i1)), then sgn(b;1) = sgn(qi1(x; —
vi—1, i1)) and |b;1| > |x; — vi_1]. Thus, |x; — v;—1 + b;1| < |b;j1| < pi1- Note
that ML,] < ¢i1 < 0.5. Then, we can derive

—Cil

_ _ (1 _
ki (qin (xi — vi—1, min)| < ki(pi1) < ki ( ] Mil) < ki (1 = cin)Mi1i1)
l

= Mpz 12 (156)

which leads to a contradiction with |«; (gi1(x; — vi—1))| > Mj>ui2. We used (60)
for the last equality in (156). This ends the proof of Lemma 9.

D Proof of Lemma 6

Recall thatif x1, xo € JHoo satisfies x1(s) > xa2(s) fors € Ry, then (Id— x)o x1(s) >
x2(s) fors € Ry with ¥ :=1d — 20 x; ! being continuous and positive definite.
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Foreachi = 1, ..., n, with (47) satisfied, we can find a continuous and positive
definite p; such that

1
ooy (:S) < ({d — pj) ooi oy (Mj1s) (157)
1
1 /(1 1 __
gi oy K; —s <(d—pj)ooioay k" (Mj2s)
1 —ci Ci2 I —ciy
(158)

for all s € R4. Define p(s) = min;—,__ ,{pi(s)} for s € Ry. Then, p is continuous
and positive definite. Using (58), (59), (64) and (69), we have

Ba(ftn1 (1), fn2(1)) < (Id — p)(O(1)) (159)

forany r € Ry.
Note that the zooming variables ;1 (¢) and ;> (t) are constant on [#, tx+1), that

is, un1(t) = pn1 () and ppo (1) = pn (t) for r € [, tyt1).
Suppose (79) holds. We study the following two cases:

(@) V(e(Xt1)s in1 (), fn2(t))) < max{(Id — p)(O(#)), o}

(b) V(e(X (tr+1), fn1 (ti), An2(tr))) = max{(Ild — p)(O(#)), Op}. In this case, from
(63), (79) and (159), it follows that V (e(X (¢), ftn1(t), Ln2(t))) is strictly decreas-
ing for ¢ € [#, tx+1) and

max{(Id — p)(® (%)), o} = V(e(X (@), ln1 (1), in2(2))) < O(1x)  (160)
for all ¢ € [#, tx+1). Using (63), we have

V(e(X (te+1)s in1 (f)s Ln2 (1))
Tk41
< V(E(X(tk)sllnl(tk)’lan(tk)))_/a(v(e(X(T)»/lnl(T)vﬁnZ(T))))dT
Ik

<O(ty) —tg- min a(v)
max{(Id—p)(®(#)),00} <v=O (1)

<O(t) —tg- min a(v) (161)
(Id—p) (O (1) <v=O (%)

where 1y = tj 11 — t. Define p'(s) = tg -Min(d—py(s)<v<s @ (v) fors € Ry. Then,
it can be directly verified that o’ is continuous and positive definite and that

V(e(X (tit1), a1 (1), B2 (86))) < (Id — p") (O (1)). (162)

Lemma 6 is proved by finding a continuous and positive definite function p such
that (Id — p) € #5 and (Id — p)(s) > max{(Id — p)(s), (Id — p')(s)} for s € R,.
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